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1.1. ELASTIC MEDIUM

In an elastic medium the displacements are uniguely
determined by the applied forces. The strain response to each
applied stress (or viceversa) has a unique equilibrium value and
the response is achieved instantanscusly. As a corollary, a
completa recoverability of the response is alsc instantaneous
uppon release of the uppliod stress/strain. When the response is
linear we are within the 1limit of linear elasticity and Hoocke's

law applies.

L.2. &'TiEss
Suppose a body in equilibrium under a set of applied forces.
The domain B ot the hody
experiences the forces applied on
A through the surface mm.
U
There is an internal force 8F on
every surtace element 834 of mm such
that: AF s &A » @,
In the limit the stress a, = &F 7 hAf
Z
Y
Equilibrium -
a= e and Anll 7 hﬁl A n
No torque f: it coumponent  of  the
buody toree por unit

volume.
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1.4, ENERGY
Energy density: dw = Ed Oep ded

Just as the equilibrium imposes restrictions

compatibility imposes restrictions on

For example, planar strain ¢, = 0

u = Ur(?)f - €

du / dr

.

on (1]

in cylindric coordinates

¢ €y =u /T

~ €, = d(re,) / or
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1.5. STRAIN AND COMPATIBILITY IN CARTESIAN COORDINATEG 1.6. COMPATIBILLITY IN SPHERICAL COORDINATES

The relation between strain and displacement field deduced
In general, as the strain tensor €, has six components and above is a particular form of the so-~called kinematic relations

depends on the six components for the displacement vector u, tae in spherical coordlnates these are:

tensor components have to fulfil a set of relations arcng

themselves. These are deduced from the relation:

€, = 1/2 (duysax + (3\1‘/(%;‘)
The compatibility condition is, in Cartesian coordinates:
€t €aqi, i o
e au,
i 11 —
where €,. is the permutation tensor: dx’
€ = i for the even permutation of 1, 2, 3 e du, u,
23 T T o7 Y T
) x' ox? x1
-1 for the odd permutation of 1, 2, 23
¢ for other cases i
and ?_\J'L—-—l—-—a—ui+—-}~u§_q_o_ti_)‘i
x! sen x? dx? xt ! x! 2
d d
€., = - = €
3okl ox, ox, ‘7
du
€, - AL fu o, dm
2 X] x4 Sx?! x!
1 1 du, 1 du, cotg x*
€ = Zloee o= 2 - u,)
2 x* gsen x?* 9x3 x' 3x* 2 xt !
e, - A1 4w du u
2 x' gen x: ax? dx? x!



b.7 COMPATIBIGITY IN CYLINDRICAL COORDINATES

While the equilibrium eguations are:

Yometimes the compatibility condition is self evident from

\ N 1 d the geometry of the problem., For example:
. Yookt o) 4 o= LY (sen xta ) ¢
Patre adxe x! sen x' Ox
. a f
v YA s (0“) 1 (0‘12 ' OH) )
X° s XY dx* X Plane strain (e, = 0) and cylindrical symmetry case:
x, =8
. X, = r
S s [(x*37 @0,,) + #77‘ L {sen x¢ 0., - m 2
‘ (x')? dxt x! sen x? oOx* . x = z
1 d corg x*¢ r
+ - —— = (o.,) ——= 0 A
x' men x¢ dx! ' xt " 9\:’ i
If: u = u (r, z}
X, r AE T
z that is v
) X u, = 0 _
. 1 a 1y . I S PP . . - ‘
oo X ax! HxTit e %V sent x% dx- R — du/a8 = dus/dz = 0
P s {o..)
ACoden X7 da
It results - e =du/dr (a) , e, = u/r (b)
"k
By replacing (b) in (a):
a
€ a7 (r €g)
compatibility condition
b



The change in energy due to a distortion of an otherwise

8. CONSTITUTIVE FQUATIONS

stress/strain free medium within the 1linear alastic approach
One needs to relate ¢ with _: constitutive oqiation., resutts:
¢ (g = & (g
¢ (g)
¢ (g

£ =L {a, T, etc.}

1 -
¢ + [0 de O, + 1/2 c,, €, €,

H

1 -
¢+ [ de o, + 1/2 Beprs Tep Ty
Linear elasticity: Hocke's law
where
) ) ¢, = ¢ (g=0) = ¢ (g=0)

Yy e -
o S Caper pa

elastic tensor of rank 4.

g: tensor of compliances g = (g}

This implies:

- g2
Energy density: Seprt a0y de" aeﬂ

Syp = 3 0/ Jo, 3o,

¢ d g L-LM Ceppr Cop d €

We shall later relate these expressions to changes in lattice
energy due to homegeneous distortion. For the time being, we koop

to the continuum medium approach.

i0



1.4 LLASTIC CONSTANTS
b Ty T
"\JH
I twon:
C!:H =
It & easy to see
E +
Dragona.
voigt notation ¢,
i) or k1 11
m or n 1
=

32\1?/‘3(3U J e,

c. . has:
1Rl

(3 x 3} X 2

Otf diagonal

it
2 33 22
2 3 4
2 " ©na

11

31

IRRLY

Ki)

= 21

Independernt terms

PR etc.

Therefore o, = Cyu &y can ba writtaen as:
oy 7 T A
94 Cyp Tz Gy S S5 S S Sy S €5
922 Ci; % Ca ©u S5 Cw Su S» S LY
O3 Ciy Cn Csi3 Cn Cs T3 Su Sy S €y
a3 S S Cu Su S5 S Cu S Sus €n
93 | {1%s Cas S Cus G Cse Cus Css Cap €5
%52 Ci6 C2 ©C34 Sus Ss6 Ces S Css Ces €5
95, C S Cm Sw S5 S S Sy S €3
O3 Cis ©Cps Cy5 Cu Csz Oy Oy Cgs  Ogg €5
L°u ucm € Su % Ss6 Ses Sw Cue c“- L *n]

Because of symmetry it reduces to:
) i . -
°n1 Ci Sz G35 S S5 S €n
Oz 2 S ©z Cu S S €2
933 | T | s T S S Sy G €y
% S Cax O Sw G G LF}
D54 Ci5 Cas Cas Cis Css Gy ¥u
04z | 16 S ©3 Cu P S | [Tn ]
Note that in the reduced scheme the vy, = 2 €y

12
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However, one must remember that for transformation of

coordinates ¢ is a tensor of rank 4. That is If, for coordinates

x! = T;, x, where TH 'I‘jl = GH

J: Kronecksr delta

It implies:

e = Ty T €4

o; = T, T, o,
and

<l Tie Tih g Tem Tin
CAUTION:

Voigt indexes gg not correspond to tensor index and c,. 16

not the mn component of a tensor of rank 2.

L.10. HOOKE'S LAW UNDER DIFFERENT CONDITIGNS

Number ol independent constants depend of the tension state.
tsotropic solid:

1p: Uniaxial tension, lincar answer {extension).

o = ke 1 constant!
2D , ap = 2 constants: E, v ; K, G ; A, p
Cir €y
Planar tonsions:
Oy = Ty = Ty o= 0
oy @y Q 0 €, Qe = oy
a, = Q Qp © : €, Q; = <y
% 0 0 Qe 2€, Qoo = 1/ 2{eymcyy) = ¢,
e, = E - u? e T ; - v?
L : VA L) Cyp vk /(1 ve)
Qe = . = E /2 (1 + v)

Anjisotropic solid:

iD = 21 constants H 2D B & independent constants



Crystal symm

In

4

1l

10 crystals,

i

independent elements:

G

0 o
0 4]

o] Q

0 o]
Coi ]

o e

0 o W
0 0
0 o
0 o
. ©
0 Cp

etry reduces the number of independent constants:

[l
——

Orthotropic materials:

PR SR

)
e :
]
I AP P
1
I/ *
I v
\
“k
a,} o, €y ©; €y O ] C €,
2; %, Cp ©Cp Cp O Y o €
0y - ay = Sy Sy Cyx Q [} ] x €,
Ty o, 0 0 0 €, © 0 Ty
Ty o, o 0 0 0 Gy O Yis
Tz a, 0 0 0 0 0 Ceg Y12
§ L ° L J L g ‘
1
ﬁngggl_gmum

Transverse isotropy Isotropic
# 2, 3 3+s1, 2 €1 = € = Oy
= Cy3 Cn = Ca Cig = €= Sz
= Gy Caz = B3 Cp = G55 = Cg = 1{Cy=Cy7)

n
n
@

= Gy Cep = H{oy=C1p)

16
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JTOOTRODIC S0LING. DLDUCTION OF REIATICH RETWL YL BELAS .
CONSTANT:
- 3 1 3 - i . -
Suppose only €, =0 P 4 tor 1 =+ ) or J
Thens:
T Cyy Oy
a - o Cofn T 1

Now rotate the coordinat.o

2 o/ 2 v 1
T -2 /2 V7 s &
o
U t |
N P LT T T
. ~ Lt
e e R P

Hut due to isotropy:
oL, 2, ey,
-3 < - (uH - ("1.') VAR

. T,
Twoy Independent constant: tor isotropic medjum!

Anisotropy ratio in cubic crystals:

A = 2.y

systems 45 about the »oax:

kina

the relation between the

following pairs of constants

detining Hooko's law in isotropic solids:

I}y Lame constant: )

wWhierpe

2) Compress

where

dilation:

o] =

3} Young's modulus B

whore
being

and

1

ibiltity ¥

K= (aV/V) / p

and shear modulus: p

Aoy,

and shear modulus: B

is the ratio of the negative of the

AV /v = RTINS €y to the pressure:
- 1/3 (0” + Ty + n“)
and Poisson’s ratio o s

t

b

and v oare defined in an uniaxial

tension test as
the ratio of the simple tensile stress to strain

the ratio of transvirse contraction to elongatian,



ENSTRALNS Figenstrarn <onecept can be nned to solve:

et
—
(5]

|

4 L CEHESTRALNS Inelusion tield.
Z-1. TCENST S

(T. Mura: "Micromechanics ot Delects in Solids" (1987) Martinus

/J ~
3 K detined in a tinite
Nijhoft Pub., Dordrecht). o
subdomain 0 CZ{E}
igenctraipns: generic n.me of non-elastic strains, such as —_
—

=

thermal expansion, phase tran: formation, initial strainse, plastic

strains and mistit strains.

, 3 . , Ilnhomogeneity:
Ligenstress: self-eguiliorated internal stresses caused by 9 ¥

. ; ; ; ; : ck s in Q
one oI- several of these eigenstrains in bodies which are tree from

any o her external force and surface constraint.

Those cover the description of the elastic fiecld of:

. \ . Point defec
Exampies ol cigenstresses: cts
Preciplitates
" s A1 - o Qo ok e Martensites
Residual stres." remainin; atter tabrication or plastic
deformation, Cracks
.. Defects associatel to a set of volume lorces.

wrhermal stress' when thermal expansion is the cause.

A part Q of the material has its temperature raised by aT: ’ B

Clamede, APU S
et = b, aaTH flussical papers:
. . .1, Eshelb
H: Heavyside function: H(x) = L (x ¢ Q) Y
() = 0 (2 € ) Solid state Phyoics 3, Eds. F. Seitz anc b. ‘Turnbull,
a: Thermal expansion coeflicient Academic Press (1956), Tu-144.
f: Kronecher delta Proc. koy. boc. AZ41 (1957), 376-396,

roc. Ruy. Soc. AZ%2 (1949%9), H61-569,

10 20
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(%) F* 0 (L) exp (10 - %y
Used for modelling:
Coherent inclusion ot a new phas

Distribution of dislocations

Straight dislocation:

Screw:
€&, (x) = 172 8(x,) H(-x,.
H (-»y) = 1 M, < 0
0 X, > Q
Edge:
€4 (%) - 172 bd (%) H{-x,)
Defects associated to a viclation

conditions,

Q

of

compatibility

<.d. KLASTIC VIELD CAUSED BY E1CENSTRATING

FIJ = e, + rfl

e: elastic strain
Where
ei} = 1/2 (uld. + ulﬂ)

where

u,oo= du / {?XJ
and the elastic stress:

i S B T O (e, - e
Eguiiibrjum
- 0 (b =3, 2, 0N

and free external surfacce

olir” = 0
! imply
Ci T e By o) 0
c!ikl Yy rj Skt P't|_|
o = P e
1y n; L:;H ((kL (tl) n. 0



2.4, SRIOD
Dol e datio RN PUSCLICU LNk CoRTLIHUUE SCLID

ef; (X)) = &f, exp (1§ * X

It a body force:
or

£ 0 A B(x - X)) u (%) = 0, exp (£ X

Both & and O may be complex numbars.

ju applied at x' = x ina durection m, the displacenent Tired

will have the componentu:

It
"l
(G, (- ') . Gy (- k') .G, (X - ') Skt Y,y Sk €
such that
- . c g £ & = -ic er £
C|J\t:l “hm, L tx = x%) L] (x - ?') t LU k ! ] 1ikl t‘ i
If we call
Theretore Cua b & = Ky
‘ . ) -ic €
Greer: function: G” (g — ') 1s the x, compenent ot displaconent 1kl tl Ej - x!
at a point x Wwhen a body force in the x| direction is apgried
_ K, 4 = X 6 llnear equati
at point x'. (L] | quations
for 1 =1, 2, 3
Selution:

o, (%) = % N, (&) /D (§)

N,; cofactors of the matrix:

K; K1z Ku’
Ki§) = K, K, Ky
Ky K Ky

24
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D (5 is the determinant of K{§): K{£) 1s called the 3. EBHELBY'8 INCLUBION
Green-Christoffel matrix.
3.1. ESHELBEY'S IHCIMSIIQN
{qi ) ica)
Applying the periodic approach to Fourier transform the

equation for the Green function, one obtains: Problem: to introduce in a spherical hole of radius a within

an infinite elastic igotropic solid a riaid sphere of radius ta

+ aa':
Gy lx - x'y - (27 Ny (L) DUE) expli - (x - xY) dE - -
i - 4l - T~
I, \\\
/ ~
7 hY
/ Ay
7 AN
/ \
/ a \
l‘ a+Aa !
| |
1 !
‘ I
\ /
\ /
Ay s
N\ Vs
\\\ // —
\\\ —‘/,’ Ur(r)
Find u (r)
u, = 0 - W (r)i = u ()
By using € = du / dr e, = u /r
and e = (1 /E) (o, - 2v o)
€, = (1 / E) [(1 ~ v} Oy — U a )
It results
U, (ry = ¢ A - 2v) c, Al vy 1
E r?

25 26



Now we apply boundary conditions

HOMEWORK

1.1)

1.7)

Find explilcit expressions for g, § field.

Find the

where §,

Does aV

Find the

Find u

Find the

Find the

Find the

volume expansion

AvV.r)y = [_ur'dS

5,

is a spherical surface at a radius

depend on r?

local volume expansion

as a function of

pressure in the inserted material.

"eigenstrain" e

sV,

oy,

elastic energy stored in the solid.

27

r.

1/3 Tr g

3.2. ELASTIC INCLUSION

Problem: to introduce in a spherical hole of radius "a"
within an infinite elastic isotropic solid an glastic sphere of

radius "a + aa" and elastic constants E*, v*,

Previous solution is still valid for spherical geometry and

centrosymmetric expansion field:

(1 - 2v)
E

G, (1 +v)
C,r - —2 2= T 0
1 2E ré

u (r)
However, the original hole expands now into a larger one of
radius a'. That 1s, the elastic sphere contracts from a + aa to

a' and the hole wall expand from a to a'.

28
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Two Tegions must be considered; it results:

for r « a!
u () Aii!?ﬁil-cll
for r : a°
(1 +v)
II __2___"*‘_"
u;s () oY ot

Boundary conditions at a' (careful: not an original point
at undistorted solid! but easy to understand):
a+ sa + ul | = a+ u

ran' r | ras*

original radius original
of solid sphere radius of hole wall

Equilibrium;

3 unknown ey, C,, a' |

If a* = a = a + aa it results:

(2 EE") Aa a?
[(E® (14w} + 2E (1-2v*)]

{2 EE") Aa
a [E* (1+v) + 2B (1-2v*y)

HOMEWORK

2.1) Find explicit expressions for a, €.

2.2) Find the volume expansion at r - e,

2.2.1}y for E*x < o

2-2.2) for E*» -

2.3) Find the elastic energy stored in the solid.

2.4) Solve the problem of a spherical inclusion in a finjte
elastic sphere.
" See how the condition of a stress-free external surface is

equivalent to impose a distortion field

o= out o+ oy
where u” is the solution for the infinite body. In turn, the
"eigenstrains" can be considered to be

e’ = g™ 4 et

Find explicitly the total strain, separate it into elastic and

eigenstrain.

3¢



3.4. SPHERICAL CAVITY

The solution of the problem 1.7 above is:

Energy density:
w(r) = 2/3 G(2a? aa ;s )°
The stored elastic energy:

U Bl G a aa?

elast

where G = E / 2 (1+v) shear mocdulus

To create the cavity, an energy:

u, = 4l (a4 sa)? y

has to be provided. Where y: surface energy.

In equilibrium:

a{u + U) / diaa) = 0

elast v

aa = =-a/ (1 +2Gasy)y -~ -/ 26

31

3.4. VACANCY FORMATION ENERCGY

From the above section, one can find that the energy to

create a vacancy is approximately:
vl - 4]]627-211311 +U—‘Yi
G aG?

where a corresponds now to a lattice parameter. The tirst term
coresponds to the energy of creating the spherical hole; assuming:
vy ~0.1ev/ A%, a= 1.5 A it results 4Nl a’y = 2 eV. The
second and third term contain the elastic relaxaticon due to the
inward displacement of the solid. These terms raduce the enargy

to approximately 2/3 of the above value.

See "Defects and Radiation Damage" by Thompson for further

discussion along this line.

32
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4. EQIN] DEFEQTSB

4.1. PRINT DEFECTS_IN SOLIDS

Useful thermodynamics review:
P, v, T: thermodynamic parameters (Pressure, Volume, Temperature)
£ (P, V, T) =0 Egquation of state.
State functions:
Internal energy: u
Enthalpy H = U + pv
Free energy:
Gibbs energy:

where §: entropy.
We shall in general be interested in systems in equilibriuum
at T and P constants. That is, we shall look for a minimum of

the Gibbs energy.

We now want to introduce the concept of configuraticnai

entropy for a population of defects.

33

Let us tirst treat as an example the case of an ideal gas;

equation of state:

Igsothermal expansion:
dgq = -dw = P gv

g: heat , w: work
The entropy changes from a state 1 to a final 2:
v, v,
S8 - [*99 L ppn %
v, T

£

Suppose now that we have feparate containments of different
ideal gases. A given gas « occupies a volume V.. We allow this
mixture by communicating the containments. The adiabatic entropy

change will be:

S. - -RY n.ln(i;) - “RY¥ n,lnec,
a o«

Where n,: number of moles of a

v - Y o,
L]

IR



4... CONELCURATIONAL VITIOLY boe POIEY

e

byt Boltzman constant

n: multiplicity of contiguration

suppose that in the solid there are o tolal  HuLber
atomic/detect sites:
D= Y N,
-
occupied by N, atoms/detect:. ot type ¢.
- N
1, (w,)
Now, In (N!) - N 1In N - N stirling reiation
. — Ny ] - .
S Ky DS RN SR TS ,
a Yo ow, Py
]

lnmn

n moles of defects (vacancies, interstitials, etc.) in
thermal eguilibrium:
G = G6,+ng -8 T .
q: Cibbs energy to create one defect in an otherwise perfect
lattice., g = h - s T

G : perfect lattice energy
Equilibrium:
Jdc / dn = p = 0O (p: chemical poiential)

46 /dn = g +RTlInec = 0O

Equilibrium:

¢ = exp {(-qg/RT)

36
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5. LATTICE BTATICS

Zdiab awtic interatomic potentials

Harmonic limit: Grecn tunction, ¥anzaki forces
Lattice statics vs clanticity

Potenti1sl defects

Dislocations

Recommended reading:

G Leibfried, N. Breuer; "Point Defects in Metals ", springer
Tracts in Modern Physics 81 (19/8). Springer Verlaq, Berlin -

Heidelberg - New York.

P.H. Dederichs, R. Zeller: "Pocint Defects in Metals TI", Dynamical
Properties of Point Defects in Metals. Springer Traclis in Modern
Physics 87 (1980). Springer Verlag, Berlin - Heidelberg - lNew

York.

5.1. ADIABATIC INTERATOMIC POTENTIAL IN A SQLLD

Gener.ully the energy of a solid U = U (', %) depends on
r!, the pozition of the atoms, and [®, the electron location (or

distribution}, for every atom 1 and electron e .

The adiabatic approximation stands for r° to follow
instantaneously the atoms 1 accomodating te a minimum electronic

contribution te the energy.

This approximation allows to define an energy function:

¢ (' ...t ..M for the N atoms of the solid.

¢ wmust be translational and rotational invariant.
LA P R R . T G < B
where
" = D"+ T¢
being:
D: rotation matrix

T: translation vector

m
Xy, = X7 + T, + O X
Dy = oy, and G T Ty,
18



We wan perform a sories eXpanslon of:

¢

where

(e

il 5

Y
e

=L Y e, k0

Translational invariance imnplies:

Y -¢1 -0

r

{null forces on an atom)

and rotational invariance:

that is

E w,x, |- ®7 - 0

m

5_: xxmq"fn‘ = E Xl”IQ’;
m

m

(null torgues})

5.2. HARMONIC APPROXIMATION

Assum: the displacement of atom m from perrect lattice to

b s™ and series expand the

¢ (.-.,R"+g"...) = & (...,B"...) + ¢ (....B"....) s} +
+ 172 ¢ (...,B"...) 57 B +
+ higher order terms } Harmonic

approximation implies neglecting these terms.

We have defined: Force constant matrix:
an ad
ik - ¢
Ix In ax kn
{Note that bellow, the alternative notation L $, (1", 1M is

also used)

The above definition implies:

mr nm
k= ki

While, translational invariance

I

Y e - Y en

n n

]
[=]

and rotational invariance

T n mn n
Qi x5 - @ x

40
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Force constants are called coupling parame-ters or force or

- &7 ! is the internal force on m in direction i it only
atom n is displaced by unit length in direction k and ')

other atoms remain in their equilibrium positian.

© O

ﬂ P,_.:ﬂ"“!\_.g,”:uom
I
'b:m O’i ® ll’oﬂ

m ¢,mn
-6

Xorl

It is also the contribution of spring m-n to self restorineg

torce if only m (s displacei:

See that in a rotated coordinate system with an axis paralle]

to the vector x = x" - x™:

€' | is the internal force or the contribution of the spring

parallel to the vector joining both atoms.

41

For a simple spring of constant k between m and n

s = (g"> R, R' + (g" . R) R, = s,7 f{u + sh li;

Longitudinal spring k between atoms m and n : the force
is in the spring direction ﬁ” and proportional to the elongation

in the spring direction.

b = 8 + /2 k (5" - 5"?

MWL = - kAR (R,

42



dimencional harmonic oscillator)

Restoring torce:

—2k5:+k

- 9 - ): k(g™ +

h Al

5.3. BOUNDARY CONDITION

Example, periodic boundary or Bon Von Karman condition s* = s

Two dimension cubic lattice:

n = (n‘, ny) A
m = (m, my)
A
WA
a
(ng.n,) 1. 0,} (g, n) tn,+1,n,)
F:' —k(S,,n n,,_S:n lnr)_k(s‘n,nrisln n,
-k (3’:",40,) _ S’:n,.n,-n) Kk (s;n,.n,) _ S;n,.n,»ll)
1
¢ - = k(Arm?
X3
Arn - {(a,s;"_s:)z + (sfr—sr")z,il“ - a
'
n-{n.n,) n' = {m+1,n)}
Q—QO-E%k(Ar"‘")" K-k , k ~o0
a.m
. ‘,;u’ oy 2 ny ame
Arm/ - (S: - an) + (-y uy) ' (5, ,“Z_

a a

. 3@ - B
F i P L
da,

44
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_QF AN ASSEMHELY OF ATOMS (lattice dynamics)
Time "t" is introduced.
Assume s (t) s™ o'
a ”
- - m n m ™
Ad = 1,2 \b.ps_ Sy
mo mon o m m no o ‘ot
F] L b Sp L g S o©
M — m 2 om 1
Ff = M & M" W s e'™
Eigenvalues, eigenvectors of [ Y
s = w> v = 1, , N
b5, = ¢ 8 - /M = (e)?
Translational, rotational invariance - $" = o0 v o=
Stability $* > o0 v 7, , 3N
45

5.5,

FOURIER TRANSFORM OF FORCE CONSTANT MATRLX

Lattice symmetry implies:

m n _ m,on t (o), 0
e = ¢ i
where now m and p stand for poesition vector of

for an atom at

the atoms
and n and -m, -n

~m, -n.

Eigenvalues and eigenvectors:

If we take a vector in space of dimension
vectors in a

3 (while PR"
IN dimension space and °T : are matrix of 23N
IN) .
O3 § Ay exp (ikeRY) = Lm0

Ay exp {ik ¢ [ (R"-R")+R"}

= [% ¢E

p (~ikeh) A, exp (ikeR")

We obtain a- 3 x 3 matrix :

by (k)

(in reciprocal space}

¢ has eigenvalues (k) and eigenvectors  e(k)

dix) epiy 0°(k) a(k)

™ e(k) exp (ikenm) Q°(k) o(k) exp (ikeR")

dare



5.

L

P01l DISPERSION

pritiouin_zone (in reciprocal space)

e

k11001 i, (1101

Dispersicn curves

oo

47

K,

We can now go back to lattice statics.

Assume a force X' 1s applied on an atom n L
-~ g
¢ - &, - K5+ —%— &% s s, + higher é!’de';; terms

- -
- ~
- -
P
-

In equilibrium

for every i, m

- kf - Y ks - (3, &I s8¢
asn

o - )j; oif s - (Y 41D )i
= -l

Where equilibrium conditions for ¢ are explicitly used.

The above is a system of 3N lineal equations. It can
solved if the 3N X 3N matrix:
g = &'

is found. § is called the lattice Green function.

The solution for the displacements:

s - Gix ki

be

{Note: G is in fact a (3N-6) x (3N-6) matrix due to the above

conditions on ¢ and on the forces, this will be clear below).

48
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Purpese: Find static configuration at defect lattice

s5: 3N coordinates vector {N: number of atoms)

Gibbhs' Free Fnergy

AG - G g™ G 1gFt)

5 - minimum of AG

N
iy hey
G sy - Vi) + kv In —2% « p v (3)
;_J, ko
v (sP) = Ve (8"5)  + Terms depending on Vo (uY, =)
{rerfect lattices (sf - sty t Fotential
{ 4 Vep } energy due to

the presence
ol the defect)

Harmonic approximation:

A v, - -%-u. g 117wy (1)

¥ v
bop (1,17 - ke
d i, (1) duy (10)

iy - g7 - gty

Al om )

5.8,

LDEFECTS

Harmonic approximation:

W

n
GUle = V@ +kTY In o v
a-)

Vibration entropy:

N . P ()2
5" = k In 2% - in - — -
' uz-; « 2 ¢21 {w,)?
LY, (wd)!
- ._"E 1In { ;N_m;g -
2 Havl We

s = s]+ s}
s} : electronic contribution
B8] << s8] for metals (except transition metals)

Now:
Ms = d4s = ¢u

5 ! 3N vector of atomic coordinates @ AN displacements

Method for obtaining sj:

Y Mw, - det ¢



i) -
VI S VU A B N RIS

where cecn function

Vo il e () -x® ) + v (1 eu{i)] S ou (D

g = V, (1l-x%o) - ?: KDy -u i) s

E: NIRRT I R R I i

'
)

rol

)

Dipole tensor:

G li, 40 Kl -
‘) daoy0,1h o
(Y, 6,021,000 ): 1 ——J—— TP B N & B B
,u 1) .
- G109 12 K;t1) o+ ——-5—;7—— |,,_,¥ Uy Kk N -
= Gt o) Py
X, (1"

Pk, - Y I,

1

51
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9. STATIC GREEN _FUNCTJON CALCULATION

g - ¢!
K, t1k) = &g (1l 1KY u, (LKD)
prx
I = la, + lza2 + 1l,a, cell location
k = ka, + ka, + ki, :  atom location
Fourier transform:
K = K (x,d ., & = ¢ (kk',d@ , o = u (k,q

For example:
¢|J (kk',q) = Et ¢” (1k,0k'} exp [“iﬁ'f(ll(,c'k')]

where F{lk,ok') = F(lk) = ?(ok')

It is easy to prove:
& (1k,1'k') = G (kk', @ = [¢ (xk*, @1 = (& (ik,1'k"))"
Uy (k.q) = Gi" (kk',§) Ki {k'. 4)

(problem of 3N x 3N reduced to (3 k., X 3 K}

If defect space is of dimension {3n) x (2n), sanme dimension
implicit equation:

u, (1k) = G {1k, 1'k') K (1'k")

52
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L
=

|»3
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=
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Irm
=
el

&

5.10. GREEMN _FUNCTION CALCULATIGH METHOD

IN._FUNCTION VS _CONTINUUM

1f
1)
¢ (K, K B ¢ (kK . p
dired -a - o Mg
Can be obtained experimentaily or explicitly from interatori. !
potential.
¢ -0 , F - w
23 g (F+d) = U (D) + ey, a
$d {kk', - b (kKT G
o i .
E - E”u PR
3)
- . , . 1 aux 0 ty
GU {1k, 'Ky - Il\; }_‘ oL (kk', Gy eiTiile ity o €5 -~ 3 (axj + .a_;(j) -
i
- X9 vk, (g e
over N points in first Brillouin zone .
. . ) . . . E - E° =7 ef
Reduction of number of points in first Brillouin zone by * Z: Ciser 9 9k € €4
symmetry arguments. where € orthogonal plane waves.

If

G (g = g (s) ¢ () gt (s} Therefore,
In cubic lattice:
1 2w~ . R .
Gyl - 4 ; F )?‘ 7, (8 cos (g7 1)

where inversion symmetry was explicitly included.

Group theory allows to write the addition explicitly.

(7 = o)

Ay (@ - p! Cried Iy Iy

G (D - far (@D ag



ST NPT G LRSI
Continaum

S R O L T B R O

» m

Cost inuum

u, (xy = S, (ear py (o)

Lattice effects (non local eluasticity)

X = ¥ e ik 1) B 1Y
T

Dislocatjon
s )
Continuum - E"
up; (x) - —f Coins Guna X% 1, X' b, d 5 (X))
5

However, defect core dominated by unharmonic terms.

55

5.13. POINT DEFECYT AS A FORCE DISCONTINUITY

Formation energy:

& : 3N coordinates vector of an ensamble of N atoms.

g - o (gdafuvt) -G (g™ -

- E’ (gd.fc«.'t) - B (37“) + k TZ 1n
[

7

Wy

vt p v - v9)

5.14. LATTICE STATICS

Quasi-Harmonic appreximation:

dg/adu(l) = 0 - u, {1

G”(l,l ) K'(l')
w=0

Green function: G = ¢'

$;,(1,1") = (FE (8)) / (3x,(1) ax,(1')} ¢ e o
L
[ ]

rFd
Kanzaki forces: L4 y

-~
K1) = (3(v, + V1) / (9u;(1) mg

Elastic (continuum) limit:

[ J=nl )

u () = G, (1,0} Pyulo) u dl) - G (1,0 by

]+
Dipole tensor:

Py - Z; 1) K, (1Y)
1

Eiastic 1limit is not bad, relatively near the center

distortion!

56
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G.2 EBDM.ELQHLi"ﬂETEEDQENEOHS_MAXEHLﬁL AT MICRO-LEVEL TO AN
EFFECTIVE HOMOGENEQUS ONE

Two approaches: either a fully empirical one or doing sone
theory.

Question:

How to "homogenise"?

Several approaches in the literature-:

D.R. Axelrad defines a "Probabilistic Micromechanicsa® (D.R.A.

"Micromechanics of solids", Elsevier Sc. Pub., 1978).

One needs to find a self consistent relation between "macro"
streeses, strains 2. £ and "micro" internpal variables t.. & (K,.

e* in our notation), where a« stands for kind of micradefect.

A Representative volume Element {RVE) of the hody must he
defined (s. Nemat-Nasser): Axclirod calls it a "mesodomain® within

his probabilistic analysis.

Macroscopic body: Vv, s
Particular mesodomain: M, M (M =1, .,.p)

Microelement a,, @, (@ + 1, .., N; N large)

1Al
al

-l
)

MV/MS

e

i

s

*

oy, Hg

Metallic grans Two phase. Twg dimensional
dispersed particles metwork of fibers

57

The mesodomains are "statistically” Representative Volume

Elements (RWVE) .

The stresses and strains will be slowly varying from one RVE
to an adjacent ovne.

Theretore, each RVE will reduce to a point in the continuum
limit,

An "embedding procedure (inspired in Eshelby's approach)

must be adopted to ensure consistency,

The effective medium must be equivalent to a composed mediunm.

Recipe:
Solve the constitutive equation for Ter €, with boundary
condition (b.c.) F* or u, at .
At every point M,
o, (M = <ox, . e, M - <6,
with b.c.:
(uMJ ;o= e, x x°on M,
or

Vi) = de om0 M, ona perpendicular surface

LY



Within the previous reclpe, at some level of the analysis ¢

ha:. Lo relate

u o, g to internal variables £, £ (K, ¢2

For a : point detects, sec Hardy, V.K.

a : dislocations, see a) statics: Bullecugh,

t) dynamics (climbing):

Harriague, Savino (additiocnal

reterences in them.

54

S

Tewary and bBuallowh

Sarce,

naterial for lecture notes) and

L.l

RVE subjected on its boundary to uniferm tractions T7.

Forces at contact o t‘

N: total number of contact: at M,

ry

To solve relation between T, consistent with (o), and f,
one introduces an infinitesimal wvirtual displacement u, which

produces a virtual separation A} at contact e.

N
fhr;’ u dx - Y £1 A%

a-1

Since u; can be chosen arbitrarily, take:

u, = &, X + ¢ i}
where ¢, ¢ arbitrary symmetric tensor )
c.' : arbitrary constant vector .
] branch vector that connects centroids of the two
granules
Compatible with wu;, : A7 = ¢” 1

1

Wae arrive at:

gy -

nip

N
Y (515 + £ 1D
a-1

610

OVESALL STRESSES IN GRANULAR MASSES (S. Nemat-Nasser) .

e



6.3 AVERAGE ELASTIC M2DULI OF COMPOSITE MATERIAL

Assume the solid to be composed of a set of inhomogeneitiers
{(precipitates) with shear moduli ¥, -+ p, (caution: we have
called it G in previous sections) and a matrix with B, (bulk

K ...K

nt o

modules K, ... K

Velume fractions c C --. C , ¢ =44 /Db

o’

To avoid problems due to conditions at the surface ansume
D - = (infinite body}.

Applied recipe for finding e¢ffective elastic constantw:

The most simple approach, either:

homogeneous shear strain or homogenecus shear stress
S ey o — o s}
€e €y Ee=v/2 Do 7 0y RARY b
Voigt Keusis

this rigid internal strain this rigid internal stress

is imposed at every point

If <, 1is the density of inclusions of type r (including

c, as the matrix)

(Wl =Ry Y (e ), -

- ks Z= c %
. — - - , - o
(b0 = <05 = 30 o w T ¥-20e,), T
— - (o)
(o0, =B, Y Y~ 2le)y; - 12
uﬁ
n 2 i
- = B, - ( ‘-"'!P)—l
B ,E.. e By ?:; i
o . ]
a £y-1
kY- oK, R
r-9 0 X

67



In a composite, it might give a large difference:

G.a PUOLYCRYSTAL (without texture)
8.
2 2 71 ] Voigt
[T --%;.*f‘ J:_" cp f] sin @ dBL“ oL dd ] IF 9
p/ .
. s U, o ‘ He |
B Lé N‘L ﬂiL sin Y d)L iy, A 5 / Hy@o=100
Il
3t
I — Reuss
] H -
o
__/"‘

(ﬁ—#02 03 04 0.‘5 <y
{T. Mura)

It can easily be proved: Voigt and Reuss averages are

respectively upper and lower limits to elastic constants.

Same problem can be treated within a self-consistent
approach.

A summary of methods can be found in Mura's ook ("Micromech-

anics of Defects in Solids, Rev.Ed., Martinus Nijhoff Publ., 1987)

VOIGT REUSS
CT T ToT TR T EE T CT T TE ST TR T
! ' | : © . @
! ! | ] o L ]
| | P P D Aem o
. s B o A | of 3 | T .
| A £ Oo | b E {1) | f @ wearn snm:-u‘- H /U vyt |
i @0 | [ o 1 ! & oo ' 7 ‘ Q@ Aeune ‘ B
1 ! | \ ' . f © A0t envaien .’ ) ' & ""':.'; m"""' :
I-‘. I-". "'. N " @ Hepnm SRUEmons 1
oL [ L W ’ 3 I [P i
. © oy '
K /Wy ; / [ ] h:-.mo-m--l
5
8, =to O| =0c / -
0,=0, E£Eg o ¢ /
e i
) e I/ S
€. = € 0 = o -~ U e
i o ' a Ir )_/’_:
25 « ! 0 -::ﬁ'z'" , 04 08

Compatibility in strain

Compatibility condition at the
is not satisfied

the boundary i; is not satisfied

63 64
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7.1 STRAIGHT DISLOCATIONS 7.2. BURGEES VECTOR

Volterra (1907) considered the elastic behavior of an Burgess circuits

homegeneous, isctropic cylinder deformed au:

Originally cut

(a)

Ref.: J.P. Hirth and J. Lothe, Theory of Dislocations, Mc Graw

Hill Book Company (1968).



7.3. EDGE DISLOCATION PR 1

. 3] b Y
ooy Xy (r,8) = bz - Zotgt &
u, ~ - ftgt 1 — ] u,tr, ; .
zl ) X SO vy Xy ‘ 2l 20 *
Iel 1 - iv Koot
! - s =S, 1 o oy d —_— i
H 21 [4(1 vi Y v 41l - v) (x:-)“iJ

- po sin 6
Q
Qux by 21 - v)r .
Oy, = ‘2}1“'; O, = Op =0y = Opp = V.. ® o
o pb cos 8
8 2l(1 - vir M c
= “
bv 8in O
ap, = VO, + Ogt - - Jﬁu—.‘,)—r
9pe = 9. = O Strain energy / unit length (finite cylinder of radius R}:

Strain energy / unit length

W & (og)° | _ll.b2 R
xo- —b o rdr = +& 11 ==
i fr 2p 411 I,

g b! 1n£§

LA T A
I. all{1 - w) b

e

s

s

e



7.5. EQUIVALENT BURGERS CIlRCUITS

7.6. PARTIAL DISLOCATIONS

Frank dissociation circuits:

Crystal etructure Stable b

fcc ${110)

bee 1{111),(100)
hep (1120} ,{0001)
Diamong cubic (110}

Nacl {110}

69

w(1123)

{100}

(200}

To7 DLAMNMY PAULTS IN_FCC METALS

Purse motals
Normil Packing:
o T ABCADBC--- {111} planes

hep @ ---ABABAB —— 11000) planes

A § 110
—
iz
40110
-

Lolien

0N
Projection auonal co the 1]y plane showing the thioe
types of stacking prsitices 4 ¢ gt ber apd hep vector nocation
ire aln presented

1o

Lt

+
t
Twin in fcec : === ABCABCBACBA —-—-
Stacking fault
+14
L]
Intrinsic: =—= ABCABC'BCABC ——-
1)
L}
+'
]
Extrinsic: —-== ABCABCBABC -~--—
L]

Higher energy faulta (not considered feasible):

——= ABCABC'CABCARC —---
1

[RER N



.7, PARTLIAL DISIOCATIOND LN FCU YRYUTALS

shocKley Partials

b, =4(211)

b, =4(101]

1 = [ —
= [101 - = [.11], = (11
; [ | A 1 l i

1

Energy eguilibrium for two parallel Shockley partials at oa

distance r.

The formatiocn of the tault between the partials increase Lhe

energy in y, r per unit length. This is compensated by the guin

in energy in separating the partial dislocations:

_ (B, AE) -t AL
Yoo s [t E) (k€ - D

" 3 (i - v)

where r, is the equilibrium separation in an elastic isctropic

medium,

1)

%\;
D

y

Fy

oy
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Possible dissociation:

Frank criteria:
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ANCEMVTHDE Dhvbel ool osorpn

relaxing the atomic coord:g s

45,000 to 1 nnn degrec. o1

tirst principle calenlation 1w

not

EMPIRICAL ITHTLRATOMIC

BodL CATOCTTATION o
It may involve
L0000 atoms, 1o,
Fven now,
REED OF
B.d4. BATER POTENTIALS

Ensamble

I atoms:

}-‘lul

Equilibrium:

J F /

Teat

Jio ", )

"Cauchy relation: <

\

itk

Pk of

pansihla,

Db Lal s

COMSTANY VO LIME POTENTIALS

1—"lo( =

e R V(RO U(p)

U: part of the ecnergy which depeinls on average density p.

Equilibrium is attained at p (actually, volume)
p. ¥ constant
i
St Gy
but a "Cauchy" pressure must be applied Lo keep the

expanding/contracting.

L

EERREE

z

volume

Interatomic potentials either completely empirical or

potoent ial b,

Success in predicting:
B

- Poussible point defocts contigquration

- Dislocation structure

in fee and boeo

from

pseudo-

- structural trends on ordering, stacking faults, ot



i

LI D
R e teta ot
Oy YTy o SRR '
SINEoIONOYS R R ARt
p} s P e O 42 ' et
Ay ¢ * \ v -
cootafulefelufotets] s 5L
SHYS PALR POTENTILL, (- ) H i) ‘“'& . ( ) € )I
LERT, TOMPA AND BULLOUGH'S PALR Pl OJOR® %'\/ SXOESTO (J () !
». ENGLERT, TOMI'4 Al : - -
8t t e.es.' . ° - . ..
tghbour: radiation duamage dat g, e': g ePe¥e -- e.g () : P
i 55 than firat nelg ) - ! () (Q-C o - | )
1) Distance les 'e oo - (0 €6 ' ’ 2
the atoms in wtuable foo ':: .egesgg.e ' . : :
straints holds the ’ s Y
2) Adding volume constrair e.e S :: \ ’ ada LORD
e e st 1o ege99.32ge'5ge 3
_ . ‘ elant )
AP L P it =l .e a9 'z: £33 52 S,
. D, 0a8a =0
3) dv /s dr |, ., 7 . '.e'e - g : = o=
s and phonon dispesr:ion data. 330 o) =33.= - SaS,
constants R RBEREEH ols
0242 € ' oD (9 6
< Cr ) OX®
1) Ef = 1.14 eV 3’; 2 (- 3,
sfefeficstcys :
,,
()
5) y = 70. ergsycm? g o ) , : Gd
S8 >
30 <
e -
-6 242
als RaYoReXe
63 O o
)
=83 | 10
53 3':..00 | »
[y v-: T ()
o} =& ®
0 ofetefEbese
A
: -
1O5C Wt
. 82 ()
aWe - C) > - )
‘ - . ° :—l
e () . ) () Q 3= &.;
. . - L2L0
%0 ] < ()
> . \_)_‘ 4
>
-



P - < S . 8 ‘ '
SN NV s ey
¢ "y P N 1 ‘1(/'7 « ek \ m
. - LS - A . _‘JU B
LY v e .
N - N -7 AR VAP \ o 2 PR R L RO M CROS O PHTLHS VY PROFLES 1N i
p e Y Lo : \ RS a RN COUEMe L TRATION
~ ' -, { ~
A Y ~ - B
< A D * /:T A\ \ -
7 1 ‘\‘ . , A .:/ “\
N y - N . = ~ -
\ ' ~ L% S T . -7“' ! U o ! . = ’
~ \.-. H N . » )"-_{ \.\ «! ) ot 1z A A (li"lj-l\--u: t
- ~ o’ ~ > ! T
\ ) ) .
' :‘\._-\’. \‘ " W OCE N o b A s . Croampirtwdon o0 e loctron waves
. 2 | Er o N i
N 1 " I -1 \) \ - Lt
D 77 - i A by
'1 v _\,i—‘ e i e \} N (} f—' ~ A yo U
> N Fl . . ~ ol
o \ & ‘ L a7 Li
- l - i -
< - m—— N N .
f . {I \I _\/‘. \“'\ . ‘4; 'J ‘j“"‘ (" a8 Detect ot et enters in e matrix:
v
> * A Yk ™
P 4 5 (‘ “\ i :’ 4
"~ / LS » d b ? -
=, \ ~ l ~ ! | - LS
g Ny b > v By = d g - kiz)y /o
LY e N N Y v N §
1S /, . /‘ \‘ ] ) L.
o7 I < 7 ol } A4 .
. 3 \l 7 \,. 4 "'. A \'» |
P -~ - o
L * \
41 P 2~ ’b-. <! \"— “y ,‘,
N \ s . ) i iti
2% e Py P, I Z [n the o imental condition tor cdge distocation imaging:
) "™ e : ' "~
3 ‘ * 5 . : VA y
> ~ S S [y 1
L% ¥ L \ i -~ 1 ’ _ . - .
3 /': IS r :-— PSP o 2 4 - [220], systematic rows [L20], [A60) 5ot gt
\
p C S~ "~ ™~ b
L ~ ; / \ Py 2 ., , Bragg condit ion
[P ‘h— o L
A ! h / \ I' I
- f’,‘- 'I"- ’\‘- - Y
b \\_‘ A - ;X\ P ) \ ) !
L : 5 ~ 1. | Helovant distortion:
M - ’ 4 A
2 P o B S 1
t
/ fi PR 1
v R (2) /A X qiing
2 [ 111




oge

* Stobbs & Sworn (1971).

H,
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/
[
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W::'() Hiygrl W,.'I‘
Fig. 2. Iricnsity profies of g.b = weab-beam imaves of the
sociated cdpe dishocalion 1n vop v tof sy, = U, 1, 2 The top row b
been calculated from the #tenns nodel and the bortany roe 1o
elasticity for the saae partial separation of 32 nm.
Tabic 1
Vartral Peak
v Lo {erpem™) Model separation {(nm) Madel separatic  (nn)
7 Atemic 32 _Aiomic 54 2 Gt
70 Acemic 32 Elgnnic 43
—am —— -
70 Elageic 20 ._-_E_Ia_:l 3 35
41 Etasuc B Elasa 47 + 06"

bicabinio K OF CONSTANT VOLUME _POTENTIALS
(APART FROM NEED OF CAUCHY DI'RESSURE)

1} Quantitative ones:

- Wrong prediction

2) Qualitative ones:

- As generally P,

experimental findings).

EY

EC

of T

> 0

-

vacancy formation encrqgy

cohesive energy

First layer at a free

surface relaxes outwards (contrary to most

- No surface reconstruction is predicted.
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8. 00, EMBLLE: ATOM, GILUE,
BODY 1 NTERATOMIC

EMPIRICAL MANY
Bo0. FORMATLION ENEKGY OF DREEC9 EMPIRICAL M/

Frow = /2 T v, v Y ()
beor ot an oy YOy of the v R R Y SRR R e pagy
local density: P, E“i b, (R;,)
P S TR o . , . . .
¢ (ns ted # total e density at atenm 1 associated with the howot tattice
. co=inse 1 ) . . .
E, sy 4 e effective mediunm
t, is the enerqy to embed an aton into this o donsity,
LWhe rins
¢ = interaction palr potent ial
oL .. - (. . . R e . . .
Eg relaxation energy of the aurfae Success into predicting:
b= VACAROY elastic 1ol awat o
Pure metals: Defect structure
This implics: B, b withan o

Surface structure angd reconstruction
Mechanical Propervt io::: fracture, effect

of impurities
Henvngoa rnapnrimunlnlly;:

Alloys: Phase stahility
Eo/ Lo: Neon 1.0n
: ¢ Segreqgation
Lo
Ar > Surface structure «
Kr i i i
Dislocation structure «
Al .21
Pb 24
* We shall show some results hereafter,

Ni .31

Pt s

Cu <30

Ag B

Au L



oy LY, v k)L )
| fair lotor. } PN By b
b, E‘” b, (R ) [Density ot atwin 1)
l\'J - distance from 1 to

Daw and Baskes:

Impurity in host (up to coheslon) "umperturbed host potentinl
is determined by electron density..." "._.enerqgy o} houst with
impurity is a functional of host and impurity potentaials®.

"Energy of host with iwpurity 1is a tuncticnal of the
umperturbed host electron density and a function ol the impurity
type and position™:

E = F,, [py ()]

Impurity problem identical to an impurity in jellium.

Ansatz: B, = L. F (py i}
where
F,: embedding energy F vs F

More physical basis:

- J. Harris; Phys. Rev. B 3} (1985) solves overlapping of atoms

i by p. = pnelf congiatent
1

- Jacobsen et al., Phys., Rev. B 35, 7423 (1987), First principle

approach (needs, however, fitting of e function).

87

Daw and Baskes:

e/5

O —
Ok,
flel

-1

Es: Sublimation energy

10
%72 Ni

05
Pd

Ni

Pd

Rs.

Vi = lzdn) e}l /¢

$(=) [p(r)]j: Clementi et al., Atomic Data and Nucleur Data 14,

and 4, calculations for atomic electron density.

Finnis and Sinclair:

$d(r)y = (r - d)2 r «d
0 r > d
vir)y = {r - c)z(co + o r
4]
fip) = -p"
88
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9. FREE SBURFACE CONF1GURATION

The iargest and certainly most import imt of the. detects n
the notid in its tree surface. This connect: the bowdy with ot
¢nvirenment and cither it is impartant in itself inta determinig
the behavior ot the solid (for example, the ratio: surtacesvolur.e
determinas the chemical activity and efficiercy, in catalyt .
processes) or as a path to madity the body propetties during it
processing or pertormance (tor

example, s absorptaon,

embrittlement, corrasion, et eta.)r also, P the e

initiation place tor phase transiormation. Several physical and
chemical aspects of the surface are relevant to phase nucleat ion

Growth and segreqgation in the bulk of the solid.  tewr e

!
. h

consistency, in this lecture we shall cencentrate on the lattice

statics ot the free surface.

The study o! the lattice static contigurat ion has reco o
a renewed attention lately when empirical interatomic potent jal:

based on the Embedded Atom Method have beceme available.

vixy - 2 Vgt per * VIR ) pers)anr oy

Rigid displacement:
Xapg = Hgp + bBX 1fact, ot

Ax )

A

[Vu‘f (XCD + Ax) Vae: (.‘\'np)]
1 _Perr Pt
I -0



9.2, Rl L AT SUFPATL AR TNTEKEHASL
lattjoe

dimension vector of atumic position at portect

¥

(+ 1 otgid)
Bt 41 dimenn.on veetor of atomic displaccments (witient rigid

body displacement)

vid e i) - ving - - % EP T T - w U]
Ix
v X Y el tix A0 plif oy wf ey
2 Ix, U
g - ¢+ &

p : pertect lattice force constant
£ : defect force constant

i.e.: Free surtace or interphase
==l Lt )+ £ x 1T R )

S0Lyx, 10 xtyp)
(e, 1t x'y)

u at free surtace

1f
Filxy = FYl1) + AF(lx)

piix) = p%l) + ApUlx)

Fo(L) Y ——“"Ai’”
X

x

X

pen - 2: lL%}EL
X

91

N,

¥,

system of eguations:

D e @I, 10 W+ L X A, (XD

AR = T, VXY Ap,(1XY + @, 1wt (n

@ (1) - Y el (x, 'k
Hl‘
Q1L I - @FIN, D~ ¥ eitix X))
X

@37 (1x, 'x"y - @y (1x, 1'x")

Can be solved by Green function appreoach.

Concept of static “acoustic" and "optic" distortion.

Concept of dispersive medium:

bd!
iy

Q

Iy

Elastic constants (AF = 0) =~

= gau‘ 1“ B Enx' (2:.1'}-1

— gll' le' (Nl Iﬂ) gil' . (0“‘) 1
( }:lattice response

_ [IH’ S QL 17k G,f:'(l”x”,l’”x’”) d",‘f,’;(l T, TIr iy

Rippling is just one kind of antisymmetric distortion.
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We chall now summarize some computer srmulation reanlty for

frec surtaces.

In general, one should expect either a o atracticon o
expansion of the first atam layers which moncte nouely  deday
towards the bulk.

However, the result is a:

contraction or expansion at the Treo surt soe
+

oscillatory relaxation perpendicular to thic :urtiace.

Actually, the latter is a Jattice effect .
It w:s predicted in the early seventies by G. ALl i oaned .
Lannoo (Surf. so. 49, 375 (1973); Phys. Stat. Sol. (b 74, 4ng

(1976)) bascd on a model which explicitly takes ints acoount the

non-loc.! effects in an harmonic expansion of the la e . CTET Yy .

PERFECT FREE SURFACE e L&
R 1YV A
LATTICE i T T OLATTICE /’
- = oo _‘,’
P - = — e o \.
(&9

This model includes two ‘quadratic terms in thae enerqy
expansion as a function of the interphase separations, one of them
being propertional to the product of neighhour interplanar
distances (a d, A,y ;) and a second quadratic in those dintances

Prd, .,1?, where «, P - 0.

Gt

This eticct was "rediscovered” by U. Landman, R.N. Hill and
M. Mostoller, Phys. Rev. 221, 448 (198B0) and has received quite

a large atention more recently.

If free surfaces are modelled by compuler simulation and
using pair interatomic potentials, not only quantitative wrong

results may be obtained but no oscillation may be predicted. [n
pure metals oscillations in the perpendicular displacements are
due to an equilibrium between the pair interaction terms and the

many body ones. A contracticn/expangion of the surface atoms
implies a change in the local density of inner atums, which in
turn must be compensated by the opposite displacement (expansinon
/ cuntraction) of more inner layers. This results in an

intrinsically oscillatory static relaxation.

For alloys, an extra effect of "rippling" due to the
difference in cohesive encrgy for different elements of the alloy
appearsa. This is summarized by Savino and Farkas, Phil. Mag. 54,

227 (198B). Some.parts of that work will be summarized here.

Let us first esummarize previnus theoretical and experimental

results for the NiAl system.



bmpueriments:

+ ONIAD (1ol surtace vippiing (AL cut, Kioan)
first layer inwards relaxotion

t1.L. Devi, V.R. Hoonan, Phys. Rev. Lett 94, 566 ([1%b'}

* NIl (1tu) surtace mixed composition terminat lon: Al out
condericker «t al., Sclid St. Comm. 31, 175 (1985), Phys. kRev.
B o33, 900 (1v8u)

Thewy

* {(114), (110) surtace - Al oul
5.M. Foiles, M.8. Daw, J. Mater. kRes. 2 (1), % (1987
Chen et al., MRS Boston Meeting (1986), Phys. Rev. Lett b/, 1308
(1986) ~ o

BT )
: -~
o - Al
¢ ~
s i / v . I
e\ e
'(, 1 ’1‘ "
L | “ "
g I
Y
P . e
0 2 A b 8
f‘fo
E,,. Al < E,, Hl < I, NiAt
(modeA] | {exp}
< E_,, NiAl - | < E_gp NiAl <« }

Rippling: Eguilibrium between baody, "local volume", torues and

palr ones.

+ @ 1 @ + @ + @
e + @ + ® + ®
+ ® 1 ® + ® + @
® + ©® + o + INDIVIBUAL
i ATOM FORCE
+ e + @& + & ¢
FREE SURFACE ¥ !

AVERAGE FORCE

GLgL Lam U0T . SUMIC FORCOS 1 HEAI

P ;: ¢, k)
i

The Embedded Atom Interatomic potential was calculated by
A.F. Voter and 5.P. Chen, Mat. Res. Soc. Proc., Boston 82, 17%

(L987):

) lev)

s A

Wb ‘
s 2 o)~y . . . l ‘u - .
-‘-"‘F' aia ! 1T S

1 sauratomic pucential tunctions for Ni, Al and Ni/Al alloys, Voier of & (1947} Full and dotied
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TABLE | Metat properties used i 1t Caloulated valugs of 8, E.onnd B

match oxperiment vxactly duo Lo 1ho w.y F (BY s delermined

Suparscripts

are tho cxperimantal relerences (a-Rul

17, e«Rue!. 18, 1=Rg!
N d £+ + 15 VO
ELY

Eoonie)

a (10l:‘l'F(]'C”""J
C|1(HJ."|'|J‘LH|W‘]
C,z('.o';:erofcm:’)
C4‘(Iﬂlrlurg.'una)
AE'.,V (pv)

Dy (eV)

R, (&)

A (rmscu)

TabLe b

payinancin

(n=Ho! 42, L=Hal

f«Fanf  14)

&J'\Lﬂiﬂmh&

u (A}

EOCH‘GVJ

(o ‘(10120-3'(.m3]
Cyol I0‘2arg!cm3)
C“(Womurg.fcma)
AE'W (eV)
SISF{111) {mJ:m<)
APB(100) (ml/m?)
APB(111) (mym?)

Do il properues
a, (A}

E antev)

kil propernnn

19, g=ref. 20, haRel

—— M
£aLl, ralc,
3529
4 a5b
NI
vast! R
1 a7y 149
AL 126
1 Lo* 1.60
1.054 1.94
220 223
05

218
35674
457
2,00%
150"
13f
1610.29
1025Y
140t 149
1801409

208
4610

97

4, b=Rel. 15, c=Rof. 16, deRa!
21).

— Al
aapl calc
4,058

3.36°

o 749

1.149 1.07
0.619¢ 0.652
0.318d 0.022
o.78!, 073
1.80" 1.54
2.a7h 2.45

3.85

sl an it the NIEGAT cross
Loopaenerpls ore toe oxporlmontal! relerences
23, cafiel. 71, d-FRatl

25, a=Nal 26

alc,

3573

459

2.45

1.37

1.23

1.64(NI), 1.8T7(Al
13

B3

142

2.87
4.8
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Q0 v, . 3
7 fa
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Ref.: S.P. Chen, AL,
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Relivation of the Al 110 surface. The corcles
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CAL MiL A0 AN HLAL RESILTY

tree surfaces studled:

(100) , (110} , (120} , (111)

1n papers included in "Additionu! Lecture Notes".

wacoustic" body forces, perpondicular to (111}  surface . C

cont ract first interlayer distance.

v

"opt ical* forces - - Rippling, Al outwards

- Oscillations parallel to free surface

"optical"™ forces:

while forces mainly concentrated onto second layer,

displacements parallel to the surfacc appear also in first layer.

e

Alsc, as 1n Ni atems in first layer move inwarde, those in
second layer alse do so, tryiny to compensate change in local

density.

‘F
ekl

—— e

W

Atomic displacements of the first two layers of a (11l1) surface
in Ni;al. The arrows showing the displacement are in units of
lattice distance multiplied by S0.

1C0



9.%. SUWEACE FFESTRUCTURING

Dus to relaxation, surface configuratiain rejaxes outwards

from buik lattice on,

Several authors have treat.d this problen,

Bartolini, F. Hroolessi and E. Tonatt i, "The Structure of Surfaces

ti", ed. J.F. Van der Veen and M.A. Von Hove (Berlin, Springcr

Veriag), 132 (198R).
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