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Homoclinic Tangencies for Hyperbolic Sets
of Large Hausdorff Dimension

J. Palis and J. €. Yoccoz

Abstract. In the present paper we consider one-parameter families of surface diffeo-
morphisms, unfolding a homeclinic tangency associated with a (hyperbolic) basic set of
Hausdorff dimension bigger than one. We prove that for almost all such families the initial
map is not a Lebesgue density point of hyperbolic dynamics.

Introduction

A fundamental concept in dynamics of a nongradient character is that of a homoclinic
orbit, introduced by Poincaré in 1890 [P,1890): an orbit of intersection at large of the stable
and unstable manifolds of & periodic saddle point. It is well known that when such an orbit
is transversal, it must be accumulated by periodic saddles of the same index (dimension
of the stable manifold) as the original saddle with respect to which the homoclinic orbit is
doubly asymptotic, as shown by Birkhoff in two dimensions and Smale in general [B,1935],
(8,1965]. In fact, in this last reference it was proved that transversal homoclinic orbits are
always part of a hyperbolic Cantor set, a harseshoe, in which the periodic points are dense.

More recently, it has been realized that the creation and unfolding of a homochnic tan-
gency, say for a locally dissipative surface diffeomorphism, gives rise to a striking number
of intricate and highly relevant dynamic phenomena: cascades of period doubling bifur-
cations [YA,1983), infinitely many sinks [N,1979), IR,1983], {PT,1091], strange attractors
of Hénon type [BC,1991], [MV,1991}, and hyperbolic Cantor sets combined or not with
the previous elements [NP,1976], [PT,1985], [PT,1987). Also, surface diffeomorphisms

exhibiting a homoclinic tangency are certainly quite common among nonhyperbolic maps,
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i.e. maps whose, limit set is not hyperbolic. Conjecturally, these homoclinicelly bifurcating
diffeomorphisms may even be dense in the interior of the nonhyperbolic ones, which has
tumed out to be the case for C* surface diffeomorphisms but in C? topology [AM,1991].

Therefore, it seems to us that an important task in dynamics is to unfold the diffeo-
morphisms exhibiting » bomoclinic tangency through k—parameter families and to inquire
which of the above or other phenomens are more common or, prevalent in terms of the
Lebesgue measure in the parameter space. The main result in the present paper represents
a contribution to such a program. Let us first explain it in # more informal way.

A homoclinic tangency may be associated to a single periodic orbit or more generally to
a (byperbolic) basic set. Recall that a basic set for a diffeornorphism is a compact, invariant,
hyperbolic and transitive subset of the ambient manifold, which 139 the maximal invariant
subset in some neighbourhood of it; moreover, periodic points are dense in it. We say that
& basic set is nontrivial if it does not consist of a periodic orbit. It was proved in previous
papers [NP,1976], [PT,1985], [PT,1987] that for ¢ generic one-parameter unfolding if the
Hausdorff dimension of the associated bosic set is smaller than one, then the initicl map
ezhibiting ¢ homoclinic tangency is a Lebesgue density point of hyperbolic dynamics. Here
we prove a converse to the above statement: if the Havadorff dimension of the basic set is
bigger than one, then for almost all one- parameter families of diffeomorphims the initial
map 12 not a densily point of hyperbolicily.

To be somewhat more precise, let f be a surface diffeomorphism exhibiting a quadratic
homoclinic tangency g between the stable and unstable menifolds of a periodic saddle
point p, p being part of a basic set K with Hausdorff dimension H D(K) bigger than one.
Amongst the germs of smooth families (f, (), [s| < n and |t} < 5, such that fo g = f, we
consider those which unfold the homoclinic tangency at ¢ with positive speed. After a
local diffeomorphism in parameter space, we may assume that the homoclinic tangency
happens along ¢ = 0. We then require that the relative variations with respect to s of the
logarithms of the stable and unstable eigenvalues at p, . on one hand, and of the stable
and unstable Hausdorff dimensions of K, on the other, should not vanish at s = ¢ = 0.
(Here, p,, and K, ¢ indicate the continuations of p and K for |s| and {t| small). These

three transversality conditions define an open and dense subset V in the space of germs of
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smooth families (f, (), fo,0 = f; see Section 1. Let F*(K, ) and F*(K, ) be the stable
and unstable foliations of K, and define for ¢ > 0 small, T, , = {t € (—¢, €); some leaf of
F*(K,,) is tangent near ¢ to some leaf of F*(},,)}. We observe that often such orbits
of tangency are still called homoclinic, and in fact in our case we even call them primary
homoclinic tangencies, since they occur between pieces of leaves of F*{K, ;) and F*(K, )
near the curves in W*(p) and W*(p) whose extreme points are p and ¢.

With the above notations and assumptions our result can be stated as follows.
Theorem. For each f, 4 € V, there is ¢ > 0 such that, for almost ail s € {~7,1), we have

. T,
limsup 2% 5,
£—0 £

where m( ) indicates the Lebesgue measure of the set.

That such a statement could be true as well as its proof was much inspired by the
remarkable result of Marstrand {M,1954] concerning the positiveness of the Lebesgue mea-
sure of almost all linear projections of plane sets of Hausdorff dimension bigger than one.
In our case, however, the situation is considerably more delicate due to the lack of linearity
and even smoothness of the “projections” that we have to consider.

This paper is divided in four sections. The first one contains the precise setting of
the problem and a more detailed statement of our result than the one presented above. It
contains, moreover an indication of how the proof proceeds in the next three sections, each
of them having a different character: analytic, combinatorial and geometric, respectively.
The analytical part of the proof is inspired by Mastrand’s theorem {Section 2). The most
important objective in Sectien 3 is to establish a combinatorial lemma in the context of
symbolic dynemics, which is one of the main new ingredients with respect to Kaufman’s
proof of Marstrand’s theorem in [F,1985]. Finally, in Section 4, we present geometric
estimations on the first and second order variations with respect to parameters of the

distance between stable manifolds of nearby points in a basic set.

§1. The Setting of The Problem and Statement of The Result

1.1 Let M be a smooth surface and f a smooth diffecomorphism of M. Let A;, A; be two
{not necessarily distinct) basic sets of f, nontrivial, topologically mixing and of saddle
type.

For i = 1,2 let p; € A; be a periodic point. We assume that W*(p;) and W*(p,)

have, at a poiut ¢ € M, & non-degenerate (i.e. quadratic) tangency.

1.2 Let 1 € {1,2}. Using a Markov partition, we fix a subshift of finite type I; of the full
bilateral shift on r; symbols &{r;), and a homeomorphism A;: &; — A; such that (with o
being the shift map}

hyoo = foh

hooo=f"lok,;
For 1 < j <, define:
(i) = {z = (2(0))eez € Ti,2(0) = j}.

We may assume that none of the I;(j) is empty and that k] (p;) € Ti(1). We choose
points a{ € Z,(5), with a} = A "}(p,). We just write a, for a.

Let T} be the corresponding unilateral subshift of finite type. We identify &} with a
subset of T; by defining, for z = (2(£))ez € T for £ < 0, z(£) = a}() if 2(0) = ;.

This identification is not invariant by the shift map.

1.3 We embed f in a smooth 2-parameter family (f, ) of smooth diffeomnorphisms of M,
with fy o = f. We will only be interested in the family for small s,¢, i.e |s|, [t| < 5 with
n > 0 small enough. For small 5, A; and A; have hyperbolic continuations in (—7, +7)%.

More precisely, for § = 1,2, there exists a continuous map:

2 2 o((—y, +0)? M)
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such that, if we write hj, ¢ for the map z — Hi(z)(s,t), we have that higo = h; and
ki »(E;) is a basic set for f, ({ls|, |t} < n).
For |s|,{{| « n and z € X;, we denote by W*(z,s,t) the stable manifold
W*(hie1(2), fo1), and similarly for W¥(z, s, ).
Let us fix 3 small number ¢ > 0 and local coordinates {z,y) € [~¢,+¢J? in a neigh-
bourhood V of ¢ such that:
- ¢ has coordinates (0,0);
~ the equation of the connected component of ¢ in W*(a3,0,0) NV is {y = 0};
- the equation of the connected component of ¢ in W*(a,,0, 0NVis {y = g (2)}],
where ¢, € C®([—¢, +€],[—z, +¢]) sntisfies g,(0) = ¢}{0) = 0, 1 € g¥(z} < 2 for
z € [~¢,+¢].
For small 7, we can follow these connected components through (—n, +7)%. They will
respectively have for equation
y = ga(z,5,t) (with g2(z,0,0} = 0)

¥= g1(2‘,3,f) (Wit’h 91(1,0, 0) = gl(:))
for smooth maps 1,92 € C([~¢, +¢] x (-0, +n)?,[—¢, +e]).

1.4 We will make three transversality hypotheses on the family (f, ). The first one is
that the quadratic tangency of W*(p,, f} and W*(p,, f) unfolds generically. Using the
implicit function theorem, this means that (with 7 small enough) we may assume that the

coordinates s,t in parameter space are sucli that:

- for t < 0 and all s € (~#,7), the function z ~+ g1(z,8,t) — ga(z, 5,t) is strictly

positive in [—¢, ef;

— for t = 0, the function 7 ~ g1(z,s,f) — gz(z, 3, {) is positive and has a single zero

in [—e,e);
- for all (z, 3,t) € [~¢, +€] x (~n, +7)?, we have

A9z -}z, 8.8)2 >0,
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for some constant ¢ {we take ¢ smaller if necessary).

On the other hand, for i = 1,2, there exists a continuous map G;: U; — C™([—¢, +¢]x
{—n,4+n)P,[—¢, +¢]) defined on & neighbourhood U, of a; in 7 with the following proper-
ties:

- Gilai)=g;

- for {a,t) € (—,+n)* and z € U; (resp. Uy), {y = Gi(z)(z, 5, 1)} is the equation
of the connected component of W*{z,s,t) NV (resp. W™(z,s,¢} N V) which
corresponds (in an obvious meaning) to the component of W*(a,,s,t) NV (resp.
W*(az,4,t) N V) considered above.

The continuity of G, G, guarantees that (restricting U, Uz if necessary) we have a
continuous map:
T
Uy x Uz — C%((—n. +n), (-7, +1))

with the following properties, for all {z;,2:) € I} x Uy:

- if ¢ < T(2),2;)(s), the function = — G(z1 )z, 3,t) — Ga(22)(2, 3,1} is strictly

positive in {—¢, +¢);
- if t = T2, 22){8), the same function is positive with a single zero in [—¢, +€].

We can also assume that, for any 2, e Uy, 22 € g, z € &, +e], 3,8 € (—n,+7) we

have:

(G222} ~ Gi(n1)})(z,8,8) 2 > 0.

1.5 We now come to our two other transversality hypotheses.

For s,t € (~n, +n), we define the unstable dimension: A,(s,t) of the basic set A;(s,t)
of f, « to be the Hausdorff dimension of h; , (7). Similarly, the stable dimension Ay(s, t)
of Ay(s, %) is the Hausdorff dimension of A3, (Z3).

We assume that

Al(‘s’ t)
" Bas, 1) lar=co0 #0-

(Tt is known [M,1990] that A), A, are smooth functions of s,1).
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Let r;, for i = 1,2, be the period of the periodic point p; of f. For (s,t) € (—n, +7)?,
let X;(s,1) be the logarithm of the modulus of the unstable eigenvalue of the fixed point

hi.(ar) of f'i. Similarly, let X3(s,1) be the logarithm of the modulus of the stable
eigenvalue of the fixed point Az, 4(e;) of fa3. We assume that

xl(a, t)
"Tafe) lamao O

Before stating our main result, we introduce the following notations. Fix some Riemannian
metric on M.

For s € (~n,+n) let d, be the distance on I} (for i = 1,2) such that his0 is an
isometry from E7 onto its image. Let Bi(r) be the d,~ball in 37 of center a; and radius
7. Let Tu(r) be the image of Bl(r) x BZ(r) by the map (2,,25) — T(zy,22)(s): this is
defined provided Bi(r) C U, i.e. for r small enough.

Theorem. Under the hypotheses above, there are constants ry > 0, ¢; > 0 such that, if
0 <r <ry and sy € (—n,+1) the set

{(s:t).1s = sol < llogr|™", t € Tu(r)}

has 2-dimensional Lebesgue measure bigger than c;r |logr| ™ .

Remark: It is easy to see, and we will prove it later, that we have T.(r) C [—er,er], for
some fixed ¢ > 0. Therefore, the conclusion of the theorem means that {(s,t),]8 — s8] <
logrl™, 1€ T,(r)} has in the rectangle [sq — llogr']_1 L 80 + [log 7| ™) x {—er,cr] o relative

Lebesgue measure bounded from below (independent of sq, r if they are small enough). See
Figure 1.
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Figure 1

Corollary. There is a constant c; > 0 such that fer almost all s € (—n, +1) we have:

limsu

r—o

p T

{where m is I-dimensional Lebesgue measure}.

Proof of the Corollary: Take ¢; small enough. If the corollary is false, there exist

r; < ry and a set A C (-7, +n) of positive measure such that, for s € A and r < ry:
m(T,(r}) < 2eqr.

Let ap € A and r3 < ry such that

m{[so — [logrs[ ™", 50 + [logr3i ™'} N A) > (1 — ¢5)2 logrs| ™" .

Using the remark which follows the theorem (that m(T,(r)) < e¢r for all r < ry,
3 € (~1,+n)), we contradict the theorem if ¢; is small enough.

1.6 The remaining part of the paper is devoted to the proof of the theorem. We give here
a short account of the ideas underlying this proof.

In order to estimate the Lebesgue measure of the image of the map T,:(z;,2,)
T(z1,22)(8), we equip B} (+) x B? (r}) with a Radon measure p and consider, for each s,
its image v, under T,. We study », via its Fourier transform &, {§2), and want to show

that

f||a>.|[i, ds < ¢ < +00.
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This would indeed easily imply that the support of v, (contained in the image of T,) has
positive Lebesgue measure for almost every s, and give an estimate from below for the
mean value (with respect to a) of this measure,

This idea was used by Kaufman to give an elegant proof of Marstrand’s theorem. The
parameter s plays here the role of the angle in Marstrand's theorem, and the map T, the
role of the projection.

For this idea to work, the measure v, has to be absolutely continuous with respect
to Lebesgue measure for almost all s, In Marstand’s theorem, this is & consequence of an
energy estimate on the measure p and of the variation of the angle. In our case, the energy
estimate is essentially the same, but the map T, depends in & much more complicated way
on the parameter.

More precisely, there are various “angles” involved: at a not too small scale, the vari-
ation of the “angle” is assured by the relative variation of the logarithms of the eigenvalues
{second transversality hypothesis, proposition 1 in §3.6); at a very small scale, the varia-
tion of the angle is assured by the relative variation of the Hausdorff dimensions of Ay, Az
(first transversality hypotl.esis).

The main problem arises from intermediate scales, which might create a singular part
of the measures v,. In order to avoid this phenomenon, we have to delete, using a stopping
time argument, part of the set B] (r) x B (r}, keeping a subset L supporting a positive
proportion of u but for which these intermediate scales do not oceur (proposition 2 in
§3.6).

All these considerations rely on a quite good control of the map T, (proposition
3.10): approximate formulas for 7, and its first derivative with respect to the parameter
$, and bounds for the second derivative. These estimates are themselves consequences
of approximate formulas and bounds for the distance between stable manifolds of nearby
points in a basic set, measured along these manifolds, and the variation of this distance

with parameters {§4).

§2. Proof of The Theorem: The Analysis

2.1 In this section we will give the analytical part of the proof of th: theorem. As mentioned
before, it is inspired by Kaufman's of proof a theorem of Marstrand presented in [F,1983).
It requires geometrical estimates and a selection lemma that will be proved in later sections.
‘We only state them here.

In the sequel, ¢ > 0,7y > 0,4 > 1 are constant independent of later choices.
Let 30 € (~n,47), 0 < r < r; and I be the interval [sg — [log+| ™", o + logr™']. Let
z1,2] € B, (r), 22,33 € B? (r) and & = Ai(s0,0) for i = 1,2, We write

d= S“P(dno(zl s 2; )a dlo(:'-'?s Z;))
T(") = T(thl)(‘s) - T(z{,z;)(s), sel.
It is assumed that there exist a measure u; on Bj (r) (for i = 1,2) and a compact set L

in B} (r) x B} (r) such that the following properties hold:

(i) For any ball B; of d,,—radius p € (0, ) contained in B} (r), we have
Tl <l By < ep®, i=12

(ii) forany s € I, L C Bl(r) x B3(r);
(i) pa % pa(L) > c7lrle¥as,
(iv) Suppose that d > r#; then the set
J={s € L,[T(s)| < c~'d}
is empty or is an interval; in the last case we have, for s € J:
IT'(s)l 2 e~ "dlogr|,
IT"(s)] < edllogr|*;
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(v) Suppose that d < r#, and that (2,2) € L, (2{,23) € L; then the set
J={sel,|T(s)| < o~ 1di+cllon 'I"}
is empty or is an interval; in the last case, we have, for s € J:
|T(s)] > et gt+elos ™

IT"(-’)I < cdl-cllns =t |logd|z

2.2 Under these assumptions we will now prove the theorem. Let uy be the restriction of
g1 X pp to L. Let sy € (—n,+n) and 0 < r < r;, For s € I, let v, be the image of i by
the map (z;,23) — T(z;,22)(3). We will prove that for almost all s € I, », is absolutely
continuous with respect to Lebesgue measure, and will cbtain & bound from below for the
Lebesgue measure of the support of v,. Because this support is contained in T,(r) (see
(ii)), it will prove the theorem.

Let £, be the Fourier transform of 1,. For p € R, we have

B = [[ T otz ),
LxL
with 2 = (21,23), 2 = (2}, 7}) and
T, ,w(8) = T(z1,52)(8) — T(2}, 23)(3)
For pg > 0, let

+Po
T(pe) = [ [ 164(p)? dpds
=P

= /fmI,,:r(pu)d#(Z)dF(z'L

with

Ix‘=-(m)=/]/:° e*™PT, . (s)dpds

1 {sin27pT: .(s)
,r/, Torls)

1

2.3 Fix z,2' € L and just write T for T ,». We estimate I; ¢{po) = I(po) in various cases.

The letter d has the same meaning as in 2.1.

Case 1: d > r?,
With J as in 2.1 (iv), we have

sin 2rpoT(s) —1 -1
—_—tds| < cd™ Jlogr
Uf-; (o) | <ot s

On I, we use the following (classical) lemma.

Lemma. Let T be a C? monotonous function on an interval J. For any po > O:

sin 2npT(s)

LT Ty

sup; |T"|{sup; T —inf s T))
{(inf s ||

<ec ((ix},ﬂT'D'l +

Proof: Let u = T(s), u; =supT, up = ix}fT, wlu) = (T o T Hu)) L.
J
One has, for u € [up,u,]
et < Cing 1)

lp'(u)] < sxijT”I(ir}f IT"i)3.

Alse

j sin 21rpuT(s)d3l _
J

Ut sin 2mpou
———plu)d
= |

ug

Let wo = (0) if O € [uo,u1], wo = p{ug) if up > 0, o = w(u1} if 43 < 0. We have
k() = ol < sup [T (inf "1y~ lui,

hence 5 #2f5ex] fo(u) — ol du < sup [T (inf IT'1)~* (s - wo);
On the other hand

j " gin 27 pyu du
u u ve

= |seal < eleols

rpru o
sin
/ du
2xpoug u



which gives the lemma.
Using the lemma, the definition of J and 2.1 (iv}, we get in case 1:

Hyoo(po) € ed™? llog rl-l

Case 2: d < r”,
Again we have, with the definition of J in 2.1{v):

j sin 21rpoT(.s)d3
-3

T(s) < edtmetosrl™ jog |t

On J, we use the lemma with the estimates of 2.1(v):

sin 2xpyT(s) —1—3clliog r|=t 2
—— B\ e < ed cliogr|™* oo g
f; 7(s) = og

and we conclude that
T (po)l < ed™1 =308 "™ 1o g
2.4 Let 0 < p < 2r. By 2.1(i), the set of (z,z") in L x L for which

d = sup(d, (21,2} ),du,(22,23)) < p

hes 4 x p—measure at most ¢(rp)d1+47,

Consequently:

/[ TPl ) ') S ex¥OrtSaigmniankan g
2"‘1‘51{(2""!‘

with

{ r=12" flogr|™? if 2" >rf
A, =

(F) 77 g (B)F i 2re e

We take n small enough to have Ay + Ay > ¢ > 1 and r small enough to have
3cllogr|™! < fatdz . %—l

13
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Then we get

22"‘(5""“’]‘4,. < erllog r:-l y
n>0

I(po) S er?@r¥38a-1 jlog |t

Letting po go to oo, we conclude that for almost all s € I, v, has a L?—density y, with
respect to Lebesgue measure and that :

./:“x'"‘i.’ ds € 81428571 Jlog p! 1

Therefore there is a set A C I of Lebesgue measure > ¢~? llog r| ™ such that, for s € A:
1
”Xl"i" S C,_?A;-I-Zag—l.
On the other hand, the total mass of v, satisfies:

"x‘"L‘ = y.(R) = #(L) > c-erH'A:

By Cauchy-Schwarz inequality, for s € A, the support of », has Lebesgue measure at least
¢~!r. The theorem is proved. §
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§3. The Selection Lemma

Our goal in this section is twofold: after recalling some basic material on subshifts
of finite type, we express the transversality hypothesis on Hausdorfl dimensions in the
theorem in a convenient form; we then procecd to construct the set L appearing in the

assumptions of §2.1.

3.1 Consider an integer r 2 2, and a subshift of finite type Lt of the unilateral full shift
on r symbols {1,...,r}. Let & be the shift map, and A = (4 h1<i,jr be the transition
matrix determining &F. We assume in the sequel that (Z%, ) is topologically mixing.

For g = (2(£€))ez0 and y = (y(£))r>0 in TF, define:
v(z,y) = inf{€ > 0,2(¢) # y(£)),
d(z,y) = exp(—v(z, ¥))-

Then (27, d) is a compact ultram_tric space, whose balls of positive radius are called
cylinders. For a cylinder C, we denote by v(C) the integer such that the diameter of C is
exp(—v(C}).

n—1
For any continuous function ¢ on TF, we write Sap = Z(,o oo forn 2 0. For
=0
k,n>CGandm > k+n, r € &, we have:

min § > S0t i
v t4n(y) 2 (n;t)r; "’(J)"'v{,»,'ﬂi’z‘m,.,s*"(")'

min  Spiaely) < mm Sap(y)+  max  Spp(z),

vz, p)>m S2m vien s n)2m=-n
min § < max & min Sk .
ey >m s+nP(y)} £ et av2ly) + o amon e(z)

15

3.2 Let  be & strictly positive continuous function on T+. For distinct 7,y € I+, define,
with m = v(z,p):

dy(z,y) =exp ( mm Sm‘p(z))

#)2m
Putting also d{z,z) = 0, it follows from the inequalities above that d, is an ultre-

metric distance on T+, Moreover, for distinct z,y and 0 € n < v(z,y) = m, we have:

< 1oy Jel@"T 07y}
(:mf)gms"v(z) tog de(z,y) S»(ﬂ%ms“vm'

We set d = d;. The identity maps: (E+.d) — (E+,d.), (Z%,d,) — (TF,d) are Holder
continuous. The balls of positive radius for d, are the cylinders; we write |Bi, for the

d,—diameter of a subset B of &+,
3.3 Let 6, be the Hausdorff dimension of (E*,d,). For 1 <j <, let
T} = {z = (2(8))ez0 € T¥:2(0) = 5}.

For n > 0, denote by I} the set of cylinders C satisfying C' C E;, v(C) 2 n+ 1 which are

maximal with these properties. They form a finite partition of E;—".
Proposition. Let n > 0. We have:

1121;1%(' CZ;“ exp(uévmcm Sep) 2 1,

g, 3 et

Proof: For & > 0 and & finite family 8 = (B, ... , B,) of cylinders, let
Hy(B) = Z|Bil,,.

First, let § < §,; consider, for each 1 < j < r, a finite covering B; of E}' by cylinders. The
proposition is trivial for n =0, s0let n > 1. Let 1 € j <r, C € Z)5let 1 < k < r such
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that ¢"(C) = T}, and A'Be the covering of C whose image under o™ is By; by 3.2, we

have:

Hy(Bc) < exp(—émin Sap)Ho(By).
Therefore, if C; is the covering of T} given by the various B¢, C € I}, we have:

max H;(C;) <D

B
1<5%r 253 HolBu),

k<r

1558r

D = max Z exp(—émén Sn2).
ce LY

¥
If we had D < 1, we would get arbitrarily finc coverings with bounded Hj, contradicting
§ < &,. This gives the first incquality in the proposition.

Let now § > 6,, n 2 1. Let, for some 1 £ j < r, B be » finite covering of T} by
cylinders B with v(B) 2> n+1. ForC e Z}, let A’ Be the covering of C by those elements
of B which meet C; if o™(C) = T}, let C¢ be the covering of T} image of B¢ under o™
We have:

Hy(B)= Y Hs(Bc)

CeL?

and, by 3.2

Hs(Bc) 2 exp(—émax Sup)Hs(Cc),

hence

Hy(By>D Cig:f}, Hi(Cc),

; s ol

D= I:Snj:gr exp( émgx Suw).
Cexp

As C, has fewer elements than B and § > &, we must have I’ < 1, proving the second

inequality of the proposition. §
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Corollary {{[MM,1083],[PV,1988]}. The map ¢ — §,, defined on the strictly positive

continuous functions on £, is continuous.

Proof: Let C,(L*} the space of strictly positive rontinuous functions on T+,
For p € C4(T%) and n 2 1, define 52 (;2) by:

-— + 1 =
max 3 exp(—67(¢)min Snp) = 1
= Ccery

28, Cg“ exp(=5; (i )max Sup) = 1;

we have
balp) <6, <63 (p)

by the proposition. On the other hand, the maps §}, 57, for n 2 1, form an equicontinuous
family on C4(Z*), and the sequence {6} — &}, converge uniformly to 0 on compact
subsets of C(I+). The corollary follows. §

3.4 Let v > 0, and C*(Z*) the Banach algebra of Holder continuous functions of exponent
von (E1,d).
For y € C7(E+), the Perron-Frobenius operator L¢: C?(E+) = C7(Z*) is defined
by:
Ly(x)=)= 3 x(v)exp(—w()).

oy=z
We recall Ruelle's theorem, and the relation to Hausdorff dimension (|B,1975), [B,1979),
IM,1990]).

The spectrum of Ly is formed by a simple eigenvalue p;, > 0 and a compact set
contained in {|z| < py}.

The eigenfunction hy, associated to py is strictly positive; the complementary invariant
hyperplane is the kernel of a probability measure vy on I+, satisfying Lylvy) = pyiry.

Normalizing ky by vy(hy) = 1, the probability measure gy, = hyvy is invariant under

o and ergodic.
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3.5 The map L:¢ — Ly from CY(T+) to L{CY(E*)) is analytic, with differential given
by:
Dy L(A¥)(x) = Ly(xB¥).

The map p: 4 — py from CY(E*) to R is analytic, with:
Dyplasb) = py [ Buvdpy.

Let ¢ € C7(T*), ¢ > 0. The Hausdorff dimension 6, of (£}, d,,) is the unique § > 0 such
that p{8p) = 1. The map ¢ = §,, is analytic on CJ(E*), with:

Awdpw
D é(Dy) = —L—a

3]
/ wdiy
where ¢ = .

Finally, let B & d,—ball of radius r, n = v(B), and A a measurable subset of B; we

have:
¢’ < p(B) < er’,

c‘“‘f—%% Sula™(4) e

uA)
u(B)'

where u = iy, § = 8, and ¢ depend only on 7, ||¢], and e [lq-

3.6 We now come to the setting of the selection lemma. Let 4 > 0, and, for i = 1,2, let:

— T} be a subshift of finite type, topologically mixing, of the full unilateral shift

on r; symbols;

Pir Ap, € CT(ZY), with ; > 0;

— pi = py;. with ¥; = §;p;, and §; the Hausdorff dimension of (. doh
~ a; & periodic paint of L}, of period n;;

— Bi(r), for r > 0, the ball on (£}, d,,) with center a;, radius r.
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Define also, fori=1,2:

Ji= / eidvi, AL = / Apidi,,
Si=Sawiai),  AS; = Spbpilai)
First comes an easy statement, to be used later in the proof of §2.1 (iv).
Proposition 1. Assume that S}AS: # S2A5,. Then there exist constants¢o > 0,1y > 0,

Bo > 1 such that the following property holds: let 0 < r < ry, m; = v(Bi(r)), vi € N (for
t=1,2); if

1 <inf (—V-l—, V—z) < fo.
m

| L]

then, for all z; € Bi(r), z; € Ba(r), we have:

max(|5,,¢1(21) — Sipa(z2)] .15, Bp1(21) = Si,802(22)]) 2 ¢ Hlog |

Proof: In the following, we write ¢ for various positive constants depending only on
Zi i, i, Apy. Moreover, the dependence on @i, Aw; is only through [lwill,, H|Awill.,
[Ilp;' 1 Ho, Si, ASi, Ji, AJi. We use repeatedly the bounded oscillation property for the
Birkhoff sums of ¢;, Ayp;, which follows from the Hélder continuity.

With £ > 0 small enough, assume that

|8y, 01(z1) — Suyp2(22)| < gilogr],

and for instance m; < v; S my(l4+¢€), my € vy

We have, for i = 1,2:

[smpitzi = 225, <

my
— gi - |1 - ;
}ni |OgT| <

as (p; 18 positive, we get:
ey =m)—c< S,pilz) — %S.‘ <elyi=mi)te,
]
—ellogr} < Supr{zn1) — Sup2{zz) < e+ clvy —my) — ¢ Hwa — ma).

20




For r; small enough, this implies:

13 S my(l + ce),

Swpilzi) - r—,'j-"'s.-| < ceflogr].
(]
We cbtain also in a similar way:

Suilpi() - %As.-l < ce logr].
3

If we had also:
|8v Aps(21) — S, Apa(22)] < € Jlogr],

we would get, as ¢(logr| 2 m; 2 ¢! |logrl:

19,A8; ~ S48 < 22 (ls. (-”Bas, - ﬁas,)' + ’AS, (’ﬂsl - T—’s,) )
ma tig ™ n; g

= ce,

a contradiction for £ small enough. We take fp = 1 + ¢ and cp=c1

Proposition 2. Assume that J\AJ; # J,AJ;. There exist constants ¢1,¢2 > 0 and, for
any M > 0, constants r(M) > 0, (M) > 0 such that, for any 0 < r < r{M), we can find
a compact subset L of By(r) x By(r) with the following properties:

(i) sy % pa(L) > e(M)pr( By (r))pa( Balr));

(ii) for any distinct 1,2, € Bi(r), y2,22 € By(r) such that (y1,42), {21,22) € L, we

have:

sup(l‘S'WVI(zl) - Sv:‘:’!(“?” ’ |SV1A‘F"I(ZJ) - SHA‘pz(zz)I)

2 sup(M, cy(vy + 13 — ¢z flog 7))

where V= U(y,',z,') fori= 1,2,

3.7 Proof of Proposition 2. We may for instance assume that NAT; > AT We

will write p for py x po.

21

Let p > 0 be a small positive constant, to be chosen later, independent of M. As u;
is ergodic for i = 1,2, we can find & compact subset K; C &} with p;(K;) > 1 ~p and an
integer ng such that, for n > ny and 2; € K;, we have:

|Snpi(zi} — ndi| < mm,
[Sn A 2i) = A < gn.

For & cylinder C C £}, we define
K(€Cy=o"™(K)INC, m=v(C);
if # is small enough (independently of '), we have:

HilKi(C)) 2 1/2u(C)  (see §3.5).

Lemma 1. Assume that g <c™'. Fori=1,2,let 2, € L} and g;,v; be integers such that
Visvi—qzng , o%(n)eK..

Then we have

(8v, 8p2(22) ~ S0, Bpr(21)) + |50, 02(22) = Suyr(21)]
2 (SqApa(22) = 8y, Bpa(1)) — [Spap2(32) = Sppr(2i )l + €Ty + 72).

Proof: \;Vriting
S.pi = S,pi+ Sppi00f,
we get, as ¥; 2> ng and ¢%(z;) € K;:
IS0 0:(2i) ~ Sy, 0i(2;) — Tl < 5T,
1S, Bpi(xi) — Sq. Apizi) ~ T AT < 97
It then follows that:

1Sip2(22) = Sup1(21)| 2 Bade — Ty if = |Spa02(22) = S (21)] — (Ty + Bs);
SvaBpa(22} = S0, Apr(21) 2 7oAy ~ 51AT) + Sp, Aplz2) — g Depr(1) — () + T2).
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It remains to see that:

[T2dy = B1dh| + T2 Ty = T1 ATy 2 ¢(Fy + Ta).
But we have:
Po(h ATy = ALY = h(TAd; - T1AT) + Ad(V 4 - 7)),
Bi(hAL - hah) = B(F:A) - 1A% + Ah(B ) - ),

which implies the last inequality since J; > 0, Jo > 0, 1AJ; > 47, 1

3.8 We now proceed to the construction of L. Fix M > 0, which we may assume big, and
0 < r < r{M), with r(M) small, to be determined iater. For i = 1,2, let m; = o(B;(r)).
For z; € Bi(r), we have:

[Smiwi(zi) — [logr|| < ¢,
e logr| < m; < cllogr|.
We distinguish two cases. (Recall that we are assuming that J1AJ; > JLAJ)).

Case 1: Sm,Acp;(ag) 2 SMIA‘PI(GI )
We have

. 1
w(KA{Bi(r))) 2 Sp(Bi(r)).

With an integer mg = mo{M) > ny to be chosen later, pick cylinders C; C B;(r) satisfying:

m; +mg + ¢ 2 o(Cy) = my + my,

1

pelHi(Bilr)n Ci) 2 5#:‘(0.‘),

and define
L = (Ci N Ky(Bi(r})) x (€2 N Ka(By(r)))-

We have

W) 2 gm(Cra(Co)

2 Semetmoted (B (r e (Ba(r)),

|-

hence condition (i} in proposition 2 is satisfied if (M) < Le~™0+). Let ), 32,21, 22,0, 12
as in condition (ii) of proposition 2.
We have

[Sm.p1{z1) — Smyipa{z2) S ¢

and, by the hypothesis of case I:
SmyBipa(22) — S, Bpa(2) 2 —c.

Also, o™ () € K; and v; — m; = F; 2 myp 2 ng; with m; = a;, we then get from Lemma
1.

(S0, 80(22) = S0, Bp1(21)) + 150, 902(22) — Sivipr (1)

2 (v + )~ (my 4 my)) ~c' 2 emo— ¢

With my > e¢M and c;,c.;] small enough, this implies the inequality in condition (ii)-of
proposition 2.

3.9 Case 2t 5., 8¢2(a2) < S, Apr{ar).
The construction of L is more intricate, involving a stopping time argument,.
Consider the family F of products C = 'y x 3, where ; is a cylinder contained in
Bi(r), such that, with g; = v(C;), there exist points u; € Cy, up € €, with:
|Serp1{us) — Sqapalua) < M
|S¢, As(1) = S, Bp2(ua)| < M.

We order F by incluaionl, and denote by F; the subfamily of maximal elements of F. For
B > 0, let Fg the subfamily of ¥y formed by the products C = € x C; € Fy with:

v(Ci) € Bllogr}, i=1,2.

Lemma 2. For M, B > ¢, we have:

1 (Ba(r)) x Ka(Ba{r)) € U C.
Fa
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Proof: Let u; € K;(B;(r)), for i = 1,2. For all m > my, select an integer T(m) 2 m;
such that

|Sm‘|pl(“l) - Sr(m)’l’?(“?)l S €,

rimy)=my , r(m+1)271(m)

(this is possible because v, 3 > 0).
Let Ap = Sepm)Bip2(2) ~ Sy (1) for m > my. We have r{m + 1)< r(m) +c,

hence:

[Am = Amit] L e,

and, by the hypothesis of lemma 2:
—cllogr| < Am, <c.

We also clearly have
e 'm g r(m) <em.
With r(M) small enough, apply lemma 1, taking ¢; = m, and B’ |log rl < v < Bllogr|,
v; =7(1n), B' > ¢; we get:
&y > A = ey +v2 —my —my) >0,
bence there exists my < m < 1 such that

|S,,.<p;(u;) - Sr(m)vz(!lz)l <e,

Bml = [SmApy{ur) ~ SeimBpa(uz)] < e.

Let C) be the smallest cylinder with v{Cy} < m containing u;, and C; be the smallest
cylinder with v»(C,) < +(m) containing u,. We have

m-cSv(C1)<m<y < Bllogri,

r{m) — ¢ £ o(C3) < 7{(m) < v; < Blogr|,
hence C = C; x C; belongs to F; this proves lemma 2. I
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For C € Fy, define:

Let also U = U C.
CEFp

Choose elements C,... ,C¥ of Fg, with N maximal, (Fp is finite), such that:

We then have

With an integer my = mg(M} 2 ng to be chosen later, select as in case l,for1 <5 <N,

a product of cylinders €7 = C‘f X ég cCi= Cf x C{ such that, fori = 1,2:

See Figure 2.

wic)= |J ¢,
C'eFp
oncige

wiC)= |J wi(C)

C'eFo
CnC'g¢

cHg | Jwmich), 1<i<n.

j=o

N
U c | wach).
J=1

ma + v(C]) < v(C}) < mq + ¢ + v(CY),

wi(C] nKy(Ch) > %y.-(éf)-

Ty

yy -

b

e



wl(ci)

ar
[

e Nl

M\

Figure 2
Finally, define
N . . . N
L= J (€] n Ky (C)) x (¢ n K (Ch)).
=1

We first check condition (i) of proposition 2.

The C7 being disjoint by construction, we have:
Lo iGiy> Lemetmotary o o
#lL) 2 Eu(CT) 2 3¢ Zu( )

On the other hand, if C,C' € Fy satisfy C N C' # ¢, we must have for instance &) C C1,
C3 D C3; because ¢,z are positive, this implies:
[#(C;) — {C))| < eM.
From this, it follows, for C € Fy:
#(Wi(C)) < ceMu(C),
W(WA(C)) € ceMu(C),

By lemma 2 we have:

U 3 EKy{(By(r)) % Ka(Bafr)).

27

Therefore, we obtain

1/4u(By(r) x Bs(r)) < pU) < Tp(W2(C?)) < eeMEp(C?),

~1
W(E) 2 Teem MMt Au(By(r) x Bylr)),

and condition (i) is satisfied provided

-1
€ e Mimote)
M) < ET3 e .

Let y1,¥2, 21, 22, ¥, ¥ be as in condition (ii) of proposition 2. Let 1 € j,k < N such that
(v1.12) € €7, (21, 22) € C*.

First assume j < k. Then, fori = 1,2
vi S v(C}) < Bllogr],
bence, with ;! small enough
max(M, ci{wy + vy — ca |logr])} = M;

if the inequality in proposition 2 was not valid, the minimal product ¢ = €, xC; containing
(v1,21) and (yz, z3) (with v(C:) = »;) would belong to F. But then ¢ c W, (C7) and
C* C W,(C?), contradicting the choice of the C*.

Assume now j = k. With ¢; = v(Cf), we apply Lemma 1 to get:
|80 Ap2(z2) — Su, (1) + |Su@2(22) — Sur(z1)]
2 (SpApa(22) — S5, Api(21)) = 1Sgwa(s2) ~ Sqopil(z)| + e(va +v2 — @1 — g2).
From the definition of F, Fp, we have:
lgil < Bilogr|,
ISqpwalz2) = Spva(n)i Sc+ M,
[Se:Bp2(22) — S, Bpalz)| S e+ M,

and the inequality of the proposition follows, provided ¢, ¢y ! are small enough and mg >
cM (recall that v; — ¢; > my).

8




‘The proof of proposition 2 is complete. I

3.10 We now explain how the assumptions of §2.1 fo]low, with the help of proposition 1
and 2 above, from the geometrical estimates that we will prove in §4 and state now. We

use notations of §1.

First, we recall that there are continuous linear operators I;: C¥(%;) — C*(Z¥) and
0::C7(E;) — C(L;) such that, for v € C'(Z;) (i = 1,2):

() oxi =%+ 0;(¥) —Oi(P) oo,

where #;: ; — L} is the canonical projection.

We have fixed some Riemannian metric on M. For z € £; and s, € (=7, +7), let:

Az, 8,8) = log [T, (23000 fout 120 !

L]

where E" is the unstable subspace of f, ; at the point H,{z)(s,t) of the basic set. Similarly,
for z € B, 8,t € (=7, +7) let

A2(z, 8,1} = log || Th, oo it |20 || -

We may assume that the Riemannian metrics is such that

Ai{z,8,t) 2 >0, i1i=1,2
for z € I;, s,t € (-, +n).
For s,¢ € (—n,41), i = 1,2, let X;(s,) be the map z — Ai(z,8,t) from E; to R. There
exists ¥ > 0 such that A;:(s,t) — Ai(s,t) is a smooth map from (—n, +7)? to CH(Ti).
Let i(s,t) = Hi{Ai(s,1)); then (s,£) — (s, ?) is a smooth map from (—5, +7)? to
C7(Z}).

Let (s,t) € (~n,+n). It is well-known (and we will prove in §4) that the composition

(E:}’dw(a.l)) — L — M

LT

is & biLipschitz homeomorphism on its image, the Lipschitz constants being independent
of s,t. Therefore, the Hausdorff dimension A,(s,¢) of §1.5 is the same as the Hausdorff
dimension &;(s,t) of (T},d,.(,.0)}-
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For (a,1) € (—n, +1)?, ket
bednt) = Lot =1, (-g;x..(s,u) .

Let Hiet = Byi(ah with wi(":t) = §{s, thpils, t),
From 3.5, we have that

8. edAgis,t)
ps OBt = = e, )
(and a similar formula holds with £).

Taking 1 small encugh, the transversality hypothesis on the Hausdorff dimensions is
therefore equivalent to: ;

ba1,0,6(21 (8, £ )1tz 0,0 ( Do, 1)) — p2,0.4(02(8, )1, an(Bpa(3,2))] 2 € > 0.

For the eigenvalues of the periodic orbit, we have, for i = 1,2:

ni—1

sty = 3 Alo(a),s,8)

=0

ni—-1

= Z wils, 1)o7 a;).

3=0

Hence the transversality hypothesis on the eigenvalues in §1.5 means that (taking # small
enough) we have:

’SHI‘PI(J! t)(al )S”,Apz(s,f)(dz) - Snav?(svt)(GZ)snlAﬁpl(": t)a.l )[ 2c>0.
We now state the geometrical estimates proved in §4, and deduce from them the assump-
tions in §2.1.
Proposition. Let n be small enough. There exist constants r; > 0, ¢ > 0 such that, if
21,%] € T}, 29,2} € TF satisfy:
do(zi, 0} < 1y
do(Z:,a,') < Ty for:=1,2
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then, writing
11{s) = log |T(21, 22)(8) — T2}, 22 (=) »
73(s) = log [Tz}, 22)(8) — T(z}, 2 Xs)},

v; = v{z;,2}) fori=1,2,
the following estimates, for i = 1,2, hold:
wi—1

(8)+ Y Ailo7zi,9,T(21,22)(s))

y=0

g

¥i—1

%(‘r,»(s) + 3 Mlo7zi,8, T(21,2:)(9)))

J=0

<rc,

&
Eﬂ‘(-’)

<af,

|72, z2)(8)] € csupld,(z1, 21), du(22, 82)] = ed,,

*;;T(zl- 23)(e)

< ed, |logd,]-

3.11 In the context of §2.1, let ry > 0, § > 1 to be determined later.
Let 50 € (=1, +n), 0 < r < ry, T = [8g = [logr|™, 50+ logr|~"]. Let 2,2 € B, (r),
22,7 € B2 (r). Let A, = Ai(s0,0),
d = sup(dy, (215 21), dug(22, 23)}
T(s) = T(z1,22)(8) — T2y, 308), s €l
= [T(21,22)(s) — Tz, 22)(s)] + [T(21, 22 )(s) — T(21, 22)(s)),
=T(s} - Tz(s),
ITi(s)| = exp7i(s).

We assurne r; small enough to have, for any s € (—n,+7)

Bi(r1) C By(r2)
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which means that we are in the domain of validity of the proposition of 3.10.
Let v; = v(zi, 2}) for i = 1,2.
Let @i = wi(20,0), Bpi = Api30,0), fi = fiae0 (cf. 3.10).
Property (i) of 2.1 follows from 3.5 and 3.10 (the metrics d,, and d,,, being equivalent).
We now check property (iv), using proposition 1 of §3.6. We have seen in 3.10 that
the hypothesis of proposition 1 is satisfied (5, AS: # $:45).
According to the proposition above, we have:

|T(z1, 23)(s)] = csuplda(z1,81), da(22,a2)]

<ecr*, O<u<l

Therefore:
wi=—1 A ¥l .
Z ’\‘_(szi’a, T(Zj,22)(3)) _ Z Ai(glzi‘go,O) < cv ]logrrl . s€l
=0 i=0
Also
»i—-1 .
3 Ail074i,80,0) - Supilm)| <<,
j=0

hence lri(s) + S,,pi{2i)} < vy |logv-]'l (clearly v; > ¢! [logr|).
We have:

d wi—1 wi=1

B S M Tz = Y oMo, T, 2)(5)

F=0 J=0

wvi—1

+ %T(z;,zg)(s) Z %)\i(ajzi, 8, T(z1,23)(s),

J=t
with, as above:

wy=1

Z %Ai(ajz;,s,T(zl, 22)(8)) — Su; Apizi)| < evi[log !
j=0

3z




and | £7(21, 23)(s)| € r*. Therefore

%f.-(a) + 85, 8pi{z;)1 < e |log |'-|'l

Let 1 < B < By, with f as in proposition 1 of 3.6. We apply proposition 1 in 3.6 with
balls By, B; of radius ¢cr containing B), (r), B2 (r) (the respective distances are equivalent).

We assume for instance

d=4d,(z,2) > r?,
which implies, with the notations of proposition 1:
my <1 £ formy,

if ry is small enough.

If the set J of 2.1, property {iv), is empty, there is nothing to prove. Assume that J

contains a point s, € I. We have

llogd + Su,p1(z1)l < ¢,

hence

Iri(s) —logd| <S¢, s€l,
and also

IT1(81)] = [Tafa )} < c7d.
Therefore

Iri(a1) —m(s)i<e.
But
[ra{81) + Swatpa{2z2)| < 12 |lc:gyr-|_1

and

|r2(2;) ~logd| < ¢

imply ¥; € cflogr|. We then get:

|Sue1(21) = Suapa(22)) S .
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Then, by proposition 1 and the est.mates above for f.-r.-(a), we get

|£(ﬁ(s) —-7(8))| > ¢ logr|, s€l.

<cllogrf®.

(e =)

This shows that J is an interval and gives the estimates of Lroperty (iv) in 2.1.
3.12 For s € I, there is & constant ¢ such that
B,,(c7'r) C By(r) C B,,(er).

Indeed, the distance d, is equivalent to d; . q, the distance d,, to the distance d; ,, 0,
and the property is clearly true for the balls relative to these distances.

The hypothesis J1AJ, # J2AJ) of proposition 2 of 3.6 is satisfied, as we have seen in
3.10. With M to be determined later, we apply proposition 2 in balls B;(c™!r), in order to
satisfy property (i) of 2.1, Property (iii} of 2.1 (with L as in proposition 2) follows from
the conclusion (i} of proposition 2 and 3.5.

We now check property (v). We therefore assume that (z;,22) € L, (2},25} € L and
d < rP (with 8 > 1 as above). Again there is nothing to prove when J is empty, hence we
assume that there exists s; € I with

[1Ta(s0)] = ITa(s)l} < ¢ 2at+ehenrl™,

Assume for instance that d = d,,(2;,21). We have:
[togd + Sue1(z1) S €
ri(8) + Suy@s(a: ) < e logr|™
and therefore
Ira(s1) = ma(81)] < ellogr| ™" logd|
1Sue1(21) = Suypa(22)] < efvs + 3 + [log ) flogri ™" .
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but, [logd + Sy, ¥1(21)| € ¢ implies
¢V logd] < v, <cllogd

nd for the last inequality to hold we must then also have 1 logd| < va < ellogd].
Cherefore

|Su,¢1(21) = Suapa(z2)] < cllogdiflogr| ™

for M big enough (and ry small enough), we have
sup(M, & (v1 + v; — ez llogrl)) > c flog d} fogrl™*,
hence, by proposition 2:
18, Ap1(21) = SuBipa(z2)] > sup(M, ea[(»1 + v) — ez |logr|]).
Then we will have, for s € I, r; small enough, M big enough:
d 1
Z(11(8) = 7a(8))) > 5 sup(M, er(v1 + vz — ez [logr()),

:;%(11(3) — ny(s))| < ellogd]*,

from which we deduce easily that J is an interval and that the estimates of property (v)
of 2.1 bold in J.

We have thus reduced the proof of the theorem to the proof of the proposition at the
end of 3.10.
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§4. The Geometrical Estimates

The aim of this section is to prove the proposition in §3.10 and thus to finish the proof
of our main result.

In 4.1, using the smooth dependence on parameters of the stable and unstable fo-
liations of the basic set A;, we introduce appropriate local charts around each point of
A

These charts are then used in 4.2-4.4 to obtain estimates of the distance between two
nearby stable manifolds of A; along these manifolds and its variation with parameters.
The main part of the calculation actually takes place in some group of jets; we therefore
adopt & slightly more abstract setting to make this apparent.

In 4.5, we do some preparatory work in order to finally obtain in 4.6 the estimates in
proposition 3.10. The calculation is quite long but straightforward; it consists essentially
in translating the eaﬁmates on the distances between stable manifolds (4.4), via the im-
plicit function theorem, to estimates on the parameter intervals corresponding to various

tangencies as in 3.10.

4.1 We start from constants £ > 0, ¢g > 1, ¢; > 0 and a continuous map L:
Ty — C%([~cp, +¢o]? x (—1,+1)?, M)
with the following properties.
(i) Let z € I;, 3,t € (~n,+n); the map Lyo(z1):
(z,y) = L{n )z, p,8,0)

is an embedding of [—co,+co]? into M whose image U,dz) contains an

e—neighbourhood of fy ,1(21); we have
Log(2:{0,0) = hysie(21)
L, #1)(z,0) C W*(z1,8,1),
Loi(z)(0,¥) € W*(21,8,1),

r € [—co, +¢o)
v € {—co, +ecq];
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(i) Let 2 € £, a,¢ € (—n,+n); the map F, (z,):

Foulz) = {Loslon ))-1 3 fagoLyi(n)
is defined on [~1,+1]% it may be written in this square under the form

Fos(a)(z,y) = (zexp H, (21 )z, v), 2y exp K, o (01 2, 4))
where the + or — signs depend (continuously) only on z;. The maps F,,(z)
together define & continuous map F:
Ty = C™([=1,+11° x (=0, +n)%, [~¢o, +ca]’)

and similasly for H, (1), K, (2)).
We have K,,g(zl)(O, 0) = 4\1(21,8, t) (d- 3.10) and define p;(z;, 3, t) = ‘—H.':(Z1 )(0, 0);
for z; € Iy, 8,t € (—n, +1)?, we have:

Mz, 8t} 2 e, >0

pl(ZI,&, t) 2¢a >0

(iii) Let z; € I4(j), 2} € Ba(k), with j # k (i.e. they belong to distinct elements of
the Markov partition). Then

Usl21) NU, (21} = ¢, for all (5,2} € (-5, +9).

4.2 We consider now the following slightly more general situation.
Let P be an open set in a parameter space R¥. Fori > 0, let Fi:[-1,+1]? x P — R?
a map which may be written in the form:

R(z’y!p) = (Iepol'(zi y1p)! ycpri(xr yvp))

with smooth maps H,, K;:(-1,41)* x P> R.
Define

pl(p} = _H!'(Dv Dap)
'\I(P) = Kl'(oloip)
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and assume that, for some constant ¢; > 0, ullpel;,I'aO:
pl'(P) 2 €1,
A.(p) 20;.

For n > 0, define

n-1

P"(p) =" pilp),
[ 21

A®p) = 'f Ai(p).
i
Assume that we have, for some constant ¢ >0
|8:Hi(z,v,p)| < ez
1By Hi(z,y,p)| < ez,
10: Ki(=, 1, p)| < e,
1By Ki(z,y.p)| < c2-

Let 6 € (0,1]. Consider a smooth map

2 — (zo(p), vo(p)

with values in (0,8]?. As long as z,(p) € (0,4}, vi(p) € (0, §], we define:

(zi+1(p), vi1(P)) = Fi(zi(p), vi(p), p).
Define
Xilp)=logzi(p) , Yil(p)=logui(p);
then we have
Xisa1(p) — Xi(p) + pilp)l < ca(=ilp) + 4i(p))
Yit1(p) — Yi(p) = Mi(p)]| < ca(zi(p) + 4:(p))

From now on, we adopt the following convention: We denote by ¢;,¢;,¢3,... constants
which depend only on:

38

-

e

Bl



- bounds on F}, Hi, K, uniform in i;
- bounds on the map g introduced in §4.4;

- bounds on the map p— Xo(p).

We also use the letter ¢ for such {unspecified) constants.

‘We agssume that

f< %clq“e'“n(l —e)!

Lemma 1. Assume that for some n 2 0, we have
0<za(p} <8,
0 < yo(p) < Sexp{-A"™(p)).
Then (zi(p), yi(p)) is defined for 0 < i < n and we have:
|Xi2) - Xolp) + £9(2)| < 5

¥ite) - Yop) - 29(0)| < 3

Proof: This is clear if § = 0; assume it is true for 0 €i < j < n. Then, for 0 £ i < j we

have:
0 < z;(p) < B3¢~ (<8 ii>0)
0 < yi(p) < B2l (< 8)

and therefore

i 28cqe/? ¢
e Y (xi(p) + yilp) < ‘i—__%_c—l < 31

whuch proves the statement of the lemma for j +1. B

We recall, for further purposes the estimates
0 < zi(p} < esr/3emir
0 < yilp) < Ber/2eli-ma
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under the hypotheses of the lemma.

Let us now stddy.partial derivatives with respect to the parameters. We write p =
{p1,... ,pd) and 3; for g%.

Let 1 <j <d ForQ << n, define:
9 2 (ajxi) v _ (3jie’s(xi,ys,p))
i &Y: ’ i & K(zi,vi,p)

viOy Hi(2: vi,P) )
1+ yia’Ki(‘tiayhp)

M = 1+ziasHi(zi!Viop)
YT 20 Ki(zi,9i,p)

Then, for § €1 < n, we have
Jg-)l - M,-ij) + V'_(J)

For 0 < i € n, define

i A(i) BU)

A Br:
My = Mo ...M.=( o) m)
@ PTG Dy

m=(2 5):
with estimates (under the hypothesis of Lemma 1):
la; — 1| < cze /2%
lei] < egesr/2ge="
b] < cpe1/28elim )

|di — 1} < cpet1/2geli—m

Using the recursion formulas for the A7, A,).... it is easy to prove that there exist

constants ci, cq > 0 depending only on ¢;, ¢z such that if we assume

0<ey
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then we will have, for 0 <i < n;
IA") - 1| < 46,
i B(")' < cqfeli-me
|C(i)| < ¢df,
|09 —1] < egti-ma,
14 = 1] < cabe™™,
[Biy| < b,
|G = 1| < cabe™,
ID(,) - 1[ < 8.
We also have
Mgy = M MO,
and therefore
Bo) = Ay BY + By D
Do) = C»BY + Dy DY
[Boy = Biiy| < cBeli=m

| Dy = Deap| < eeli~mer,

On the other hand, we have:

n—1
I = My + 3 My v,

=0
n=1
8jxn = A(o)ano + B(u)ano + E(A(,-H)B,-H.- + B(,-+,)8,-K.-),
=0
n—1

8;Yn = C0)d;Xo + Dioyd3Ys + Y (Cir1ydi Hi + Dii1)9iK:).

i=0
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Suppose that on our domain we have
18;0: Hi| < ¢
18;8,Hil <¢
[8;0: Ki| < ¢
16;8,Kil < ¢

The following lemma is then immediate.

Lemma 2. There are constants ¢y, ¢, depending only on ¢;, ¢z such that, if
0<zp(p) < @

0 < yolp) < exp(-X"(p))

< &3 < _}clc;leuctfi(l — e—::)—l

then, one has:

n-1 n—1
|(8,X.. + 2 6,-p.-) — A0y85X0 — By (ann + }: a,-A.-)

=0 =0

< cf

Sw‘l

n—1
8;Y, = Ciqy8; X0 — Dig (8,-1’0 + za,-x.-)

i=0

where |A(o) ~ 1| < 48, | Bigy| < e, [Ciop| < 48, | Doy ~ 1| < s

4.3 We will also need estimate for second partial derivatives. Let 1 < j, k < d. Define

g - { 09 Xi
R E:1T- % A

Then we have
TED <MD 1 5,(JD & IP) 4 S IE 4 S0 L yle),
with
g _ [ #i0:0;H: y:i8,8;H, yub _ 80 Hi
' z.-a,a,-K.- y.'a,ajK.' * ¥ a_fagK,-
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S = :.-8,H¢+:c,’-8§H.- :,'y.'a‘a,H.' y.-8,H,»+v?83H,-)
TN 20, K+ 18K ziyi0:.0,K; y.-6,K.-+y,?8§K;

and we write the symmetric tensor product Jiu } é Ji(*) with coordinates
8 X;0X;
6,x56.1’a + 8;.’(.-8;1’.- .
BY:8Y,

We have

n=1
_ . "
JOB = My I + > :M(,-“)RE’ ),

i=0
with RS = 5,(J0 & J9) 1 S0 4 919 4 v,

Assume that there are constants ¢, Cy such that al! second partial derivatives of Hi, K

are bounded in our domain by ¢, and that:
|27} <com.
] < on.
Then, for some constant Cy = C)(Cy) we have:
sup (il |2 |}58) < cexpint(i,n ~ her)

H.I,(,”*) — My U0 “ < Cin?

4.4 'We now fix 8 such that

0<es , 8< %c:l (cf. Lemma 2).
We add the following new feature: there is a smooth map g:(0,6] x P — [0,8], which
satisfies

glz,p)>c>0, z€[0,6], peP

and such that:
Un(P) = g(I“(P)!p)l PE P.
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See Figure 3.
(xn(PYe¥n(p))
4{ i( p graph(g)
~
=]
(x5(P)syo(P)) : S———
> x > X
p:(pl. ves) P
Figure 3

We also assume that p — (o(p), yo(p)) setisfies the hypothesis of lemma 2.
Write

r—1
8 X =8Xn+ Y 0ipis
=0
— n—1
BJ‘Yo = aJYu + Z 6,,\,
=0

For 1 < j < d, we have:

ynajyn = u,¢ +znatgajxn:

with |z,8;g] < ce™" and |an,. —8; Xl <cn.

Joining this to the conclusion of lemma 2, we obtain (as yn > ¢ > 0}

15_,-}{,. - A(o)a,-Xu - B(o)é;_’Ygl <e

iC(o)aij + D(Q)a’;ﬁ)‘ <e+ce "

7%
from which we deduce, as [3;Xq| < ¢, forn 2 ¢5:

6%

<e¢
7 <
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For second derivatives, we have, for 1 < j <k < d:
Un(0;YaliYo + 8;8:Y) = 80k + 208;8,98: X
+ 2, 000:99; X + (2009 + 22829)0; Xn8: X,
+2,8:90;00. X,

Then, we see from 4.3 and sbove that we have for n > ¢x:
b

llJ,(,j’*) - M(Q)Ju(jlb)" < cn?
We have
[gYal<e , |8Yal<ec
and therefore
13;0:.Yy| < c+ce™™|3;8, X0

In the same way as for first derivatives, that allows to conclude that, for » > cg > 5

18;0,Yy| < en?

4.5 We now proceed to prove the proposition in 3.10. We use the notations of §4.1. Let
P = (—n,4%)%, 1 small enough.
The maps

n - ee(-1,+17 x BR)
2 L co(-1,+1) x P,R)

are continuous, hence there is a constant ¢; > 0 such that, for all z; € Ty, 5,t € (—n, +9)?,
z,y € [-1,+1):

18:Hy o(21)(7, 0} S e
Oy Han(zs Xz, 0l S 2
10:Kuy(21 )2, 0)| € €2
10y Ko (21 Xz, 9)| € c3.
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We determine then, from ¢; (in §4.1) and ¢; above, constants ¢3,¢4 85 in Lemma 2,
and choose 8 with

)
6<ey , 0<-1-6c4‘.

There exists ng > 0 such that, for all s,¢ € (—5,+7), 1,2 € T} with v{z,2}) > ny, the
point hy , ({2} lies in U, i(2]) and the equation of Wl (21,8,8) N U, (2]} is

¥= g:;]:;(z‘ &, t)

in the coordinate system given by L, (z}).

For ench z;, 21, the map g,, 7+ is smooth, and these maps together give a continuous
map:

Vi =5 C=([=eo,a] % (=1 +7)", [=¢o, +50])
where V; = {{z1,2}) € B} x E},v(z1,2]) 2 no}. 0

We choose ng > 0 big enough such that, for (z1,2]) € Vi, the image of g, /., is
actually contained in [~e~¢1/28 ¢~1/2£],

We choose, once and for all, an integer my, multiple of the period of a;, such that the
point ¢’ = f™(q) belongs to Uy g(a; ), with coordinates (8;,0), where 0 < [6;] < £.

We will consider tangencies near ¢' instead of ¢. The map T” related to ¢’ and the
map T related to ¢ satisfy T¥(o™z;,67™ 23) = T(21,22). Once my is fixed, it is clearly
equivalent to prove the proposition in 3.10 for T or T. We will actually prove it for T'.
But to keep notations simple, we assume mg =0, T = T".

Let 0 < g5 < 116;] a small number such that the component of ¢’ in W*(a,,0,0) N

[ — 1.8 4+ &) % [—%, %] in th~ coordinate system Lgo{a;} has equation:
y=wlz) , lz-8|<e,

with (8;) = ¢'(8,) = 0, [p"(2)| > ¢ > 0.

Let n; be an integer > ng, and let 2,2} € £}, z2 € T with v(z1,@1) > ny,
v{z1,e1} 2 ny, v(zz,a2) 2 ny. We claim that if £ is small enough and 5, is big enough
the following properties hold, with constants independent of s,t,z,2{, 22 {provided 7 is

also small enough).
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(i) The connected component of W*(zz,8,t) N [61 — €1,8 + &1] x [—$,§] we ure

interested in has equation
V= ?lg[:'l(zv "vt)

in the coordinate system L, (z}), for 8 smooth function ,,/,:; all partial deriva-

tives of ,, /1 and g,, /e of order up to 3 are bounded by a constant c.

(ii) For s,t € (~n,+n), |z — 8;| < £1, we have

Bopnays (2,8, t)\ >e>0,
|3ts0;,/=',(=r,a,t)l >e>10,

161(97:3/1" - gn/z'l(xa sat))l >c>0,

ai(ﬁozglx'l - gn/:i_(:ialt))| >c>0

(iii) For s,t € (—1n,+7n), z,2' € [6; — £1,60; + €1], we have

ar.g:: £ (Iv sat)l <ec ‘gnfz'l (zry S,t)\

aigllfx'l(zt‘snt)[ S [

gn]r’l(z'as,t)l B

(iv} For s,t € (~n, +7) the function 8¢, s+ (resp. Fe(¥syrs —§s,/:,)) hasa {unique)
zero &(s, £} (resp. e(s,t)} in [8) — €1,8; + €1]. We have
[Bec] € €7, |Bie| £ €1,

18,& < e, 1848) < e
and second partial derivatives are bounded by c.

(v) For s € (-5, +n), the points T(z1,23)(s) and T(z},22)(s) belong to (—n, +n); we
write T = ¢ — T(z}, z3)(s). In the parameter coordinates (s, ), all estimates above
are still valid.

All estimates and claims are straightforward, taking first €; very small and then ny
very big; estimate (iii) holds because the stable foliation of the basic set is, uniformly in

s,t, of class C'** for some a > 0.
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4.6 We fix points 23,2}, 23 as above, but we will assume
pol H

Wz,a1) 2 ng, v{zar) 2 g, v(z,a2) 203
for an integer ng > ny, still to be chosen.

Let n = v(z,2}) —ngjfor 0 <i < n, let

Fi[-1,41 x (-n,4n)" = R’
be the map (z,y, 3,1} — Fu(c'z))(z,¥).

By changing the signs of the coordinates in the coordinate systems L aalofz), 01 <
n, we may assume that the F; are exactly of the form considered in §4.2.

We will work with the parameter coordinates (3,7} considered in 4.5(v). To keep
notations simple, we just write (s,t) again for these new coordinates. We therefore have
T(24,z2)(s) = 0, which means:

(&(s,0), 5,0)=0.
We are interested in the function T(z3,z2)(s) = t(s) which is defined by:

w(c(s, 1(s)), 8,(s)) = g(c{s,(s)), 3, t(s))-

We have written ¢ for cp,;/,:‘ and g for g, /.- See Figure 4.

(x51¥g) greph(g)
£=o_//”,—'/ =w(z,)
t| ¢
/ \ Ws(z'l)

glaph (g)=W"(z,)

- (x5, ¥0) graph(g)
t=t(s)

-:; Wi(zl)
/ cec graph(p) !

lyo(8, T~ |g(x,8,t)-"(s,E)~t{s), [EISt(s)

Figure 4
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Write § = ggn,, fons;. We have, as v(0®2;,0%2}) is o fixed integer ny:

—;-e"‘lzﬂ > |g{z, s, ) >e> 0.
By lemma 1 in §4.2, we have therefore, for z € [0, — €1, 6, + €3], 5,2 € (—n, +9):

0 <ec<lg(z,s t)exp A™(s,t) < 8.

Let us just write x(s,t) for exp ~A{")(a,1). We estimate |¢(s,) — &(s,0)|. We have
1€(s,0) — &{a, )| < ez |t],
dep(é(s,t),8,t) =0

|a,(p(c(.!,t),.!, t)l = |a:9(c(":t)"’vt)! < Cﬂ‘(a,f),

hence (as [B2¢] > ¢ > 0)
[&(s,0) — ofs,t)| < ela(s,t) + ¢]].
But ¢(&(s,0), 5,0) = 3:(&(s,0),,0) = 0. Therefore
le(e(s, 1), 8,001 < cl(x(s, 1)) + 1]
On the other hand, writing a(s) = Byp(c(s, i{s)), 3, {(s)), we have:
la(s)| 2 e>0
and, for [¢| < |i(s)]
|Biple(s,(s)), 5.t} — a(s)| < cle(s)}
Summarizing, the function x:u — ¢{e(s, #(s)), s, u) for |u| < |{s)] satisfies
IX(O)] < cln(s, t(s))? + t(s)"]
x(1(s)) = glels, 1(s)), s, 4(s))

~lala)l = IX'(t(sh) 2 e >0
x'(6) = X' ({s))] < elt(s)] -
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Let yo(s,t) = g{c(s,t),9,¢). We have

lyals, t)]
Jor <
hence |t(a) - _Ul(_‘-:_(s_:_gj)l < (x(s, H(s)))*.
In particular, writing x(s) = x(s, t(s)):
[¢(s)l
|iog ;_(;T <c.

Let us now estimate t'(s). From the defining relation
(s, 1(s)) =0,
with ¥(3,) = p(c(s, t), 5,t) — g(e(s,t), 5, 1), we get
t'(s) = ~[Bib(s, t(s))) ™ B, 0(s, 1)),
where

O = Oup + 8,¢0: 0 ~ B,v0,
Otp = Byp + Bicdz — Dyya.

We have

Orp(c(s, 1(8)), 8,{s)) = a(s),

la:?(c(sat("))a Jat("))l = la,g(c(s,t(a)), 3!‘(5)” < Cﬂ'(s):
(by 4.5 (iii))

[8sp(c(s,E(8)}, 3,2(s)) — Baip(E(s,0), 5,0} < em(s),
{because |i(s)| < ex(s), |c(s,t) — &(s,0)] < cx(s))
0,¢(¢(s,0),5,0)=0

(becanse 8;0(2(s,0), 5,0) = p(&(s,0),s,0) = 0).
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On the other hand, with zo(s,?) = ¢(s,t), we have, in the notation of 4.2: According to 4.4, we have, for ny big enough: c

821 < en?,
Un(3,1) = §(znla,1),5,1) + log ol < en
8,8 log |yo| < en?,

with estimates: 8} log lyo) < en?

£r c7
19 log fzall < -« 18 tog fza| < &~ : d,loglwl < en,
Taking n, big enough, the calculations in §4.4 are valid and we get: 8 log lu| < en,
n~-1
Buto + z ANl <e, therefore
e |63y0| < en?r(s),
Betol < ex(s, thn < en(s,t) [log m(s,t)|. 18, 8uz0| < enr(s),
Therefore |87 yo| < en®r(s).
B8,(3,4()) — yo( s, H{s)B,AN s, (s))] < en(s), We already obtain:
[8e(s, t(s)) — a{s)| < ex(s) Hog n(s)|, ' |BF (s, t(s))] < e
3, O(s, t .
with |yo(s, t(s)) — a(s}(s)} < e(n(s))?. 19,800 s, ta)h < €
We conclude that: In the formula for #y(s, t(s)} we have:
() , 3
o) * 2 PNt S 19z0(c(s, (2)), 8, t(o)) = [Besp(cls, Ha)), s, KD < ().
Let us now estimate from above the second derivative £”(s). We have: We compare 9,¢(s,t(s)) with d,é(s,0). We have
3, 8,0(&(s,1), 8, 1) + O2p(E(s,1),8,£)0,8(s,t) = 0,
aﬂlbt" + 6?‘)"(’,)2 + 26(8,14”1 + af'l) = 0! ( )
8:84(1p — g)(c(s, 1), 8, 1) + B2 — 9)(e(s, ), 5,1)Byc(s, £) = 0,
hence
" 2 with
I"(s)] < <(|8%] + (s} flog m(s)| {8, 8| + 7°(s) Pog x(s)| |OF )
h |azal‘P(é(51 U)s 35, 0) - a:al‘?(c(s:t("))a 31t(3))i < CN(S),
wit

|B20(&(s,0),5,0) — B30 — g)(e(s, H(s)), 8, t(s))| < en(s),
B2y = 82ed,p + (8,¢)* 2 + 20,680,890 + 2 — B2yo
8,8,y = 8,868, + 8,8, + 8,68,8; ¢ + 8icB,8:0 + 8,819 — 8,810 (recall 4.5 (iii)), hence
8} = Bcdup + (8ic) Fp + 20,c0iBep + B — Tt |Bec(s, t(s)) = By(s,0)] < cm(s) + |9:Bug(e(s,1(s)), 5, ts))] -
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Let
Eo{u,8,t)=u
u€l —e,b 46l
fio(u,3,) = g(u, s,t)

The discussion in §4.2-4.4 applies to (o, o) {depending now on three parameters u, s, t)

and we get
18:8sg(c(3, £(3)), 8,4(8))] = [OuBafio] < en’x(s).
Therefore
|Bac(s, 8(3)) — B,&(s,0)} < en®n(s).
But we observe that
8p(8(s,0),,0) + 8,&(2,0)8,0:0(é(s,0),8,0) = 0
8,8, p(é(3,0), 5,0) + 8,&(s, 0)82p(&(s,0),3,0) = 0,
therefore
|02 (c(s,1(5)), 8, t(s)) + Bac(s, 1())B,B: o(e(s, 1(s)), 5, H(s))] < en’n(s),
1480 (c(3,1(3)), 8,8(s)) + Bac(s, t(s))BZp(els, t(2)), 8, t(2))| < en’=(s),
and we conclude that
|82 0 (s, t(s])] < en’x(s)

[t'(s)| < en®x{s)

< en’.

d
—5 log t(s)l

n—1

Recapitulating, we have proved, as log 7(s) = — Z Ai(s, t(s)):
=0

n—1

log [t(s)| + Y Ai(s, t(s))

=0

<ec,

n=%

% log [t(s)] + Z Osris, t(s))

=0

<,

< enl.

d .
FE] log |t(s"
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Let us see that this indeed gives the estimations for 7y in the proposition 3.10. We have

T Mete) - S A0

=0 =0

<enx(s) <ec

n=1 n=}

Y 8ils t(s)) = D Buhi(s,0)

< enx(s) < e

As our t—variable here is really § = t — T(z}, z2)(s), we have in fact
d il I
al)‘i(ss 0) = E:Al(a Zy, 4, T(zl ’ z?)(s))

where the notations of 3.10 are used in the right hand term. We have r1(s} = log jt(s}|. The
n—-1
integer 11 in 3.10 is here n+ng+myq: more precisely in the sum Z Mia? 2y, s, T(z], 22)(s)),
Fi]
n—1
the sum Z xi(5,0) missed the first mq terms (when we replaced ¢ by ¢'} and the last ng
J=0

terms. But mg,ng are fixed integers. Therefore we have proved the required estimates
for 1(s). The estimates for 7, are true for the same reasons. The last two estirnates in

proposition 3.10 are immediate, writing:
T(Z),Zz) = T(21 , 23) - T(zl ' az) + T(Z] s dz) - T(al ,az)

Proposition 3.10 is proved. #

re ™
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