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DIFFUSION IN FLUCTUATIVE MEDIUM

V. L. DUBINKO, A. V. TUR, A. A, TURKIN and V. V. YANOVSKY

Institute of Physics and Technology, the Ukrainian Academy of Sciences.
K harkov 310108, USSR

We consider diffusion in a medium with randomly fluctuating diffusion coefficient. An equation is derived
for diffusate cancentration averaged over dimensions exceeding those of fluctuations. In the case when
fluctations are weak and their correlation scales small the equation is reduced 1o a differential one. where
the efiective diffusion coefficient is always lower than the average one. A stability criterion for uniform
distribution of diffusate is derived. Some implications of the theory for the radiation effects in sohids are
discussed.

Kev words. diffusion, solids, fluctuative medium, nonlinear effects. jrradiation-induced insiability.

1 INTRODUCTION

There is considerable interest in various ponequilibrium phenomena in solids. e.g.
phase transitions.! development of ordered defect structures.” radiation damage.’
etc. A general mechanism of evolution of nonequilibrium disturbances in solid is
the diffusion mechanism. Diffusion fluxes arising in nonequilibrium medium are
proportional to the diffusion coefficient D which depends on the medium
properties. Usually. it is assumed that D is constant or its dependence of time and
space is known. However. in reality the medium properties often undergo
numerous random fluctuations from the basic state, eg. the fluctuations in
temperature and concentration of point defects, induced by irradiation. If the
fluctuation scales are macroscopic then the diffusion coefficient can be defined
locally, but it is a random function of time and position. We are interested in the
concentration (€ averaged over the scales that are considerably larger than those
of fluctuations. We derive an integro-differential equation describing the evolution
of the averaged concentration, and show that this equation can be reduced to a
differential one in the case of sufficiently small fluctuation amplitudes and
correlation scales. The effect of fluctuations results in the appearance of an
additional term ~AXC) and in that an effective diffusion coefficient is always
lower than the average one due to nonlinear interaction between the fluctuations in
diffusivity and concentration.

We also derive a criterion of stability of the uniform concentration ({’)=const
and discuss some fluctuation-induced effects in radiation environment.

2 FORMULATION OF THE PROBLEM

Fluctuations are assumed to be macroscopic, so that a diffusate concentration

Cix, 1) at point x and time 1 satisfies the usual diffusion equation (for simplicity we
consider one-dimensional case)

oC @ aC

ar ox XIE;;’ (1)
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where D(x, ¢) is the random function. Consequently, C(x, ¢) is also a random

function.
We are interested in the evolution of the concentration averaged over scales that

are larger than those of fluctuations but less than the dimensions of a whole system
under consideration. _
To perform the averaging let us describe a random function D(x, ¢} by its

correlation moments:
(Dy=D{x, t)— D(x, 1), (2)
(Dix, ’D(x’", t'), etc., {3)

where (... is the average over an ensemble of realizations of D(x, 1), D is the
deviation from the average value (D). Note that explicit forms of these moments
depend on the origin of the fluctuations, while we are interested here in general
properties independent of the specific mechanisms of the fluctuation generation,
Accordingly, we assume the moments to be given in the general form.

3 DELTA-CORRELATED IN TIME FLUCTUATIONS

Let us consider first the simplest case assuming D(x, 1) to be Gaussian, statistically
stationary, spatially homogeneous and, in addition, delta-correlated in time. The
first assumption is of a general nature according to a central limit theorem* which
states that the sum of a large number of sufficiently small independent random
functions is Gaussian irrespective of statistical properties of each function. In this
case D{x, 7)is completely described by its two moments (D} and {(D(x, 7}, D(x', ¢'}).
The next two requirements mean that correlations do not depend on x and r but
rather on the differences x— x" and ¢— f'. The delta-correlation in time implies that
the characteristic time of fluctuation correlations 1, is negligibly small as compared
to the characteristic time T of (C) variation:® 1, /T~ 0. Then we have

(Dix, 1), D{x', rP=d(x—x"}o(t~ 1), (4)

where d(x— x’) is the spatial part of the correlation function,
Performing the formal averaging of Eq. (1) we obtain

KOy, X0 8 [ aC(x, 1) :
ot =D ax’ +6x <D{x, " ox ) {5)

This equation contains the unknown correlation moment (D{(8C/3x)). One can
obtain an equation for (D{dC/dx)) multiplying Eq. (1) by D and performing the
averaging. Yet, this equation will contain an unknown correlation moment of higher
order, etc. Thus, we arrive at the infinite hierarchy of correlation equation that
results from nonlinear C(x, 1) dependence on D(x, ¢). This difficulty can be solved
using the following relation:*

{Z(x, !)F[Z])=J:[(Z(x, nZ{x’, r'))<é;+[,zlf}> dr'dx’, (6}
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where Z(x, 1) is the Gaussian random process, F| [Z] is the functional of Z, 6/0Z is
the variational derivative. The integration is carried out over the whole range of x’
and 1.

After substituting D{x, 1) for Z(x, 1), 9C(x, 1y/ox for F [Z] and integrating over f',
Eq. (6) acquires the following form:

oaCkk oy T @ dCx, O\,
(D\x,r) = >—{_Wd(x x}ax<,——éD(x,’t)>dx. (7)

With account of Eq. (1), the variational derivative is given by

Nt ( M- acix, :))'

= 8
3B, ax\ O TF T o 8)
Substituting it in Eq. (5} and integrating by parts we obtain the expression
. 901 3’C _ ddx—x) o’C
Dix, ¢ -1 =d(0 +2— ‘=
< () Ix > o) ax’ dx oy OX°
+8(C) a'd(xtx) (©)
dx ox* rex
Note that d{x— x°) acquires its maximal value at x=x’, which implies that
a . @*dlx-x)
a_d‘\x_x ) x‘.”:o’ ax?_ x'-x<05 (10)

The(re§ore, substituting Eq. (9} into Eq. (5) we obtain the following closed equation
for {C.

ac_ A0, . 3NO)

2Dt g O (11)
vy D AXTX)

D*={D)+ preansl I (12)

where D* is the effective diffusion coefficient which is always lower than the
average one (D). Furthermore, fluctuations result in the appearance of an
additional term d{0) d* (C)/dx*. Note that the fourth spatial derivative of C(x, 1)
arises also in the diffusion equation describing the phase segregation.! This implies
the possibility of destabilization of a homogeneous distribution ((C)= const) due to
fluctuations. The instability may arise also when D*becomes negative, i.e. if

o< -8 (13)

x=1x

This criterion may be expressed in terms of the correlation scales taking into
account that d{x—x')~(D%1,, — 8/ ~1"? where | and 1, are the correlation
length and time, respectively.



236 ' V. I. DUBINKO e1 al

An upper estimate of the fluctuation amplitude is (D)~ (D) which gives the
instability criterion as (D) > [*/1,.

Note that the above procedure is also applicable when D(x, 1) is not Gaussian
provided only that it is delta-correlated in time. Then instead of relation (6) one
should use its generalized version.® As a result, Eq. (11) acquires, in addition to the
terms shown above, an infinite series of correlation moments multiplied by the
higher order derivatives of (C). However, in the case of sufficiently small
fluctuations these additional terms are smaller than the shown ones and may be
neglected. Moreover, in this case the analysis can be extended beyond the delta-
correlated in time approximation. We shall do it in the following section,

4 WEAK FLUCTUATION APPROXIMATION

We assume here that

Dix.ti=(D}+ D, D<(D), (14)

Caj={(h+ ¢, C= (s (15)

~ _‘

Loi<L; 7.1<T ‘_(“-—41 (16)
\(\ 'lr

DX, i Dix, ry=Rix—x" 1-1) 117)

where /. and 1, are the fluctuation characteristic length and time, while L and T are
the characteristic length and time of {C) variation, respectively. Substituting Eqs.
{14).{15)into Eq. (1) we obtain

!¢y aC @ L AUOY+C)
bl y s r 18
ot * o oOx [KD' +0) ax ' 8
Averaging of Eq. (1) with account of (D)= ()= 0 gives
HCO) Ny 9| .aC
ot D) ox’  ax <D ox| 19)

Subtracting Eq. (19) from Eq. (18) and neglecting second-order terms in D/(D)< 1,
IC'IL/(C)Ifé 1 we obtain the equation for (E

oCc  _3C a4 .a
af‘@) ax2+aTrD£<C>' (20)

The standard solution of Eq. {20) is given by

Gl ilm J ar J dr Glemr = 1) 2 Dpa, ) 2XEE 1D o)
0 e, dx ox
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where G{x—x’, 1= '] is the Green's function of the diffusion equation. Substituting
Eq.(21}in Eq.(19) we obtain a closed integro-differential equation for (C}

/ 2 X[ + o0
a‘(‘a?— (D) aaif = ;%: J dr J a7 Blx=x' = KO )
3’
Xx—=Glx—x,1=1). (22)
ox

Equation {22} coincides with Eq. (11} when D{x, ¢} is delta-correlated in time.
Thus. nonlocal character of Eq. (22] stems from the finitness of the correlation time
7. # 0. However, owing to the presence of small parameters {16) it is possible 1o
reduce Eq. (22) to a differential equation. Indeed, the main contribution to the
right-hand side of Eq. {22) results from the integration over the correlation domain
-7, since B{x—x',r— 1) diminishes sharply beyond these limits’ On the other
hand. {C(x, 1)) varies insignificantly in these limits and may be expanded in Tavlor
series near x, &

HHC(x, 1) & Cx, 1)

(COX—E 1= 8)={Clx. 1)) - -6 ‘s
CX=§ j={C ) - € o Y

Substituting this expansion into Eq. (22) we obtain, to the second orderini L.t T

both small, the following differential equation for {(;

L Ry 4 N KPPty e
a\(,>=D*axc:,:+ a0 a<(,>+ avC;

d T a 3 =, i23)
ar ox” Ox o1dx” ox ot”
a + @ a:'G . .
D*:wHJ d,[ AL I 24
0 - ax
= " 97Gx, R
d=%L de kadx""—axifw Blx, rix-, (25)
= " 9'Gix 1
a=J d:J dx—(’f’)B(x,:)-:, (26)
0 - Ox
1[* 1" 8°Gix ) ,
ﬁ?L d’Ld"TB(I’ e - (27)

Comparnison of Egs. (23) and (11) shows that account of finitness of 7, results in
appearance of additional terms containing derivatives of (C) with respect to time
while the effective diffusion coefficient D* remains unaffected. This means that
stationary diffusion processes {J{(C)/dr=0) are described by Eqg. (11) irrespective
of the 7_value.

The coefficients D*, d, a, and B are evaluated in the Appendix for an explicit
form of the correlation

XZ {
B{x, f)sBueXP("!z_;), (28)
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which represents a homogeneous random process. In principle, it is not the explicit
form of B(x, 7) that matters but rather its sharp dependence on correlation scales [
and r, which allows one to use the Laplace asymptotic method of integration. In
this case D*is given by (see Appendix)

- Vi %
* <D> BU <D>9 £<1,£= l( (29)

D —_—
2/(D)r,

(D)-2B, 11 e»1,

-
whence it follows that D *is always lower than (D) and the difference between them
is the largest at £ 1.

—
l

FIGURE 1 Qualitative illustration of the fluctuation-induced diffusivity reduction. In the upper panel
the total concentration C (solid lines) deviates from (C) {dashed lines) due to the fluctuation of
D=(D)+D, D#0 gt 0<x< i, The arrows indicate direction of the main flux -~ {D)V{C. In the lower
panevl, 1(L1e fluctuations C'= C={C) are depicled and the arrows indicate the direction of additional fluxes
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Let us consider a physical reason of the diffusivity reduction induced by
fluctuations. An explicii averaging of the total flux j= — DV C lead 1o an obvious
expression

(jy= = (DW(C)—(DV ), (30)

since linear fluctuation terms are cancelled by the averaging. Thus, we are
“interested in the direction of an additional flux —{DV ). The direction of this flux
becomes clear after inspection of Figure 1, where fluctuations C are shown
schematically in two cases >0 and D<Q0. Solid lines in the upper panel
correspond to the exact concentration C deviating from (C) {shown by dashed
lines) due to the fluctuations D. It can be seen that directions of VC within the
fluctuation regions at D<0 and D>0 are different. However, both of the
additional fluxes — DV are directed against the main flux —{(D)V(C) thus
reducing the total flux. This is the physical reason of the diffusivity reduction.

5 STABILITY ANALYSIS

Let us consider evolution of the average concentration (C(x, 1)). The general
solution of Eq. (22) may be derived by carrying out the Fourier transformation in
space and the Laplace transformation in time

C.(0 .
Ckﬂ= . ( ) » (31)
p+(Dyk*— kZJ k£ (Glky, 1) Blk—k,, 1))dk,

- o

where G, (0} is the Fourier transform of the initial distribution {C(x, 0)), # is the
operator of Laplace transformation in time. Taking into account that
Gk, r)=exp{—(D)k*{1— ')} and #(e“f(1))= f(p— a) the solution of Eq.{31) may be
written a:

G0
Cip= > o) , (32)
p+ kz(D)—kZJ Bk—ky; p+{(Dk,* 1k,  dk,

-

where B(k, p} is the spectral density arising as a result of the Fourier
transformation in space and Laplace transformation in time of the second
correlation moment (Dix, r)D(x’, 1')). Expression (32) completely determines the
evolution of (Cix, )y if initial conditions C;(0) and statistical properties of
fluctuations B(k, p}are known.

To analyse the stability of the homogeneous distribution {(C(x, )} = const we need
the dispersion equation. This is determined by the poles of Eq. (32}

+ @

pe+ k3<o>-kzj Bk = ki p+ (D)’ )" dk =0, (33)

-
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Positive values of p following from Eq. (33) correspond to unstable modes. Taking
into account that

Bk, p)—0, if kp—0,

it can be shown that the positive solutions (and hence unstable modes) anise if

J k; Bik, — k; k,(D)dk, > (D). (34)

Thus, the homogeneous distribution of diffusate is unstable when inequality {34} is
satisfied.

It is useful to express the criterion (34) in terms of the correlation scales taking
an upper estimate of the fluctuation amplitude {D? ~{D)?. which gives the
following instability criterion

(D> 17T, (35)

Note that D*<0 in the delta-correlated in time case when (35] is satisfied (see Eq.
(13)). However, {35) is expecied to be fulfilled at sufficiently large 7, when the
approximation of delta-correlation in time may be invalid. In addition inequality
{34) implies that only short-wave modes are unstable since criterion (34) is satisfied
at sufficiently large values of the wave vector k. This may lead to formation of the
diffusion profile with irregular, flactal-type geometry.®

6 THREE-DIMENSIONAL PROBLEM

Here we extend the derivation of a closed equation for {C) to a three-dimensional
case, whesre D= {[;+ D({r, r) with r the radius vector. Equations (19} and (20) now
take an obvious form

%3=<D>A<c> +div(DV Y, (36)

%={D)A(‘+div DV{C). {(37)

Standard solution of Eq. (37)is given by

Clr, t)=J dr Jdr' Gir—r, —rjidiv DV{CY, (38)

{

where the operators in curly brackets {.. .}’ act at r’ and /. Substituting Eq. {38) into
Eq. (36} we obtain a closed integro-differential equation for {C}:

I

?(—O=(D)A(C) +div J

o dr’Jdr’V,G(p, g)div B(p, 8)V(C)) (39)

where p=r—r’, 0=1-1r.
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With account of the natural condition

Blp, 8)-0

p—x

in a infinite medium, Eq. (39) takes the form similar to Eq. (22}

C)_ - 9 || 9°Glp6) "
7—<D>A<C>+L.\Z=l X.0x, Judf Jdr X, gx; Ble GXC(L,». 40

Reduction of Eq. {40) to the differential form is similar to that presented in section
4.

Note that when the medium contains internal sinks. additional terms would arise
in Eq. (40) which are proportional to the sink strengths. Thus, the fluctuations may
affect the sink strength.

7 SUMMARY AND DISCUSSION

We have demonstrated that in the delta-correlated in time approximation evolution
of the averaged concentration under diffusion with random diffusivity is described
by a differential equation containing an additional term ~ A} and renormalized
diffusion coefficient.

The renormalized effective diffusion coefficient is shown o be always lower than
the average one.

An account of the finitness of the correlation time leads 1o the nonlocal character
of the diffusion equation for (. However, the effective diffusion coefficient is
again lower than the average one. A physical reason of this diffusivity reduction
consists in the nonlinear “interaction” between fluctuations in the ‘diffusion
coefficient and concentration fluctuations (see Figure 1).

Let us consider one interesting consequence of diffusion in a fluctuative medium.
Above we have derived a criterion of the instability of a homogeneous distribution
of diffusate which shows that small-scale pertubations are the most unstable ones.
This may lead to development of the diffusion front with complicated irregular
geometry. Since any part of the diffusion front may generate a small-scale
fluctuation which can grow and generate even shorter fluctuation and so on, such
mechanism may be called a cascade. According to Mandelbrot,® this may indicate
an interesting possibility of formation of diffusion fronts with fractal properties.

In conclusion we discuss some applications of the proposed theory to radiation
effects in solids.

First, the fluctuative mechanism may result in radiation-induced segregation
since atomic transport in alloys is predominantly caused by motion of point defects
(PD}, i.e. vacancies and interstitials.? During irradiation PD are created by collisions
of bombarding particles with lattice atoms. Such collisions occur randomly. and it
has been argued that this results in significant fluctuations in PD concentration’
which consequently leads to fluctuations in diffusivity of alloying elements. As a
result, an initially uniform alloy phase may be converted into a nonuniform and
even fractal-like distribution of alloying elements when the instability criterion (34)
is satisfied. Note that this mechanism requires no preferential coupling of some of
the alloy components to PD fluxes, as contrasted with conventtonal segregation
models.”
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Second, there may be an interesting possibility of fluctuation-induced imbalance
between the interstitial and vacancy fluxes to voids and dislocations which js
distinct from the conventional elastically induced bias effect.’ The reason is that
collisions of bombarding particles with lattice atoms result not only in PD
production, but also in the local enhancements of temperature known as the
thermal spikes. This means that PD diffusion coefficient, being a function of
lemperature, is inhomogeneous together with PD production rate on a loca] scale.
Thus, voids and dislocations are subjected to fluctuating PD fluxes due to the
fluctuations in PD production rate and PD diffusivity. The former effect has been
shown by Mansur ez al” to induce no bias factor in the expressions for mean fluxes.
It is not surprising since Mansur er al7 have ignored intrinsic recombination of PD
and hence all the nonlinear effects. On the other hand, as we have shown, the
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APPENDIX

Let us evaluate the coefficients D* d aand B entering Eq. {23) for the correlation
moment having the form (28):

B{x, 1)= B, exp( - x 1}~ 11z (A1)

where [ and 71, are the correlation length and time, respectively. Substituting
Green’s function of the one-dimensional diffusion equation

Glx, ) ={42(Dy)" " exp( - x*/4(D)1) (A.2)

together with B(x, 1) from (A.1 }into Egs. (24)-(27) and carrying out the integration
we obtain the following expressions

*_ ___Bi - .
D*=(D) D) (1= ee eyfele)), (A.3)
d= J; By’ [(1 +2£3)e'zerfc(£)—j=]j, (A4)
- 2_2 * _i__d
a=r, ar, D D {A.5)
B= -isj—z;%l’) rfr[e’gerfc(e)(] —462—484)+%(1 +2£2)}, (A6)

where e=[2/4(D)r . _

/O
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Expression (29) for D* follows from Eq. (A3} in two special cases £<€1 and
e 1. Other coefficients in these cases are given by

d= ‘Fr BUERT, £<€1 (A7)
Byt , &21 ‘

a=—2td/; (A.8)
— {7 B N6DY = 1/4ar, e<]

= Jr o L7160 ) ar, & (A9)
~2B,r A =ar, , @1

Approximate expressions (A.7)-(A9) are presented here in order to
demonstrate the character of their dependence on correlation scales / and 7, This
dependence is expected to he true for a wide classs of correlation functions with
sufficiently sharp dependenceon / and 7.
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