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North-Holland

Curvature- and temperature-dependent interfacial tension

in classical nucleation theory

With the approxamation

Bp = w0 (P 3P ) (P - )
—R )+ = ), (7

one oblains

pUpTTY = p Y=g ) -0 (P

;
the curvature dependence of the interfacial 1e1
sion).

28,7
=o_‘(]+—; . {14}

where o, 15 the surface tension of the flat inter-
face (r= o) and 28 1 approximately the mter-

+r(p"T - p') =0, (8} molecular distance, one abtains with ey (9)
Erich Meyer . ‘ _ and it follows from egs. (6) and (B) thai e 2e"a, -2 sy
taviciwto de Fisica du Unwersidade Federal Jdo Rio de Joneira. Bioco A. C T Culade L'nnersitdria, 21945 Rio de Janrewro, Brazd = (2070 )/, (9) A“
Recenved 22 February 1991 with Estimates of o, give [§] N
dp=p'(p) - n"{p). (10} 0. =8 3h/07, e

Curvature- and iemperature-dependent mterfacial tension 1s introduced in classical nucleanon theory (CT-ONT) In this
vase, the nuclestion rale depends on temperalure. T, viscosity. n. the reduced surlace lension. a. the differcnce betwern the
chemical functiony of the liguid and solid phase. 3. and. unlike with the common classical nucleatan theony (CNT). also on
the dervative of this funclion, 83u /8T Because of this lauer dependency. the nucleanon rate is highly senutive 10 Ay and no
approximation formula can be used for this funchon Kauzmann's catasteophe can be introduced aruficially by, approximation
formalas that are commonly used 1o UNT. The [atier theory is not sensiive to this problem.

1. Introduction

When the solid ‘droplet’ is in equibbrium with
the supercooled liquid, it follows that

Eqs. (53 (6} and (9) lead then, considering that
e = dnr's3 1o
RITSFUR |
ARt =jotat = 5 riet = 16nfe” Mo )
ap)y

{11)

which s 4 result obuained already by Gibbs [3).
The adaption of the Volmer- Weber - Becker-
Doering nucleation theory 1o the liquid-solid
phuse trunsition by Turnbull and Fisher (4], 1o
gether with further developments [5,6], leads then

where 34T ) is the molecular latent hear of mel;-
ing at the meliing point, or in gencral the enthalpy:
difference between the two phases. 26 ®w ap-
proximately equivalent o the intermolecular dis-
tance, so that v =(28)". This relation can be
wrilten as

0= (87a). (17
with approximately
a = -: (“ﬂ

and, since & in ¢q. (16) can be substituted by r‘ :
with the help of eq. (17), a can be called the .

Classical (isvthermal) nucleation theory (CNT), g (p )= (p""). (2) o L
as developed by Volmer- Weber, Becker - Docering e - o . . reduced surface tension. From eqs. (11) and (144 b
and Turnbull- Fisher, considers a *droplet’ of the where p”* is the pressure inside the “droplet’ of f=Aexp(—AF*/AT), (12) 17) and with T
new, appearing phase (e.g. the solid phase) in the radius 7*. One obtains then with Ap=Ah— TAs, (19)
supersaturated (supercooled) parent phase (e.g. AG* = g*4" (3) el ol gt gy e T
liquid phase). The generalized expression *droplet’ ) ‘ 4= 2" (_}‘TT“__)__ (13) “',!"“f ah };(P _’ R7¢p'y and As=5"(p") ;
is used. even for the solid phase, because this word for the solid *droplet’ in equilibrium with the InA'y 5(p). one obtains

expresses best the idea of the action of the surface

liquid phase. where the sign (*) indicates thal the

where f is the number of appearing nuclei per

. n(2aP (A% - Ap)
AFY g~ —2 0020~ )

or interfacial tension (droplet model). The dif- 3‘1“3“0‘? is restricted to equalibrium. second. M 1 the 1otal number of molecules (or 3Ha ):
ference of the Gibbs free energy due 10 the ex- The isothermal w9rk 1o create such a sohd formula umits) of the system, & is Bolizmann's !
istence of the solid “droplet’ in the liquid, at  ‘droplet” equaly the isothermal vanaton of the comstant. T 1y the absolute temperature, 7 is the _ 2m2a)'T(a)’
constant temperature, is then ::;L’:‘i‘}?e“:e:;‘:o:“ergy' F. which can be obtatned viscosity and A 1s the “jump distance’ in diffusion Hap)

vy ey ar o racesses (ol atome dimension), :
3G =010 o) = x5 Yh 4 oA, (O pe s o, " p { ) _ —211(20()‘1"’[3(‘.1\#]/67?]_\. (o)
where # oin the number of molecules tor formula H3p) } :

units) g is the molecular chemical function, g 1s
the pressute, o is the inlerfacial tension and A is

where ¢ iy the (incompressible) molecular volume
of the solid. One obtains

2. Intraduction of cunature- and temperafure-de-

pendent interfacial tension

Analogously. ey. (131 leads then, wpether with
eqs. (14-17), 10 !

by e . .yn . .
the interfacial ared. and where () refers 10 inside AF*=—n"t"{p"* = p )+ a*A", {3) o . | v

. ; .. Considening Tolman's equation [7) which ongi- IN(eh ) . e
the droplet and (7 10 outside [1.2]. Evidendy. p”, where { p”* — p") is the capillury pressure which alby was deduced f ! - [, ; i gl Acronr = =y i Tty
a and 4 are funcuions of the fadws. r, of the is given by Lamlare's forman nalby was deduced for the vapour-hguid surface 3=A'y _
nucleus or of the number. n”'. of molecules inside 8 ¥ bapraeen I puriaen. but iy fieen shows 1o be approxmately 2N{ak) . *
the nuclets. pit—p =20 r", Y valid tor the Biqued sobd mterfacial teasion also == N Tl -ataer of]' " (20

[3] tsee the appendiy lor further comments about STA
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Fyuations (20 and 21) are the result of the
droduction of curvature- and temperature-de-
endent interfacial tension in ¢lassical nucleation

E Merer / bntetfacial tension in classical nuclediion theory: 1
and
p _IN(ak) T Ak, )‘ ()
COSTT 0 and'y L Ty B

wory (CT-CNT) and these equations can be
smpared with the analogous equations. in which
1 curvature and emperature dependence of the
werfacial tension was not taken inlo account
NT.

The equations carresponding 10 eqs. (20) and
'13. but with e=o_ =83k /t". can be ob-
iined from egs. (11), (13y and (17):

_ léma'( Ak, )1

EFr, = — 2
~1 ap) (22)
d
IN(akTY ? "
(o = NLRT) gy (23)
JnA'n

here eq. (22) 1 an equation used by Turnbull
S

Discussion of possible approximation

With the approximation
AT) = (T) (24}

clow the melting point. where c'PtT) and c;(T)
re the malecular specific heats of the Kquid and
id. respectively. one ohtains

W AR, AT/ Ty, (25)

here By is the absolute meliing temperature and
b= Ty - T [9.10] However. since n general
' - below the melting lemperature. eg. (25}
as 1o he considered as an upper limit for Ap.
jecause of eq. (24), the fatent heat and latent
siropy cease then to be functions of the tempera-
e and because of eq. (163 also the surface
snaton becomes essentially temperature-indepen-
ent (il one neglects a shight possible temperature
cpemdence of 8 and v’y With egs. (200, (21) and
18, one obtains then

2= {la) AN T
WA Ty

[

(26)

where C-CNT stands For curvature-dependent (hut
temperature-independent) 1nterfaciitl 1lensien in
classical nucleation 1heory.

With egs. (22). {23) and (25). one obtains

In{2a) Ak, T

AR = 3 (28}
T 7Y
which is a formula used by Turnbull [9-11] and
IN(ak)"’ .
At = %fg,:——(nhl ) (29)

It is interesting to note that the result of the
introduction of curvature-dependent (but temper-
ature-independent) interfacial tension in CNT.
consisting in the substitution of the approximation
formulas egs. (28) and (19) by the approximation
formulas of C-CNT. egs. (26 and 27}, could for-
mally also be obtained. postulating a tempera-
wre-dependent {but curvature-independent) nter-
facial tension. as proposed by Spagpen [12] and
Spaepen and Meyer [13],

a*=0.(T/Ty) (30)

where o, is the interfacial tension at Ty, Intro-
ducing this formula in eq. (28). eq. (26) wus also
obtained by Spaepen and Turnbull [14]. Accepting
eq. (16} one obtains then, however. (i one consud-
ers § and ¢ as temperature-independent) also

Ah= AR (T/Ty). (M}

an equation that is in contradicuon with egs. (24)
and (25
Comparing the general result of CNT for the
liquid - sohid phase transition. egs. (121, (22423,
with the general result of CT-CNT. egs. (12). (20},
(21}, one sees that. by coptrast with UNT. an
CT-CNT the nucleation frequeney 7 goes 1o
zero, apparently independently of the yicosiy, if
.‘.=—ﬂ£§t—)—:0‘ t32)
The temperatore. where Ay = O the temperd-
ture. where Ay =470 p 1= U p 1 zoes from pos-
five vidues o negative ones amd s known as the

e s

JS—
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temperature of Kauzmann's catastrophe [15]. This
catastrophe would normally oceur, if the wrend of
the speciiic heats. beiween Ty and Tz T, where
T, ws the glass transiion (emperature, was ex-
trapolated to lower temperatures. (Near T, the
viscosity is evidently bigh, so that eq. (323 is 1n
fact not really independent of the viscosity.) The
spontaneous drop of the speaific heat of the
amurphous phase at the glass transition tempera-
ture prevents the occurrence of Kauzmann's
catastrophe.

This shows that the approximation proposed by
Hoffman [16]

ARy AT, T
D b )
and by Thompson and Spaepen [17]
Ah AT 2T
N (—_TM T T] (34)

cannot be used at lower temperatures in CT-CNT.
bevause they would introduce Kauzmann's
catastrophe at T =057, and T = 041Ty, respec-
tively. On the vther hand eq. (25} is clearly an
erestimate,

4, Conclusions

There is no general approximation formula for
Ag which could be used for a serious lest of
CT-UNT. To test CT-CNT. there is only one
possible procedure. (1) Measure Ap (by the specific
and atent heats) as a function of the lemperature.

Table )

e.g. for inorganic plasses which cun also be ob-
rained 1 the crvstalline form and which crvstallize
stowly a1 temperatures where  homogencous
nucleation expenimentally occurs. (2) Measure alvo
the nucleation rate #s a function of the tempera-
re. (3) Determine the viscosity of the amorphous
phase as a funcuon of the temperature. Then u
would be possible 10 lest CT-CNT by eqs. (12)
1203 and {213 and CNT by egs. (12), (223, (23) and
both tesults could then additionally be compired
with the adiabatic nucleation theory (ANT) R IR-
25) which. in spite of the fact that it does not
predici the nucleation frequency quantitatively.
predicts guite accurately if and at what wempera-
tures homogengous nucleation effectively oceurs.
The results of tests of CT-ONT and CNT. with
the help of expermmental dawa from the literature
of Na.0-2Ca0-3510,. Li,0-250, and Ca0)-
$10, glasses. by Zanowo are given in tahle 1
[26.27]. The reporied a-values. which carnot be
predicted theoretically. were adjusted in such o
way thal the temperatures of the theoretical man-
mum nucleation frequencies. 1700 were coincai-
dent with those of the experimental maximum
nucleation frequencies, fn". The (decimal) loga-

L4l
rithm of the fraction I3 rl{,’,‘::, for CT-CNT uan
then be compared with the corresponding value of
CNT. The table pives also the number of muole-
cules uf the nucleus at the temperature of maxi-
mum nucleation frequency. n*.

Interestingly. there seem Lo exist typical meun
a-values for both theories, (a) =0.74 £ 0.02 for
CT-CNT and ¢a) = 0.49 + 0.08 for CNT. How-
ever the relative deviation, da/{a). for CT-ONT

Comparnson of expenimental and theoretical maximum nuckeation frequencies. as predicied by CT-ONT and ONT

Qalenul CT-CNT Ref
a fog v L n*

i'."_n o T T e T 5 14 | [26]

Li.b 2500 " 072 =0 is U 126

Caly Si03 073 -6 24 75 127

N 20at A5, 0.6 -t 23 #S |74}

Mean salues 0.74 -4 20 0y w n

Deoratons BTN - Lt

[ AV S

Dytteeent bresarar . dzta bor the spealie hears
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15 smaller (= 3% ). compared with the correspond-
g value (=16%) for CNT. Also the absolule
mean value of log 1700 /100 ) 18 much smaller
174) for CT-CNT). compared with the impressive
vorresponding value { = 38) of CNT If these data
were confirmed for other matenals. one could
conclude that the new modiflicauon of the classical
nucleation theory, CT-CNT, agrees much better
with expenmental data than CNT.

Il CT-CNT was confirmed for other systems.
this would apparently be in contradiction with the
lact that the adiabanie nucleation theory also indi-
cates quite well, if and a1 what temperatures
nugleation occurs. A possible explunation for this
appurent paradox could be that nucleation is
neither a strictly adiabatic nor a sirictly isothermal
phenomenon and Lthat both theonies are only ap-
proximations 10 a more complicaled phenomenon.
This point of view seems to be supported by the
fact that the (critical) nucleus ar the Lemperature
of maximum nucleation frequency. obtained by
CT-CNT, contains about 20 molecules, a number
which is quite similar 10 14, as postulated in ANT,
More experimenial and theoretical studies are nec-
essary in order (¢ obtain definitive conclusions,

The author is indebted 10 Professor E.D.
Zanoto for the communication, priot 10 publica-
rion, of the results of the test of CT-CNT and
CNT in Na,0-2CaO#3810,, Li.0-25i0, and
CaO-8i0, glasses and for very uselul discussions:
and to be instutions CNF,, FINEP and CEPG
fur financial support.

Appendix. Comments about the cunature depen-
dence of the solid-liquid interfacial tension

There 1s a sirong controversy aboul the ques-
tion whether the solid-liguid interfacial tension
mereases or decredases with increasing curvature.
when a sold sphere is inside an extended hguid
phase.

AL The sharp imierface or “broken bonds™ model

1 asssumed that the enstal 1s undistorted
right up b s surface obd--hguid iterfaces, and

that all the bonds have the same energy within the
crystal” {28). This model considers (almosty ab-
solutely homogeneous phases up 1o a sharp divid-
ing surface which still can be “smooth’ (fat) or
‘rough' (irregular). All atoms betong cither 10 the
homogeneous liquid phase or 16 the homogeneous
solid phase and only the bonds which cruss the
sharp dividing surface are special. The surface
tension depends then on how many solid-sulid
bonds are substituted {broken) by solid-liquid
bonds which have a higher enthalpy by A4, /12 in
a close packed structure. 1 the solid *sphere’ s
small. each atom a1 the surface has more ligud
neighbours. there are more sohd-lquid (or
‘broken’ solid-solid) bonds and the interfacial
lension increases [28.29).

A.2. The “diffuse’ interface model

“in any muliiphase assembly, there musi be
transition regions in which the atomic configura-
tion changes from that charactenstic of one phase
1o that characterisuc of another. These regions are
frequently only a very few interalomic distances
thick, and the concept of an interphase boundary
which may be regarded as a geometric surface is
then still quite appropriate ... . In terms of the
discussion above, the distinction between liquid
and solid phases depend mainly on the existence
or not existence of long-range order of position,
and tlus is only defined adequately in a finite
volurme. Thus there may be intrinsic difficulties in
the concept of a ‘sharp’ liquid-solid interface.
since we may only be able to state definitively that
the structure is that of the liquid or solid for
aloms well removed from the transition region ...
- Indirect evidence that the solid-liquid interface
is “diffuse’ is provided by a thermodynamic argu-
ment due to Hilliard and Cahn (30)." [5). The
“diffuse’ interface model defimitely considers an
mmhomogeneous interfacial Javer of atoms (or
molecules) of a thickness of one or several inter-
atomic (or intermolecular) distances. The origin of
the interfacial 1ension is then due to the fact that
the atoms of the interfacial laver are forced into
nonequilibrium intermediae (hetween the sohd
and guids enthalpic positions, The contributson
of one atom W the micerfacial wension of a4 pon-

& E Meyer / Inierfucial rension in clussial nucleaiion theory

vurved surfuce is then proportional to 3k, /2.
Howeser in the case of a curved surface. the
surface tenston exerts a capillary pressure on the
enclosed phase (solid phase in our case). The
enthalpy of the enclosed solid phase increases
because of this effect and the corresponding latent
heat. dhy, (which 15 the difference between the
enthalpy of the liquid and the enclosed solid per
atom), decreases. Because of i1his feedback the
interfacial 1ension, which is now proportional 1o
Ak, .2 per atom, is now smaller for a curved
interface. The success of CT-CNT gives-additional
support 1o the “dilfuse’ interface model and re-
forces the arguments of Hiliard and Cahn [30].
{These authors also commented that the solid-
liquid interfacial tension obtained from nucleation
experiments is smaller than the imerfacial tension
of the non-curved surface). This point of view is
much more satisfactory also because (as can be
venfied, substituling o from eq. (14) in eq. {6)) the
vapillary pressure does not diverge 10 very hgh
values for very small radii (an infinitely high value
for r =01 as would be predicted by Lhe *sharp’
interface model.

The parameter a = (.75 (see table 1) means
physically that the effective thickness of the inter-
facval layer is equal to about 1.5 intermolecular
distances. This means that there is one mono-
molecular layer in an intermediate enthalpic posi-
ton and on each side another slightly disturbed
monomolecular laver.
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