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Introduction. -

SEASPECT is a sottwarce package specially designed for oceanographic time serics analysis.
It contains five main programs (PROJ, SPECT, CROSS, ROT, SERIES), which perform data
handling and manipulation, univariate, bivariate and rotary spectral analysis. The package has
inilially been developed by, and installed at, the Department of Applied Physics (Laboratory
of Meleorology and Oceanography) of the University of Athens, Greece. The package was
implemented using the Fortran 77 programming language. The initial version was written
for he Hewlett-Packard Series $000/300 supermicro computers in HP-Fortran under the
HP-UX {Unix) operaling system.

At the request of IOC/UNESCQ, a PC version was engineered using Microsoft Fortran V5.0
under MS-DOS for the IBM PC/XT/AT compatibte computers. These two versions are
practically identical, exception made for the implementation of screen and plotier graphics
which follow a different philosophy on the Hewlett-Packard supermicro and on the PC's. The
present user's manual rcters o the PC version of SEASPECT.

All calculations in the package are performed in single precision i.e. ong real number = 4
byles. The program is able to recognize automalically and handle adequately all kinds of
graphics adapters and displays (CGA, Hercules, EGA, VGA, combined with colour or
monochrome displays). It no graphics adapter is installed the drawing capabilities of the
program are not available, but the other functions are unatfected. The graphics screen can
be printed on almost any dot matrix printer. The print screen feature Is certified on all Epson
models (FX.MX,EX,LQY), Star Micronics models (SD, SR, NL, ND, LC) and IBM Proprinters
(XL}. In the present version (V3.2) pen plotters are not supporled. In order to run on the PC
the minimum main memory (RAM) requirement Is 512 K anp when the program is initiated
at least 300 K must be available to the vuser. The executable code (program size) is about

100 K for each of the five main programs of the package, and uses about 126 K for data and
scratch space.

Note: 1.- The package is delivered with a file "COURB.FON". It you are working in another
directory than the one comtaining the "SEASPECT" package, make sure to copy the
‘COURB.FON" file in your working directary. Otherwise graphic capabilities will not be
available.

2.- The package is delivered with a program named "MSHERC*. If you are going to work
on a Hercules type screen, run Ihis program before using the SEASPECT package. This

operation will have 1o be repeated only once each time you "switch on® your computer.

To run the package, lype SEASPECT and press L] Next enter your SEASPECT “login”,
which is the serial number appearing on your two original program disketies. {This procedure
should be followed each time you enter the package shell). A menu containing the five main
programs of tha package, will appear. You ¢an run any of the pragrams of the package one
or more times, then switch to another, without exiting the SEASPECT sheil.
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1. PROGRAM CHARACTERISTICS

With PROJ you can read a file containing a time series, view it on the screen, compute il's

statistical characteristics, subsample your file and apply a digital filter to obtain the low and

SEASPECT PACKAGE high-pass parts of your signal. The input consists of a set of N real numbers X{1},X(2),..., X(N}

assumed to be samples of a physical signal equally sampied at intervals T

Program limitations:
- Times series length < 10000 points

TIME SERIES PROCESSING _ PROGRAM PROJ

1. Program charactenstics -
2 Using PROJ
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2 USING PROJ

T run the program select 1 from the SEASPECT menu and press G information about

the program, appears. By pressing . you enter the main menu:

PROJ V32 Athens Universily
Dept of Applied Physics
Oceanography Lab

Time series processing
PRO.J : Main menu

. Read data

View data

. Data sublile

Remove trend

Remove mean

Filler dala .
. Statistical characlerislics
. Wrile data

Exit

PENBUALNS

Enter your choice:

The cursor now is next 1o "Enter your choice’. To begin using the program type 1 and 1
Submenu 1. Read data
You have entered the first menu of the program. The screen now shows:

v

PROJ : Read data

Ender input dala file name {Return for present data ):

Enter the narne of the dala file and press E] it a file has already been read and you do

not wish to load another one, simply press (<] to conlinue. Note, that all the iiles must
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contain a four line title, which is read and displayed by the program. lf the specified file docs
not exist or a wrong palh name has been given, then warning message 'File does not exist’
will appear. Try again, giving the correct path and file name.

Enter input data format (ex. *, 18.4,- defaull=*):

T ——— am —

Specity the format in which the data will be read and press L] you wish to read your

data in free format, enter * or simply press , but note that if your file contains more than

one column, only the first one will be read.

Series longth (default=alf):

Enter the number of points 1o be read, or press it you wanl 10 read all the data points
contained in the file.

After answering the last question, you return to the main menu.

Note, that none of the other options of the main menu will be active, it you have not specified
the data.

Submenu 2. View data.

The program allows the user to visualize on the screen the time series that has been read.

Select the option 2 of the main menu and press The screen now shows:

PROJ : Time series graphics
File : Filenameo

To exit enter 0
Time series contains JOOXXX points.

First point (default=1);

Enler the first point of the series, you wish 1o be plotted (defauilt option is the first point).

4 PROJ / USER'S GUIDE
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Last point (defauit =end):

Enter the last point of the series, you wish to be plotied (default option is the last point).

Enter y-min:

Enter y-max:

Specify the minimum and maximum value of your y-axis and press E} Appropriate values

can be chosen by refering o submenu 7 -"Statistical characteristics' (see below).

Enter major ticy vatue:
Enter minor ticy value:

Specify the major and minor tics for y-axis

X-scale factor (default=1):

By default the X-axis will represent the total number of samples which are included between
ihe first and last point you have already selected. The program allows the user,io alter the
X-axis units by setling a different factor than 1.

Example: If you have a total of 2400 measurements with a ‘sampling interval of 1 hour, then
{by default) the X-axis will be scaled from 0 to 2400. if you wish the scaling to represent days,
set the above factor equal to 24, and the X-axis will be scaled from © to 100.

X-axis shift {positive, default=0):

By default the numbering of the x-axis, at it's intersection with the y-axis, starts from 0. If you

PHOJ / USER'S GUIDE 5

specify a positive number other than zero, then the whole x-axis numbering will be shifted by
an amount equal 1o the specified number. Suppose that the plot will consist of 20 daily
values, starling on the 3rd of a specific month. By cefault your x-axis will be numbered 0 to
20. It you shift your axis by the positive number 3, then the numbers on the x-axis will
correspond to actual dates.

X-minimum (default=0):
X-maximum (default=last point):

Specify the minimum and maximum values for your x-axis. The default options are 0 and last
point of the lime series you selected. Note, that if you have set a scale factor different than
1 then default values will be divided by this factor and if you have shifted x-axis by a number,
then this number will be added to the default values.

Enler major ticx value:
Enter minor ticx value:

Specify the major and minor tics for x-axis

Curve iine style (default=-0):

Various line types can ba chosen for the graph, using different numbers. The default option
is O {solid line) and aliernalives styles are:
1 (dashed line), 2 {dotted ling), 3 {dot-dashed line).

Graph title (st line,60 chars):
Graph title (2nd line,60 chars}):

Enter the main title of the graph (2 lines are allowed, with 80 characters maximum per ling).

By simply pressing you can specify blank titles.

& PROJ / USER'S GUIDE



X-axis title (20 chars): airg ) v tevel o Crele g e
Y-axis titic {20 chars):
FHRIE \
! "

. QU 4 . 7
Specity the axes ftitle (maximum 20 ? -, LS

~eiees

.
characters} and press EZJ 50 3 N N
The graph now appears on the screen. QU2 b s e a1 ey
S0 4 B 12 16 20 Z4 o M0 3
At the bottom of the screen you see the days
following message: New graph (1) Plot {2)  Ext (0)

New graph(1), Plot{2), Exit{0)
1 sends you back to entry menu 2 (View

Figure 1 : PROJ graphics
data), 2 sends the graph to the printer and 3 returns you to the main mernu.

Submenu 3. Data subfile
In order 1o subsample a part of your time series, select the option 3 of main menu and press

. The screen now shows:

PROJ : Data subfile.
File : Filename

First point (default=1):

Enter the first point of the subfile you wish 1o create {default option is the first point of the
ariginal time series as read from the disk).

Last point {delault=end):

Enter the last point of your subfile (default option is the last point of the original time series).
Note, that if you create a subfile, only that part of your original time series will be active in the
program. To save your subfile as a disk file, go through entry menu 8 - "Wrile data’ (see
below).

FROJ / USLR'S GUIDE 7

4. Remove trend.
Option 4 removes the linear trend (estimated by least square fiting) from your original time
series or from the subfile you have created.

5. Remove mean.
Option 5 removes the mean value from your original time series or from tha sublfile you have
created.

Submenu 6. Filter data.
With this option a digital filter can bs applied on the data. Select the option & of the main

menu and press The screen shows:

PROJ : Filter daia
File : Filename

Enter the name of the disk file which contains the digital filter you wish to apply on the data

and press Note, that the filter files must contain only the weights {one weight per line),
without any title. In order to sava the filtered time series on your disk, go through submenu
8 - "Write data’ (see below).

Submenu 7. Statistical characteristics.
This option gives you the stalistical characteristics of your time series. Select 7, in the main

menu and press .

The following will appear on the screen:

Xmin: minimum value of the time series
Xmax: maximum valua of the time series
Xmean: mean value of the time series

Xsd: standard deviation definedas Y12 -(EX)2/n)/(n-1)

8 PRQJ / USER'S GUIDE
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Encrgy: defined as Lx?
Emean: mean enerqgy defined as Exz/n
Slope: defined as

Length: the length of time series that has been read.

When you read the data, the statistical characteristics are based on the original length of ime
series as read from the disk file. But, if you have created a subfile (through entry menu 3)

then the slatistical characteristics of the subfile will be displayed. Press II], to return to the

main menu.

Submenu 8. Write data.
To save the data previously selected as a subfile or resulting from the time series {iltering
{submenu 3 and 6 respectively) on a disk file, select option 8 of the main menu and press

Ei. You will see on screen:

PRO. : Write data submenu
File : Filename

1. Write lime serics ([x)

2. Write low pass filter (xlo)

3. Wrile high pass filer (xhi)
0. Exit

Enter your choice {default=0):

Select 1 II] to save lhe contents of your subfile on a disk file, 2 [I] {o save 1he low pass

part of your filtercd series and 3 EII to save it's high pass part.

important Note: By default, the program assumes that a low-pass filler has been applied,
since this is the most licquent case in Oceanography. If another kind of filter is used (High-

PROJ / USLR'S GUIDE 9

pass, Band-pass or Band-stop) then the time series produced by the lilter will be erronenusly
named “low” and #ts diference from the original will be named "high”. The program will
correctly apply any digital filter but this peint should be kept in mind when using a non iow-
pass filter.

Enter the output filename (Return to exil) :

Enter the name of the file you will create.

Enter the output data format with format A19:

Specify the format in which the data will be written {19 characters allowed for format
description).

Type O to return to the main menu.

To exit PROJ, type O ]

10 PROJ / USER'S GUIDE



1. PROGRAM CHARACTERISTICS

Program SPECT calculates the spectral characteristics of a discrete signal. The input consists

SEASPECT PACKAGE of a set of N real numbers X(1), X(2},...X{N) assumed to be samples of a physical signal with

sampling period T_=1. The output is the power spectrum of the time series (for more details
conceming theory and methodology, see the theoretical notes in the first part of the manual}.

Program limitations:

- Times series langth < 8192 points
- Power spectrum < 8192 points

UNIVARIATE SPECTRAL ANALYSIS PROGRAM SPECT

TABLE OF CONTENTS

1. Program characleristics
2. Using SPECT
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2. USING SPECT

To run the program select 2 from SEASPECT menu and press (=3, infarmation about the

program appears. By pressing , you enter the main menu:

SPECT V3.2 Athens University
Dept of Applied Physics
Oceanography Lab

Univariate spectral analysis
SPECT : Main menu

1. Define data

2. Statistical characieristics
a. Spectrum calcuiations
4_ Spectrum graphics

5. Display resulls

0. Exit

Enter your choice:

The cursor is now next to 'Enter your ¢hoice’. To begin using the program, type 1 E]

Submenu t. Define Data
You have entered the first menu of the program. The screen now shows:

SPECT : Define data

Enter input data file name (Return for present data ):

Enter the name of youwr dala lie and press (<) a file has already been read and you

SPECT JUSER'S GUIDE 3

don't want to load ancther one, simply press L] to continue. Note, that all the files must
contain a four line title, which is read and displayed by the program. If the specified file does
nol exist or a wrong pathname has been given, the warning message "File does not exist' will
appear. Try again, giving the correct path and fila name.

Enter input data format (ex. *, 18.4,- default="):

Specify the format in which the data will be read and press . If you wish to read your

dala in frea format, enter * or just press , but note that if your file contains more than

one column, only the first one will be read.

Series length (default=all):

Enter the number of data points to be read, or press if you want to read all the data

points contained in the file.

First point (default=1):
Last point (default=end):

Specify the first and last point of the series read, to be used by the program. This defines the

part of the time series on which spectrum calculations will be performed (NMAX), Default

options are (pressing E }, the first and last point of the series.

Next, the program returns to the main menu.
Note, thal none of the other options of the main menu will be active, if you have not specified
the data.

4 SPECT 7 USER'S GUIDE



Submenu 2. Statistical characleristics.
Sclect this oplion by typing 2 E in the main menu.

The following statistical characteristics of the series chosen and read, will appear as follows:

Xmin, Xmax, Xmean: the min., max. and mean value of the time series

Xsat standard deviation defined as YIEX2-(EX)2/nl/(n-1)

Energy: defined as i

Emean: mean energy dafined as 'Ex2/n

Siope: defined by least square estimation

Length: the length on which the previous calculations are based

When the spectrum has not been estimated, the statistical characteristics are based on the
original length of the lime series as read from the data file. But, when the spectrum is
calculated (option 3 of main menu), another reterence length may be defined as we will see
below. This length is the length on which the spectrum estimation is based, excluding of
course, any zero padding that has been possibly used. In this case, the slalistical

characteristics wilt be based on this newly defined length. By pressing L_:I], return to the

main menu

Submenu 3. Spectrum calculations )
To begin the spectrum calculations, select option 3 of the main menu and press . The

screen now shows:

SPECTS3 : Spectrum calculations
File : Filename

To exit enler 0

One segment(y,n) (default=n):

SPECY / USER'S GUIDE 5

It one segment is chosen (answer 'y" to the above question), then the series is padded with
zeros uniil its length reaches the nearesl inlegral power of two.

Example-1: il length of series=1000, 24 zeros are added at the end of the series to reach
1024 points

Example-2: if length=1026, 1022 zeros are added to sum up to 2048 points.

The spectrum calculation will now be based on this new length and the spectrum estimation
will proceed with a one pass FFT on the wholg length.

It is evident from the theory (see 1.4), that in the case of one segment the spectrum
eslimation will have a statistical error of 100%.

If you answer "n°, the program will ask to define the length of the segment to be used.

Segment size:

The segment length NT must be an integral power of two and < 8192. The operational length
of the time serles is defined by the maximum number of 50% overlapping segments thal the
series can contain,

Consider a time series with 1000 data points. i a 512 segment size is chosen, the operational
length will be 768 points and will contain two 50% overlapping segments. If the segment size
is 256, the operational length wili be BS8 points and will contain six segments.

Note that the estimation error of your spectrum will decrease as the number of segments
increases, but at the same time its resolution will decrease.

Trend removal {y,n) (default=y):
Mean removal (y.n) (default=y):

Here, you have to answer #f the linear trend contained in the time series and detected by
least squares estimation or the mean value of the time series, will be subltracted or not. If you
have selecled 'one segment’ for your spectrum calculations and answer 'y* in these
questions, then the trend and mean will be removed from all the values excepl the tail of

6 SPECT / USER'S GUIDE

T————

T =



zeros. If you have specified a window size, this process will be applied to the individual

segments, i.e. the trend and mean will be removed from each segment.

Window (0=No.,1=Parzen,2=Hamming) (default=2):

Application of a window consists of muitiplying the time series or the individual segments by
an appropriate bell shaped function. Two kinds of windowing functions are available. The first
{FParzen) is a piecewise linear (triangular) window and the second (Hamming) consists of a

half period of a cosine function. The default option here is 2 (Hamming).

By answering this last question, you return lo the main menuy.

Submenu 4. Spectrum graphics

The program allows the user 1o visualize on the screen the power spectrum that has been
estimated, through the entry menu 3.

Select the option 4 of the main menu and press . The following will appear on the

screen:

SPECT3 : Spectrum graphics
File : Filename
To exit enter 0

Linear{1).Log spectrum{2} (default=1):

The energy values calculated by SPECT, are normalized. !f you choose the option 'Linear
spectrum’ (answer 1) then the values of y-axis will be between O and 1. 'Log

specirum’{answer 2) calcufates the logarithm of normalized values multiplied by 10 and plots

SPECT / USER'S GUMDE 7

them using linear scale. Obviously, in this case the maximum value of y-axis will be 0, whils
the minimum will extend toward negative numbers. in order to specily the minimum value to
be plotted {threshold), you will be askad by the program:

Threshold value (<0):

The answer 1o this question, will be the minimum of your y-axis (a negative value).

On X-axis: Channel (1) or Frequency (2) (default = 1):

Here, you have to choose, if your x-axis will represent spectrum channels or spectrum
frequencies. The aption for channels is 1, and for frequency is 2. In order to calculate the
frequency of a given channel, use of the following equation is necessary:
F=(CH/NT)*(1/T,) where F stands for frequency, CH for spectrum channel, NT for segment
length (window size), and T, for the sampling interval. So, if “frequency’ is selected {option
2), it is necessary to reply 1o the following:

Multiplying factor for x-axis (default=1):

The above factor refers to T, with the default value setto 1 and so the frequency units are
cycles/sampling period. The program allows the user to conver the frequency units, using
a different tactor.

Example-1: It the sampling interval of your measurements is 1 hour, then the defaull
frequency units are cycles/hour. To convert these units 1o cycles/day, you have to set the
muitiplying tactor equal to 24,

Example-2; If sampling period =1 day, the default units are cycles/day, and to convert them
to cycies/hour, the multiplying factor should be set equal to 1/24-0.042.

8 SPECT / USER'S GUIDE



31 ans eslions and pressin [E, the program informs you about the L
Alter answerning the above yuesti p g prog y Enter major ticy value:

total number of channels the spectrum contains, which is equal to NT/2+1 {from U to NT/2).

First channel (dcfaull =0):

Enter the major tic value for y-axis, Note, that if ‘Linear spaectrum’ has been chosen then y-
axis will be extended from 0 10 1, but in the case that 'Log specirum’ has been selected, then

the minimum value for y-axis will be the threshold value you gave and the maximum will be
0.

Enter the first channel of the spectrum, that is to be plotted (default option is channel 0.

Last channel (default=NT/2): Enter minor ticy .value:

Enter the last channel of spectrum, that is to be plotted (default option is the last channel). Specify the minor tic for y-axis.

Curve line style (default=0):

Enter x-min (default=first channel or frequency):

T
— Various line types can be chosen for the graph, using different numbers. The defaull option
Specify the minimum value for your x-axis (default value is the first channel selected or the i5 0 (solid line} and alternative styles are:
corresponding frequency the if the “frequency’ option is has been chosen) 1 {dashed line), 2 (dotted line), 3 {dot-dashed line).

Graph title (First line,60 chars):
Graph title (Second line,60 chars):

Enter x-max (default=last channel or frequency):

Enter the main title of the graph (2 lines are allowed, with 60 characters maximuem per line).
Enter the maximum value of x-axis (default option is the'last channel you selecled or the

corresponding frequency) By pressing 1] you can specify blank titles.

Enter major ticx value: X-axis title {20 ehars)
Enter minor ticx value: Y-axis title (20 chars):

Specify the major and minor tics for x-axis. Specify the axes titles (maximum 20 characters).

SPECT / USER'S GUIDE 9 10 SPECT / USER'S GUIDE



The spectrum graph will now be displayed

St LYY Geraeee bR e b e s n
t power specitun Mow = g

on screen atn
4

Al the bottom of the screen the following
appears:
New graph (1), Plot (2), Exit (0)

By pressing 1 {new graph), return to entry 02

R . 7\\--',-1-.—;;_—-—4—” oy
menu 4 (spectrum graphics) e T E T T T T
Tyl doy

By pressing 2 (piot), the graph will be sent

New aroph {1) 0 Plat (21 Fob {0}

to printer.

Figure 1 : SPECT graphics
By pressing 0 {exil), return to main menu.

Submenu 5. Display resulls

Select the option 5 of main menu and press . The screen now shows:

SPECT : Display resufis
File : Filename
To exit enter 0

Screen(1) or File(2) (default=1):

Spectrum results may be sent to screen of to a disk file. The default option sends the results
to screen. If 'File’ option {2) is chosen, then the program requests the file name where the

resulls will be writien.

Enter output filc name:

Linear (1) Log (2) spectrum (default=1):

SPECT / USER'S GuIDeE 11

Same as submenu 4 (spectrum graphics)

Full output {y,n) {default=n)

It the reply to this question is "y", then NT/2+ 1 channels {from O to NT/2) will be sent to
screen or file. The default option here is "n" and SPECT requests the first and last channel
that is to be reported:

First channel: -
Last channel:

Job title:

Specify the job title and press This title will appear on the output (screen or file).

The spectrum results as viewed on the screen or sent to a disk file consist of:
a. Four lines of comments that identify the run case and general signal characteristics which

are.;

First line; - Job titla

Second line: - Number of points retained for calculations (NMAX)
- Number of points used for spectrum calculations (N sNMAX)
- Number of segments (NSP)
- Segment length (NT)

- By, and B, Minimum and maximum bounds of the 95% confidence level.

Third line: - Mean energy of time series

- Mean of time series

12 SPECT / USER'S GUIDE



* SNF = spectrum normalizing faclor.
- ET = tolal energy
- EF = Energy luctor

Eourth line: - Information on whether trend and mean have been removed.
- The number of channels contained in the cutput file.
- The format of the output fiie.

b. A basic patiern is repeated four times across each line of the output file.

- If the spectrum calculation has been performed on ong segment only, then the patlern
consists of three items: channel number, power spectrum estimation and phase estimation

- It the spectrum calculation has been based on many segments, the pattern consists of two

iterns: the channel and the power specirum estimation

When the above results are viewed on screen, of are wiitten in a file, the program returns to

main menu

To exit SPECT, type O .

SPECT / USER'S GUIDE 13
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SEASPECT PACKAGE

BIVARIATE SPECTRAL ANALYSIS PROGRAM CROSS

JABLE QF CONTENTS

1. Program characleristics
2. Using CROSS

1. PROGRAM CHARACTERISTICS

Program CROSS calculates the cross (combined) spectral characteristics of a pair of discrete
signals. Two sets of real numbers X(1),.. X(N) and Y(1),..Y(N) are provided as input 1o the
program. These vatues are assumed to be synchronous samples of two physical signals with
sampling period T =1. The program oulpul consists of an estimation of the cross powar
spectrum based on specified length. This cross spectrum will be camplex and we will refer
1o its real and imaginary pars or its modulus and phase.

Program limitations:
- Time series length < 8192 points
- Power spectrum < 8192 points

2 CROSS / USER'S GUIDE



2. USING CROSS

To run the program seicct 3 irom the SEASPECT menu and press E] Information about

the program, appeais. By pressing . you enter the main menu:

CROSS v3.2 Athens University
Dept of Applied Physics
Oceanography Lab

Bivariate spectral analysis
CROSS : Main menu

1. Define dala

2. Statistical characteristics
3. Cross specira calculations
4_ Cross spectra graphics

5. Display results

0. Exit

Enter your choice:

The cursor is now nexdt to "Enter your choice'. To begin using the program, type 1 III

Submenu I. Define Data
You have entered the first menu of the program. The screen now shows :

CROSS : Define data

First series
Enter input data file name (Return for present data ):

Enter the name of the first data file and press L1 watie has already been read and you

CROSS / USEA'S GUIDE 3

don't want to load another one, simply press to continue. Nole, that all the files must
contain a four line title which is read and dispiayed by the program. If the specified file does
not exist or a wrong path name has been given, then the warning message 'File does not
exisl’ will appear. Try again, giving the correct path and file name.

Enter inpul dala format (ex. *, {8.4,- defauli="):

Series length {default=all):

First point (default=1):

Last point {(default=end):

{for an explanation of the above queslions, see SPECT user's guide)

The above procedure is repeated for the second series. The two series may reside in the
same or ditferent files and may be read in with different lengths. However, the minimum of
the two lengths is considered as the common reference length and all subsequent
calculations will be based on this length.

After answering the last question about the saecond series, you return 1o the main menu.
Note, that none of tha other options of the main menu will be active, if you have not specified
the data.

Submenu 2. Statistical characteristics.
(see SPECT user's guide)

Submenu 3. Cross spectra calculations

To begin the spectrum calculations, select the option 3 of the main menu and press El

The screen now shows:

CROSS3 : Cross specira calculations

Data file for X : Filename
Data file for Y : Filename

Toexitenter0
One segment (y,n) (default=y):

L_

Segment size:
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Trend removal {y.n) (default=y):

Mcan removal (y.n} (default=y):

Window (0=No,1=Parzen,2=Hamming) (delaull=2):
(see SPECT user's guide)

Submenu 4. Cross spectra graphics
The program produces graphic outputs of the coherence, phase and gain of the cross

spectrum.

Select option 4 of the main menu and press 1 The following will appear on the screen:

CROSS3 : Cross specira screen graphics

Data file for X : Filename
Dala file for Y : Filename

To exit enler 0 to any of the Arst two questions

Coherence (1), Phase (2), Gain (3) (defautt=1):

Select 1, 2 or 3 and press 2 | The program will ask you the following: (see SPECT manual)
Channel (1) or Frequency (2) (default =1):
Multiplying factor for x-axis (default=1):

First channel (default=0):

Last channel (default=NT/2):

Enter x-min (default=first channe! or frequency):
Enter x-max {default=last channel or frequency):
Enter major ticx value:

Enter minor ticx value:

If you have chosen 'Phase’ or 'Gain’ graphs,you will have 1o specify the minirnum and
maximum values for y-axis. It you have chosen the 'Coherence' option, the minimum and
maximum values of y-axis are autornatically set to 0 and 1 respectively,

Enter y-min:

Enler y-max:
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Note, that the phase values calculated by CROSS extended from -180 degrees to 180.

Enter major ticy value:
Enter minor ticy value:

Curve line style {defauli=0):

Graph title {(First line,30 chars):
Graph title (Second line,30 chars):
X-axis title (20 chars):

Y-axis title (20 chars):

(see SPECT manual)

The coherence, phase or gain graphs will
now be displayed on the screen.

The dashea line that appears in the
coherence graph, represents the 95%
confidence level.

At the bottom of the screen the following
appears:

New graph (1), Plot (2), Exit (0)

By pressing 1 {new graph), you return to
entry menu 4 (spectrum graphics)

By pressing 2 (plot), the graph will be sent
to printer.
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Figure 1: CROSS graphics - Coherence
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By pressing O (exit), you return to the main menu.

Submenu 5. Display results

Select the option 5 of main menu and press L] The screen now shows:
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CROSS : Display results

Dala file tor X ; Filename
Data file for ¥ : Filename

Yo exit enler 0

Screen(1) or Fiie(2) (detault=1):

Cross spectrum results may be sent 1o screenorto a disk file. The default option sends the
results Lo screen. If ‘File' aption (2) is chosen, then the program requests the file name where
the results will be writlern.

Enter output file name:

Full autpui (y.n) (default=n)
First channel:

Last channel:

Job title:

(see SPECT user’s guide)

The cross spectrum results as viewed on the screen or sent to a disk file consist of:

a. Four lines of comments that identify the run case and general
signal characteristics.

Figtline: - Job title

Second jing: - Number of points retained for calculations I(NMAX)
- Nurnber of points used tor spectrum calculations (N < NMAX)
- Number of segments (NSP)
- Segment length (NT)
- By, and By, coherence confidence levels

Third ling: - Mean energy of x-lime series

CROSS / USLR'S GUIDE 7

- Mean of x-lime series
- Mean energy of y-time series
- Mean of y-time series

Fourth ling: - information on whether trend and mean have been removed
- The number of channels contained in the outpult file
- The format of the nine-column output body:

b. The output file contains:
Channel (x), Frequency {f,), Power spectrum of x series G, {f,), Power spectrum of y
series Gw(fk). Gain = !ny | /G,,. bgain = Standard error of the gain estimation,
Phasa= £ny, Aphase = Standard error of the phase estimaltion and Coherence = v2 =
Gy, 12/(6,,Gyy)

When the above results are viewed on screen, or are wrilten in a file, the program returns to
the main menu ’

To exit CROSS, type 0 (2|
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SEASPECT PACKAGE

ROTARY SPECTRAL ANALYSIS_PROGRAM ROT

TABLE OF CONTENTS

1. Program characteristics
2. Using ROT

1, PROGRAM CHARACTERISTICS

Program ROT computes the rotary spectrum of two-dimensional vector time serias. Before
running ROT, the cross-spectrum between the twa components (x and y of a right-handed
coordinate system) of the vector time series has to be computed through program CROSS
and ils output saved on a file (see CROSS user’s guide). This file will be used as the input
for program ROT. The program oulputs are the rotary power spectrum components.

Program limitations;
- CROSS results file < 2049 channels
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To run the program select 4 from the SEASPECT menu and press (<1 information about

the program, appears. By pressing . you enter the main menu:

Athens Universily
Dept of Applied Physics
ROTARY SPECTRUM PROGRAM Oceanography Lab

MAIN MENL)
1. Read data and calculations
2. Spectrum graphics

3. Display resulls
0. Exit

Enter your choice:

The cursor now is next to 'Enter your choice’. To begin using the program, type 1 and .

Submenu 1. Read data and calculations

Input filename of cross output file:

Enter the name of the file to be used and press 71 {Remernber this file must be an output
tile of program CRQOSS 1}
Noie, that CROSS files intended to be used as entries to ROT should start from channel 0,

otherwise an error message wili be displayed.
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if the specified file does not exist or a wrong path name has been given, then the warning
message 'File does not exist’ will appear. Try again, giving the correct path and file name.

The file will be read in free format, and then ROT informs you about the total points which
have been read. By pressing . the program calculates the components of rolary

spectrum and returns you to main menu.
Note, that none of the other aptions of the main menu will be active, if you have not specified

the data.

Submenu 2. Spectrum graphics
The program produces graphic culputs of the main components of the rotary spectrum that
has been estimated.

Select option 2 of the main menu and press . Tha screen now shows:

ROTARY GRAPHICS CHOICES

1. Clockwise spectrum

2. Anticlockwise specirum -

3. Clockwise & Anticlockwise spectrum

4. Clockwise Anticlockwise & Tolal spectrum
S. Ellipse stability o

6. Ellipse orientation

o Exit

Enter your choice:

Select a number between 1 and 6 and press .

Following that, a number of questions such as “Linear or Logarithmic spectrum”, "X-axis:
Channel(1} or Frequency(2)", etc. will appear on the screen. Refer 1o SPECT user’s guide for
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detailed description of those questions. H
options 3 or 4 have been selecled it is
advised to use difterent pen numbers for
each of the parameters plotted in order to
distinguish them on the graph {see example
in Figure 1),

Submenu 3. Display resulis
Seclect option 3 of main menu and press

[Z]. The screen now shows:

Fodary spes trpne dor seloity comrp b TH S

IR IR A BTN Y )

Uy I

0.6 h
04 ! ;‘,‘
02 \ \
4 A ,'/\,_/_‘ L2
G0 A —.-q/j__ e T s \;1
D) 002 H.04 0 O 010
cycles /hour

New qraph (1) Plot

[epbed o Al ke o

(2y  Fxt {0}

Figure 1 : ROT graphics

DISPLAY RESULTS

Screen (1) or File {2} (default=1):

To exit answer 0 to any of the first three questions

ROT spectrum results may be sent to screen or 1o a disk file. A series of questions such as

the following will appear:

Linear {1} Log {2) spectrum {default=1}:

Full output {y,n) {defauli=n)
First channel:

Last channel:

Input file name for resulis:
Job title:

{see SPECT user's guide for details)

The rotary spoctrum results as viewed on the screen or sent 1o a disk file consist of:

a. Four lines of comments that identify the run case and general signal characteristics.

ROT / USFR'S GUIDE 5§

First ling; - Job title for 'File option’.

Second ling: - Number of points initially read (NMAX) for the cross spectrum calculations
{through CROSS program)
- Number of points on which the cross spectrum calculation has been based
{N < NMAX) {through CROSS program)

- Number of segments of the cross spectrum calculation (NSP)

- Segment length (window size - NT) of the cross spectrum calculation

Third ling: - The total number of channels the output contains
- The format of the seven - column output
- The maximum total energy of the rotary spectrum

Fourth ling: - The reference tilles for each column

b. Next follows the seven column output which contains the Channel number, Clockwise

spectrum, Anticlockwise spectrurmn, Total spectrurn, Rotary coefficient, Ellipse orienlation

and Ellipse stability.

After displaying the results on the screen or saving them on a file, the program retumns 1o the

main menu

To exit ROT, type 0 and press .
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SEASPECT PACKAGE

TIME SERIES MANIPULATION PROGRAM SERIES

TABLE OF CONTENTS

1. Program characteristics
2. Using SERIES

1. PROGRAM CHARACTERISTICS

Program SERIES is a program used to perform a cerlain number of operations on one or two
lime series such as adding a constant on each element of a time series or summing up two
time series etc. No graphic utilities are available on this program. Refer to program PROJ for
graphic display of time series.

Program limitations.
- Time series length < 10000 points.
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2.USING SERIES
To run the program sclect "5” fromn the SEASPECT menu and press L inforemation about

the program, appears. By pressing EZI you enter the main menu:

SERIES

One series calculations 1)
Two serics calculations 2
Exit {0)

Enter your choice :

The cursor is now next to "Enter your choice’. To begin using the program, sefect "t or "2*

and press ED

It you have selected "1* the following will appear on your screen:

ONE SERIES SUBMENU

Add or Subtract a constant on each element (1)
Multiply or Divide each element by a constant @
Square of each element 3)
Square root of each element (%)
Firsl difierences of elemenis (%)
Timestep . {6)
Return to Main Menu )

Enter your choice :

Option 1 : With this option a positive/negative number will be added algebraically 10 each

element of the time series.

Option 2 : Each element of the time series read will be multiptied by the specified number,
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Option 3 : Each element of the time series wilt be multiplied by itself.

Option 4 : The square root of each element will be computed and written on a specitied file.
It the time series contains negative numbers a warning message will inform the user that the
program cannot proceed further with the desired operation.

Option 5 : Each element is replaced by its difference from its previous element in the time
series. This procedure is called “pre-whitening® and is often used on time series with a
strongly “red” spectrum. The spectrum of the pre-whitened time series contains stronger
energy peaks at higher frequencies which can therefore ba betier put in evidence.

Option € : This option is used to subsarnple a file by selecting elements "n” points apart. You
have to specify the firsl point to be selected and the step "n". This option is usefut, for
example, in transforming a time series containing data sampled at 10 minutes interval to
hourly values. Attention should be given, at this point, in evertual aliasing of the spectrum.
It is recommended to first filter adequately the time series and then proceed to its
subsampling.

It you have selected *2" , the following will appear on your screen -

TWO SERIES SUBMENU
Add two series n
Subtract two series {2)
MuHliply two series {3)
Divide two serles (4)

Return to Main Menu (0)

Enter you choice :

Options (1) and {2) are used to add or subtract, respectively, the elements of two time series.
The first element of the second file will be added {subtracted) to {from) the first element of
the first file, elc. Suppose a file A contains sea-pressure data, while a file B contains the
corresponding atmospheric pressure data. This option may be used to compute the sea level
by subtracting file B from A.
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Options {3) and (4) are used 1o multiply or divide, respectively, the elements of two time

series. In option (4) if the second file contains zeroes a warning message notitying the user
that the program cannot proceed further will appear.

In all options of program SERIES reading and writing procedures are the same as in program
PROJ.

To exit SERIES, type 0 and press I"j]
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1. Lisciete Fourier transiorm (DT
Pob. tketduitions

let us consider a discrete signal consisting of ¥ real or compler values X
i - 0, 1.,...,N-1. The discrete Fourier transform (DFT) is by definition Lhe

conplex discrete signal Xn defined vy the relation

N-1
X = E: xlexp{AjJnik/NJ for k 2 0 (1)
L

1-0 .

We often write VN = expl(-j2asN) and the DFT as

X = E: W't for k2 0
« ]

This relation muy be inverted and the x can be expressed as functions of

Lthe Xk by the following relutions

H-1

L % E: Xkuxp(jﬂnjA/N) for I = 0 (2)
®=0

The above relation defines alsoe the inverse discrete Fourler transfurm. The

DFT defines generally a sequence of complex numbers with a real and an

imaginary part or a nagnitude |Xl§and a phase ¢, .
One can easily prove the followlng elementary properties of the DFT
1. The DFT 1s a linear operatllon

2. Periodiclity property
X = X for k=0
Ntk k

so  that wvalues of Xk are wuseful only for G s k = N-1

las for the initial signal). The initial signal is thus regarded as an

implicitly puricdic signal of puriad N

3. Symmetry propertles for the DFT of a real signal

»
X, =X and |XN_k! = |Xk| for k =2 0
or written around the midpolnt of the sequence

-
Xyrzow = Fprpee 20 X = |xﬁ/2-k| for k =0

meaning that the real part of Xk 1s an even function and the
imaginary part of Xk Is an odd function of the index k with its

central value at ¥/2 (or two central values If ¥ is odd).

4. Parseval Thecrem relating X, and Xk

N-1 -1
21 2
DA DN
120 ¥=0
Example 1

A very simple result can be obtained when the serles has only two peints x
L+

and X, We find easlly applylng formula (1) and taking into account that
Vo= -1
X =x +x

X = x -x

Example 2

If ¥ = 3 the four value serles x1 transforms lnte the following DFT

X =x +X +Xx
[+] 1 2z

tad
[0}

1
x v x W o+ W .
o 13 23

LS
%

4
X*XUZ"'X
2 [+ 13 2”3

where W = ~isz - 301/2)

Example 3

-ai

x|l = e with constant a and i = 0,1,2,...,N~1,

We can analytically calculate Xk using directly relation (1) and a geomelrlc
progresslon formula

X o= Uee™™y/(1-ee ™M) k201,2,.0 81

g —

g



ixl = sinla-i)

jExamp[g_ﬂ

with constant a and i = 0,1,2,...,N-1.

!HU can analytically calculate Xk using directly relatlon (1) and a geometric

X o= [1-e
"

progression formula

1k o5/ (1-e Tie

J[B‘Z}ﬂk/"] (1-e )/Z/J/(l-ekjla‘ZJ"k/")

ik o= 0,1,2,.., N1

1.2 Fast Fourier Transform (FFT)

Using equatlon (1] to calculate the DFT Xk we observe that a considerable

‘ number of calculations of sine and cosine functions is involved. kEven 1t we

interpret the formula in terms of integer powers ol the basic functlon

Ure‘m”/“ the number of multiplications needed is of the order of Nz. We
thus reallze that even on a powerful computer a stralghtforward computation

of the DFT beoomes impractical as soon as the time scries grows over 1000

points.

The Fust Fourier Transform ls an algorithmic method te improve the speed of
compulation of the DFT. One of the most popular FFT algorlthms is the
Cooley-Tukey radix 2 decimation-in-time algorithm.  The key te  the
development of this FFT algorithm is the fact that the sequence Xk can be
obtained by a uuitable combination of the results of two Lransforms each of
length N/2, and the combination reguires only N multiplications. Assuming
the series length N is a power of 2 the decomposition process can be
repeated a number L of times, L = logzﬁ. Basically, we could first form N2
transforms of length 2, combine them to get N/4 transforms of length 4,
combine these to gel N/8 transforms of length g8 and so on until after L
length N is obtained. Only the first stage

steps e ransform
step on transf of

{transtorms of length 2) requires the calculation of the basic functions wf
but as W_ = e M™% = -1 only addition and subtraction are needed. In the
process é[ combining half length transforms to obtain full length transforms
only N multiplications are required. As a result the total number of
multiplications is N-L = N-logzﬁ.

furthermere the calculation can be done in place, i.e. no extra storage 1is
required LE the Input sequence can be erased and its DFT written on it

instead.

Comparing thls algorlthm to the direct method we oblain for a serivs of

length N = 1024 approximately a 100 fold reductlon in computation time. Thls

method Is obviously appllcable only to time serles wlih lengths equal to

integer powers of 2 (2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096
8192, 16384,....).

The continuing lmprovements in digltal technology have made It possible to

construct efficlent and cost effective FFT “boxes". These are hardware

dedicated to the computatlon of FFT elither as standalone uniis or as
attachments to general purpose computers, Also many of Lthe newer
oscilioscopes have lncorporated the capablilitlies of digital processing of

the signals and contaln hardware to perform the FFT algorithm.

In many applications the design of dedicated FFT bardwure is optimized to
permit very high throughput rates to meet the high processing speed required
in these applications.

In the FFT algorlthm one c¢an also detect warlous levels of 1nherent

computaticnal parallelism that can be exploited to obtain a wider range of

performance. We note thus the exlstence of plpeline FFT.



<. bignals and  Fourier transfopms
<od. Ulassification of signals

The signals that can be found in the physical world or can be constructed
in a modeling mathematical environment can be classifled inte two broad

clusses: deterministic and randon.

beterministic signals can be characterized as periodic or non-perlodic and

the definitions here uare obvious

The rundom signuls can beleng into Lhe stationary or non-statlonary family
and we will describe briefly the stationarity property by giving some

definitions pertaining to random signals.

A siogle time Nistory representing a random phencmenon is called a sample
tunction or sample record. The cellection of all possible sample functions
which the random phenomenon might have produced is called a random process
or stochastic process, Hence a sample record of data for a random physical
phenomenon may be thought of as one physical reallzatlon of the random

process,

For a random process, given by all its physical realizations xk{tl. We can

calculate at least two interesting values

H
|
p(:‘) = i:: W E: xk(“l

. 1
R(tl.tl+t) = lim i E: xh(tt) xk(t1+T]
kel

If these two churacteristles do not vary as tl varles, the random process is

suld to be weakly stationary.

An intinite collection of moments and Juint moments could be calculated in a
Sindlur way. It these moments are time lnvariant we say that the process is

stiongly stalicnary.

The slationary processes can further be classifled into ergodic and non
ergodic processes where the ergodicity is a notion applicable only to

stationary processes.

To defline the property of ergodiclty we lIntroduce the moment and jeint
moment calculatlon by considering only one physical realization of ihe
slgnal and performing time averaging.

1 T
(k) = 11m T I xk(t) d¢
x T5m o
1 T
R (t,k) = lin 1} J'x (1) x (ter) dt
x T T o k K

For an ergodic process these time averages in fact de not depend on the
realization k and yield exactly the same values as the ensemble
(statistical) averages calculated above.

Ergodic processes are clearly an \lmportant and nice class of random
processes since all their properties can be deduced from a single time
history performing time averaging.

Frequently, and fortunately, 1in practice our random data are or can be
considered as both stationary and ergodic and consequently we can work on a

single realizatlen of the signal, vi2. the only measured realization of the
signal.

ey =



2.2 Fourier expansions

2 2. %. Periodic dala can be expanded in Fourler serles

1t we consider a signal x(t), pericdic with period T and fundamental

frequency f‘ = 1/T we can wiite

(-]
a
xit) = L Z a cos(2raf t) + b sinl(z2nnf t)
2 n 1 n 1

n=1

where the coefilcients a and b are glven by the expressions
n n

T

a =7 Ix(i} coslZanf t} dt n=-0,1,2,..
n T 1
o
3 T
b= -'.Jx(t) sintnnf t) dit n=1,2..
n T o 1

The complex speclium of the periodic signal s
¥ =a + b
T n n

and obviously is discrete. Usually the magnitude of Xn is plotted against

the harmenic or channel number n.

2.2.2 TFranslent nonperiodic data can be represented by thelr Fourler

transform.

The well known Fourier transform of a function x(t) 1s glven by

+m - "
Xtf) = le!) T
- 2

and the original signal can be written as

4+ o
x(1) =Ixu) EMY gr

-

The meaning of this decomposition is well known as 1t conslsts in
representing the arbitrary slgnal x{(t) as an infinite sum of sinusoldal
(hurmonic) components. The spectrum is here a continucus function of

itequency .
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2.2.3. Finite Fourler Transform

In practice we do not have the possibllity te observe and Integrate thue:
signal on an infinite time span and wWe are thus restricted to a more

physlical approach involving a time span T, say from t=0 to t=T.

Consequently we define the finlte Fourler transform of the analeg signal
x{t} by

T
X(F,T) = J-x(t) exp(~)2nft) dt (1)
[+
where T is the cbservatlon time of the signal, i.e the time during which

the sipnal has been observed and its values recorded.

Let us now sample the analog signal x(t} wlth a sampling periocd T oblalning
8
the discrete signal x = x(ti) = x(iT ) for f & 0, on a total observation
8
time of T = N-T .
s

Her N

o-—C
e
[

We will assume also that the observation time T is sufficiently large that

the signal repeats itself for t & T (i.e. all the Informaticn Is contained

in the laps of time T). For example ils value at t = N'T_ 1s supposed to be
H

the same as 1ts value at t = 0.

1f we approximate the integral of relation {3} with a finile sum we get

N—1
T
X(,7) = Ix(t) A TR PR
0 a
1=0
For the frequencles (= f = L k. k=206,1 N-1
q ’ Tk NT' T T e e

N-1
we have X(F ,T) =T Z x exp(-JZnik/N) = T X
k - 1 s k

1=0
where Xk ls the DFT of signal x,.

—

Consiequent ly Xk =5 X(fk,T] k=0,1,. ,N-1 (1)
1
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This last exprescien (4] determines the relation between DET  und

Pourior transform,

In what follows we will exhibit the relatlon between flnite

lranstorm ond the power spectrum of a signal.

finite

Fourier

12

3. Power spectrum and DFT
3.1. Definitlons

We have already defined the DFT and the finite Fouriler transform. We stiil
do not know what the power spectrum of a slgnal is. Let us clarify first
that the terms power spectrum, power spectral density and autospectrum are

used lnterchangeably to deslgnate the same concept.

By definition the power spectral density of signal x(t) is the distribution
in frequency of its mean square value and we ldentify the mean square value
of a signal as its energy. If we imagine the signal x(t) golng through a
narrow band filter with frequencles f and F+AF

Narrow Filter
—_—

x(t) f. Af x(t,f,Af)

and desighate by ¢ the energy of the output signal we can defipe the power
spectral density by the followlng relations

T
¥ = lim %Ix(t.f.ﬂf)z dt = G_(f) Af
nx

T-»0 Q

or G {f) = 1lim
XK

v
Afso af

Examples of signal PShs

Constant x(t) = ¢ an(!J = c&* s
Harmonic signal x(t) = ¢ sin(anbt+B) Gxx(f} = %2 é(fﬂfb)
White Noise x(t) =7 G (fl=¢c

2K

Looking for the relatlon between the power spectral density as defined above
and the finite Fourier transform we can prove, and this 'is not obvious at
all, (cf. Bendat and Plersol) that

T

G () = lim %J.x(t.f,m’)z dt /8f =2 Un 1 E [Jxr,1)|%) (5)
xx T30 Q T-»0



where X{F,T) is the finite Fourier transform of signal x{(t)
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and E the

vrpected value {statistieal) operator for a randem variable

Ve have till now defined the power spectral density (PSD) and we have

relaled 1t to the finite Fourier transform. We have one more step toward Lhe

Di'T and this is the following.

When we dlspose of only one observation x(t} of finite length T, the only
possible approximation for G (f) is

XX
G_tr) =—2T- |xtr, 13" (6)

whey e the expected value has been replaced by the unlque measurement

available op time span (0, 7).
For f = £ = k/(NT ) we will have G (f} = 2 |x(r .T)I2
k s b3 4 T k

Gy = 2 | e
iX

LN * (7)

Relation (7) gives us the capabllity of estimation of the power spectrum of
x{t) using the DFT of x(t). We note that we can evaluate-the PSD onjy at
frequencies equal Lo discroete fk. This is the price paid for the loss of

information consequent to signal sampling.

3.2. Signal envrgy and power spectrum

for the discrele signal X i =0,1,. N-1 we define the mean energy as equal

to Its mean square value

2
X
1

= -

N-1
L=
m
100

$f the mean value of  the sighael is subtracted {roem all its values

the previous definition identifles the mecan enetgy as equal to the varlance

14
of the signal

2

H-1
1 -2
W (Xl'x)
L=0

Note

We draw the attention of the reader Lo the followlng point. The above

estimatlon of the varlance of the tlme serles ls based on o glven sumple of
the tilme serjes and 1s a biased estimate. We mean by biascd estlimate that irl
the experlment could be reBeated a number of times and we could thus
calculate the expected value of the varlance E{dzl we would not find the
true value but instead (N-1}/N times the true value. A better, unblased,

estimale of the true value of the varlance of the time series is thus
N-1

z_ 1 0
o ¥ E: (xl x)

1=0 .
This 1% alse the deflnitlon used in the SEASPECT package.

Say Xk 1s the DFT of the signal x,. From Parseval’s theorem we note that

N-1 N-1
2 _ 1 2
T E: |Xk]
1=0 k=0

So, for the mean energy we get

N-1 N-1
_1 E: 2 1 E: Fl
E =5 Yx =— 1% |
™ N 1 k
1=0 ¥ k=0

Let Gxx(fk) = (ZT./N) |Xk|2 be an estimalion of the power spectrum
of the signal x(t).

Integrating the power spectral density G_(f) we get the tutal energy ot the
xX
signal

Tr2 1 T
E = J‘DG"(f)df' -3 LG“(f)dr (due to symmetry)



keplucing the spectral density an(f) with lts estimation G’x(f_) and the

integral with a sum we get

N1 H-1 N1
R BN _ 1 2 S U 2
ll'm = ke Z (inc([k)ﬁrk T2 Z T‘N kal TiN - N2 ka[
k-0 PR # k=0
Finally
N-1 N N-3
o1 e 1 Lo i . - - . 8
R D LA N AR ) G080 with af = /00T ) (8)
- N
[T k-t k=0

Exprescion (8) relutes the PSD of the signal to 1ts mean energy.
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4. Pouwer spectrum estimation

For the power spectrum estimation we will make use of formula (7) and of
the DFT of slgnai xf

Using the Fast Fourler Transform, as 1t is almost always the case ln order
to calculate the DFT Xk. we may face a problem as the series length 1is
arbltrary and not necessarily an integral power of 2. Hence the time serles

must elther be truncated or have zeros added.

In these cases we resort to what is called a zero padding, i.e. we extend
the time series with zero values up to the next integral power of 2. For
example 1f for X n=900,we form a new serles x; with 1024 points by adding
124 zeros at the tall of the Initial serles. We may then use the FFT on the
new series x; to estimate its power spectrum X;. It can be proven (cf.
Bendat) that the two DFT's Xk and X; under most circumstances do not differ
notably. We can spot the main difference in the frequency resclution: as the
spectrum frequencles are f; = k/(N'T;), In the case of zero padding the
resolution increases artificlally due to a higher N.

Let us write for Instance the finite Fourler transform on which square the
PSD is bhased as

T T
XUF.T) =fxu) e 12t 4y . Iy(t) u (01”120 gy
[+ ] [+

where y(t) 1s the real (physical) signal from which x(t) resulted by
observation between times O and 7, and uT(t) Is a boxcar functlon equal to 1
from 0 to T and null elsewhere.

We repeat here that our maln goal s to estlmate the power spectral density
of the random process y(t) from which the reallzation x(t) or times serles
xl originated. Thus the blas introduced by the abrupt truncation of the
origlnal random process between times O and T must be compensated.

The boxcar welghting causes “leakage" by spreading the main lobe of the PSD
function and by adding an infinite number of smaller side lobes. A smoother

than the boxcar tapering of the function is thus necessary to provide for
less distortion of the real signhal functlon.

g T

ey



Punce we usually taper Lhe realization x(t) by multiplying its values by a
ﬁunction which is equal te 1 to the middle of the time serles and decays
Emoo{hly to O toward the two ends ol the time interval. This tapering s
;called windowing and the tapering fundtion is called a window.

iOn the other hand 1t is obvious that for a better estimation of the expected

%valuu of the power spectral density of the random process one must calculate
a mean value of |xtr,r)|2 for the largest possible number of reallzatlons of
the signal x(f). But when there 1is avallable only one observation of
duralion T, the enly way to pioceed is to break down this unique observation
linto T/NT smaller obeervations (called segments) of length NT and take for
ecach one of 1liese segments one approximatlon of the power spectrum.  The
final estimation of G’x(l) wiil consist of the arithmetic mean value of
these estimations. Also cach segment may be windowed for ihe reasons
cxplained above. This methuod of averaging segment FFETs is due to Welch

and is frequently called the melhod of modified perlodograms

{The s=egment tapering mentloned above may be done with various windewing
ifunctions as the only requirements for them are to be symmetric with a
jmaximum value of approximately 1 at the middle of the segment and smooth
idecaying toward the ends of the interval. We use malnly a trlangular window
%(usua:ly called Parzen window) with values given by

n+l nt+l

[T N L

31 5 5 1515;] (9]

or a sinusoidal beli-shaped window {(named Hamming window) of the following

form -

i1
w = 0.54 - 0.46 cos(2m— -} 1
3 n-1

1A
.
1A
=5

(10)

In expressions {9) and {10) n is the segment length (power of 2).

A5 we window each segment by the Parzen or Hamming window an adjustment is
necessury  in o order te have an optimum PSD estimater. This adlustment
consists in dividing the bPsD values of each segment by lhe energy of the

window, i.e. its sum of snuares.
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Using this segment averaging procedure to es!imate the power spectrum, and
In order to assure the continulty of successive estimations stemming from
individual segments, we must "link" {n some way Lhe adjacent scgments. It
can be proven that If adjacent segments have an overlap of 50% a minimal
distertion of the final power spectrum estimalion is cbtained. Thus if N_ is
the segment length (power of 2) and N. the number of segnments we arrlv; at

the equation

N = NT + (Ns—t) (NT/Z) = NLau (11)
where N is the length of the serles on which the power spectrum estimallon

will be based and N'ax the avallable total serles length.

Example: Consider a time series of 800 polnts and <choose a segment of 256

polnts. Frem above equation we find NT =25 and N =5 and N = 768.
L]

Frequency smoothing

Comparable to the segment averaging Jjust explained, we note that a frequency
smoothing could also be done In order to estimate the PSD. In that case we
loose some frequency resclution because we combine adjacent lrequencies. In

the SEASPECT package there is no frequency smoothing optlen avallable.

Finally let us.note that when we estimate the PSD from many segments we do
not pad with zeros the time serles. If we added zercs we should pad each
segment with a proportlonate number of zeros In order to malntain the same
number of degrees of freedom for the resulting estimation of the PSD (see
below paragraph 5). Instead we truncate Lhe time serles Lo the number N =

N glven by formula (11) above,

max

Computational note

We conclude this section with a brief discussion of a method of performing
FFT on real sequences. In most practical cases the data sequence x, is real
and doing a N point DFT on 1t will require N-log N complex
multiplications, i.e. the same number of operations as If it washa comprlex

sequence. We will show now that it is possible 1o de a N point DFT to
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transtorm simultancously two N point real sequences

Lunslder the real scguences x" and yn. We form a complex sequence

and take 1ts DET Xk

Calculate now
. L] N -
A = XN « JY = Xk v J Yk

Combining these two cxpressions we get the DFT's of x and y as follows
X =4 + A 2 (12)
K

= - A {13)
YIl (Ak A"'h>/2j
Therefore to obtaln the DFT of the two ¥ point real sequences x and ¥y, e
cun do & N point DFT on the complex sequence a and then use the above

relations to gel back the individual transforms Xkand Yf

20

SD estimation recipe

Let us sum up now how we estlmate the PSD of a real signal ln the SEASPECT
package.

1. Define the segment length, the kind of window (Parzen or Hamming)
that will be used and calculate the operatlonal series length N glven by

tormula (11).

2. load two adjacent segments into a running (dummy) complex sequence a .
n

Multiply this sequence by the window.
3. Take the FFT of thils complex sequence.

4. Extract the FFTs of the two real gequences and dlvide by the energy of
the window to cqmpensate for its effects.

5. Add the squared values to a running sum PSD and repeat the process until

noe more segments.

6. When the process 1s over divide the PSD by the number of segments to get
the mean pejododgram.
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5% Power spectrum confidence interval

I{t us try to eslimate the true value of Gxx[f] by an ecstimate Gxx(!) based

uh only observation of the signal. We have using relation (5)
I

-
-~
it

2 Mm 3 B (XF,T)
T

2 |Xtr, T

-
n

In fact as
2 &
e 1| = X (6,1 4 X (D)
&nd if we consider XH and XI as gaussian random varlables it apprars that

the estimation
dirmy =2 3 %, )?

flollows the statistlcal estimation
2
G % (e)
qir, T 2

4here G(f,T} is the true value of the PSD at frequency f and x: is the 12
Qtatistlcal distribution wilh 2 degrees of freedom (d.c.f.).

We divert here and note, In relation to above exptession {(14), that a random
\;rnriable follows the xj distributién with n degrees cof freedom when it is
&vfined as the sum of squares of n Independent gaussian random variables
¢ach with zero mean and unit variance. Also, 1its mean is n and its variance
is 2-n

Taking the varlance of relation (14)

GG, TIL V2o _

LS S0 O
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Hence we realize that the estimation of the expected value from only one

observatlion of signal x(t) has a standard error equal to one (100% error) or
otherwise that the real value of G“(f) lies between {! and 2:G (f}.
~ XX
0 =G (f) s2-G (Ff)
xx ¥

Referring to the power spectrum estimation precedure outlined in paragraph 4
one can show that the averaging of g adjacent overlapping scgments
¢"tr) + 6%th « ... e 69N
xx xx XX
q

G"(f) = (g = n_)

leads to an estlmation of the power spectrum which follows a xz statistical
distributlon with ¢ degrees of freedom where d 1s approximately equal to the
double of the number of segments, d = 2-ns. with roughly each segment
contributing 2 d.o.f., one from 1ts real part squared and the other from ils

imaglnary part squared,

The theoretical value of the spectral denslity at frequency f will lie then

in the confidence interval

G -2 s 6 = 6 (NS (15)
xX 2 =X XX 2
xd.a/a xd,i-afa
2 2 . 2
with probability e, where Zh.afzand de-a/a are the values of y

dlstrlbution wlth d degrees of {reedom and probabillty threshold «/2 and
1-a/2,

We wlll designhate these error bounds by B and B
min max

B = g and B =4
mln 2 max 2

d, 072 1wz

and we note that they are usually calculated for a=0.05, or al the 95%

confldence level,

Example

Say n = 10 so that d = 2-n = 20 and assume o« = 0.05.
5

From the 12 distribution tables
2 _ . 2 _
Tao,0.028 = 2417 and X20,0.975 9.59

so that B = 0.585 and B = 2.086
®min max



23

6. Spectral anulysis of twe signals

With lhe previously expused univariate spectral analysis we can study the
harmonic  componenty  present  In two independent random processes. The
bivariale ur cross spectral anulysis of these two signals will strive to
answer questions about the relation between the harmonic componeats of the
two slgnals at the same {requency. If we may represent the studied signals
as Input and output to a physical process the cross spectral analysis will

parallel the study of the transfer function of the process.

Consider tirst two sequences of discrete datla x and ¥, The correlation

coefficient r between these Lwo scries 1s defined as

[ lxle) (yl-y)

where ¢ and ¢ are the slandard deviations of the two serles of data and n
x ¥

is the number of joint observations.

Let us consider now two random processes x(t) and y(t). We can correlate
them at two different times tl for the first and :2 for the second signal
using the usual statistical tool of correlation coefficient. The
cross-correlalion function results as the correlation coefficient when times
!1 and t2 are © time apart (r = tz—IlL

Imitating the above definition of the correlation coefficient we can define
an estimate for the cross-correlation function of values of x(t) at time t
and y(t) at time t+1 by taking the average product of the two sets of values
over the observation time ¥ (assuming that the two random processes have
Zero wmean or thal the meun has been subtracted from the wvalues). The

resulting average product will approach the exact cross-correlation function

as T approaches infinity.
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Hence we define

T

- 1
R (%) = ii: 1 foxm ylt+r) dt

When y(t) ® x(t) we speak about the autocorrelation function of slgnal
x(t}.

Elementary properties of the ¢ross-correlation and autocorrelation functions
are

R (-x} =R (1)
xy '3

R
P

2
|ny(T)| s R-x(o) Ryy(U) {Schwartz inequallty)

IR ()] s 2 IR _(0) +R_(0)]
Xy XK ¥y

When ny(t) = 0 for all times T, signals x(t) and y{(t) are statistically
independent (assumed having zero mean values).

The analog cross-correlation function has \ts discrete counterpart defined

as
N~k

= ! k.
ny(k) ¥k Z x5 Y,
1=1 "

for the cross-cerrelation function and as

=

r (k) =
uy

for the cross-correlation coefficlents with
-1 sr (k) s1
xy

Definition of the cross PSD

The cross power spectral density ny(f) of twe signals is now defined as the

Fourler transform of the cross-correlation functlon. As such the cross PsD
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gives the distribution In {requency of the correlation of the two

processes.

We can also prove another impor tant result closely related to the above
gefinition : the PSD of one signal is the Fourier trapsform of the

autocorrelation function.

An importani inequality is produced by transforming Schwartz jnequality In

the frequency domain
6 tr®sc (NG ()
Xy nx Yy

or alternatively

G, 0

L R T R R T
XX Yy

=1 (16)

defining thus the cohercnce function ¥ y(!) of two signals.
X

Fundamentalis of input/Zoutput relat ionships for physical systems

Consider two analog sigoals x(t) and y(¢) one as the input and the olher as
the output of a physical system. If the system lis linear with constant
parameters (CPLS) we know how the input and output are related by the
impulse respense function hit}and the convolution integral

+00 -
ylt) = I hir) x(t-t} dt

0

(Note that the integral does net extend into negative time values as h(z) Is

considered as the {mpulse response of a physically realizable linear

system, h(t)~0 for <0}

By transcribing the above relation into the {reguency domain by Fourler
transform we define the complex transfer function NUf)} of the system by the
retation

Yi£) = HUf) X))
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where

Hif) = j nizy e ¥ de
0

Let us examine how 1s the PSD of the Input slgnal transformed when the

zignal passes through the CPLS.

x(t) CPLS y(t)
G () ¢ (f)
XX Yy

We can prove the following relations

13

G (£} = [H(O)[Z G (F)
¥y xx

G (f) = Hr) c"m

xy
Coherence and CPLS

The coherence functlon value at frequency f, riy[f). can be interpreted as
the fractlonal portion of the mean square value of the output y(t) which is
contributed by the 1lnput x(t} at fregquency f. Conversely the quantity
l-ziy((] is a measure of the mean square value of y(t) not accounted for by

x(t) at frequency f.

For two slgnals that are llnearly dependent belng input and output of a CPLS

we can easlly prove that the coherence functlon ls unity at all frequencies
2y =1

7xy =

On the opposite side if x(t) and y(t) are completely unrelated the coherence

function will be zero.

When the coherence ig less than 1 and greater than 0, one or more of Lhree
posslble situations exist

(a) Nolse is present in the measuremenis

(b) The system relating x(¢) and y(t) is not linear

{c) y{t} is an output due to x(t) as well as to other inpuls.
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Estimation ol the cross PO

tullowing the sume procedure with the estimation of the power spectrum of
une signal, we can estimate the cross spectrum (cross PSD) of two stutlonary
tundem processes x(t) and y{t) as
1 . . -
LU =2 e w B XA, T) Yis, 1))
= T

The cross power spoectrum 3y obvivusly a complex number and writing

G [F1=C (f) + J-0 (f)
xy ®y Ky

we o detine € (f) at the cospectium (or colncident spectrum) and Qxy(f) as
xy
the quad spectrum (or quadrature spectrum) of the two signals. We may also

wiile
Gotry = | (£} explje (f))
=y ny =y

whure |G (6)} is the mugnitude and ¢:y(f] the phase of the cross power
xy

spectrum.

From one observation of the two signals x(t) and y(t) we can have the

following estimation using the DFTs of x(L) and y(t}

G, 0 = T X" T) YOr,T)

and for trequencies [ = {k = Kh/T we will have
ny(r) =3 I.xk TY, (dT‘/NJ xIl Y ny([) + Qxy(r)
The coherence coefficient of the two signals is defined by the relation

|G (f} .
7 if) = M - -
xy —

Estimating the coherence function from a single observation of signats x(t)
and y(t) yields
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at all {requencies because when there are only two observations availabje
(one for each signal) there isg always a trivial linear relatlon betlween x(¢)
and y(t) at all frequencies

On the contrary, when the coherence function 1s estimated from many

observations (usually segments)
O s g (f) s1
xy

When the coherence values are near 1 ln a glven frequency domaln, 1t is
possible to have between signals x(t) and y{t) (or mare precisely between
thelr harmonic components) a linear dependence with constant coefflcients
for thls frequency domain. The physical process may be, for thls particular

frequency domaln, represented as a linear system with constant coefflicients.

Note also that the phase ¢Ny of the cross spectrum 1is Interpreted as the

phase difference ‘between the harmonic components of x(t) and ¥{t) at
frequency f.

Yyt T

L

i~
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Compulat ional recipe for the cross PsD

I

i

Let ug sum up noW how we can estimate the cross PSD of two real signals

31‘ flefine the segment length, the kind of window (Parzen or Hamming}
‘ that will be used and calculatle the operatlonal series length n given by
n=n +(n-1) (n/2) =n

T & T max

and valid for both signals

Load two segments, each form one series, Inte a dummy complex secquence

! and multiply this sequence by the window.
i 3. Take the FFT of this complex sequence.

4. Extract the FFls of the two real sequences and divide by the encrgy of

the window to compensate for its effecls

5. Sum the result X:Yk into G (f) {complex number) and the sguares into
xy

3 ¢ and G and repeat Lhe provess until ne more segments.
i AX ¥y

6. Divide the total by the number of segments to obtaln éx ' éyy and éx{
x

Estimation of the gain of a physical system

As we already remarked it is gomelimes convenient to represent x(t) as an
input signal and y(t) as an output slgnal to a virtual physical system. With

this representatlion in mind we define the gain as the magnitude of the

transfer functilon cof the sysiem
Pty e (uee |

From previous ielations lirking the PSDs of the input and output of a CPLS
we note that we dispose of LWo ways to estimale the gain Tir) of a physical

gyslem

30

T[f)1

o
E

G
6, (0]

5 (17 (17)
xx

T(f)2

We can show that the flrst estimate of the gain is a blased estlmate for all
cases except when the coherence function equals 1. The second estimate will
be biased if nolse 1s present at the input but will be an unblased estimate
if nolse 1s present at the output. (cf. Bendat and Plersol). And In fact the
second estimate provides an unblased estimate of the freguency response of

the system in multlple lnput problems when ihe inputs are uncorrelated.

In the SEASPECT package the second definitlion (expression (17)} is uscd for

the gain estlmatlon.
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/. Cenildence intervals tor cross spectral characteristics

7.1, Coherence confidence interval

As ail the statistically estimated quantitles the coherence has a threshold
of statistical significance. This means that the coherence value at a glven

frequency will be considered as significantly different from 0 if y =2 rd

The zero slgnificance level 1, is calculated at a probablility level 1-a by

the formula
;= V/& _ ;ﬁ]ziu—;r (18}
u

where d Is the number of segments on which the estimation has been based.

It the coherence value is greater than this minimum threshold the coherence
at this frequency can be thought of as statistically significant at the l-a
level. Usually «=0.05 and 1-&=0.95 or 95% or a=0.20 and 1-a=0,80 or 80% and

we note 89‘ and Bao the corresponding signiflicance thresholds.

Example
Number of segmenls = 5, « = 0.0%

d=5and g, = V1o 0.726 .
Consequently only values of 7 greater than 0.726 can be thought of as
signiflcantly different from O with a probabllity of 95% We note that with

small segment numbers the requirements on 7 are rather stringent

7.2. Phase confidence interval

The phase, as well as the gain, of the cross spectral analysis are
calculated by uveraging on segments. Consequently a statistical error is

also attached to their estimation.

For the phase ¢ al a specified frequency the confldence interval in which
the theoretical phaue lies with probabllity 1-« is ¢ + A¢ with

ap = sin“{ ti{d, 1-a)- [l'izlfd/xz | : (19)
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where t{d,1-a) is the Student t distributton value at the probability level
1-a (usually 95%) and for d degrees of freedom, 12 is the coherence
estimation and d represents the degrees of freedonm of the statistical test
equal to 2*number of segments - 2.

If at a given frequency the coherence value 1s not statistically
slgniflcant the phase confidence interval 15 not calculated as it
is meanlngless.

Example
Number of segments = 7. ¥ = 0,45, o = 0,05

d = 2x7-2=12, t = 2.179

8¢ = sin”'1 2.179 V(1-0.45%)/12/0 452 ) = 45.6 degrees.

We remind here that the Student's t distribution lg followed by a random
variable of the form

t=_2
Vy/n

where z is a random varlable following the normal distribution with zero

mean and unlt variance and ¥ is a random variable obeying the xz law with n
d.o.f. When n-— o the t distribution tends to bebave 1ike the nermal
(gausslan) distributioen.

?.3. Gain confidence Interval

In a simllar way we can calculate a confidence Interval AT for the galn by
the formula

AT = \/‘F(Z,d.l-*a)(l-rz)G /G s(d-1) (20)
Yy xx

where F(2,d,1-a) 1s the Fisher F distribution value at a glven probability
level 1-q (usually 95%) and for 2 and ¢ degrees of freedom, G and G are
¥y xx

the autospectra of x and y and d represents the degrees of freedom of the

’-r; iy

B

|.t
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|
ttatistical test equal to 2%number of segments-2. When the estimated
L‘oheronce is less thun the zero sipnificance level the gain confldence

Pntexval is not calcuiated.

Note on the F distribution

A random variable follows the tisher distribution when it can be expressed

jas

22
2
where y1 is a 12 random varlable with n1 d.o.f. and yz ts a x random

varliable with n‘i d.o f. 1t should be also noted that the ti distribution

reduces to the F distributioen with n1=1 and n2=n d o f.

Exnmple

Number of segments = 8, 5 = 0.45, a = .90, G‘x = 10, ny = 90

d=2x3-2=14, F(!,14,0.10)=2.73 AT = d/2.73{1—0.452]90/10/13 = 1.228
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8, Signal preprocessing
8. 1. Mean removal

It is often desirable to transform the data so that the time series has a
zero mean value, In thls case we deflne a new time hlstory by

x(t) = x(t) - ¥

The effect of mean removal on the PSD estimation is malnly to have

considerable less power on channel O (frequency = 0}.

8.2. Trend removal

A trend present 1ln the data is any f[reguency component whose period ls

longer than the record length.

The trend introduces low frequencles that cannot be removed by high pass
digital fllters that will be discussed next. Hence some speclal trend

removal technlque must be applied.

Least squares procedures can be employed for the removal of a linear as well
as a polynomlal trend. Consider the tlme serles u and the polynomlal fit u
n n

of order K and coefficlents bk glven by the expression
- . N
u_ = { b, (n h)

k=0

where h is the sampling period of the times serles

In the least squares flt the set of coefficlents bk is chosen so as to

minimize the expresslon

N
N K
@=Ytu-u )2:2 [u -§bm*]*
n=1 n n = n =

which is always non negative for any ¢hoice of b.

The desired coefficlents can be obtained by taking partial derlvatives of

this equatlon with respect to b] and setting them equal to O.
gg.:(]
abl

This yieids K + 1 equaticns of the form



>~

N N
b, [ z (n h)*t | - [ u"(n ! I=0, .., K
n=1

n=1

L3

=0
The simplest LSQ poiyoumial is thal of degree 0 and we find

lN
b():.h'zun
n-1

For a straight line

u =b + b (nk} n=1...,N
n [+ 1

Ye can prove the following tormulas

Z(ZN*]J[ o= [ {n u“J

by = TN T (1)
12 Z(n ) -6 (NeI) ):u

P R S S (22)

) RN TRCTY Th+Td

These formulus are impiemented in the trend removal option of the SEASPECT

packuge.

Noting that the trend removal can transform an apparently non-stationary
signal inte un (aluso apparenlly} weakly stationary slgnal, the trend removal
is an importunt intermediate step in the digital preocessing of random data
and 1t should be given its due consideration. If trends are not eliminated
In data, large distorticns can occur in the later processing of spectral
quantities. In particular trends 1in data can completely nulllfy the
estimation of léw frequency spectral content. Caution 1s nevertheless
advised here, however, in that trend removal should be performed only if

trends are physically expecled or clearly apparent In the data.
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8.3. Dlgital Filtering

Data filtering may be deslred for two purposes
_ data smoothing
.. separatlen of frequency components

those two polnts belng interrelated.

Analog fllters

ySt)

ANALOG FILTER

+G3
yit) = I hlr) x(t-v) dr with hit}) = 0 for t < Q
0
+00 .
H{f) =J At} VT 4o
o

In designing a digital filter, unlike an analog filter, it is not necessary
for the filter to be physically reallizable. That is, it is not required that
h(t) be zero for negative f, since all the data can be stored In a computer

and then run backwards to fllter the data In reverse order.

With the sultable selectlon of a filter we can achieve the cut-out of a

speclfic region of the spectrum of the x, and the maintainlng of other
regions.

If we want to cut out the power of high frequencies of the spectrum we use
low-pass filters. In the opposite case we use high-pass filters. An lideal
low-pass fiiter must multiply the spectrum of X, by the function

O0sfFsrf
<

1
x{f} = { )
0 fe fc

where fL is the cutoff frequency, the basic characteristlc of the filter.

If we filter the input signal x by a Jow-pass filter and consider the

signal 4% X~y 1t Is obvious that the power spectrum of this last signal

rp—

Saa

-

pip——

i T faaS
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will be confined in the high freguencies. In fact Zk=xk-Yk and for small k,

¥ = X so that
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will be confined in the high frequencies. In fact Zk=)(k-Y"L and for small k,
Yk= XIl so that Zut 0. We may thus assume that the signal z, stems from the

Initial signal X, via a high-pass [llter

Wo note nevertheless that the sum of the power spectra of Y, and z, is not
equal to the spectrum of the original signal x and that the cutoff

frequencies of the fllters X =Y and =z are not the same.

Non-recursive dipital_tilters

(Moving average op Finile Impulse Response Filters}

We confine our atlention only to symmetric fiiters and by the term filter we
designate here a finite linear pumerical processing of the values of the

discrete signal X,

11 we call X, the Initial (unfiltered} signal and yl the fiitered signal by

delfinition we will have

"
y = E: h (x -x ) (23)
1 k 14k b=k
x=1
The coefficients hk, kK =1,..,m are called filter welghts and their values

define entirely Lhe filter. Index i in the preLious relation takes all the

values for which the left hand side sum makes sense.

It ig obvious that the filtered signal ¥, will contain less values than the
original signal X - In fact the very first value of the filtered signal that

can be calculated i5 Yo and uses the values xo,xl,..,x VX

e
m mel

Pmo-1

9] n-dm- 1
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because calculation of Y. involves only values ol the input sipnal. The

transfer function of this fllter ls
m

H(f) = 2 EZ hkcos(ZRkat] (24)

k=1

and is related to the DFT's of Input and output signals x, and ¥, by the
following relation where IH(fk)| 1s termed filter galin.

[y, = jatr)] |x | £=k/N-T ) k=0

We remark that the transfer functlion has real values and that it does not
introduce a phase shift between the input and the output time serles. This
1s one of the advantages of the symmetric filters and for this reason they

are called zero-phase fllters.

Inverting above relation (24)
0%

hk = [ H(f) cos(2nfkat) df
~®

Hence we can calculate the welghts of a fllter glven its ilransfer function

H(f) and simulate thus the ldeal transfer functions dlscussed above.

Assume for instance that we want to simulate the following transter function

1 -f < f sf
H(f) ={ ° ©
0 otherwise

The corresponding coefficients are glven by

0 sin(anokAt)
= g (2l =
hu cos(2urkat) df —at
<f
[

The coefflcients hk exhibit a slow decay rate hka 1/k so that large values
of k are requlred before these weights become negligible. In practice this
type of nonrccursive fllter requires usually so many weights (100 or more)
that 1t 1s not considered a very efflclent method of filtering. Also the
abrupt culefi at {requency fh will produce undesirable frequencies and

generally smoother transfer functlons are simulated.



smoothing the wvaluen of a time sciies can be achieved very easily with a

simple filter of the form

lovolving only throce values of the original series and usuaily symmetric
{w = le. Smoothing the time serivs values alters cbviously the series

power spectrum by culting off some high frequencies,

Revureive dipital [j!lcls

(Autoregressnive or Infinite lmpul'iv Response Filters)

The recursive digital filters are filters where the output results nat only
from o finite sum of input terms but also by using previous outputs as

inputs. Stated in enginecring terms this procedure is called feedback.

A simple standurd type of recursive filter is given by
Yy scx + [ hoy (25)

which uses o previous outputs and only one lnput.

The Fouricr transfotm of this equation ylelds the result

Y(£) = ¢ XUF) + ¥(f) an PRELLC

k=1

Keplactng the exponentiul by the letter z leads to procedures for analyzing
digltal filters in terms of what s called z-transform theory

[

" C
»
1 - Z T ke 1- Z h z*
[ k

k-1 k=]

Studies of the properties of HIf) are thus reduced to determining the

location and nsture of the poles in the deneminator of this last result,
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An important application of lowpass fllters can be found in datg decimation.
In order to decrease the amount of data for later analysis we subsample the
times series every " polnt. Suppese, as usual, that a rrecord 1s sampled
at At apart and an rLh order decimation is performed. Then the new sampiing
rate is actually At’ = rAt and the new maximum detectable  frequency
1/{2rAt). Hence all the informatlon above 1/(2rat} will be folded back Into
the interval [0,1/(2rAt)]. To avoid this foldlng the orlginal data should be
flltered to remove the information in the frequency range above 1/(2rat) by
means of a sultable lowpass fllter such as the above.

w
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ROTAKRY SPECTRAL ANALYSIS

by Mircslav Gacle

Introduction

Periodic changes in the vector fleld can be identificd by the rotation
of vectors. During the tlme lapse of one period Lhe vector rotates for 360,
Certainly, during cne period vector not only changes direction but also a
magnltude. The rotation could be clockwise or antl-clockwise i.e. according
to the convention negative or positive, Therefore, to periodic or any other
type of tlime-dependent varlations in the vector fleld positive or negative
slgn can be attributed. In fact any time-dependent variations in vector
field can be represented as a sum of positlve and negative rotation of
different amplitudes. Relationship of amplitudes of posltive and negative
rotation determines the sense of the resultant rotation and the degree of
the polarlzation. If amplitudes of positive and negative rotation at a given
frequency or perlod are equal then the varlations are bi-dlrectional wlth
vector tip moving along the straight line. On the other hand, 1f amplitude
of one of the senses of rotatlon 1s zero then the vector tip describes the
circle in a clockwise or anticlockwise sense depending on which of the two
amplitudes is non;zero. Rotary spectral analysis 1s a statlstical method
developed to deflne some statistical coefficients which will enable us to
describe time-dependent variations in a vector .field. This method was
developed and introduced first by Gonella (1972) for auto-spectral analysis
of two-dimenslional vector tlme-series and later It was generallzed to
cross-spectral analysis and in 3D coordinate system by Mooers (1973).
However, most of the applications of this method have come from the paper by
Gonella Y. e. mostly applied to a single vector time-serles analysis.

Here, basic ideas and formulae for the rotary spectral analysis
followlng Gonella (1972) paper will be presented. Also, an application of
the method to current vector time-serles will be presented.

Rotary spectral analysis

Let us take a two-dimenslonal vector "U" with scalar components "u" and
"v* along horizental rectangular axis. As we have already said the frequency
of temporal wvariations (¢) in current fleld is always posltive by
definttion, however the angular velocity (w) may be pousjtive wr negative

depending on the sense of the vector rotation; w=+¢ for anti-clockwise or

P

P

i



J='U for clockwise rotatien.
The Fourier transform for the anpular velocity w is given by:

d —
u, = (1/d) fult) ¢
0

fwt at = \u lwel®

ﬁhis represents the amplltude and the phase with an angular veloclty
Tfhore ts certainly a complex conjugate which generally differs from it.
ﬁymbol "4* repiecsents the length of the recmd and w is a negative or
;posltive multiple of 2m/d which determines the fregquency resolutlon of our
irecord.

1 Along euch of the coordinate axis the component at the angular
I
|

frequency & can be expressed by fullowing relations:
u = a, cos ot + b, sin ol
o 1o 1

v = a. cos ot + b, win ot
o 2o iy

I The tip of the veclor rotating with the angular frequency & describes the

jellipse represcnled by the equation:

; . +jot -iot
! U+ iv = u e + u e
i o ¢ +a -

From there components rotatlng in the anti-clockwise and clockwlse sense are

. given by the following expression:
u*=(1/2){(al+b2)+i{nz~b1)}
u_ﬁ{1/2){(a1—b21+i[a?*bll}

i The mean kinetic encrgy of the motion is then glven by:

5 =445
t - +*
Clockwise and anli-clockwise spectra are expressed by the followlng

relations:

where **" denotes complex conjugate variables. The symbol "<>" means the
average over number of records. The procvedure of averaging over number of
recotds is suppestod for any analysis in order to obtain more reliable

spectral estimiles

The difference between the clockwise and antl-closkwise spectra s
proportional to the average of the area of surfaces limited by ellipses and
the sign glves the rotation sense. The ratic between thls difference and the
total spectrum 1s called “rotary coefficient” and gives the partition of
energy betwecn the two rotation senses., [t s zerc for the unidircctional
motion and + or -1 for pure clockwise of antl-clockwise motion.

Since we assumed that at the each f{requency the resultant  vector
rotatlon can be presented as a sum of positive and negative one, the

orientation of the major ellipse axis ls
B = (8++6_)/2+kﬂ

Therefore the orlentation of the major axis depends on the phase of both
positive and negative rotation component; !.e. major axis 1s oriented In the
directlon where both positively and negatively rotated vectors are at the
same stralght line. Minor axls lie on the stralght line where the 1wo
vectors have the opposite orlentation l.e, ﬂ/2+(9+*@f}/2.

All parameters concerning the rotary spectral analysls can be related
to autospectral and cross spectral estimates. These ¢itimates can be

represented in terms of Fourier coefficlenls a5 b1, a.and v

2 2

2%

. _..2.2 _.2
autospectra P '<a1+bl> and va"<32+b

>|
uu

W)

~cross spectra Puv=<a a

132709,

2

-quadrature spectra qu=<alb2—a2bl>

Then, the clockwise spectrum is:

S =(1/2)<u_u_»={1/81{P_ +P  -2Q }
- - - uu vV uv

the antl-clockwise spectrum ls:

.
S+=(1/.2]<u*u+>=(1/8){l‘uu~§’ 20, -

vy

From there Lhe total spectrum can be calculaled from the frio:la:



5.5 5 48 (L ap
3 - T uy vy
and the rotary coclticient is

S *S' -Auuv
CR=__ =
s PP
t uu vy

Thie mean orientation of the major ellipse axis is then expressed by the

equatjon:

In these notes no mention will be Biven to the analysls for palr of vector
serdes. In Gonelta (1972) the formulav for calculation of the coherence in

complex form fur each anpular velucity are also presented.
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