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Koy Words point —defecls, stress-—driven scogregation, crack-tip stress,

irradiation, evalving microstaucbine

K. Bullough, Chiel Scientist and Director of Corporate Rescasrch
AEA Techuology, Harwell Laboratory, Oxlordshire, England

d o *)

The quantitative importance of stress-driven solute segregation 1o the vicinity of growing crack-Lps
during high temperature britle intergranular {raciire of low alloy sieels has been demwonstrated by
us, ln this present paper we review some of the results of these siudies thi pertain 1o the sweudy
state irradiation siwation and indicate the probable imponance of such crack stresses on the
redistribution and loss of intrinsic point-defects at both the crack and in the sucrounding evolving
microstructure.

k: was realised by the earlicst researchers into radiation embrittlement that its cause must either be
due to hardening of the bulk material when subject 1o imadiation or 10 some mysicrious loss of
cohesive streagih of the material, somchow induced by the imadiation.  In a series of beautiful
experiments in the 19505 the hardening (1] and embrittlement | 1,2} mechanisiis were identificd by
exploiting the Hall-Petch relation beiween grain size and yield swress and grain size and fraciure
stress rospectively. 1t was concluded that radiation hardening is due to the "dispersion hardeaing™
arising from the clusiers of aggregates of the radiation produced poini-defects and that such
hardening is ulone the direct cause of the radiation cibritkement.

I the inervening years both phenomena lave been e subject of extensive observatonal and
ewretival studies. Thus, the impurtance of solule impurities, such as carbon and copper in steels on
clusicring, the detailed muiphologics of both solute precipitates and inuinsic dislocanon loup
apgregates and the intluence of all of these on the hardening process 15 well undersiood [3,4,5].
Notwithstanding such complexitics the early conclusion, that iradiation hardening 15 due 1 the
formation of point-defect (solute or intrinsic or both) clusters of some kind leading to "dispersion
hardening”, semains valid wday,  On the other and, whilst this hardening is often the domidiint
source of radistion embritlement Uwre is now cvidence that ircadiation: can also cause the
segregation of cerin embritting solue 1@ gran boundasics [6] which in furn can enhance the
probability of briule fraciure aloug such boundarics. In addition, in the absence of irradiation, it las
been ubserved thut such solute can also migrate under the siress eld of an existing crack
embrittle the crack tip zone and ihescby agan lead w the brittle propagation of an existing crach
{7.8]. The purpose of this paper is W present an account of our recen. theoretical studies 19,10) of
this stress-driven embrigthing process and  thereby  encourage  relevant experimentil studies 1o
determing its imporiance w the inadiation cavironment.

In section 2 we provide a very el descriptive outling ol the ellectiv: media and the siok stengih
representation of typical microstructuies. -We then describe in sections 3 e etfects on the point-
defect distributions around a loaded crack in a body containing wicrostruciure and subject 1o
irradiaiion. We also present explicit expressions for the flux of such point-defecis such a crack in
competition with 1he Logs o e sinks that make up the microstructure,  Evidenee for the impuortance
of such stress driven segregation of solute atoms such as sulpbur and hydrogen 1o loaded cracks m
whe absence of iradiation will also be cited in this scetion o einforee the probable significance ol
these elfect w both intrinsic aud solute point-defects under sweady state iradiation conditions.
Finally in section 4 we discuss he various scrcening effects of the niciostructure on the toss of
point-defects 1o the crack snd the concomitant cllects of the presence of the crack on the evolution
of the surrounding microstructore,  *

The theoretical description of the evolving microstruciure in irradiaced miterials by chemical rate
theory has developed over the last fifieen years [10-13] and has reached a stage where successiul
predicuons of the detailed wicrostractural response of wehnological materials can be made | 14]. A
typical microstructure of imadiaied sieel consists ol voids, distucations (loops and network), grain
boundaries and precipitates.  To study the evolution of tis system it is necessary 10 frcat
simultancously the various point-defect loss processes w all the sinks und by bulk recombination,

:

To obtain a uselul represemation of such an cvolving Microsrucl e we replace the crystalline
material, with it spatially varying local point-delect concentrations assoctined with cacl of the sinks
that make up the total microstructure, by an elfective homogeneous contingum. hs this ellective or
Jossy continuum the point-defect concentrations are Bhomogencous anld the actudl sinks are replaced
by cffective sinks. The values of these sink streagths for cach of the real sink types are dedueed by
an embedding procedure [13] which is basicully analogous o that first used by Maxwell [15] in lis
analysis of clecirical conduction through hewrogencous media. The evolution of the sink-lypes can
then be followed using chemical e theory 1121,
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The details of the embedding procedure Tor the determination of the various sink streagihs will not
he discussed bere; suffice it w say that suitable Torms of these sink strengths for inclusion in the rae
theory analysis do now cxist and can be found in the following references: the network: dislocation
116], the interstitial loop $12,17], (he viacancy Joop 18], the spherical void [12,19], the grain
boundary 13,2021} and the precipitate (28], This is by no mecans an exbaustive list and

improvements in both the mathematical aml physical representation ol these sinks continue to be
nunle [22].

In this section we present results for the flux of poim-defects to the tip of a loaded crack in a body
subjected 10 steady state irradiation conditions. We thus consider the crack to be realised in the lossy
contimuum: and permit spatial varigtion of the peacrsted  point-detects arownd the crack-tip in
response o the interaction between (he siress ficld of the crack and the relaxation volume of the
point-defects, A Jong way from the crack-tip the homogencons conditions of the lossy continuum
prevail.

1 K is the spatially carrying imeraction encrgy between the crack-tip stress fickd and a point-defect,
then the fractional concentration of € of such point-defects must satisfy the continuity cquation]B].

)
WEE._YC-I)kzc+K:() ()
I}

where k7 is the total sink strength of the microstricture and K is the point-defect generition rate Jue
to the irradiation; clearly a long way tom the erack tip ald point-defects created must be fost an sinks
withiin the microstructure and there

=3 (2)
814

In equation (1), D is the diffusion constant of the paint-defect, T is the absolute temperatre and kg,

is Roltzmann's constant. In this analysis bulk combination has been explicitely neglecied with the
implication that point-defect losses in the microsirecture are assumed o be sink dominated and the
interaction energy 17 bas been agsumed o be sullicicnly large to justify the pure drift approximation
inherent in the first order form of eguition (1) with the concomitunt neglect ol random diffusion
processes |B].

Since we are only concerned with the siress lield assoctated with the 1ip of the crack we may
consider the crack itsedf to be semi-infinite and occupying the segative x region ol the xz- plane
with its tip coinciding the z-agis of o Cartesiim coordimue system x.y.2 I the Tociion of a poin

detect is defined by the polar coordinates (6,8 where x = r cus(d, y = r sin® then B, has e
explicit form lor

(i) Mode | Loading |8].

3]
—AK, cos [zl
o =———7—"  :-n<l<n (3)
r

and for

Giy  Maode I Loading [ 10

o
AKy sm[:;]
E(r,0) = —wm i m<Ben 4)
whure
2)”
A= [G} (1+v) AV 3

In 5, v is Poisson's Ratio (the body is assumed 10 be elastically isotopic)y and AV is the relaxation
volume of the point-defeet. The quantitics K, and K, are the stress imensity factors for mode 1 and
11 respectively.

The required exact solution of equation (1), subjeet w the boundary condition (2), is for mode I, with
I{r,0) given by (3) {R]:

K K|
cfr,) = '—“Dkg {l1-expt- AL’ w(0)} ()]
where
AK,
L=1,= m 7



and

0
Hsind +(sgnb)r - B) 1 2800 sin’ lil

(th = {8
v ] ﬁlgl
sin’ |5 "
it AY >0 0r t
. I L
I(sind - ) +2sinb sin 3
W) = . 5lUJ (V)]
h111] E
il AV <)
For mode 11, with E(r,8) given by (4) the required solution is also given (0) bui with
AKXy
L=Li=T0r )
and the angular funclion (0} now given by
) L L
I~ 8) - Ssinb +2sinl sin” |5
= 11
y() N lgl (an
coy |5 .

for AV >0 and by (11) with © — -0 Jor AV <0 [ 10].

These various solutions are shows in the figures 1o ¥ in the form of lines uf constant concentration
and point-defect How lines, the ater being the orihogonal wajectosies 1o the equi-potentials delined
by the interaction cnergics (3) or (4) for mode | and 1 loadingyespectively.

Figure } Flow lines (=) and lines of constant concentration {- -J, deduced from the solwion (6)
with (7) and (8), in the vicinity of the crack-tip loaded in mvede | during steady-state irradiation
when the puini-defect relaxation volume AV >00 The values indicsed give the concentration w
units off KII)kZ.
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Fipure 2 As for figure 1 but when the poim-defect reliation volume AV <) the lines of
constant concentration are now dedoced from the sobution (6) with (7) and (9).

Figure 3  Ag for ligure 1, bui when the crack-tip is loaded in wode [ the hnes of constant
concentration jre now deduced from the solation (6) with (10) and {11).

From these analytic solutions we can easily oblain both the disttibution of point-defect loss at the
crack and its tp after sieady stae imadiation for o time tand then by simple integration deduee the
wtid excess loss of such pointdefects to the crack and s tip. The Tollowing results have been
obtined |7 - 10]:



In this case the pont-detects could be the self interstitials for which AV >0 (~1.080 where 42 is the
ainic volume. From fgure {, itis clear that such interstitial atoms will How only into the crack-tip
and we find [8] the number of such interstitials tu have entered unit lengih of the erack at Qs lip
afier time t of sweady-state irradiation 10 be

i[;lt_] us 2] KijfL LV
N =317 Y15 (@) [
Where i is the Gannna Tunction and with L given by (7) we have exphicily;

AVK, |

Kl]
N(1)= 12007
(U ’[u lk’k,,’l‘ (12)

2 F . . )
where AV = AV and k™ = k" are sespectively the relaxation volume and wtal sink strength of the
surraunding microstructure for the interstiuals.

In this case the point-detects could be the vacancics for which AY <0 (=~ -0.5€)). Lrom figure 2 we
now see that such vacancies will Hlow ondy 1o the two crack faces behind the crack-tip and none will
flow 10 the actval tip. The sumber of such vacancies that have entered unit kengih of the crack
across its surtaces after time t of sieady stue imadiation is again given by [8] the expression {12),
where now AV =AV, aud K= iw2 are respectively the relaxation volume and total sink streagth of
the surrounding microstruciure for the vacancies,

For this mode we see from figuie 3 that imerstitials (AV >0) will flow only it the underside of the
crack-lip whercas vacancies (AV <0) will flow only into the upper side of the crack-tip. The
numbers of such point-defects thid have entered the cruck at its tip afier time U of sieady- state
irradiation is now found 1o be | 1|

AVK, |45
Kk, T

Ki
N, () = 0.69 lﬁ] [ (13

where AV and K2 can be interpreied as the relaxation volume and sink suength of the surrounding
microstructure respectively for either interstiials or vacancies.

We cod this section witha comunent on the welationship beiween these s cady state solutions reles
w the inadiation sivgation aud the correspondung Bansient solutions for the sieess driven migration ol

impatity winns ot an bidal cunsiaot gonsentiunon o such Joided socks, Matheasitivally i
solutions are related (78], the wransient solution for ale time  dependent concentration s

discontinuous and is detined by o propagating characienstic (iscominuity) thatl separates

. compleiely denuded zone (rom the invariam initiad constant concent:ation; this characieristic s

identical in matheniical foon o the curves of constant concentration depicted in tigures 1 to 3
However, it is perhaps the physical sigaificance of tie traasient solution that should be emphasisced
in the present discussion. 1L has been shown than the wransient sobution, with its asswmption that
stress-deiven 1low 10 the crack is dominant, yields predictions of the segicgation of cambritding
impurities such as sulphur or hydrogen in certan sicels, that are in excellent agreement with relevant
Auger and metalogeaphic data|?2.9]. The agreemeat between the Uwory and observinion is thus
sutficicutly good w lend strong suppont 10 the validity ol the stress-diven segregation iechanism
tor embrittlemend, I this segregation mechanisin is thss pecepted for such iransient sitwations, thae
seems no reason (o doubt, that in the present imadision situation, the stress driven migration ol the
intrinsic point-dedects w such cricks will also ocear.

DISCUSSION

I this section we discuss some of the probable consequences of the point-defect flows and
concentration profiles depicted in figures 1w 30 The most obvious esult is that for mode 1 the
interstiiials all fow (o the crack-tip (Ngure 1) whereas the vacancies flow only 10 1he crack surfaces;
the extrewe nature of this result must be gualified by the realisation i point- defect diffusion bas
been neglected in comparison o the strong drilt fows, Thus ene would expeet some response w the
presence of the concentration gradients shown in the figures which would inevitubly yield some
interstitial flow to the cruck surfaces and some vacancy flow 1o the crack-lip.  However, the
tendency for ihe crack stresses w separite the interstitial and vacancy populations in the vicinity of
the crack could well enhance the consistiency of the present Jinear dril: solutions since point-delect
lass by bulk recombinmion should be reduced; in addition such a rediction could also be expecicd

1 arise from the general loss of both point-defects 1o the crack, The same separation argmments abo

apply 1w the flows and redistribations indicated in ligure 3 for interstitia s and vacancies.

The Tunctional fooms of N and Nj() are of interest. ‘The presence of K in the desominaor of
these expressions clearly shows the sereening effect of the surrounding microsiruciure. “The buges
the value of k%, the fewer point-defects will reach the crack. On the other hand, the greater ihe
relaxation volume of the point-delect, the gicater will be the aumber o such point- defeers armiving
at whe crack. Thus, for example, oF dislocations are the dominant sink near the crack-tip in the
microstructure thea the preseuce ol the ritio AV in these expressions could well mean that the loss
of vacancies and inersttials w i crack may be soughly eyual, siace in this sitaton, the raio AVAY
could be approximately independent of AY and the biassed loss of inter: tials w
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the dislocations climinates any biassed flow to the crack!  The crack is then essentially a
iccombination sink since an equal Tux of interstitials and vacancies will reach it; needless w say
althongh the otal numbers of each point-defect may be equal, their distributions at a maxde § loaded
ceack are quite ditferent. 1t follows that such difterent flux distributions could lead to a radical
change of shape of the crack with possible bluming processes cle. prevailing. For iude i toaded
cracks (figure 3) the arrival locations are on cither side of the crack-tip so rather clficient
recombination at the tip may be expected. 11 i’ is dominated by sinks other than dislocations (such
#% voids) then the crack becomes o biassed sink for imerstitials, through the exposed AV in the
numerators of (12) and (13). This in turm means that such vouds will themselves receive a nel flux of
vacancics; hence preferential void growth should be seen in the vicinity of such crack-tips. Such
growing voids then can hive a concommitant cifect on the ability of the crack itsel to propagae.

1 is also expected it during irradiation mobile point-defects other than intrinsic interstitiabs and
vacancies will sulfer stress-driven migeaton to o foaded crack. The resnits presented in the figures
and the expressions (12) and (13) apply cqually o winsmutation gases such as hetiom generated
during irradiation where now the damage rate K must be interpreied as the gas generation rate and k*
as the sink strength of the surrounding wicrostrucure for such gas atoms. The precise location of
such gas on arriving at the crack depends on its relaxation volume but could lead 10 the sicady state
build up of gas pressure within the crack with an obvious propensity Lo assistits ability 1o propagite.

Einally, on top of this already complex sitmation we must include the radiation driven segregation of
salute to the crack and the ‘transient’ stress dsiven migration of other minor elements present in the
nuterial: the latter effects can be weated with suitahly Ius§y terng included in the trnsient analysis
developed for the unirridised ste.
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A formal derivation of the sink steengths o be used in puint defect rate theory s
presented. Previous models that have been invoked tor the approsimae evaluauon
of these parameters are discussed. 1t is shown that the eflective medivm approach,
as introduced earlier by us, constitutes the best available appsuawch for steady state
problems. Sink strengths for voids, straight (and parallel) dislocitions, dislocation
loops and grain boundarics are considered. It is shown that must recent cnuvising
of the effective medivn method are groundless. '

1. InTrODUCTION
The theoretical description of-irradiation damage (Harkness & Li 1g71), and its subscquent
annealing (Dunusk & Dicnes 1973), cutails analysis of the migration of inwios puint delects
to a spatial distribution of siuks. The latier are almost juvariably distibmied ai raudony: ouly
rarely is any long range urder observed. Evea when order dues oeeur, it is gencially associated
with one type of sink only, Thus spatial disorder in the dispersal ol the siks 1 the prime
characieristic of problems of this general type (Brailsford 1976, Talbot & Willis 1980).

This complexity on the microscale may be contrasted with the quantities must often of interest
experimentally, namely the clectrival resistivity, sample volume, or crecp rate and so on. These
arc all macroscopic parameters. It is plamsible to expect, therctore, that such propertics, at
least, will be largely insensitive to the finer details of the sink distribution, much as the propertics
of a gas are independent of the detailed kinetics of ils constitucut mulecules. As enscinble
averages suffice for the duscription of the 'pmpcn.irs of a gas, 50 unE CKPCCts S0ImE averaging
prescription to achicve a similar end for the defect prollem.

Although not explicitly stated, this philesophy, in fact, underlics all theorics known to us in
this field. From the earliest atlempts (Dicnes & Vineyard 1957) Lo the prescat day, some furm
of course-grained approximation has been used. In gencral cither an idealization of the sink
distribution by a periudic array (Bullough & Perrin 1971) is used, or randomness is retained,
but only through the conceplualization of an effective homogencuus medium {Brailsford &
Bullough 19724a). Ne other method is proven. .

The lattice model is widcly acknowledged, Lut the eficctive medium model less so. Though
the disciplines of the latter model have been formulated, some of these appear to be used only
if convenient, while others are arbitrarily discarded. As 4 result, numcrous approaches reside
in the literature that, though perhaps reaching the same {or nearly (the same) result, are never-
theless inconsistent overall, The outcome has been singularly unlurtunate in that, since niost
methods agree 1w lowest order, legitimate corrections frum the most rigorous approach are
cither overlooked or criticized erroncously (Nichols s a). Tt appears to us, therefore, that
the time is appropriate to review the subject of sink strength theory, by wacing the sefjuential
steps from the fundamental continuity cquations to the cvaluktion of the sink strength par-
ameters themselves. Such is the theme of the present paper.

It is important to start from first principles 10 ascertain the precise problem of which the
sink strengths are the solution. It is the approach first advocated Ly Wiedersich {1970} and
later pursued on stparate gccasions by us (Brailsford 1976; Brailsfurd & Bullough 19724). We
shall re-examine this approach in §2. In §3, we discuss the void sink strength. Particular
attention is paid to the higher-order correction, which we (in collaboration with Hayas) have
obtained previously (Brailsfurd ef ol. 1976). A new derivation of this correetion is given by
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means of Ham's eigenfunction method (Lam 1g38). The vesubt obtained vonfirms vur previous
version.

Ham's miethod is based upon the void's being periedically arranged upon a Jattice. As stated
above, this is most often an ubstraction from reality. Nevertheless, it is uselul in answering
several questions of principle that arise in general. For example, (i) to what extent can sink
strengths derived from steady state be gencrally applicable? (i) Is it recessary w allow for
sisths, of types other than the one being considered, in cumputing the sink stremgth of the lauwer
{(Brailslord et al. 1976)? By considering a luttice mdcl far more sophisticated than any pre-
viously examined, we shall show bow these questivas ntay be resolved.

Section 4 is devoted 1o a study of the siuk strength of an infinitely long and straight edge
disloration. We have emphasized previousty (Brailsford & Bullough 1976) that we regard this
as Lugdly an academic study. For the abstraction [rom the complex network observed in
practice, o the simplistic geometry that is theoretically manageable, is surcly such as to over-
tax the credulity of even the most gullible person. Our view is that any suh model can indicate
ondy teads. FVhe propriate purameters must be estimated from e aaalysis of experiment.
But many workers appear still to be uncouvineed of this. Thus we shall mvestigate the matter
further here, if unly to tread ground which some yot maintain has a semblance of viguur
{Nichols 19784).

As with the void sink steength calculation, we shall consider severid different models Lo
establish sone qualitative features: (i) the etfective niedium mudel, with the use of the capture
radius concept; (i) the same model, but with the medium extending to the dislocation core,
in which the near-ficld point defeet- dislocation interaction is treated exactly; and (it} o Jatiice
wodel, again with use of the capture radivs idea. The fattice modet considered here is far more
sophisticated than any contemplated before. For itis a mixed lattice of pa allel cdge dislocations
and voids. We shall carey the analysis only far ctiough to establish the n atters of interest. But,
we emphasize, the simplifications are mathematically well disciplined, i.nd anyone wishing to
carry the analysis further may do su by pursuing the lines we set vut. We cuisider, however,
thast vur analysis is adequate. The sensitivity of the dislocation sink sirength w voids, buth
when voids are ordered in the plane peependicular to the dislocation ads and when they are
compictely random, is discussed. We sce no point in pursuing the matier further.

The above discussion pertains only 1o the dislocation sink strength corresponding to the size-
elfeet interaction. Some wntative semarks aee also olfered concerning 1 ¢ induced interaction,
which is the basis of the su-called stress-induced preferential absorption (s.i.p.a.) creep (Heald
& Speight 1975; Bullowgh & Willis 1975; Woller & Ashkin 1975; Bulough & Hayns 1975)
and stress-induced climb and glide (p.ag.) creep (Mansur 1979). However, it is included bese
mainly for completeness, and only at the levet of our present treatment. The subject is con-
tentious and may denund sophisticationt beyond the scope of this review. Thus itis still being
actively investigated (Bullough ef of. 19818}, and the reader is warued Lhat our comments are
necessurily provisional, Nevertheless, we fecl able o vatublish certain grcund rules, which wore
detailed analyses must foliuw. There is sowe merit, therelure, in addressing the subject fur
this reason alone.

Like the sink strength for straight dislocations, that for dislocation cops is b currently
under study (Bullough ef «f. g8}, Conscquemby, our remarks upun the subject will be
similarly brief, We shall simply highlight the results obtained to dawe (§5).

1 For exangde, a discussion of mode cumpley gromwirics,
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Section 6 containg a discussion of the sink strengih of grain homdasies. The models discussed
are the effectiv

medium and the grain boundary lattice with internal sinks, The two approaches
are shown (o yield the same result, thus confisming, yet again, the value of the former (Brailsford
& Bullvugh 1976, Brailsford & Bullough 1978).

In §§2 6, it most ofien proves expedient to review e work of others as matiers proceed.
There are a few cases, however, where this does not arise mturally, Such previously omitted
work is therefore considered separately in §7. The whole paper is then summarized in §8.

2. DERIVATIONS OF RATE THEORY

The puspose of this scction is tw present a fsdamentat devivation of the rate theory commaonly
used in point defect problems. The section is divided o taee parts. Parl (¢} s concerned

with spatially periedic sink arrays and part (8) with completely random areays. In cach case,

the methodology 10 be used in computing sink stremgths is established. These are summarized
in part (¢). There we consider also the mathematical models

sed previously by others. A
physical interpretation of such other manipulations is given. It js shown that they do not con-
form to the prescriptions here derived, though the correetions to lowest order (but that anly)
may be small. The best approximation scheme for steady state problems is indicated 1o he that
provided by the effective medium model, as defined by us in Braitford & Bullough {19720).

(a) Periodic sink arrays
We assume here that the sinks form some type of periodic array. Thus we can divide space
into a set of primitive cells. For simplicity, we shall assume that each such cell has inversion
symmetry about its centre. As a conseguence, the normal components of the point defect Auxes
vanish on the celt bounda

s. Indeed, this is the main motivation for assuming such an arvay.

Apart from this symmetry, however, the cell can contain an arbitrary number of sinks of

different types. In fact, of necessity, it contains more than one sink if more than one type exists
in the solid. Otherwise the hypothesis of spatial periadicity brcomes inconsistent. Ftis amazing
how often this cfementary fact is overlooked.

For such a lattice structure, it is necessary only to consider the point defect cquations in the
primitive cell. We emphasize from the outsct, however, that this is simply a matter of con-
venience and nothing more. Any number of primitive cells, connected or disjoint, could equally
well I envisaged. The ensuing manipulations are equally valid for both, sinee any larger such
volume simply repeats the hehaviour of the smallest. This will prove important i §3.

The basic continuity equations for vacancies and self-interstitials are

deofOrdivi, = K-anc, {1)
and SOt +div iy = K - ane, ()

where the ¢, and ¢ are the atomic fractions of the defects {in the order introduced), and j,
and jy denote the respective fluxes. The quantity & is the defect production rate in displace
ments per atom per second (dpa s t), and & is the intiinsic recombination coeficient. For
simplicity {only), we shall ignore the possibility of vacancy loop production (Brailsford &
Bullough 19725, Bullough #f al. 1975).

Equations (1} and (2) apply in all parts of the primitive cell nutside the internal sinks, which
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we term the matrix region. These equations are to be solved within the overall cell volume,
Feo with hotundary conditions of the general Iype

Ju = vlelng) =64 (3)

s defined by the internal sinks. Each 1ype of the latter is denoted hy the
symhaol L, which is intended to countain all necessary information ) that is, whether it is a void
or a dislocation, lor example, and of what size and so on. The labrl, £, gives the spatial location

i the interior surfac

of cach sink, while sy, represents cither the sink surface isell or, where it appears as the argu-
ment ol a finction, the evaluation of the latter on the particolar surface. The other yuantitics
i equation (3} are (i) fy, the compenent of the point defect fux along the normal ar the sink-
matrix intertace, directed internally 1wwards the sink, (i) n, the transfer velocity from matrix
o sink. and (i) ey, the thermal emission rate from the sink of type L sitoated at .

Even with periodic arrays, the problem posed is forhidding in general if there is more than
one type of sink present. Instead of attempting to solve it, we here look at the first moments
of equations (1) and (2). These are obtained by integrating the equations over the ool volume.
The resafe from equation (1) is

ﬂrvl”, 1o v .
J-r.-ﬂ—; +§‘u =X "_1,[-',"“’(“’ {4)

where S is the integral of 57 over the sink surface 50 and B is the volume of matrix within

Foo Here, and thronghout this section, the corresponding sell-interstitind equation can he oh-
tained by interehanging the labelsi and v. We remind the reader that there is no point defect
foss across the outer boundary, by construetion.

We fist consider the lefi-hand side of equation (4). Its leading term may be rewritten as

ey d
f'_" Srdv = d‘rf.-, cd¥ I, (5)
where ", = .L efS) u,,.dS'w-lzl J.H ev(spy) updsy . (4}
‘ 4 L

Here wy is the outward normal velocity of the surface § enclosing the primitive cell, u, the
cotresponding quantity for eacly sink-matrix interface. Volume relaxation effects associated
with point defeets o solution are generally simall. Thus the volume Py is constant. Hence the
outer surfuce 8 must be allowed 10 expand in response to the volume increase of internal sinks.
Fhis is e effect embodied in Jf. Even at this stage one can see that in the void swelling
problem H, is dependent upon the swelling rate.

However, the main issue here concerns the J7, and the correspanding quantities for sell-
interstitiads. We clect w define cacl in terms of a sink strenpth, 10w and a thermal emission rate,
Kip v by the following eclationt

Hy= Dkt [ qd¥ =K ()

M
with a corresponding definition for interstitial guantitics. In cquation (7}, Py is the vacancy
dillusivity. Evidently, at this point we have only one relation for two parameters. Thus we

1 The innatucnnn ol the Tactar Ty is, of course, arbitrary. It is included here so that prosduetion teies con-
segquent upon emdssion have the same dimemionality as the basic pecdinr tion process.
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complete the prescription for determining cach separaely by the stipubation that Kby
must vauish as the wmperature approaches absolute zero,

The reader may have gathered by now that we are secking a constitutive equation for the
volume integral of o Thus we express the final wrm in cquation (4] in the amenable torm

2], aedv = iyl ®)
where here, fur brevity, we introduce the notation
&) = Ir.. cdV )]
for both defects, The quantity s therefore
= J"'u {ev— €)Y fov — ey 3)d V. (1v)

1t is a measure of the juint mean of the deviations of the defeet cuncentrations frun their spatil
averages.

Thus, upon rearranging the terms in cquatioﬁ (#), and using tiwe subsequent definitions, we
arrive at the fullowing moment equation:

2D s 3 Do)~ Ku) K+ aed @) = Hllih =) ay

It should be noted that we have here introduced the two new quantities A}, and Kyy. These
are defined us

k{.v = }'-: ﬂ‘l.vn (12)
and Ky = El Ky v (13)

They are, therefure, being sums over all locations of each sink type within the cell, average
propertics. They are the sink sirength and emission rate of the sinks of 1ype L, as they are
commonly understood. . .

It is scen from cquation {11), and its counterpart for self-interstitials, that a simple rate
theory follows from these manipulations if it can be argued that the right-hand side of this
equation is negligible. Now, where volume swelling does oceur, its time dependence is usually
small. Thus M, can be neglected 10 a high degree of precision. Morcover, I can usually be
neglected on the basis of self-consistency, That is, one assumes it is small, sulves the problem
at hand, and then checks the initial premise. It is usaally consistent because in the cases
explored ¢ and ¢v diller substantially from their volume averages only very near 10 any sink.
Since at the sink surfaces themsclves, ¢ and ¢y are of order &g, it follows that the ratio of [ to
the recombination term hat is retained is of order Fup /¥y, at the most, where Ky is an ‘effective
volume of influence’ of each sink. (The ég, are generally small compared with the (¢).} Thus /
may also be discarded.

The end result is, 1hen, the two rate equations

%"'E (DKl (o)~ Kpy) — K+ ale){e,) = 0, {14)
and g'f]%l-)'i'%: (D|*L(fn)—lf|..)-l(+a(:.) <t,) = {0, (15)
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These are to be solved, numerivally if neal be, to obtain the (o) and o) as functivns ol thine
for some prescribed initial conditions. Sucha procedure s straightlorward, in principle at
least, i0 the sink strength Af and tierual emission vate A are known fur cach defect and cach
sink ypu,

It is chear then what te subsequent procedure nust be. Oue nnst solve the comtinuity
cequativns within cach cell o compuie the iy and hence derive the &L, and K, Tor cachisink
type. Pl same st be done for sell-intenstitials. Ouly then is one able to address equations
(14) and {15}, We shall tahe wpr the matiee again in §2(c).

(b) Randum arrays of sinks

The periodic aray is wetal as Lachground for the more cumplex random sink diswibutions
whiclt we now discuss The develpment paralicls that already given as closcly as pussible.

There are, however, two prime dillerences that arise when constdering random sink arvays.
These are, fiust, that there are no natural internal surfaces where the defeet fluxes may be
presunied o vanish. Secondly, any volume over which spatial averages are to be formed must
e barge if such quantities are 1o be, in any sense, representative of 1he whule. This does nef
imply that nothiug less than the volume of the eatire body will suffice. Nevertheless the volume
wust be large in extent compared with the mean inter-sink spacing. Once this is appreciated,
the manipuliations that fullow become comparatively straightforward to comprehend.

On the scale alluded to above, therefure, we consider a closed surfuce confaining a volume,
b, As before, the mauix conitribution 1o this is ¥y, We can perform all the steps leading to
cquation (1) exeept that now we must slso incosporate the surface Hux contribution

Iy -_-I J.NJS, (16)
3
i the lefihand side of equation (4) and in the appropriate equaticns after it. The result is
that eyuation (11) is replaced by

ddre)
d

208 (DALY~ K - K3 @) = Vaddhy = I= ) (7

the additional subscript on Jy denoting that it here refers to vacancics. The dehnitions,
equation (7) and what fullows have preciscly the same sighilicance as for the periodic array,
Lt for the larger volume.

“This, it must be appreciated, is exacty the problem. For equatior. (17), as il stands, reflers
tw one specilic configuration of sinks. Thus it contains fuar more infurmation than we could
possibly expect to need. What is required is an average over all possible conhgurations, i.c.
an ensemble average, Performing this averuge is theeefore the next ¢oucial step.

At this juncture the choice of samiple volume ¥, comes the fore. Clearly, iCit is too small,
e viriation of the mean concentration within § could vary enoruously from une configuration
to another. Indeed, some conligurations may not even be permissible within it. On the other
land, if it is sufficiently Jarge, then vach defect will already sense maoy different regions where
one or other sink types is spatially isolated, where it is locally corrclated with others, and so
forth. This has the following consequence. Suppose we define the probability of a panticdar
sink conliguration as P(..; 'y oo e o rhi i), whese the pasitions £} of the Ny sinks of

IR ol

e o
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type Loalone have been explicitly enunwerated. The rest are to be understond hy the sequenves
ol dots within the argument. Thus the ehsembie average of (o), for example, is given by

G = [Pt el ) (1%)
Then the consequence of the argument given above is the expectation that
{6ed = {ov), (19}
il the sample volume V is large enough, Similarly we expret that
Jererrtant iy mark = @y (20)

Thus, in forming the cuserable average of equation (17) (1hat i, multiplying by P and inte-
gring over the rl), the only remaining crucial issues are the evialuations of

J APl Ty (20

and the analogous integral of Ky But, by virtue of equation (19), the cxpression (21) is alco,
approximately, 2 (¢, ), where

o= [ RPli by ol ) T, 22)
L
while, from equation (12} H, = N {23

because the average for cach sink of the same type must be the same. Similarly, it follows that
K. = N &y, (24)

Therefore we are led to ensembie averages of one sink of cach type only. Murcover, we now
take the ensemble average of equation (7) and use eguations (28) and (24} to find

E &~ [(NL/VM)JI:I"" XLV]/DV<{-V>1 N (25)

where J% is the ensemble average of /7. Thus we can not only identify the terms produced
by ensemble averaging here bt also, by virtue of equation (25}, understand how they are to
he derived,

It is worth digressing for a2 moment to emphasize the stmplification introduced by the last
cquetion. The quantity 777 is the vacancy flux to the sink, of type L, situated at r. In any one
configuration it will depend upon what other sinks neighbour it, their type and their relative
location. But after ensembie-averaging as jo cquation (18), ali such drail is ebviowsly smeared
ont. Furthermore, while averaging over the positions of all other sivks may yet leave some
dependence upon r, (hecause of the relative position of the sink in question vis-d-ris the hounding
swrface ), upon integrating vver #; itself, this oo is removed. Thus A s indepemdent of £;
this suhscript may be dropped ; provided, yet agzin, the volume ) is large enough for all (hese
considerations to apply.

The end result therefore is that the ensemble average of equation {17} is given by

Llf_']’(;}z + {: (DAL~ K - K+ aley Gy = V(i -1 - B, (26

THE THEORY OF SINK STRENGTHS i o5

the approximations to this point being purely statistical. We now focus upon the right-hand
side of equation (26). Inasmuch as the arguments leading to the neglect of #/, and ! for the
perivdic array were independent of this periodicity, they hold equally well here for their
ensemble averages. Morcover, since the sample volume we have chosen is large, the total
production rate of defects within P, ie. KWy, will be almost entirely mitigated by flow to
sinks within V. That is, Sy, will be negligible compared with AFy,. As a result, we arrive, finally,
at precisely the same rate cquations, (14) and {15), as alrcady derived for the periodic array,
the only changes being ones of interpretation, Namely, the quantitics (&) and {¢) are 10 be
replaced by the ensemble averages ¢6,) and {é1), respectively, while the sink strengths and
emission rates are to be found from the ensemble average of the flux to a particular sink type
as prescribed by equation (26).

(e} Afethodology for sink stremgth calculations

We next turn (o the question of how these sink strengths are to be evaluated in any particular
system. First, we shall invoke one simplification, which is invariably adopted, namely the
concept of so-called steady state growth. It is to be understood here in the fullowing sensc:
all characteristic dimensions entering the sink strengths are to be treated as time-independent.
Thus the sink size and the distance to the outer bounding surface are regarded as fixed for
sulving the rate cquations, Obviously, since there are Auxes to the sinks, this cannot be strictly
legitimate. Voids and dislocation loops, for cxamph;, will grow. Nevertheless, it is assumed
that the concentrations, or more importantly, the fluxes, may be estimuted at each instant by
using the sink and boundary sizes at that instant. The basis of this approximation may be traced
to the solution of an idcalized preblem by Zener {1949), and we shall adopt it withiout further
enquiry. The only alternative would be to confrunt partial differential equations with moving
boundary conditions in a finite domain, Generally, these are unmanageable. It is fortunate
that, as Zener has shown, this is usually unnccessary for the problems we consider.

Subject to this simplitication, if the production rate is independent of time, e time deriva-
tives in the rate equations are of no importance except for deriving initial transients. For the
moment we shall ignore the latter, The rate equations are then simple algebraic relations
which can be solved for the concentrations, with the sink strengths and emission rates entering
as parameters (Harkness & Li vg71; Brailsford & Bullough 1992a; Wicdersich 1y70).

Reviewing the derivations given in §§2(a), (5), one sees that the paramneters are to be found
feum the defect fluxes to cadch sink type under the following conditions;

(

{3 dntrimsic recombination s to be included ;

point defect generation is w he included;

(iii) the llow to each sink is to be computed with alfowance for the presence of all otleer sinks;
{iv) in periodic arrays, the flux at the primitive cell boundary must vanish;
(v) in random arrays, the sample volume must be Large compared with the inter-sink spacing,

Itis informative 10 contrast these conditions with those of the models that have actually been
used by workers in this held in computing the strengths of sinks of various types (see table 1),
It is not our intent here 1o dismiss any of these, but rather to indicate their broad variely.
Our overall classitication into periodic or randoin arrays tius been solely dictated hy whether
condition (iv) above was invoked or not. IT it was not, and the authors did not at the same
time explicitly state that they intended there to be surface sources or sinks (as the case may be)

™ Vol qo2. A
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at the appropriate vuler boundary, we have presaawd that their intention wis Lo cousider a
random conliguration, Usually this is not made clear, oxphicitly, but their Tater applic ations
to real materials usually infer it.

A further comment on table 1 is in order. Tt should be understood that the works ciced du
not universally addiess the guestion of sink strenglhs per sz, For cxamiple, in Bublough & Perrin
(5971} wnd Ham (1g58) these quantities are not even mentioned. But tis is not the puint.

What we are alluding Lo is whether the methods psed in cach case are adaptable staght-

forwardly to the problem at hand. In some instances this is still 1o be shown by detailed

analysis, in others the fuck of consistency is immediatcly apparend.

‘Tasi & 1, METHODS USED FOR COMPUTING VACANCY SINK S TRENGTHS

delect uthey cunststint

generation rocombina Lot stnky Lonlipul adan wverall
Wicdrnich (ig70) yeu yos 1w bt no
Bullough & Ferrin (1971) yrs no yrd latiice yes
Nichols (19783, §) yo no ne laice no
kam {1958) no ne i lattice yes
Damavk & Licnes (1971) nu ©ona nw Tattice no
Brailslord & Bullough (1y724) yer ‘no yox random yust
Heald & Speight {1975) no no uu random n0
Woller & Mansur {r1y74) no no no Fandun na

t See alw Beailsford e of. (1979) and Hayns (197y).

Confronted by this diversity of approaches, it is natural to ask how critical are the various
ingredients that each discarded for some reason. How important is intrimsic recombination,
or the presence of other sinks, or the distinction between a regubar array and u randon one,
for example? There appears to be no viable alternative W exploring each in detail, simple
models being used tu focus upon Use puint at issue. This is the approach followed recently by
Brailsford ef al. (1979) to conlirm that intrinsic recombination corrections o the sink strengths
are indecd usually small {see also Hayns 1979). Tt will be lurther adopted in subsequent
sections.

The problem posed for periodic arrays is straightforward thuugh difficult; that for random
arrays still requires further comment. To compute the sink strengths, conlygurational uverages
of the fluxes to the siuks are nceded. This process has in fact been completed in only oue case,
namely for a void in an array ol like voids (Brailstord 1976). The intent there was justily
an approximate alernative scheme, which we had introduced earlier; the cllective medionm
approach (Brailsford & Bullough 19724). Such justification was deduced for the mudel problem
considered.

The synthesis of the cllective medium model is the following. One does not compute the
J¢ configuration by configuration and then average, but focuses first upon the physical content
of equation (26) (with H,, Fand Jy, neglected). Being independont of the spatial courdinate,
clearly equation (26) can be conceived of as defining the concentration in & homogeneous
lossy continuum containing ail sink types distributed unitormly. To find the appropriate
strength of any sink it is necessary therefore 1o link the true local behaviour around any one
sink type to the mean beliaviour in this continuum. In reality cach sink is surrounded by some
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miatrix regio, Thus one consiters amndel in wiich the correct local dis ribution is counccted
W the cnsemble mean by surrounding the sink-plus-malrix region by this continwuu and
cumputing the hux (o e contral sink that ensues. Fur consistency, this [ ux is then made such
et thie sink strengt so deduced is equid o thad fist assumed in the meciune This detevmines
e sink strength. Clearly the caleulaton has w be performed for a large volume tor reasons
givesin §2 (4] ; conunents w the contrary (Nichobs 1y78a) are simply ill conceived. Yhe mcthod
s here advocated wis lirst suggested by Braibford & Bullough (v9724).

We have revognised recently, however, that the seif-consistency step will be automatically
satislicl it we use the defiuition eguation (25) and ignore intinsic recoml ination. For in steady
state Llis equation states that

@) = (K1 KD, {27)
whore A= YLK =Y K. (28)
L L

Thus &) is precisely the quantity we previvusly denoted {Brailsford 8 Bullough 1y724) by
£y s that cquativn (25 nuay L placed in the form

Dl e~ K, = (N {29)

‘This, therefure, is simply a statement of the sclf-consistency in mathematical language. Con-
sequently, and more W the puint, cquation (25) automatically sutistics this comstraint as
a matter of definition, Thus appeal to self-consistency need not be exphcidy mentioned
subsequently.

Particutar cxamples of the Lattice and effective medium models are explored later. Thete is
sGil one further Grequently wsed approach to be mentivned. Instead of invoking a zero-current
outer boundary condition, such as js appropriate lor a lattice, or a linite concentration at
infinite distunce, as is truly appropriate for the cilective medium, a fied concentration at a
Jinite distance from the siuk in question is imposed (Heald & Speight 1575). Stric tly spueaking,
then, this is a hybrid moded. By using this moded, the fiux to the sink under discussion is
compuied and a strengtly is ascribed to itin teros of e vatio of Hux o Leundary concentration.
We know of no way in which the sink strength so dedueed can be justiied lor direct substicution
in rate theory. For the problem that this procedure in fuct solves is one in which the region
under discussion is surrounded by a continuum with a twiab sink strength thist fends 1o wufinity.
To appreciate the point, suppose the region has spherical symmetry a3d let its boundary be
a distance & lrom its centre. Then, if the surrounding continuuny has v wtal sink strength g%,
the solution of

Ry AT LR SR (30)
appropriate to it (when thermal emission is omitied) iy

by = fu— (6w —5u) {Rf7) 280, {3y

where tp is the concentration at the boundary and, here, ¢, = K/D,g. Thus the logarithmic
derivative of the internal solution, at the Loundary, must be such that

1 dey €. — (b .
Fi3 (a _dF)" = "_fn {1 +gR). (32)

b2-3

o

ey R
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But if the flux ta the central sink is 1o originate from deflect low withie r < R ouly, the Jefi-
hand side of equation (32) must vanish for arbitrary e, I and K. Evidently, from equation
(31), this is possible only if ¢ -» oo. For this reasom, we helicve that this hybrid approach is
inconsistent, though the sesults it viclds in isolated cases may, in Fet, be to some degree correct,

We conclude this section with a biriel comment npon the question ol initial transients or
time-dependent point defect production in general. Oue centrat attention will be apon neither;
the steady state with constant production rate will usuadly be understvod. We shall address
the broader issue only in relation to the question of the sink strengihs of voids in the seetion
following, and there mainly 1o the extent of highlighting one limitation (Gascle 1978) of the
higher-order siuk strenpth correction that we derive, Our intention was formerly, and continues
to e, to focus on the question of rate theary application to the uniform void swelling prohlem.
For this it appears that the constant production rate meded is adequate {Mansur of al. 1979),
In other areas of defect kineticst, however, the sink strength theory developed here may

require modification.

3. THE SINK STRENGTH OF VO1iD$§

Part {(#) of this section sets the stage for what follows in the remainder. In it, we consider
tive medium approach aml explore some of its facets with

the result obtained from the efl
relation to the conditions exposed in §2(¢). In §3(5) we then explore some aspects of void
lattice models to highlight the points already raised.

Henceforth in this paper, we repeat, we shall neglect intringic recombination entirely. We
give three reasons. First, when it dominates, the sink strengths are in any ease of relatively
minor importance (Brailsford & Butlough rg7za). Sccomdly, in previous analyses (Brailsford
ef al. 1979, Hayns 199) it has been shown to produce unly minor corrections, ‘Thirdly, to
retain it would render further analytical progress virtuaily et of the question. Nevertheless,
we would point out, that while the last is the most pressing reason, we o not believe it the

most significant,

(a) The effective medium approach

In a previous study (Brailsford et al. 1976) it has been shown that the void sink strength is
only slightly sensitive to the thickness of the matrix shell that is considered 1o surround each
void. Thus, for simplicity, we shall omit such a region entirely, The void, of radius ., is to be
imagined as embedded directly in the effective medium.?

The effective medinm has the same properties as the continuum abstracted from rate theory,
Enspeetion of equation (268) shows therefore that the sink strenpgth appropriate to it is Iy A
the emission rate, I, K,,,, for vacancies, with these quantities is to be obtained from equation
{25). We shall now simplify the notation. We drop the bar sign over these quantities, ensemble-
averaging having been incorporated within the model itself. Also, the index i, or v, need no
longer be continually repeated since intrinsic recombination effects ou the sink steengths are
Lring neglected. The followtng analyses are the sane for both difects oxept where an explicit
distinction is drawn.

t Pulsed irradiation, for example, deserves further study.

t The criticism (Nichols 19782) of owr first devivation (Brailsford & Bullough rozza) is Fallarious. The
approximation &8, <€ 1 invoked by Nirhols {1g78a) {where &7 is the totad sisk strength, R, the radins of the
outer bonndary of the sink-ree region) @ onr of low void volume fraction only, Teis explicitly stated alter eguation

(9] of Brailsiord & Bullough (19724) that an accuracy of O(r,/R,), wih R, sinall, is istended. Fhe fimit inferred
by Nichols (ryg78a, vquation (15874)) is erruncous mathemaucally,
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Our problem then is to find the flux to the central cavity embedded in the medium. The
concentration, now written simply as ¢, is the solution of

nd  de . s
ey [ Y & A ) (a)

and &* = £, K, K. = E, Ky, in the former detailed notation (for vacancies). The boundary

condition at the medinm-sink interface is obtained from cquation (3}, We have

de

al, = v{c(r.) — i) (34)

Je=D

Here the L fabel has been assigned the symbol ¢ (for cavity). As noted earlier, the { label is
redundant alier the e

emble-averaging, which is the basis of this model,
The solution of this problem is readily found o be

{en —Ec)ore/Dre

e ey R 35
T4 hretore/D s ’ (35)

c =
where ¢, — (K -+ K.} /DiY, We use it to compute the quantitics appearing in equation (25).
First, consider the volhume average of the concentration, (&,) as it there occurs. Because ¢ —c.,
is localized about 5 = re, it is evident that (6,) = {e) is simply e, the volume being farge,
Secondly, the surlace integral of the flux {i.e. the quantity J) is

*hl:(t3 —é ) or(1 4 4r)

c Lkrotor D) (36)

Hence, with A7 denoting the void sink strength and K¢ the void emission rate, equation (25)
]J(‘(‘Ol"('s

(37

'3

T t [(, 4nle, —6.) (L +krt)w§/D+K,,]
AP t+hretor/D Fik

where €, = N, /I, is the volume concentration of voids in the low swelling régime. We now
apply the lew temperature limit when, by definition, Ko/D vanishes. ‘Fhe quantity é. also
tenls to zerod, whence equation (37) yields

: n
A = 4xr.C(d kt.—L k
i oCe(l +hre) 14k vor [0 (38)
Furthermore, since equation (37) must hold at all temperatures, it now follows that

K, = Di%é, (a9)

with £} given by equation (3%).

Fhese are the general results of this mode] for the most generad form of houndary condition,
as embodied in equation (3). The transfer velocity influences the sink strengil, and the emission
termn v determines K Heneeforth we shatl adopt two simplifications o aid brevity. Firse,
it will be taken as understood that all low is diffusion-controlled, by which we mean that the
is not substartially difterent from defect jumps within the matrix. Then

last pumpr into the sin

t This i true on generad thermadynamic geounds, Specilically, for vacancies, z, = ¢t exp [(2y/7, - p) 21k, T|
where o2 13 the theemal eyuibbirium bulk concentration appropriate tn the winperature 1, p is e specilic sanlace
free eneegy. s the atomic volame, &, is Boltzmann’s constant and s ihe pressure due 1 any enclosed gas
For dnterstitials ¢ i neglivible Tecanse af the much larger iemation energy (ie. wegligihle 7).
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v will be of the order of Dflattice spacing, so that fur voids of any signilicant siee, orefD 3 1
Then

) A = 4 Cu( b +hr) {40)
follows from equation (38). Sccondly, we shall henceforth neglect emission processes as far as
possible, so that here, fur example, ¢ and K, breome negligible, 'Phis, we emphasize, is solely
to curtail endless repetition as fur as possible in comparing one method with another, The sink
strengUhs alone contain all the necessary physivs for this purpose. The emission rates, il required,
can always hie found by duplicating the processes given above, N

We turn now Lo some of the points, (i) to (v), listed in §2(c}. Concerning the inclusion or
exclusion of puint defect generation, one can easily see that in fact i is immaterial in this
approach. horporating it simply serves Lo determine what ¢, actually is i terms of it One
might coqually well Tase el o, as some arbiteary given parameter and solved tie production-
free problem subject w the conditivn ¢ -» ¢, as £ -+ a0, JUis casy 1o show tiat the 42 50 derived
is the same. Poing (i), rebading o intvinsic recombination, has been discussed carlier, whereas
(iv) 15 not relevant heee, The size of the siuple volume, point (v), is an intisic part of tiis
method, and puint (i) is paramount when kre is comparable with unity. For A, by definition,
contains not only the siuk strengths of voids but also dislocutions, tor example {Brailsfurd e al.
1976). The ability to incurporate the effect of other sinks in a random array, known as the
higher order correction, is & prime virtue of this method.

() Veid laitice models

Because we have scveral new resubts to present, our treatment of the void lattice will be
comparatively extensive. In subsection (i) we shall adapt Ham's method w the sink strength
problem for arbitrary time-dependent, but spatiully unilorm, peint defect production. The
presence of sinks other than voids is included in an average sense specified in more detad. In
subsection (i) we will show how the results of the effective medivn approach are conlirmed
by this method. Here we also make reference 10 the approach of Bulluugh & Perrin (1yy1).
Subscction {jil) contaios an snalysis of the voids-enly latlice. It shows, specilically, the import-
ance of including all siuk types by pointing out the internal inconsistencies that can arise wlen
they are ignored.

(i) The cigenfunction expansivn

We imagine now the voids 10 Lic on the points of a lattice (simple cubiic will sullice). Further,
it will be assumed that any other sink, e.g. straight dislocations ur dislocation loops, can be
represented in an average sense. Thus, external 1o the voids, a loss rate of delects exists of the
form Dk3e, where ¢ is the loval concentration. For now, this assumption may be understowd as
simply dcfining a mathematical problem; we shall give the physical justification later {see
§3 (biii). With this modcl we wish to evaluate the void sinkistrength using the formalism
of §2(a).

We lollow the usual Wigner-Seitz construction and replace the unit celt by a sphere of the
same volume with the void at its centre. The radius of this sphere, R, is

R = (3. /4x)b, (41}
where F; is the sample volume per void, Between r = 7¢, and r = R, we have therefore
hi
29 (a%) pigerk - X ()

THE THEORY OF SINK STRENGTHS 141

where, i liie with our calive remak, we now igoore all emission processes (Ko -= 0} aml
assunne ditfusion-controlled How (¢ - 0 atr = 7). We allow for the possibility of K depending
upon time by incorporating the teew 0 /O i cquation (42). Here, it is perhaps worth re-
emplisizing, the wrm i AS s sisaply an approximaie representation of the eflects of other sink
typos within the cell, I the reel ladtice system, uo such twerm exists, We should in fact be solving
4 siak-free cgquation within the nadrix vegion, with certain prescribed boundary conditions at
thiese uther sink sudaces, Thus cquation (#2) really aubodies a moded of a moldel! Neveiiheless,
itis a convenicntl place to starl. '

“To compute the void sink strength we need the flux w the void and the volume average of
the concentration. [ actordance with the method of Hau (1958), but with a trivial generalie-
ation, we shall suppose that the cigenfunctions ¢, (2 = 0,1, 2, ...} satisfying

Pdf dd N e — 0 4
P G 3 B P (49)

abe hnowh ba the 1o cadlary gonditions
Pulr) = 0, (dg, /dr)y = 0; {44}

AL is the corresponding eigenvalue, The eigenfunctions form a complete se1; we assume they
are normalized 1w ity within the matrix volume Fy. We now substitute an cxpansion of ¢

in terms of these functions, nacly

€(r, ) = XalePatg () (45)

it cquation (42), which leads o
da ' I

o, e el ok {48)

SV
Tlius, since the ¢, are orthonurmal, upon muliiplying equation (46) by a particular ¢, and
iutegrating over the matrix volwue between re and & we lind

da, Jdt = Ki, o8, (47)
where, here, £, = _f,-. ¢, 1. We remind the reader that equations (46) and (47) apply ouly
withiu the *steady state” grow th approximation. The @, (¢} clearly must contain r, and & as
pacamcters, Phe time dependence of these Las been iguored.

When X is time-independent, the solution of equation (47) is simply
LY : N
= M ebabe
Buit) ~al0) = oy (M2 = 1), (3%

where the initial value of a,, is 10 be obtained frun equation (45):
a, i) = j ofr, 0 g, di. (44)
'y
The concentration within the vell is then

: .
ct0,0) = X funtmemaite ok (1 m] .0 (5)

In this, the Gual steady state is appircnt.

e

yym—1

oy o

s
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When K s time-dependent, on the otbur hand, the solwtion becomes more complicated.
Suppaose, for example, we represent K () by tlee Fouricr antegral

Ky = (_J:F‘ I: R () 4 o, (51)

Then integration of vquation {47) lrads to
e - g o P
sa that lr ) - %;[.,,,(u) e P *'{"za%)"lj:f(“) 'i:'ur’b'%f dm] w.lr). (53)

Equation (50) is just a special case of equation {53), for K(m) = (2x)} Ké(w), with X a constant
and & the Dirac delta function,

The initial transicnts will not concern us here. We assutne a time such that DAZe
where A is the smallest eigenvalue, Then the volumne integral of ¢ is

or= y(w)t""" .
() = {2':)‘ I_m o IM’ des, (54}

while the total flux to the void is

dyy [ Kl
2 . bl
Je = dmr DLQ',[)I( ), f wintD

|ul
e Jai des, (55)

as follows from equation (53). Thus, the void sink sirength we determine via equation (7) is

L [, K{w} et K () et .
k= 4nrd % i, (—(';-f'-—) ,.,w(i-}DA’ (im/\ I"J‘ i D/\z ten. [HUN

This relation embodies the main fact motivating our digression into time-dependent production
rate problems, aamcly that the sink strength depends upon the mode ot irradistion. Two
simphe examples will suffice t0 make the point. Suppose list that the irradiation is time-
independent at the rate K. Then K{w) = (2m)d K&(w), as specitied previously. In this instance,

ooz h (W) [58 )

dr

tqquation (68} yiclds

However, suppose instead that K{f) = 2K cos? {Ja,t). This has the same mean as the uniform
case but it flactnates in time. Then the inverse of equation {51),

K{w)} = i f,m Kt ey, (58)

indicates Ut K{w) = (2n) ER{8() + 40+ g) + B - 0ag)]]. Conse quently, when this is
inserted in equation (56), we find a sink strength, A3w,), say, given by

K {wg) = dnrl L a (di-)r m‘,!/,_‘ A wliog), (59)

2+ (1, / DXL)? ‘
§4 (enyf DAL L)

wiiere Folryg) =
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Evidently, the two forms for the void sink strength will be the same only if F, is independent
ol 1. Two possibilitics arise: either wy € I or wy » D(AY) ey, where (A%) ., is the greatest
possible cigenvalue. “Fhe lutter, as we shatl show shortly, is inipossible: e cigenvalues are
withounded with incveasing . Thus only the first can arise. In that case alone can the steady
state analysis be justificd rigorously 10 this point,

There is however one loop-hole in this argument. 1t resides in the following fact. Suppose
that in both numerator and denominator one particular mode could be said 16 dominate in
some sense. Then the value of F, would be immaterial for this mode since it would simply
cancel out. This indeed can happen, as we now proceed to show. 1t is convenient o discuss
it along with the higher order-void sink correction found in §3 {a) of this seetion,

(ii) Fraluation of the void sink strenpth

We turn then to the cigeavalues and eigenfunctions for the void lattice model. The details,
many of which are but slight extensions of Ham’s analysis, are given in Appendix A. We shall
quote hiere onldy the final approximate results. These are, for the cigenfundtions

Yo = darsin [(AX -0 (r - )], (61}

where Ay = (dmr) b, (62)
o (22R)E (a2 1), (83)

and for the vigenvalues A} = R dr /RS, (54)
and A s B4 [(nt ) n/R] (> 1), (65)

The approximations involved here depend partly upon the assumption that re/R be small
compared with unity and partly upon the fact that we wish to render the sums in equation
(57) amenable to direct analytical evalu: wtion, even if approximate. The reader is referred 10
Appendix A for details.

The other quantities needed are

I, = darc A, /(AL - kDY, (#6)
(see Appendix A also), and
dgy A4 . !
(52) = Fewnenn, (87)
which follows from equation (6it). It cnsucs then that
iy . __ 1
#(0), = wavim i
while (for n # 0)
I, g, K
252 * pme e (49)
A, T RIC(n e ) 0/RTH

Consequently, for r. o R, the lowest-mede contribution dominates the sum in the numerator
of equation (A7), Stmilarty, we have
n . 4nR?
3 SR ()
while (forr £ 1
It ARt
M AT R [+ D /AT ()

i Vol g2, A
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Here, alsy, the lowest mude dominates the sum in the denominator ol cquation (57). Therclore,
if we retain only the coutiibutions lrom the Jowest mode we have
i .
i %(%)m = %;—; x 4, (72)

a result that we can trace back as far as Dicnes & Vineyard (1y57).

Now compare this with the effective inedium result, cquation {40). 'Fie results are the same
il ko is small comparcd with unity, but diller otherwise, The higher-oder correctiun 15 missing.
Clearly it must reside in the contributions of tw higher-urder modus if, s we are e assuming,
re/ R < 1. Thus we must look at all contribiations to 43 in cquation {57). However, it is apparent
from a compatison uf equations (68} and (69), or (F0) and (71}, tha the major correetion
arises from the sumerator in A% We include this extension of tie previous analysis only, with
the result that

YIRS S -
Er a1 W an/i) X k3+[(n+1)ujh']”' ()

or upon performing the indicated sum (Gradshieyn & Ryzhik 1975), that

= dar,C, {l + k,rc(l +*3:L!:,) [lanll kR— ;—;—::%Rj_n (74}

To the extent that, awing to the algebraic approximations uscd here, a comparison with
cquation (40) is warranted, equation (74} is virwally identical with it. The voids have been
assumed small in the above, thus &, where it appears in cguation (40), Lecomws the same
thing as &, Equation {74) indicates that in the latice model AL spuns the range from 4n7.Ce
to 4nroCol1 + kure) as k& ranges between values small and large compared with unity (with,
of course 7o always small compared with R). But il &ur. is to be signilicant in any event, and
re yet small compared 1o R, then £.R must be large. The two results ure thus synonymuous.

By this means, therefore, we have established that the higher-order sink correction of the
effective medium moded resides in the total contribution of other than the lowest mode in the
Lattice cigenfunction approach. Our earlicr (Brailsford ef af. 1976) surmise to the contrary was
incorrect, and we here retract it

In retrospect, this now scems obvious. For the wniform production mudel we have examined
here is precisely that investigated by Bullough & Perrin (1g71). [t can be solved divectly
without any recourse to the vigenfunction expansion. Since the ellective medium method was
shown (Brailsford ef al. 1976) to yield the same limits as this divect solution, wnd the cigen-
functions form a complete orthonormal set, any dillerences of this method lrom the direct
sotution could only have arisen because insufficient such functions were includud in the analysis.
This is the sole reasun wlhy the zero-order result in equation (72) is incomplete. That it is,
while incorrect in detail, as good as it is, is solely a consequence of the aear uniformity (Ham
1958) of ¥y (r) over must of the matrix region within the cell, when re € R For with spatially
uniform defect production, 4, thereby projects out most of the driving termi on the system.
And with this, the zero-order result follows. The higher-order modes account for what still
remains, in the way we have indicated.

At this juncture, we can now return briclly to the macter of time-dependent defect produc-
tion. We indicated in §3(8i) that if one mode were to dominate the sums, then the void sink
strength would Le independent of this time dependence, To the exient that the Jowest-order
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void sink steength is aduguate, we sec that this sitwtion does prevail. 1t s in the higher-order
correctivn that sudh dependence witl show up, therefore, in the manner pres ribed by couation
{56} Each case must then be Gken on its own merits, with allowance, in generad, for time-
and possible space-dependent generation (Mansur of al. 1y8o) as wellt. But o cxplure this
topic in detail would take us o far aickl. We shull leave the matter with the clabm that the
, and the elfeetive medivm approach for the random array,
lhave been shown 0 yield the sanmie void sink strength when the production rate varies slowly
on u time scale (DAF)-1, tor either interstitinls or vacancies. This but substantiows an varlier
surtuise on this subject by one of us (Braiblurd 1976). 1t is also in agreeme:atd with an inde-
pendent later observation by Goscle (1978).

eigenfunction method for the attice

(i) The role of *other’ sinks

I the ellective medium approach it is abundantly clear that sinks of a 1ype other than that
of the one comsidered must be taken into account. In the preceding subsection we have shown,
abwo, that il these other sinks are incurporated in the average manner there used, the sane
conclusion follows. Yet it should be clearly nnderstood that the nature of the approximation
jnvolved in these two cases is not the same. In the effective mediam approach, the use of a
continuum sink luss rate is conscquent upon ensemble averaging. In the lattice model, on die
other hand, it merely represents an attempl, in an approximate way, 1o nimic the cilect of
sink surfiuces, in an otherwise sink-free vegion, by dispersing a uniferm loss rate term (namely
Dic) homegencously within it Clearly, the mativativas in the two approaches are different.

It would be pleasing il the distinction between the two approaches could simply be dis-
regarded, as many previous investigators have o fact done. But obviously this is wrong in
principle. If there is more than one sink type, it must be present in the basic lattice cell. Other-
wise, how could the structure possibly have the periodivity asumed ? Thete is, then, no alier-
native but 1o confront the issee.

Undortunately, the problem posed by considering long straighit dislocations srranged abous
one void appears 0 be about the most diticult task of this type one could envisage. First, the
spherical symmutey is lost. Sccondly, how does one handle the internal stress ticld properly ?
U seems propitious 1o start elsewhere,

In situations like this, it is often uscful to complicate purpostly a simple proldem, of which
the solution has already been obtained. "This is the line we shall follow here. A simple cubic
lattive of voids, alone, is comidered (see figure 1), But instead of reganding it as simply a
Bravuis lattice with spacing g, we shall view it now as having a lattice conitant 3a and a basis
comprised of 27 atoms per unit cell. Our Wigner-Scitz sphere, therefore, beve has a radios Ky
given by

Ry = (3. V. /4x)} (18}

where 8, = 2T and Ko = &2, i latter heing as before. Olbviously, whether we clect to view the
Fattice in this more complicated way or not has 1o be immaterial. The void sink strength mast
be the same?

1 Uhie generalization for spatib dependence is weiviab, I place of K, simply read L. K, 8) y tr} dV.
. . -
3 Our analysis shows, however, iat the assertion by Gasele (o), that ahie digher-onder cormections bave
wothio 1o du with she overlap of dfusion ields, i inconece,
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Let us then focus attention on all the voids in the loger cell and redetermine the sink strengeh.
The lowest-order resolt will suflice, so we concentrite exclusively on the cigenfunction.

We can proceed in two ways once we have paid heed to how the sink strength is defined in
our rate theory, Note that in equation (12), the sink strength is, by defiaition, the sum of that
for all sinks of the s
the question at hand and simply assert that the strengih for each is the same. Thus, the void

1e type located within the coll. Thus we may, it we wish, partially beg
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Fioukr t. A simple cubic void fattice. The Boundaries of o cell contiining 27 voids
per wnit coll are indicated,

sink strengeh as it appears in the rate theory is &2 = p A%, where £ s the sink strength that
we compute for any one of them. Obviously, the central one is the simplest, and we will Took
at that. For this purpose, then, suppose we simply adopt the procedure of others and now dis-
regard the presence of the other voids. The further analysis hecomes trivial, for the only change
is that of a variable; R is replaced by Ry, Hence we can immediately extract from equation
{75) the form for £2 with the result that

k= "c-(ﬂ'r/‘r‘): = ';,"/Rs_ (1)

This result ix the same as that obtained previously.
However, by this process of negleeting the other sinks, we have in fact produced @ comedly
of errors that have simply cancelled out each other in (he end. We hall demonstrate this by
looking al the physical quantities invelved, particularly their dependence npon the cell radius.

Consider first the steady state flux, at the void surface. From equations (530) and {(68) {the
Iatter with A > 0], this is seen to be proportonal to the cube of (the cell radins, Thus the flux

10 the same eentral void is sopposed o be ae times larger with the Lairger cell than with the
smaller. This is nonsense! Next ook wt the concentration at the cell howrndarvy, With the aid
of the cquations already referred to, and equations (#1), (62) and (66), this 1w is proportional
to the enbe of the cell radius. Hence the coneentration at the onter houndary s similarly
supposed 10 he se times larger with the larger coll than with the smaller ene. This cannot Ihe,
for the former is obtained by simply stacking the latter in a bunch, and they cacte duplicate

one amother. Clearty, then, the error is onc of seale. Botly the Tuxc and the concentrtion are
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incorrect by the same Factort. It is only becanse the sink strength involves the ratie of ux to
volume integral of the concentration that the correct result was finally obuained.
[is obvions that this method of neglecting the other sinks in the cell, relying as it docs npon
the cancellanion of large crrors, is not to be trusted. We now develop an alternative approach.
The cigenfunction method of §3 (A1) is legitimate for both large and small cells. I is e
eigenfunctions of ecquation (1) ¢f szq. that arc inappropriate. What is needed tor the problem
at hamd are new eigenfunctions, ¢,(r}, that are the solutions of

Vi +phd, = 0, (77)

sulyject ta the conditions that (i) the Mux at the eell boundary vanish, and (ii) that ¢, be zero
at every internal sink sirface, Apart from the central void surface, there are ne—1 (= 26,
other such seefiees, These coirespond to the six voids centred at a (1) positions, the twelve
ata 2h{110) and the eight at g B111),

Problems of the same general character are encountered in neutron scattering ofl vucled,
and there the analysis is well developed (Goldbereger & Scitz 1947). We shall adapt this treat-
ment 1o the case at and.,

The starting point is the observation that, in the single void problem, the lowest cigenfunction
is of the form ¢

Yo~ a (t—r./fr) (7H)

when r /R < L The quantity a_pr is, by definition, the coeflicienmt of { —») 1. Thus i, is also
the solution off
Vi, = dma_r 8(r) (mm

it we consider afl space within the cell and choose to stipulate thit fo(r.) vanishes onby Later,
That option is open. Now itis to he expected that gy(r) will have the character of ¢, hut now
near erery voul, Thus, in place of equation {77) and its asseciated boundary conditions, we can
cqually well ook for sulutions of

Viby + Hihe = dma . ? d(r-r) (kM

as far as the Jowest cigenfunction is concerned. Here r, denotes the location of the centre of
the voidl fabelled { (with £ = 1,2, 0, 268) and @ yre is sow the coellicient of {—7)7" in an
expansion of ¢,0r) at small 7. By convention, { = 0 will coreespond o the central void which,
to link npwith what has gone hetine, we shall treat os o finiowe abject. Apact from this, cguation
(507 s 1o be solved over gl space hetween central voild and cefl boundaries, The S-haactons
adveady awconnt o the presenee of the resnaining voids.

To this poiut, boah the equation itself and its associated boundary conditions have only
cubic symmetry. Uhe Wigner-Seitz procedore correspones to replacing the true environment
by a spherically syemmetric ene. We use the same approximation here, Fhe enliic cell onter
boundary is replaced by a sphere of radios By and the angular average of equation (80} s
perfornud. Tu this way we obtain

1d ,dé
g2

m
- N ] - AL -
aar a0 Higde = a7, L3 d(r—a,). . (81)

o

t Adlireor solution of the probdem, with reconrse 1o the cigenfinction expansion being avaided, viclds e
s conae hoson,
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Here o, which can assume the values 1, 2 or 8, is the shell number, g, is the distance of the
shiell & Trom the otiging and a, s the number of voids on cach shell. “Chus, i we label the shells
successively by the numbers 1o 3 moving outwards, a, = aat, while v, = 4, gy ~ 42 and
u, = 8. In obtaining cquation (81) we have used the faet that
slr—n) = (rfsin 0) 7 d(r =) 80— 6) 8055 40, (82)

in spherical coordinates, v, &) and ¢y having their usoal significance in tis system. On general
grounds we know that ¢, will be an s-state, as implied by the form of equation. (81).

Lquation (#1) can he solved readily as it stands. The detail engendered by the three distinet
g-finctions serves only o mash the central ssue. None of the physics vssential o us is Just
if we now voaleser the three shells and simply assert that g, = 1, {or all o. Hencelorth, thee-
fore, we shall suppose that the right-hand side of equativn (81) s been replaced by
(1~ 1){a_y1/r8) 3 —14).

For 1o < r <1, and ry < r < &y the S-function so uhtaincd contrilates nothing w the
equation. ‘The solutions in these regions are, respeetively,

Palr) = (@_yfpar)sin pylr—roh {s3)
and dalr) = (B/r)[poRo cos py(Ry—r)—sin py(Ku~r)]- (B4)
In the inner region ¢, has been chosen to vanish atr = r, as requiced, and its cocfficient satishies
the prescription for a_y. The derivative of g in equation (84) vanishes atr = K.

The 8-function at 7 = r, introduces a discontinuity into the derivative of ¢y at this point.
Multiplying the simplified version of equation (81) by r® and integrating between 1, —¢ and
1, + ¢ lead to the following

[

as € — 0. Thus the condition that @g{r) itsell be continuous at r = 7y yields a relation between
B and a_,, whercas cquation (85), being then homogeneous in @ ), becomes a relution fron
which the cigenvalue ¢ is to be obtained. -

The result of these manipulations is that

sin py(ry — 1)

B="2 :
e oty €08 py(Ry — 1y} —sin (R, - o)

(86)
and, afier some alyebra, that

sin pig{p — 1) — py Ry c0s gty (Ry— 1) = Eire— 1) rofry) [Ha Ry cos po(Ry—ry) —sin Folfu—rd)].
(37)

Comparison of the last result with Hum's analysis (Appendix A, equation (A B}), shows that
they are the same when g = 1, s they must be, We see irom Appendix A, that the lowest
cigenvalue is such that go Ry € 1, il 7, € Ry, It then follows by an expansion of equation (¥7)
that

u = Ingr /R = AL (8)

The lowest cigenvalue is unchanged. 1t is not a factor of xe smalier with the larger cell, as the
neglect of other ccll sinks would erroncously indicate.
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It tihes a bew more lengthy but straghdorwand algebraic steps 1o compute the void sink
steength by iy aethod. We shall simply indicate wihat these are and onnt the details, Fiest,
a s determinad by the novinitlicitaen condition, j',-ua,iﬁdV = 1, and cyuation {36). Lhen
the flax o the contral voil s computed, henee allowing evaluation of A2 The llux w vach void
is the sawe, beeause the construction of equation (80} unplies that cach has the same kol
envitonment. This 42 < # A2 s here deduced. The ond result of all this analysis is @ rederi-
vation of eqquation (72), but now by a correct line of reasouing. The vther sinks in the karger
coll haye been inchaded. “

Fhere are several phiysical chiecks on this that are worth emphasis. First, it removes a Llatant
incoisistency which the neglect of other sinks introduces. This is Lrought to dight by comparing
the pate thewry, vaquation (1), aud the detailed solulion within the cell, equation (50}, for
anitorn detect produetion. When we take cognizance of all the stmplifying physical assumptions
approprine o the preseut analysis {i.e. ne intrinsic recombination or thermal cmission, one
type o sink unly, and Hy il Segled ted, of voarse) the fullowing emerges. The volume average,
¢y, approaches stealy stie with a characteristic time (DA according 1o rate theory. On
e other hand, the cigendfun tion approach, when the Jowest mode is dominaat, indicates that
at cach point in e cadl the characteristic time approaches (DER Y, when: here the cigenvalue
hus been denoted by £ 10 emplasize that it is for any cell size, With or¢ void only per unit
cell, there is o problem, for then £ = A} = A2 Both times are the same. Cunsider now the
Fargger cell, B the cennral void alone is considered in linding the cigenvalue, then the cigenvalue
is a factor of me smaller, while the void sink strength is unchanged. Thus we get the abswrd
yesult that the volume average of a lunction varies with time at a ditferont vate from that ut
which its vahue at cach point in space does! The vorreet cigenvalue, tquation (38), which
acvounts for all sinks in the coll, removes this contracliction,

Liudeed, this may provide a «heck pu the comsistency of other sink strength problems thal
wight arise in the future, For if one sorts through the details, it turns cut gt provided the
lwest mode dominates the sink strength, the latwer s independent of the cigenvalue provided
ouly that the cigenvalue is small (e £, Ky <€ 1 in vur case). Thus, if the siuk strength (1o
fowest arder) is determined in any model, it must agree with the lowest cigenvalue predicied
by the same model.

The remaining physical checks on the above analysis relate w the flux o the central void
andl o the vidue of the concentration at the cell bonudary. These are fomil 10 be exactly the
samne respective of celt size, This must be so, of course, il the array is periodic.

With this acquired perspective on the Goldberger-Seitz ethod, we now wish to back-track -

& litde and re-examine the solated void probiem alvesh, We have two parpuoses inomind. One
is the miatter of smearing out the other sinks in the cell, as done by Bullcugh & Pevrin (1971).
This has still o be resubved, Fhe other is that we shabl Luter need 10 krow how w deal with
voids when we discuss the dislocation sink stromgdh in §4.

Lu the Wiguer=Seils appruxination, the concentrativn, ¢, within the coll of vadius N, is to
satisfy
‘g d‘:* (ﬂt:_‘r)u' -0, n<T<R (89}

This is trivial to solve exactly

=
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The concentration at the celt boundary is therefore
(R) = KR/ 3y, (91)
provided re € R Thus ¢fr) is, in this approximation, also a salution of
DV K = Danr 80 R (RL]

where the range of r is unrestricted (boundary conditions being imposed Luer). But within
the coll, ¢(r) is virwally constant except near # = ro. Thus, we suspret, it should not matter
whether we wse c{R) or the focal value ¢(r) in the right-hand side of eqption (92). 1t ought
lead ultimately only 1o errors of order ro/R al most.
In the context, again, of the multi-void ecll, one can now repeat the void sink strength
analysis based upon the aliove conjecture. That is, one solves pot equation (80), but
DY)+ K = dare 3 Ar )] De(r). {u3)
1
The conjecture is that to lowest order in ref/R it should make no diflerence. Indeed, i one
[Hlows all the steps given beforet, it is possible to show that, to this order, it does not.
Suppuse, finally, we replaced the Factor in square brackets in equation (93) by its volume
dverage: [4nre B 8(r—r)lay = 4nr Colnte = 1) /0 {94)
i
Then the spherically symmetric solution of equation (93) would be exactly the same as the
steady state solution ol equation (42}, but now with A2 = drr. Cofne ~ 1) /., We already know
this from equation (1) ef seg! In particular, the lowest cigenvalue for the large cell, but with
the spatially ‘smearcd-out’ voids {via equation (94)), is

ne—1

AY = dnr C,

(95)

hy virtue of cquation (64). Whence, upon substituting for £}, we obtain the by now familiar
resutt for the cigenvalue, which is the same thing as the sink strength (s we have proved above},
to the order of r/R of current interest,

©

This closes the argument for substantiating the Bullough- Perrin averaging procedure for
other sinks, as far as we are able to prove it. We have shown that it is exact when the other
sinks are voids themselves, and when only the lowest-order void sink strength is considered.
The agreement in the higher-order correction with the ellective medium result sugeests that
it may have wider applicability, but the proof cludes us. The extension to other sink types suclt
as clislocalions can only be answered by asking any detractors a question, Namely, if it is
applicable to one type of sink, why not alse to animher? Faced with the contingency of having
to incorporate these other sinks somehow, of which by now, it is hoped, the reader is convineed,
there seems currently no togical alternative il lattice models are to be used at all in the void
sink strength problem.

4. THE SINK STRENGTH OF DISLOCATIONS
Any discussion of dislocation sink strengths brings to prominene one of the central probiems
in the whole ficld. Namely, liow are internal stress fields to be handled properly ? In neither

periodic arrays nor random configurations is the answer known completely. Only the hybrid

t The central void 1 considered as before. The approximate scheae of couation (91) is intended only for the
26 otlser voids,
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mudel defined in §2(c) has been analysed exactly (Heald & Speight 1g75). This model may
partly evade one issuc by definition. For, by invoking an infinite sink strength external to the
domain investigated at the microscopic level, the influence of external dislocations will, to
some extentt, be rendered impotent. In the cases to be discussed, the matter is simply avoided.
The ruse used is the introchaction of a local capture radius concept extracted from an analysis
of an isolated dislocation in an otherwise sink-free body. Qnite clearly, this is a further abstrac-
tion which vught o be avoided i at all possible, I is unfbrienate that, it sometimes appears
impossible to make progress without it. This is the only excuse we will offer for using it where
we do, though we can in one case justify it.

The organization of this scetion parallels the preceding one. Thus part (a) is concerned with
random sink arrays, and part (8} with dislocation-void lattices, both when e dislocation—
point defeet size eflect interaction alone is considered. Consequences of the stress-induced
ineracton are discussed briefly in part ().

effective
medivm

Frinur 2. 'The grometry for a dislocation, plis its matrix enviromaent, in the cffeetive mediom.

(a) Random arrays
To compute the disdocation sink strength, we need the ensemble-average of the flux to any
onealislocation. As in the void problen, the flux is not computed conliguration ry eonfiguration
el then averaged. We use, instead, the concept of an effective medinm again, One dislocation,
ples its surreunding sink-free region, is embedded o the medivm itsell. As we shall sce, the
crncial gquestion evolves into deciding how Targe this sink-free region actually is. For now we
will lcave the matter open,

Fhe size effect interaction of a point defeet a radial distance r from e axis of an infinitely
long, straight, edge dislocation is expressed by the energy per unit Iength, %, where (Cottrell &
Bilby 1949}

= (Ghfryvesinf/r). (94)

Here # is the angle between the pesition 5 of the point defect and tle Burgers vector, b, v is
the volume of the spherical inclasion representing the defeet, e the relasation volume strain
associated with it and € is the shiear modutus, Thus, when the ellietive medinm method is

adapted 1 the distocation problem we are confronted by the fllowing cepration for the con-
condration, ¢

Vi (1 kT grad eoprad E- 05— R)ry KfD = 0, {07)

The Afunction weed here is defined w be zero when its argument is negative and unity other-
wise, £ represents the radial distance 1w the matrix-mediom boundary, as shown in ligure 2,
Note abso, that breanse the angular average of £ is 2ero, only the interaction with the central
dislacition appears in this model.
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Since thermal eiission is being ignored, equation (97) must be solved subject o the con-
ditions c{r,} = 0, where ryis the distocation core radius, and ¢(20) be bounded. We have been

unsuccessful in o scarch for even an approximate sofution uuless £, = ry. When this s the
case, we procecd as lollows. Ler (Ham 1959)

(1) = Cq+g{r)c BT, F . ()
where ¢, = K/ DA® us before, Thuen ¢ 1must salisly .
10 oy, 1@ (12 ) 7 uo
i which L = GbVefnky T, {1um)
subject tu the conditions g2 as rw ] ' (o)
and Blry) = —o, cHheargnier,

“Fo curtail the analysis as much as possible we shadl now appeisd Wt suliions oy losel- Hhed
problems (Haw 1938, Heuld & Speight 1975). These shuw that the greatest tontributian o
the current comes from the cylindrically symmeuric part ol the solution to cquations sucli as
(09) et seqt. We denote this by §. Thus, ¢ must satisly

with Ploo) = 0 ] (103)
and Plrg) = —co L(Lf21,).

Here 4, 18 the Bessel function of order zero and imaginary argument: the last vesult fulluws
frorn use of the generating lunction {Morse & Frshbach 1953)-
We can construct an approximate sodution of cquation (102) by noting that, for r < (L/26)3,

- the dislocation stress field effects are more important i losses 1o sinks in the medium, whetcas

for values of r greater than (L/2k)E exacily the convenc obitains {Biailsford & Bullough 1970).
T'he approximaie sulution} is therelore (Brailstord & Bullough, 1976}

P = AKGkr), ¢ > (L)Y, (1)
and 3 & BLL/2r) +CKy(Lf2r), ¢ < L{H)L, (105}

wliere K, is the zero-order Bessel funciion of the sccond kind aund imaginary argument. We
then make @ and its derivative continuous at r = {L/2h)4, and abo impose the second ol
equatiuns (103) 1o find the constants A, B angd €. Only A is needad here, so thus alone will be
given . e _ .
2K} (L7 2r} Ki(B) + Kol Ly 2r) h(B)] — KulLf 2n)
PO {107)
PR () K ()
the lust step following because {[Tcald & Speight t975) L/2r, » 1 'The parameter # s given
by # = (RL72)k (The Wronksian rclation {Morse & Feshbach 1g953) bas been used 1w obtain
equation (106)).

(1u6)

t ‘The precise condition here is that thl 28 e sinall comared with oaity.
3 Additiongd matlicmatical detaily can be camacted fron Braibstord & Buliough (1976).
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From vquations (98) and (104) we may write the spherically symmeinie part of the concen-
tration at lurge 7 as
e(r) x e f1 4 (A YR 2 K(dn)]s o> (L)L (10%)
Evidently, this rapidly tends we, us 7 > 00, Using it, we compute the surlace integral ol the
flux crussing the surbaee ¢ = (L/2)), Denoting this by Jyy we have

Jy = —2aD4, {yum

per unit leagth of distocion. Al since our nathematical approximaions correspond to the
neglect of other than fow o the distocation, when r < (L72k)8, s 1 oust abo be the tlow 1w
the Lutter. Moreover, again tor a Lirge volume, the volume average of ¢ 35 just £,,. Thus we can
now evaluate equation (2) to tind the dislucation sink strength, A1 W hase

Ai = Lompy 2 = (2ndfe)py, (11u)

where gy is the dislocation demity and equation {110) serves to define the bias factor £
(et implying Alectiveonedinm). The Jawer can now be found fron cquation (107). kU is
given by

Zrean. "/Au(ﬁ) (lll)

for # <€ 1, us is usually the case. This result Las been given by us carlier (Braildord & Bullough
1976), although poiut defect gencration was not there included, Evidently this omissivn makes
o difference, if the ellrctive medium is eunsidercd 10 extend inwards all the way to the dis-
location coret.

Lquation (111) subsumes succintly the combined effeces of the dislocution-point dofect
interavtion and the influence of other sinks. 1 there are only dislocations and voids present,
then A2 = A2+ 4%, Thas ¢ becomas

B~ (D = {JLuts 2mp ). (112)

Egguation (111) is in reality, therclore, a transcendental relation frem which 2= must sill
Le determined. We shall postpone that determination. For now we wish only to note that
Zrms depends upon L, the ineraction strength, This, belug ditfeeont for interstitials and
vacigcies, will ultimately tequire the addition of the subseripts § or v w Zes,

We think all would agree that even though we have pruned the denvation of 2% down 1o
its Lrarest essentials, it remains complicated nevertheless, The question arises whether a simpler
physical model could duplicate the essential result. The answer is that there is indeed one such;
i was presented by us several yeans agod. The central idea bs 1o mimic the internal stress eflect
iy considering ditlasion iu u stress-fiee environment, but with the final jump of the defect, as
it coters the dislucation core, being enlianced appropristely wits chnacter, The carliest
application (Brailsford & Bollough 197:2e) was 1o the 29" values for bolaled dislocation
loops, values for straight distocation lines being inferred by extrapolation, Since then, the
straight dislovation problem has been analysed divecily by this methoo {Brailsford ef of. 14976),
with other sinks incorpurated as well, The resubt obtained was

(£ ) o = 209/[V + nK (k)] (1)

t Brailsfued & Bullongh (o436} intoduced the notcadaiare ol o paeadu-etieoive’ mediom. I implies a

u::;:::]":h:lilu ion whiew all that is n-_..ll; invulved is i nuathiciatical approximation Henceloniby we shall discard

3 The argument presented by Nichols (1g788% lor discanding noas o nomeguadur,

14-2
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for kry < 1. Here g is o factor deseribing the enbanc cment of the final jump of the defect npon
enterinig the dislocation core. Inasmuch ws Kfdr,) is lurge, coation (813) s virtually inde-
pendent of this quantity. Souch'gross behaviour is consistent. (in essence) with eguation (111),
because the dependence of Ay upon its arganeent is Jograrithmic, Indeed, if we consider only
this lunetional dependence, we sec that whereas 200 ~ 2r/ln (2/AL), (Zem) ~ 2nfin
(1/Arg). At the same time, we have cxposed one dfidiency of e approach,. Namely that dwe
absolute value of the mude Z will be too small, hrcanse 1./ 2r excecds unity. Consequently,

model

il the madel is to be used, it appears safest o use it for determining the rativ of bias factors of

interstitials to vacancies rather than absolute values, This is the recourse exploned in e
detait in Brailsford of al. (1976 and Brailsford & Bullough (19761, For such ratios, the model
15 shown (o e adeguate,

eleetive sunlom

madrix

Fusure 3. The grometry envisaged for the capure radius miodel.

We now turn to the vexing question of the extent of the matrix region that should be con-
sidered to surround each dislocation. In the void problein it was possible to demonstrate
direetly that such a region was of negligible significance. Here we have simply assmed that
this is the case and proreeded from there. Further, we cannot establish the point in like Fashion,
because we have not yet discovered a method of solvingt equation (87) for athitrary B, Some

acceptable simplification seems warranted.

The alternative approach we shall adopt is the capture riddius concept introduced by Ham
{1959). His analysis of the flow of defects to an isolated dislocation tasteated that 1he ellect
of the siress ficld on the defect could be simulated by stress-free diffusion (o an ideal concentric
cylindrical sink of radius here denoted by 5. Ham's wesult for vy iy

e = (L/4)ev, {(114)

where y == 0.5772 is Euler’s constant. We shall use this idea below, but not in the precise form

Ham advocates, With point defect generation taking place, one has defects being formed

wethin the sink if the notion is adopted directly. We find it simpler, instead, to convisage the
defect il
Dy, Obviously, this achieves the sume physical end. The zero concentration houndary condition
may then he applicd at the core radins, rg, exartly as befure,

vity within the capture radius as being fietitiously Lirge at some “internal” value

+ Numerical methods always exist, of course, but these sevm to us a nifle Draconian for resulving sueh a
qualitative point,

]
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Thus, as a simulation of the solutivn of equation (97), we consider the system illustrated
schematically in figure 3, In the interal region,

d ,'Jf)ut:u, {15)
rdre s
and rlsewhere,
Ddfde N . .
“r-a;(r(—l;)gﬂ.{ (7r—~R)c+ K = 0. {f10)
The solution in the three regtons therefore has the form
LY T
o T T 1 T Tt
4‘“.(1 i —HAln ~ rear, (1t7)
K BD oy
¢ —Z”(r —r,)--bfln o ner <R, (118}
andd
K BD; R Kolkr)
s e (RE—f g T n 22 e L 1y
o, ”)(R, )+ 17 In o ‘,]K“(“\,I}, r > Ry, {tiy)

once /D bas been assumed negligible, To curtail the equations, all borndary conditions
liave been satishied in the above except that of the continuity of flux at r = R,. This determines
the canstant K

BDy _ [Ee, + (K/4D) (RE- 2]+ KRY2D .
'Fi" \ U e (R /ra) } (120)
where = kR K (AR /Ky(AR)), (121}

The nextsiep fottows the established rontine. We compute the flux at r, and henee determine
A5 vinequation {25), whence
{122}

., h,

o= 2apy D) Kr}
r Path H
Ry = —— [IH 31’)1]'

Now note that Bin equation (120) conlains ¢, as a parameter. By inspedtion of equation (116)
1his is seen to he e, = K/IH2, and therefore also dependent upon AL We shall take it that
voids are the only other sinks present, For itlustration; thus &% = A3 1 &2 Consequently, equation
(122} can be rearranged as follows, afler sume algebrea

E‘z! o Leme WE’E{E.*:_“H_’fHJE rz) ¢ ”-__.M_ (123
mMo AV RYRE LI (R ) - (R R -

where the new length, R, appraring in the above is defined hy £ = (mpy) 4 Terms of order
1i/r3 have heen dropped. The letters attached o Z indicate that it is obtained by the effective
medinm approach, with the use of the capture ralius concept.

Since £ depends upon Z5™-0 0 eadion {123) is alo a transcendentad equation for is
artantity, It can he salved for any R, but belore doing so, it is snoze useful to lave anether
meaninghist physi

seale i which o express it

Soas not (o digress oo Ty feon the main argument, the interested reader s here referred
o Appendis B for details of the next step. The rationale for what is done there is hased upon
the abaervation that the parameter £ is approximately one half the mean distance one must
tavel from 1l dislocation of ineerest hefire encountening another one, (Recall that they are

b presimed to e parallel in alis *random” arrangement.) Tnthe imervening space hetween




1hi A D BRAILSFORD AND R, BULLOLUGIH

dislocations there are voids. Thevelure it makes no sease to aliow e ridius, &), of the siuk-
fice region to aat arbitrarily. Purely un geonetical grounds it must e related o the chanee
of an encounter with a void s o moves outward, This is the basis of the moddd developed
in Appendix B, where we show that a- more pertinent variable is the void conceatragon.
Spedifically, we relate £, w0 Cy us follows

[('u)l—'—--rc ! (124
ST Il
where I'(2) is the gamma-functivn (Jahnke et al. 1460}, In this wily we can transivrm the

initial guestion of how large is &, compared with K into the more mcaninghul vne of the vari-
ation of Zeme with an appropriste measure of sink oumber dewsity ratiost,

phich

Sh

Fems.

0 1
LXCTAL

Fioune 4, The bias factor for an edge distucation, when obtained lron the fFective mediute method, as a lunction

of the extent of the matrix region, ‘The bar indicates the spread derived frum the lattice wodel; full line for
rJR = 001, broket Nne fur r /R = 0.U2154.

With these mutual prescriptions, the variation of Ze=- obtainied from a nunerical solution
of equation (123) is shown in ligure 4 for two diflerent values of 43 /py, the full curves for
/R = 0.01, a5 an example. The variation in 27 is modest as long as B, is about one halt
the mean dislocation spacing o less, ireespective of whethier une includes point defect losses
10 voids or not. For reference, the marker in the figure also gives the spread (of different origin)
that is later derived for lattice models. The two are thus seen w be comparable. The upper
abscissa exhibits the variation of Zewe a3 it i reflected in the geometrical constraint of the
voids being present, Here we note simply that, il pg = 10 % and Cc = 10M m~? then
Asch = 1.

What we personally conclude from all this is that it is best 0 furget the entire mauer and
regard the Z as empirical parameters to be obtained from the analysis of experiment. The
notion of parallel, infinitely long, and straight dislocations is o far removed (rom the complex
networks actudlly observed that all the analysis of this section so far serves vuly to rationalize
the notion that effective Z exist. Yet others diller, we realize. For their benetit, therefore, we
add the following: cxtending the efiective medium o the core boundary will not be signifi-
cantly in error if in reality R, is less than about 0.6R. If it is greater than this, all manner of

t Note that AR, = R/ el R[22+ (#%/pa1k Thus both sink density ratios and sink strength ration appear.

THE THEORY OF SINK STRENGTIS 117

cotphicatiuns may arise. We duve ilustrated one s i ligure 4. Presupie we start from a
conclition where gy = 108 e aud € - 102 3 and, s e irradistion | roceeds, teach a
point where huth ok theae increase by an order of magnitude, (This was suggested Ly inspection
of suine experimental olsersations Hudsun et al. 1g71).) We thus sepeat the determination

of 20w ith the new parameter set, which yields the broken line in ligure b Presuming the

void siok strengil is indtally small, T ends at A2 = py, (because the void radius increases),
thus Leads to an excursion of Z as indicated by the arrow in the figure, Though this is small
when comparcd with the inciease i gy, €, and &% thewselves, believers in e idealized geo-
metry considered here showld ke note. We hawve therelure, at this stage, expused our own
view point, yro also, as vigorously ws possible, considered the alternative. Witle that, we shall
let this matier vest for the momneas.

- . L]

Frauke 5 An idvalized mixed dislocation and void laice.

{b) A lattice model

It s important it the weader shoskd not be misled into beli ving that sl the features we
have discussed for paradlel dislocations in a random aray ase preuliar w this randomness.
For this reason we shall heee comider a periodic dislocation airangement. Since we are in-

terestedd in void swelling and not strain-ageing, for ovanple, we must alse invorporate these
sitks, Otherwise our moded canuot Gl space. Thus we vansider a case where these toeo are
tocated peiodically. This mixed latice is shown in figwe 5. The precise groweiry, however,
is imwaterial, We wish simply o convey @ notion wnd nothiny more,

The livst problem cnconntered withe any sach model is the determination of the stress at
cach point in space within one el The interadtion eneygy, cquation (93), is long ranged,
The result must vary Tom one lattice stractare to another. Tu our kuowledge, no-oue hus
properdy comsidered the matter, Nov shall we, Tistead, we inmmediately reort 1o the capture
ridius maodel.

Fhe second proldem is Tow o bandle the voids. 1 they are small, these van be deade with
by wur extension of the Goldberger Seits approach, which was given in 3 We assume this
e b e case.

g
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Thus, o compute the flux to the central dislocation we start from the cquation for each cell
divj+4nr, DL 8(r-r)cir}— K = 0, {§25)
[]
The void distribution along (he direction parallel wr the dislocation axis {the zudirection) is

taken to he periodic with spacing @, We first average over an interval z of this Tenizth, sym-
metrically disposed relative to the voids. In cylindrical coordinates

Br-r) = ;";a(r-nr,)a(a-o,)a(z-:,). {126)

Thercfore this process Ieads to
n,"f(livj dz—- K4 (Hrr, Dfa) X "8 —n) 8t ~t)c(r, &, 2} - 0. (127)
i

Without writing out all the defails, one can appreciate that the flus along the z-direction will

,
give no contribution to the integral. In te remaining components, since they are liear in .
we can simply take the integral as done, if ¢ is replaced by its z-average, & The ftabel in the
sum is compound, running over all void sites in one plane and over cach plane in the z-dirce-
ton, namely I = (&, 4], where pimplies sites in one plane. [1is assumed that

Lelnd, z) = nilr, 0), (128)

2
where n, is the number of void planes per cell. Consequently equation (127) evolves into
-

div j, ~ K + (427 n,D/a,) tE""l Slr—r,) 80 -0,) é(r, 0) = 0, {129)

where the p suffix on f denotes the planar component.

Fhe sole purpase of these manipulations, of course, is 1o change the problem from one
involving point sinks to one involving *tube® sinks, with the conrect strength. We make no
other claim for it than that, Now we incorporate the captare rading concept explicitly aned use
the Wigner-Seitz approximation to get the following problemt;

19 2 1 . ‘
'(;ﬁrﬁ'*ﬁa_(ﬁ)‘+ﬁ=n’ Ty €T < Ty {130)

and

19 & 1 B .
;ﬁ;rﬁ,"',—zmﬁ*("mv"c/a!) lt'"' r—r) 8O- cr K20, 1y cr< R (131)

where again R = {rp,)" L. The tilde on «, and the suffix on £, have been dropped now that the
two-dimensional nature of the problem has been made clear.

Exidently, we are still not out of the woods, bec: of the angular dependence of the void
sink term. But since all boundarics have full circular symmetry, and only the c-component of
this symmetry contributes to the Bux, it is reasonable 10 suppose that this sink term may, W a
first approximation, be veplaced hy its angular averaget. Then only radial $-functions corre-
sponding 1o the dilferent void shells remain. The final simplification is thus obvious: collapse

¥ Naturally it ts assumed that the voids lic outside the capture radius. Otherwise it is difficult 10 ser how they
condd ever dorm in (his mecle],

1 A difficult but more rigarous procedure would be 10 expand the sink term and eoncentration in trigono-

metric sericy and solve the couphed s of partiat differential rquations which ensue.
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all ahells into a single wnit and investigate the consequences, This, in fact, is what we shall
dos first.
Tl above motivations hiave brought us then to the modcl problem actually solved:

%’%(rg{)+ﬁ=ﬂ, Tg < T < T, {132}
and
b
n [: ‘11‘,’ (, ::":)”;r" J(rmrv)‘]“'x -0, <t <R {133)

where me is the total number of voids within one celt and ry is the single shell radius. We have
exposed the origin of this model at length because we helieve there is a general lack of aware-
ness of what lattice models actually demand. Admittedly our final problem is itself greatly
simplified. But at least it contains all the essential physics of the system, something that the
neglect of voids entirely certainly cannot claim,

The solution of equations (132) and (133} is straightforward but tedious. The two external
bovmdary comlitions are ¢{ry) = 0 and (de/dr), = 0. Interior boundaries are at r, and rv.
Across huth, ¢ must be continuous, while the flux is to be continuous across the first but is to
have & jump discontinuity across the sccond, analogously to equation (85) (but here for two-
dirnensional analysisk. The following describe the intermediate forms when /D » 1

r
LAY . S T I
€= i, {r*—r})—BIn o fg <1 < 1, (134}
__ K w BDy 1 .
€= —ﬁ}(ﬁ—y_)——D— In'—“, Fo < F < Ty, (135}
_ K r ol B8Oy e 130
c‘ﬂjl””";;"'u."_')] —D—[n:, re<r < R {130)

Here 8 is a constant of integration that is determined from the condition

|G, @), Free o v

K [ Rt i=r)
B =-sp, [| FZn.r.ja) In (r‘,/r_}]' (138)

Fram this point en the calealation is rontine. One calculates the flux 1o the dislocation and
evalnates the volume integal of the concentration, The sink strength, &5 == 21V, so deter-

Therefore,

nuned i eventoadly found o Twe obtained from

sl o ALt o R TP T
T IRA) ST (nen fa B TRARE SR I (R ) ) )y by

where BT = (mp) Vas lwlore, In obtaining the above, terms of order #2/r2 have heen dropped
e rerder the result o as simple a form as possible,

I the absenee of voids (e, e = 0} eqnation {39) reduces wa standard resolt (Wiedersich

7o), Voidage eflects are contained in the paramerer a.r.fe, B2, which is the same thing as
I sinee the voids are small. The Dias 21 is plotted as a function of 42/py in figure @ for
o ditferent vatues of 7, Evidently the change in ZM with £/p, is a modest, essentially
Inear, ome in hoth cases.

The Bias ZY azises from limping a1l voids in one lattice el onto asingle shell. A possible

[ Vol gz, A
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alternative approximation scheme is obviously tw smear them out over tae whole cell. This
would be the counterpart of the Bullough- Perrin procedure in the vuid sink strength problem,
where, the dislocations were spatially averaged, The result is not obwvivus, brcause sink strengths
depend upon the ratio of two ficld guantities. There is no recoune but w start anew.

Lo

1u " l i 1 i 1 N l M ¥
[i] [tV4 w4 ue (111 20

&,

Figuke 6. The vaniation of various dislocation bias fuctors with Lhe ratic
of void sink streagus 1o dislocatiun dessity for & = 10,

Thus we revert to equation {125) and simply take the volume average of the fuctor multiplying
¢{r). The result is the new equation

div j+ Dkle(r) ~ K = 0, (14u)

where £ is understood 10 be the lowest-order void sink strengtht. This we solve with the two-

diffusivity model as before, with the same boundary conditions as have been given previously.

The pertinent results are ’
efr) = -;%l(r'—ri)-—ﬂln -::, g <r <ty (141)
and
)~ g+ A ‘1.(&,:)+-,—’c£f(%?—) Kk, n<r<g (142)

where 4 and B are constants. These are determined from the continuity of flux and concen-
tration at r = r,. Such conditions give

BD Kra
—F‘ --—m'v(lﬂtcr.v), (143)
where
v o= ’Q(kerl) Kl (‘;nﬂ) + "l(kc R) Ku('tu’-) l"")
LER K o) =L ke Ky, )’ ¢
and
4.-K Kifk.R) (148)

DI k) Kilk: R) + Lk R) Ko(k,om)'
The limit D;/D % t has been invoked.

1 Strictly, it would make more sense 1o average between 1, and R, but, since 7,/R is taken small comparcd
with unily, the distinction s ignored,
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From these we compute the dishoation sink strengtds A% = ZVop, where the letter ¢ implics
coutinuum voids. Again neglectiug powers of 7§, we now find
gie - k(i 4 Jony)
v -8 RE ¢ 2 £ R
¢ hibr) Koy AR Kyfher)
Lk ) K (R R) + {8 R) Kolber)

(1486)

where

(447)

The bias £ is also shown in figuse 6.

Lt is appacent, therelore, that o master how one cleets Lo disperse the voids within the eell,
the dislocition sink strength is ot siguilicantly dillevent. The bargest ditlerence, in fact, resides
in the Zvalues for a regubar and random aray. Figure 6 illustrates this, 20 is the sink
steength obtained for the latter, by using cquation (111), with L re-cxpre wed in terms of the
captuce radius via couation {114). 1o this the internal stress problem wai handled explicidy
Zrme was obtained by using tie capture radius lrom the outset, equation {123). The result
is for B, = r, in figure 6, These two, 2% and Zewe, cannot be distingu. shed visually. Thus
we may conclude that 1he diflercnce that exists between 298 and Z'=, or example, resides
comptetely in the dillerent distocation distributions 1o which they celate. This 15 BOL SUTprising,
for two-dimensional isolated sinks have no bounded sieady state solutions around them. In
the end this only brings us back to our earlier point. Variations depencent upon geometry
have now been shown to exist, whereas the geometry itsell is a highly idcalized abstraciion.
Resort o experiment seems the only recourse lor determining the dislocation bias parameters
in cach real case.

(¢) Sink strengths with the induced interaction

The induced interaction between o point defect and an edge dislocation has been found o
have impurtant consequences in thedgies of ircadiation creep (Heald & Speight 1974, 19755
Wolter & Ashkin 1975; Bullough & Hayns 1975; Mansur 1979). It arises when a point delect
is conceptualized as a deformable elastic inclusion that distorts in response 1o the combined
cllect of an external stress and the stress due to a dislocarion. The eod rescly is the appearance
of a stress-dependent term, in addition w that given by equation (86), of tic form (Bullough &
Willis 1975)

8E = {Gbovd/ER) sin O]y, (144)

whicre £ is the Young modulus,  is the applied stress, and 4 is aparameter that depends upon
the puint defeet type and upon the orientation of the Burgers vector relative w the exterual
stress axds, The reader is referred to Bullough & Willis (1975) for further details.

‘The mere mention of relative uri('u'lu.liun, of vourse, immuediately raise: a problem. For no-
one kuows how Lo describe adequately reat configurations even in the abs:nce of stress. All we
can do is immediately resort to an abstraction. As before, we align the dislocations along one
dircetion, and then suppose the stress 1o be oricoted normal w it

I tse uthierwise random array, therelore, the ultimate change is only one of the parameter
Lw
L= Lf1+1), {140}

where £ is identical with the form given in eguation (100) and

4 = adfel. (150)
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This compact form subsumes all detaits of defect type and dislocation orientation. Further
anabysis of physical effrets will thevefore Be contained ina maoditied value for 207 for cach
such orientitivn, with the appropriate density of this component. {Of course, to complete the
description, thermal emission processes must also be included.) The quantity 1 is small com-
pared with vnity. Accordingly, Tet us suppose we have just two dislocation types, which we

label by 1 = Lora = 2 Suppose that 5z, denotes the Factionad diange in 250
Ly = ZEm( 4 B, (151

Then, upon expanding equation {111) to first order, we eventually arrive arf

! (Zygm)? u
bz =5 g Bnad + 5001, (152)

where pff? and o are the deosities of the two groups, and A% - Zy™(p 4 pP) + 42 (this is
the sink strength obtiined by ignoting the induced interaction). There is another equation
analogeus to (152) that can be obtaiaed by simply interchanging the labels 1 and 20 Solvi. |
the pair, we find then that

L Ny IR 2 {sn
|1 (M) ) Ak

with 8z, given by interchanging subseripts [ and 2. Much of this complexity cien now he remaoved,

since {Z5*™) @ 4m, and plf? 4 p!P must always be less than A2 The essential result is there-

fore contained in

- [.4, —{Zgm )PP = A /4 W}

m o ZEm V4 (Zpmfan) L), (1ny

with an appropriate label added for each point-defeet type.

Wihen periodie dislocation arrays, and voids, are envisaged as an alterative mathematieal
model, the analysis is Lir more complicated. Tt remaing so even i voids are neglected, and the
long range stress eflects of vther dislocations discarded also. For, of necessity, there minst now
be at least two types of dislocations per unit cell. Nor does the appeal to the captise radiug
model ameliorate the situation. To our knowledge, the problem has not been sobved.

5 THE SINK STRENGTH OF DISLOCATION LOODS

The assignment of sink strengths for dislocation loops is still being actively investigated. Te
would therefore be prenmiture 1o presume that the results given iere in auy sense constitute
the last word. We wish simply to survey the ficld and highlight (he previows methods of attack
that we and others have adepted.

Daoulnless, the simplest approach imaginable is the Last5jump model (Beailsford & Bullongh
tg72) introduced in §4(a). Tt has the virtue alsa of being immediately transformable to a
threc-dimensional problem that s already solved. This step s staictly justifiable for the eflective
medivm approach only, ‘Thus we shall consider again random sink arrays first.

(@) Fffective medinm method
A loop and its sink-free local environment is to be placed in the cllective mehium. Again,
the extent of this sink-fice tegion s unknown. We will assume it such that, if the loop has
rading ry, there is a negligible prolability that any other sink lies within wsphericad volume of

1 Consisteny with cquation (111), itk taken thar (4 I../‘J}‘ is sl ompared with unity.
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rikius m containing the loop as one diameter. Fhis implics, for example, tha $ridCe < 1
The geometry is depicted in figure 7.

With the last-jump model, the problem as outlined may now be transformed to one already
encountercd with the void. For suppose the Hlux at the loop surface is eira, where oy is the
tranfior velocity on the toroidal surface of the loop and ¢ the concenteation there, Then since,

by hypothesis, there are no sinks within the sphere, its value on the Latter must be mrpeen/a.
y hy| » ,

12ral

Friure 7. The geometry investigated for 2 diskucation loap.

This ean he re-expressed as an effective transfer velocity v across 1he spherical boundary as
follows
nr, €

Pogp = — 9 .
it n t(!|] £ 1)

where ofn) is the concentttion on the sphere. Now we refee ik o the analysis of §3, specifi-
cally cuation (38}, The result for this model will here follow i1 we teplace re by 71, € by the
vahime dewsity of loops, and @ by v The resulting sink strength, A7, is then

AP = [2h (L kD )[4+ (0 + RO, (156)

whete = e, Equation (38) s based upon the presumption that the medinm extends
inward to the void surface. Hence the above AT imptics that the effecnve medium stans at the
surlace r o= orp.

T parameter @ appearing in equation (156) is independent of loop size if the radio ¢ fe(rn)
is also. Witheut solving the complete problem, it s

ipossible W say if this is true or not. The
weakness of the [ollowing swrgument resides in our simply assuming it to be true. Should it
be so, this model indicates that, with ry = AD/5, where A s the jump-enbancement Gactor at
the core:

Blpa = 22 20004 [be(n) /rroel]} {157}

for Ary < 1 With ahe assumptions noted, this is independent of loop radins, a result that
initially motivated us (Brailsfind & Bullongh 19724} to infer that the bias factors for the dis-
location network, o geneeal, should e regarded as constants, More recently, one of us {and
colleagaes) (Bullough o2 al. 1979) has explored the eansequences of retaintng tie kr-terms,
assuming & s imlependent of n. 1 s clear feome cgmation (156) that the mashematical finuit,
as Ay ocon s shnply 2y - 20 where the Batter should be the valne obGined earlier for
stoaight disloeationr, This the form sugge

sted (Bullough of al. vg39) for the loop of radius 7 is

L o= 2o e 2o 2001 k) {t5R)
th-y



b=t

[T

134 A D BRAILSFORD AND R BULLOUGH

which varies between the Bamits 2200 £ 4 200 ) wd £, as kryds increased . Sinee VAL IS
us we have seen in §4, this vange is roughly from 6,75 o 1.2, The salicnt aspect ol this var iation
is that it allows oni o rationakize the growth of vacarcy dislocation loops in irvadiated materials.
Iuterested readers inay consult Bullough ef af. {1979) fur details.

‘I'o assess the merit of regarding the concentration ratio as mdq:uuh nt of lvop radius, onc
can avoid Lhe approximation eirely if one is interested in the lowdh-order result only. As
we have puinted out carlier, the specific inclusion of poing defect generation is unm.mrml il
the cffective mediun extends 1o the sink surface. We can simply presciibe a gumml ¢, and
compute the total llux. The volume average of the concentration is always ¢, if we have o
lurge envgh sample volume, Murcover, provided & <€ 1 here, we can also neglect other sinks.
The simphilied problews at hand is then w solve

Vie = v, (159}
subject to the conditions ¢ -» ¢, as 7 -+ 00, and
ocfin = ar /D (160)

on the toroidal surface. This has an electrostatic analugue (Flynn 1972}, Fur we can take ¢
as the counterpart of the potential and 3 /Or as the magnitude of the clectric field at the
surluce of a mesal torus. Thus, we are given that the ‘clectric feld’ is aeo/D, where ¢
is the metal potentiat. But we know that it is also equal to 4x times the 'surface charge’, that is,
10 (e~ 6) [rryry, where Cy is the capacitance of the torus, From this we find ¢

Citn
e 14
Frolon/ D+ C ) e
and hence we can now calculate the total flux 1w the torus and, thereby, the sink strength.
With '

) G = arfIn (8n/r,), (162}
and #, = DA/b as Lefore, we find in this way that

A

4 = 2 Tnfre) X4 bjryin (Brafrg)” (103)

The major diflerences between this result and that for the last jJump model reside vuly in a
modest change of scale and a very slight dependence upun loup radius. Moreover, equation
{143) is restricted to &y € 1, whereas equation (lﬁ&l is not. It ks reasonable then to adopt the
laticr as the best approximation for random arvaysy peading an exact analysis of the stress-
induced drift problem. )

(&) Dislocation loup lattices’

The foregoing has served to substantiate partially the notion that dislocation loups will
mimic three-dimensional sinks to some extent. The higher-order siuk correction appropriate
to lanlices is therefore likely 1o be signilicant. It follows then that cognizance will have to be
taken of voids and straight dislocations. As a first approximation, the Bullough-Perrin con-
tinuum ‘other-sink” procedure is necessary. If and when such is done fur the size effect inter-
action, the induced interaction will need study. A further complication will ensue Lecause
then there will have o be at least two loops per unit cell. These requirenients being fuliilled,
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such a caleulation should be fairly reliable because the stress ficld from a loup, as distinet (rom
that froin a straight dislocation, is quite short ranged. The stress fiekl from foops cxternal w
the coll of interest vught 1o be negligilede,

Some progress towards this goal Las been made and funther work is und:r way (Bullough
et al. 19808}, Suthce it say that these caleulations indicate o bias tr such loups dhat inceeases
with inercasing loup radius; a featine necessary o cxplain observations of la ge vacancy loops
i inadiated materiabs when genuinely neutral sinhs such as voids are not present,

TiE SINK STRENGTH OF GRAIN BOUNDARIES

The main thrust of the present section will be to establish that grain Londaries are sinks
with a vaigue character, namely, that the high

sder sink strength correetions are, for them,
the dowinau source of tir sink-steength, ‘The zero-order result (Damasi & Dicnes 19715
Niclols 19784) is most uften useless. We consider here samples conlaining graing of rundowm
siec, and a grain bucndary Laptice, In both cases internal sinks such as voids and dislocativns
are incoyporated.
{@) Random grains

The analysis of grain boundary sink strengths was performed several years ago (Brailsford
& Bullough 19724), but only recewily have the details been made availuble (Brailiford &
Bullough 1978). The mode! uscd is a natural outgrowth of the effective riedium approach.
One particular grain (assumed spherical) is embedded in a medium charasterized by a wtal
sink strength incorporating the combined eftects of other sinks gnd grain boundaries themselves.
The tlow to the external suilace of the central sink is computed. The total low is composed
of this contiibution and that arising from defect production within the grain isell. To obtain
the lawter, the interior sinks are continuousty disuributed ain the manaer of i Bullough-
Peerin procedure. This last wpic has already beea rationalized for the veid and dislocation
prublems separatcly.

I the present overall context, where thermal emission is being ignored for simplicity, the
probilem evolves into determining the concentration satisfying the follow. ng, for a grain of

radius Ry: Fa e j
) e s ( (lr) ~Dt K =0, 1> Ry (164)
an
Do e . i
'_m_'( :l) Dit, 4K =0, r<Ry {165)

Here £ is the *single-crystal® sink strength, vamely
Ko =K+ (1066)
A =k 4 hg ., {147)
A2, being the grain boundary sink sirength. Equativns (144) and {165) are to be solved subject
10 c{0) and ¢(£) being Bounded, while ¢(8g} = 0.
The interior ad exterior solutions are, rcspc('li\'rly:

while

- _L _ ‘ sinh 4, i
Ty ‘-,l 7 sinh / i_, R (168}
and i
¢ = }:(‘ll—{:!t *"*"-'], r> Ry (1460)
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The volume average of ¢ is again ¢,, = K/DE3, il the saumple volume is Targe, The one tricky
point is deciding exactly what flux o apportion to the grain volume $ai3. Each boundary is,
in reality, fed by two grains, Thus we seet that, per volume ol sre o them, we should take the
arithmetic mean of the fluxes derived from equations (F6K8) and {(t68). The result for the sink
strength, AX(R,}, then follows [rom equation (25) :

2
k(R = 2aR,C, [Af— (koo Rycothk, . By~ 1)+ (1 +4R) |, {17
n.C.

where Cyg is the velume concentration of grains of radius R,.

kR,

Fioune 8, Fhe variation of the grain boundary sink strenpth with the sink steengtly of internal sinks, The full line
is obtained by the effective modium method, the broken line fragn a grain boandary Liniee,

Since A3y, depends upon Ry, for complete generality we would next have to specify the dis-
tribwrtion of grain sizes ta obtain the formal solution of equation (170), Here we shall ignore
this statistical spread and treat 42, as though it referred 16 the mean, Then €, > 3/4n k3,
where now Ry is the mean size, and we drop the Rp-argument of & o Tn this manner, after
some rearrangement, a quadratic equation for &5, £ is oblained from cquation (170 upon
substituting for . 1ts solution is {Bullough e af. 1y80)

£ 2 <3 +4i - ‘E’J!’i{_‘_} + ”7:; Y ‘E”%L)]'

v = 7
—4(fr—a) [3_1_(%%',]‘!,'>/[3 ..gf.ﬂ%)r‘ (1)
where f=acoha, (172)

and a =4k, R, (173)

t Brailsford & Bullough (rg728) and Bullough ¢t af. {1nRo} abtained the same zexull by shightly different
redshibg.
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This funetion viries hetween

whenw 4, Ry o 1 amd Lo

SN E VST ARSI L REE P P 5 (7

[N S (175)
when 4, R, is much greater than woity, The detaibed dependence is illustrated in figore 8
We bt enmment npan it other after sdbysing the grain bounday Tatiee.

(B} Gratn bowndary lattice
Ligine o tattice with the eell borndaries being the grain boundaries of the structure. Now

invohe e Wigner Seitz approsimation. The resufting peallem is one of solving the equatian

L RS B Ty ) {176}
ey s "
sobjeet to Uie combitioms that c0 R} = 0 and that ¢(0) be hounded. “The solution within the cell
centred sm the oripin 3s - " .

! oK R s Ay (1

DAE rosinh A, . R,

Using (177}, we compute the fhas to the grain houneiry originating within the cell, and also
the voliume average of the concentration. From this we olitain the grain bomlary sink strengeh

for the Tattice model via cguabon (25)
A'”',, R k- ¢ Ru "(j_l“' "! v RL’ f__!__ﬁi;& i {I}'H)
BT R VAR L RE - et Ao R AR

This spans the range from &2 15/RS w0 B4, fR, as &, Ry incrcases Trom 260 to Lavge
valnes T, The details are agadn illustrated incbgore 8,

T evident, Brest ol all, hat the two different moslets presented here give vinmally the same
sink strength. Secondly, one canosec that in most practical sttuations the zero-order vesull fie,
thitUlerme in the linich, K, - ) is gresly incorreet. For with typival vadues of the paraneters
invobued (b 2~ BFm D and By s 100 5 A Ry i ol the andey of 200 The approst-
mation {Baillocd & Bullough 1973}

L L b x MRy (1743
s likely o cover most real sitaations,

T, FURTIHER REVIEW OF PAST WORK

In $82 6 we have analysed the problems encommtered indetermining the vite theory sink
stiengths of o dillerent sink types, Here we wish to give some averall perspective of wlad
has been dene, The précis constitntes sulsection ). The secom] ainn is o cover those detals
of pevions wiork that had noonaetual veeler within the previons diseussion. Fhese are considered
i subeccton (A,

{(a) Perspectives

Tao eeneral Hues of attack have been Formolated, the perioldic siok soray aned the efle live
medinm approe s, D both we Tave shown that, asanaoer of principte, all siok tvpes mnst
e condicincd With only one sink, the infroitely Tong aned stiasght dislo ation, have we Tl
thie indhicnee ol other sinks o e weshoilsbe inany seal sense,

With peviodic arravs, we bave seen that the Bullengh Periin pracedie of veplacing thr

diccrete “other sirhs” by comtiruum s anaceeptahle simple approsimation. Aoy problem
L vl proer oo eepanion, ot AL B, 0 i RERE 3 th RO 2/A, B8 G REL

" Wl e, A
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hen evolyes into the detepmimation of e concenteation fiehd within e volume. When the
sinkis) bas stress-lichds associated it it Ltice susis ought o be pestonmied o map out the
stress wighin one coll I no case that we are aware ol has this Teendone,

There is no @ priori reason why the resulting sink streagth sovalcalated shouhl agree with
that tor @ randoem arvay. The eod reult in the tno cases, whether they agace or dilker, will
ultinately hoil down e the question of how semsitive the concentration fickl is W lomudary
conditions for the particolar sink i)pr o central interest, Staight dishocations provide a case
in point.

L the elfective niwedium approacly, it is ulimately jmmaterial whetler one specilically
includes point defect generation or not, provided, that is, the medivn estends all the way
inward W othe sk boundary, One can equadly well exclude defect genevation and sioply
pevacribe some arhivary o, at furge distances. This quantity caocels oeta the end, The key
clenent bere is that the sampic volume is farge, i the sose specthed o 32

U a stress febd is osociated with tie sink, the evaluation within e cllective medio approach
evalves into sohving an cuhanced dittusion prodileny in the inhite dowain, with a continuon-
type luss term incorporated. For the straight dislucation, the approximate solution bas e
given. In other cases it is not available,

The ‘last-jump’ model (Brailsford & Bullough 1y7za) ollers a semi-guaintitative method ufl
estimating what elleet interual stresses might have. 1Cis certwinly no substitate for sulving the
probiem exactly, but at the least it contains an essence ol the physics. Qur suspicion is that it
is more accurate for estimating the ratio of the strengihs of a particubir sink for e two point
defect types than it is for caboulating coch quastity separatcly. i will be of interest 1o check
the conjecture fusther, should detuiled solutions become available for other than the straight
dislucation.

Yor all sinks that are localized in three dimensions, the higher-order sink corrections (b
steacly state analysis) are important, Nevertheless, we shall iere neglect then o mabe one liual
point related w the clectrostatic anulogue discussed in §5. We showed there that one s led
via the steps enumerated above, namely (i) extension of the edium o the core, and {ii) the
assumption kr € 1, where r is the largest sink dimension, (o the'solution of Poisson’s equation.
Further, il stress ellecty are subsumed inte the dast jump, te boundary condition is of the ype
of equation (160). This we can generalize wriviully to incorporate thermal ensission, for
illustration: /o = (wofD){r, i), (150)
where ¢ is the concentration at the L-type sink surlace, The remainder of the seasoning after
cquation (160) is then quite general, By it one obtains the following relation, from equation
{25), for the lowest-order sink strengih, ky:

1[N, 46 (c. —é v,

23 e e | SR TSR -
Ko = 5o\ oD TanC /a0t "‘L,]’ (181

with the appropriate subscripts for parameters pertinent 1o cach point delect, %, denoting the
capacitance of the sink, und Ay, its surface area. One sees from cquation {181), theretore, tid

T ger /D .,
R = 4G 55D gy (1s2)
and K, = Dil ey, (183)

where € is the sink number density as before,
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Equations (182) and {133) subsunic some lowest-order furms given carlicr, with appropriaie
interpretation. For the void (€, -» 1), the sink strength (182) becotnes equal to cquation (34)
it the Limit Arg - @, while for two concentric cylinders, one of radius r, and the other of radius
R (R » 1), when €, = 27(2 I {Rf1,)) Y, with & the dislocation leng s, the cquality is witht
equation {123).

Tlie purpose belind this digression, however, is not so much to confirm vur previous analysis
as it 35 10 cuable us W sy somcthing aboul previous siok strength cal rulations that have used
the hybrid wodel, Phese mvolve o boundary condition ¢ = ¢, at sorie Jentte outer radius K.
We can sce now that they will Le correct in luwest order (but vhat o ly) i the capi itance ol
the equivalent object formed trom the boundury is in fact only slightly dillerent frem that
where the outer electrode becomes increasingly distunt, Clearly, the void is the simplest example.
The capacitance of two concentric spheres ol inner and outer radit re and R is Rrof(K—r.).
This is thus the same a3 G = 7. il and only if terms of erder r/R are discarded. We see then
that the hybrid model should not be trusted for any other than the sink strength to lowest order.
10 is thercfore superiluous 1o consider adding wther sinks w i, because its foundatious are
shaky even without them! 1t is, further, important to check that numerical analyses of stress-
enhanced diffusion to any sink, made in a finite domain with a fixed concentration at the outer
boundary, pay adeguate attention to this fact. Various outer radii must be chosen and the
limit of large outer radius determined. Only by this limiting process can it be estublished that
the lowest-order sink strength has indeed been obtained.

(b) Other past work

Many of the investigations ot specificutly mentiened in the tex. have, in fuct, used the
hybrid model. Generally they are open o question for the reason given in §7(a}. Iu any
particular case of interest, we suggest the reader should see if the previsus procedures have been
fullowed or not, and then decide matters lor bimself.

The one remaining topic we will discuss at any Jength concerns a very early analysis of void
swelling by Bullough ef al. {1970). The approach developed there Las long been superceded
by rate theory. Nevertheless it has gained renewed prominence of late because of a fallacious
criticism by Nichols (1g784). Actually, the total scheme is incorrect, but not for the reason
given in Nichols (1y9788). Qur intent here is 10 point out where the 2rror actually resides and
thus, we hope, put the matter finally to rest.

The central problem solved by Bullough e af .(1970) is that of the cencentration of interstitials
and vacancies within one Wigner-Scitz coll of the dislocation Lattice. The angular dependence
of the point defect-dislocation interaction and the presence of voids were ignored. However,
in contrast 1o any other analysis of this papes, intrinsic recombination was included. The two
delect equations considered were

!—’)r—'(‘-(:—rr)%q-f—u.c, -0, (184)
and
%(‘%(r%—?)+%%—£r.)+x—u.n = 0. {185)

The elastic size effuct interaction with vacancies was neglected.

T The result fullows if (i) B, is st cqual 10 the capiure radiug 7,, (i) py is scl st (wR) -4, and (i) £ i
taken equal 1o =k,

(1}
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The above cquations were solved numerically subject to ideal boundary conditions at the
core {i.e. i = ¢, = Datr = r,) and zero flux conditions at the el radius, r = R:

doy _ o daIn o oa sk (186)
dr odr
1t is the contention of Nichols (19784) that, hecause there must be an equal flux of inter-
stitials and vacancies to the dislocation, Diri—Dyiy = 0 for all values of r within the cylinder.
The reason given is that there are no other sinks in the system, and it is enclosed by a reflecting
boundary. The implication is that there must be an error in the numerieal analysis.
The immediate way to show the fallacy of the first assertion is to take the difference between

cquations {185) and (184);

d d d (.
AL ) LS ) = . {187)
T a (Ihey— o) + Dy T

Clearly Dye, — Pyey cannot be zero, because this would imply cjoc r. But ¢, must also be non-
zero, and therefore the second of equations (188) cannot be satisficd, Thus the assertion is
false. What does follow from (187} is of some interest. Suppose we integrate it hetween rg and r.

We obtain 4
rg; (o= Dic + Dy L';‘ =0, {188)

because the interstitial and vacancy fluxes at the core boundary must be equal f. Now multiply
equation (1B8) by r and integrate from 7, 10 R

13
[r¥(Dye,~ Dye, )12 - EJ’"r(D,rl—D,cv) dr 4 DJ.J‘ odr = 0. (189)
e ™

In the first term, only the concentrations at the outer boundary are non-zero. In the second
term, the integrals appearing are proportional to the volume averages of the cencentration.
Intreducing these averages explicitly, we have therefore

Dv(tv)-D|(C|) = Dyeo{R) - Diei(R) —l—;‘:—f‘ r" odr, (100)

Now we refer to the general rate equations {14) and (158). These represent manipulations
of the same two starting equations, but done in a different way so as to introduce sink strengths.
Here we have steady state, only one type of sink, and no thermal cmission. Thercfore, it follows
that

DKoy - K+ale) (o) = 0,] (191)

Dyl - K4ade){e,) = 0,
or {end = (DRR/DRL) G, (192)
{ey = (K/D&Y) Fia), (193)
where F(n) = [ -1+ {1+ 4pt) /29, (104)
with § = aK/DD, &3 4L, (195)

t This is the only Tact that follows from there being no other sinka in the cell and from sieady siate being
achicved.
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We insert the expressions for {6 and {6} in equation (190), and through the identities
£ = Zpy, for cach defect, we re-express this refation in terms of the ias parameters:
t 1
47 Z M' (71)
Of course, by following this procedure, we have not solved anything. Yet it does serve 1o
hightight a few points. First, it is clear that the difference Z, - Z, vanishes as L tends to zero,
but anly then. In that limit the starting cquations and boundary conditions for i and Dyey
are identicalf. The sink is then newtral, just as a void is in the models of §3. Secondly, it is
possible to perceive why recombination might not be too important, for while it reduces the
concentrations, it decreases the F factor at the same time.

[nvcvuz) Dia(R) - DAk cler (190)
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Fiavre 9. The variation of relative hias with temperature for two dislocation densitirs obtained by using the
mentel and parareter sen of Buttough of of. (1970}, The error involved in neglecting £ in equation (11 is
also indicated,

We wish now to make some of the above more quantitative by using the resulis and numerical
proceduse} given by Bullough ef af. (1970) to yickl the required volume averages of the con-
centrations {c1) and {e,). In terms of these averages the relative bias (198) can be conventently
written 2 palen) - Dien] {197)

Z. Zv 'k:z(c.)(r\) .
Since we have the spatial variation of the vacancy and interditial concentration aver the cell
we can abo test the error involved in neglecting the quantity £ in equation (10) by evaluating
the relative bias (}“ 7"1,) _ pdDuey =D
P K—alnr,
where the subscript 7 indicates that the average of the product of the concenteations, rather
than the praduct of the averages, has been used for the recombination toss in the cell.

'3»], (1o%)

1 Ttis in this Iimit anly lhal cliinl: {growth) rates become “proportional 1o Dy, ~ e, (sic) as Nichols siates.
Even thea, the "r” and “¢,7 are volurie average quantities, e onr () and {c,), not local values. Al 1l can
be ventied bom the rate equations. When A%, and A}, are uncqual, one can only asseit that £,A8 () = D43, (e, ).

1 We are mwst grateful 10 Dr R. (L Perrin for reprogramming the uriginal numerical technique used by
Huliuuuh et al. [1970) 1o solve the sinmlaneous nonlinear ditlerential equations (184) and {1845)
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Both these relative biases have been computed as a function of wmpevature by using the
paramcter sct of Bullough of al. (1y70). The results are shown in igure 9. Uhe curves labelled
(o) {er) reler to cquaiiun (197) ans those labelled {eiev) vefer o equation {198). We see r:lc'.u‘ly,
as expected, that the error ineurred in neglecting s a maximum for luw dislocation density and
low temperatare. The ervors in the relative bias due to neglecting / will be further reduced
when the presence of a second sink type is included in the cell siuce puint deleet loss at such
sinks must reduce the etfectiveness of bulk recombination as a loss process.
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Fioumk (. ‘The variation of Z,, Z, and relative bias, for various internal sink strengibn l:: with dislocation deusity.
“Lhis is an cxtension of the work of Heuld & Miller (1976} with the use of their parameter sct.

Fag from it deserving to be discarded, therefore, we see that the Bullough ¢ al. (1970) treat-
ment constitutes the most suphisticated currently available for computing the bias facturs for
straight dislocations in a lattice. Where Bullough #f al. (1970} cre does not reside in the bias
factors, but in their subsequent application of this modet 10 the void growth problem. The
matter is contained in their equation (1), which gives the growth law in terms of *average’
concentralions é and éy. In fact, they should be local concentrations at the void surface. These
can be linked to the *far-ficld” concentrations {¢,> and {¢v) by the methoeds of §3. Thus, if the
es(R) and o(R) calculmied by Bullough ¢ al. (1970) are to be linked with anything, it should
be with these quantities. The net effect of this realization is that the growth rate given by
equation (1) of Bullough e al. {1970) should be multiplicd by 2 factor Q(8/7). The absence
of this factor accounts fur the incorrect growth kaws they obtained. It is now recognized that
rale theory provides the more reliable method of tackiing the vuid swclling problem.

The Bullough ¢ al. (1970) calculation uscs 2 purely radial non-periodic potential and thus
the putential must be included explicitly in the zero flow boundary conditiun equation (186)
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on the interstitials, This situation, though prolubly incvitable when the (ull angular furm of

the potential s inchuled, can be avoided in the radial case as was first suggested by Bultough &
Newmnan (1962) by munlifying the potential dicectly 1o have zero derivitive at the cell boundary.
Such a singlesink eellular provedure (with bulk recombination neplected) was explored by
Heald & Mliller (1y76) who obtained an analylic expression for the dislocation sink strength,
We have used this meded willustrate the dependence of the bias on e presence ol the second
sink type withiz the cell (Bullough & Quigley tg#ra). The results shovon in figure 10, have heen
obtained numerically and by wing the physical parameters adopred by Heald & Miller.
The small discrepancy between the Heald & Miller results {where &) = 0) and our curve lor
£ = 0 avises breause they defined the dislocation sink strength by wiing the concentration at
the vell boundary rather than the mean concentration over the cell volume. To facilitate
comparisun with Healdl & Miller we detine vie relative bias in s ligure as (VAR Y FA
vather e (£~ Zo3/ i Zy as in Bigure 9. Uhe semsitivity of Zi, Zy and the relative biss to the
presence of the sccond sink is clearly apparcnt and serves to condinn the discussivn of the
analytic results assoctied with figure 6.

"B, SUMMARY

L this paper we bhave presented a rigorous derivation of rate theory and so defined the
probicm of determining sink strengths for various point defect sinks. Both periodic sink arrays
and random configurations Lave been treated, I las been shown that the details of the sink
strength calenbation are dillerent in the two cases.

Only non-saturable sinks have been comidered hecause the field is complicated enough even
without them. Saturable sinks, by definition, entail the introduction of an additional degree
of frecdum 1o describe their degree of occupancy. This implies thay one additional taw equation
clers, "

We have considered time dependence in the void problem to #lustrate the limit of the range
of validity of steady state anabyses. This mainly influences the higher-order sink correctivns,
us we huve shown,

It hus been emphasized that one of the greatest deficiencies of moach earlier work has been
the entire neglect of sinks other than the one under consideration, apan, that is, from the
simsplistic introduction of cell boundaries in Jatice models, Severa new anatyses have been
pesented that focus upon this puint. 1t s hoped that at least one of these will be adopted by
other workers in the future, Physically, it is sheer nonsease (o disregard the matier entirely
without svine justification being proflered.

In our judgement, the ellective medium approach constitutes the best practical method lor
solving annealing or radiativn damage problems associated with real materials. Doubtless it
could be improved upon, academically, but e issue for us hiss to be of whit uhiimate utlity
would such improvements be? 1¢is in thiy direction, we suggest, that future ¢ffort should be
direcied,

Aprrennix A
In this scction we derive the normalized cigenfunctions and cigenvalues of the equation

3 () - g, < (A1)
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when the boundary conditions on r, are

. Yalre} = 0, {dyr, fdr}y = 0, (A2)
with R > r..
The solution of (A 1) satisfying the first of (A 2) is

. Yo = Aysin [(r=re) (AL - RDH/7 (A 3)
if A3 > £, or )

Yo = B, sinh [{r—r.) (K- A%} /r (A 4)
if A% < AV Here A, and B, are consiants. Now impose tite second of cguations {A 2). Then
either an [(R-re) (X — kDY) = ROL 4D, (A5
or

tanh [(R - ro) (82— A3)iY = R(AL-AD. (A 8)

But the left hand side of (A 6) is less than tanh {R(A2—A2)4), and this in turn is less than the
vight-hand side of (A #). Therefore there are no real eigenvalues less than &, AN cigenfunctions
are of the form of equation (A 3) and alf eigenvalues are given by equation {A 5).

The cocflicients A, are determined by the normalization of i, to unity over the cetl volume:

iuji‘r’¢:dr =, (A7)

e

This integral is readily evaluated. The resalt contains a ‘double-angle’ sine function which
can be simplificd by the use of the cigenvalue equation, The final form obtained yiclds

1+ RYAL - 4Y)
A B R {1+ R T wn

The remaining quantity is necded
R
I = wl,,J' ey, dr. (A9)

This integral is also easy to evalnate. After further use of the eigenvalue cquation it is found
to be I, = AnrcAJ(AR—ADL. : (A 10)

Approximations to A%, A, and /, have been given in §3 (bii). The genesis of the approximations
resides in the assumption that re € R. To give an idca of the quality of the approximations
used, the lowest cigenvalucs are plotted in figure 11 for two diflerent values of r./R. Except
for the lowest mode, the straight line R(A% —4})d = (rn+ }) » represents the analytical form
used in §3.

For completeness, a sample of pormalized eigenfunctions is iltustrated in figure 12, These
pertaia o re = ol

AprEnDix B

The fullowing analysis details the manner in which a sink-frec region nay be assigned to
cach dislocation,

For the dislocation aspects to be reduced 1o a two-dimensional prublem, the void distribution
along the axis must be uniform. Our first step is to imagine the random distribution alung this
axis being replaced by a regular one. We collect all voids into a sequence of planes spaced o,
apart. The area deusity of voids in each such plane is then N, = Cea,. We pick a, o hie the
mean separation between two voids in a random distribution.
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Frouee 11 Th_c Inwest cigenvalues for 1 /R = 0.1 and r,/R = 0001, indicatcd s the solid dots and croses,
respretivety. In the latter case the bowest mode lies virtually at the origin, It has been omitied.
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Imagine next that, in any one void plane, vne starts on the dislocation axis and moves
vadiadly outward. Within cach plane the void distribution is still randum. We shall pick R 10
be the mean distance one must truvel before encountering vne void.

To compute this distance, suppuse P{r) is the probability of not encounicring a void up to
the radius r. Then, considering e consequence of moving out & further llis:‘uncu dr leads 10

Plr+dr) = P(r) (L~ 2rrN,dr), B

because 2arN, dr is the a privri probability of a void-encounter during the step. Therefore,
P(r) = Ac™Nar®, {B 2)
The constant A is determined by the probability of eventually mecting at least one void being
unity: AfJe™¥a"" 2aN, rdr - L ‘I'hus the mean distance traversed belore a void encounter

is 7, where

w @ 1
i= L r*t:"""a"c.ly/ju re*Mardy = ;ﬁ} (B3)

This we take equal to Ky, the radius of the sink-free region around the distucation. Vo evaluate
it we now need the mean linear spacing between voids, 4, This we find by similar reasoning
10 the above. In a random array of {smali) voids, let @(r) be the probability of not encountering
another void after moving a distance v from the central one, picked arbitrarily. Then we have

Q(r+dr) = Qlr) (1~ 4xrCedr), (B4)
or Qlr) = Be¥ioe, (B5)

Therefore the mean linear spacing between voids is

g = J'-r'e‘l""'dr/'[nr'e“""’vd:
° v

- (;:'T)* r).

When (B 8) is inserted into the definition of Ny, and equation (B 3) is evaluated, equation (§24)
rcsults.

(B4
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