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ABSTRACT

Classical W-gravities and the corresponding quantum theories are reviewed.
W-gravities are higher-spin gauge theories in two dimensions whose gauge alge-
bras are W-algebras. The geometrical structure of classical W-gravity is investi-
gated, leading to surprising connections with self-dual geometry. The anomalies
that arise in quantum W-gravity are discussed, with particular attention to the
new types of anomalies that arise for non-linearly realised symmetries and to the
relation between path-integral anomalies and non-closure of the quantum current
algebra. Models in which all anomalies are cancelled by ghost contributions lead

to new generalisations of string theories.

1. Introduction

There has been considerable interest in the infinite-dimensional algebras that
can arise as symmetries of two-dimensional field theories and there i1s an inti-
mate relationship between such algebras and two-dimensional gauge theories or
string theories. Perhaps the most important example is the Virasoro algebra,
which is a symmetry algebra of any two dimensional conformal field theory. This
infinite-dimensional rigid symmetry can be promoted to a local symmetry (two-
dimensional diffeomorphisms) by coupling the two-dimensional field theory to
gravity, resulting in a theory that is Weyl-invariant as well as diffeomorphism
invariant. The two-dimensional metric enters the theory as a Lagrange multi-
plier imposing constraints which satisfy the Virasoro algebra, and the Virasoro
algebra also emerges as the residual symmetry that remains after choosing a con-
formal gauge. The guantisation of such a system of matter coupled to gravity
defines a string theory and if the matter system is chosen such that the world-
sheet metric h,, decouples from the quantum theory {f.e. if the matter central
charge is ¢ = 26), the string theory is said to be critical [1]. Remarkably, the
introduction of gravity on the world-sheet leads to a critical string theory which

leads to gravity in space-time.

The situation is similar for each of the cases in the following table.

Algebra Spins 2.1} Gauge Theory  Guauge Fields String Theory
Virasoro Algebra 2 Gravity Fow Bosonic String
Super-Virasoto 2, % Supergravity v W Superstring

Topological Virasoro  2,2,1,1 Topological Gravity
W-Algebra 2,3,... W-Gravity

k
N =2 Super-Virasoro 2, %, %,1 N = 2 Supergravity kg, %, J:u, Ay N =2 Superstring

]

h
In the first column are extended conformal algebras, ¢.¢. infinite dimensional
algebras that contain the Virasoro algebra. Each algebra is generated by a set
of currents, whose spins are labelled in the second column. Each algebra can

arise as the symmetry algebra of a particular class of conformal field theories



e.g. the super-Virasoro algebra is a symmetry of super-conformal field theories
while the topological Virasoro algebra is a symmetry of topological conformal
field theories. For such theories, the infinite-dimensional rigid symmetry of the
maiter system can be promoted to a local symmetry by coupling to the gauge
theory listed in the third column. In this coupling, the currents generating the
extended conformal algebra are coupled to the corresponding gauge fields in the
fourth column. In each case, the gauge fields enter as Lagrange multipliers and
the constraints that they impose satisfy the algebra given in the first column.
Finally, integration over the matter and gauge fields defines a generalisation of
string theory which is listed in the last column. In general, the gauge fields will
become dynamical in the quantum theory, but for special choices of conformal
matter system (e.g. ¢ = 26 systems for the bosonic string, ¢ = 0 systems for the
topological string or ¢ = 15 systems for the N = 1 superstring), the string theory
will be ‘critical’ and the gauge fields will decouple from the theory. A row can
be added to the table corresponding to any two-dimensional extended conformal
algebra.

The subject of this review is the set of models corresponding to the last row of
the table. A W-algebra might be defined as any extended conformal algebra, 1.e.
a closed algebra that satisfies the Jacobi identities, contains the Virasoro algebra
as a subalgebra and is generated by a {possibly infinite) set of chiral currents.
Often the definition of W-algebra is restricted to those algebras for which at least
one of the gencrating currents has spin greater than 2, but relaxing this condition
allows the definition to include all the algebras in the table and almost all of the
results to be reviewed here apply with this more general definition. However,
many (but not all) interesting W-algebras contain a spin-three current, and for
this reason 3 is included as a typical higher spin in the W-algebra entry in the
table,

The simplest W-algebras are those that are Lie algebras, with the generators

i (labelled by an index ¢ which will in general have an infinite range) satisfying

2

commutation relations of the form
[tmtb] = fabctc + eap (1.1}

for some structure constants f,; and constants .3, which define a central exten-
sion of the algebra. However, for many W algebras, the commutation relations

give a result non-linear in the generators
[tu:tb] = fabctc + €ab + gadetcid +...= ab(tC) (1.2)

and the algebra can be said to close in the sense that the right-hand side is a
function of the generators. Most of the W-algebras that are generated by a finite
number of currents, with at least one current of spin greater than two, are non-
linear algebras of this type. Classical W-algebras for which the bracket in (1.2)
is a Poisson bracket are straightforward to define, as the non-linear terms on the
right-hand-side can be taken to be a product of classical charges. For quantum
W-algebras, however, the bracket is realised as a commutator of quantum op-
erators and the definition of the right-hand-side requires some normal-ordering
prescription. The complications associated with the normal-ordering mean that
there are classical W-algebras for which there is no corresponding quantum W
-algebra that satisfies the Jacobi identities [4]. At first sight, it appears that
there might be a problem in trying to realise a non-linear algebra in a field the-
ory, as symmetry algebras are usually Lie algebras. However, as will be seen, a
non-linear algebra can be realised as a symmetry algebra for which the structure

‘constants’ are replaced vy field-dependent quantities.

Consider a field theory in flat Minkowski space with metric Nap and coor-
dinates z%,z'. The stress-energy tensor is a symmetric tensor T, which, for a

translation-invariant theory, satisfies the conservation law
#T,, =0 (1.3)
A spin-s current in flat two-dimensionsal space is a rank-s symmetric tensor
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Wmm.»..u.* and will be conserved if
M Woipaw, =0 (1.4)

A theory is conformally invariant if the stress tensor is traceless, T,* = 0. Intro-

ducing null coordinates z% = 715(.1:0 + z'), the tracelessness condition becomes

T,_ = 0 and (1.3) then implies that the remaining components Ty satisfy
aT__=0, O Tyy =0 (1.5)

If a spin-s current Wy, ., is traceless, it will have only two non-vanishing

components, W, .4 and W___ _. The conservation condition {1.4) then implies
that .

AWis . +=0, A W__ _=0 (1.6)
so that Wi, 4 = Wiy +(zH)and W_. _ =W__ _(z7) are right- and left-

moving chiral currents, respectively. For a given conformal field theory, the set
of all right-moving chiral currents generate a closed current algebra, the right-
moving chiral algebra, and similarly for left-movers. The right and left chiral
algebras are examples of W-algebras but are ofter too large to be useful. In
studying conformal field theeries, it is often useful to restrict attention to all
theories whose chiral algebras contain a particular W-algebra; the representation
theory of that W-algebra then gives a great deal of useful information about the
spectrum, modular invariants etc of those theories and may lead to a classifica-

tion.

* Recall that, in two dimensions, any tensor can be decomposed into a set of symmetric
tensors, e.g. Vyp = Vi) + Ve, where V = 162V, Thus without loss of generality, all
the conserved currents of a given theory can be taken to be symmetric tensors. A rank-s
symmelric tensor transforms as the spin-s representation of the two-dimensional Lorentz
group.

A field theory with action 59 and symmefric tensor conserved cur-
rents T#‘”Wrﬁm---u.,. (where 4 = 1,2,... labels the currents, which have
spin s4) will be invariant under rigid symmetries with constant parameters
ko, A Hamt (yranslations and ‘Wh-translations’) generated by the Noether
charges P, Qf‘ PP (momentum and ‘“W.momenturn’} given by P, = fdxoTa#
and Q4 Betbo gt = fd=*W2 hreoiis 10 LIS I8 true of non-conformal theories (e.g.
affine Toda theories) as well as conformal ones. However, if the currents are trace-
less, ther the theory is in fact invariant under an infinite dimensional extended
conformal symmetry. The parameters )\ff,_'m"'#”‘" are then traceless and the
corresponding transformations will be symmetries if the parameters are not con-
stant but satisfy the conditions that the trace-free parts of 9 km, pl )\ﬁl #r-tirat)
are zero. This implies that ¢k* = 0 and a;,\ﬁi---i = {} so that the parame-
ters are ‘semi-local’, k¥ = k*(z%) and AF* = A%E-E(z%) and these are the

parameters of conformal and ‘W-conformal’ transformations.

The rigid symmetries corresponding to the currents '_'I’,,”,,T/l/:,f‘1 uz..p,, COTL DE

promoted to local ones by coupling to the W-gravity gauge fields h“”,Bi’m""u"

which are symmetric tensors transforming as
Shiv ___a(yk_u) +..., 5321”2"'“’ - a(VAilﬂ:--vﬂs—l) +..., (17)
to lowest order in the gauge fields. The action is given by the Noether coupling
5=25n+ fde (h,uVTFV + Bimzu..usa W"‘ﬁmm#h) + ... (18)

plus terms non-linear in the gauge fields. If the currents Tye, Wlﬂm_"m are trace-
less, i.e. if there is extended conformal symmetry, then the traces of the gauge
fields decouple and the theory is invariant under Weyl and ‘W-Weyt’ transforma-

tions given to lowest order in the gauge fields by
ShEY = QP 4. 6Bﬁ1m“"u’ — Q%lﬂz...ﬂ,—Znﬂa—l.ﬂs) + ... (1.9)

where Q(z”), ¥y'#* (") are the local parameters. This defines the linearised

coupling to W-gravity. The full non-linear theory is m general non-polynomial in
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the gauge fields of spins 2 and higher. The non-linear theory ean be constructed
to any given order using the Noether method, but to obtain the full non-linear

structure requires a deeper understanding of the geometry underlying W-gravity.

This review falls into three main parts. In the first part (chapters 2-5) classical
W-algebras and W.gravity will be discussed. In the second part, (chapter 6),
a geometric approach will be used to obtain the full non-linear structure of a
particular W-gravity theory, In the final part, (chapters 7-10) the quantisation
of W-gravity coupled to W-matter will be investigated and the anomaly structure
described. These results will then be used to consider the construction of string

theories based on W-algebras.

2. Classical W -Algebras

Consider a set & of classical right-moving chiral currents T(zt) =
Tiy(z%),Wiz*),... of spins 2,spw..... As the currents are classical, there is
no problem in defining products of currents. Suppose there is also a (graded)
anti-symmetric bracket product [A, B} defined on the set of currents. The main
example that will be of interest here is that in which the currents arise from
some classical field theory and the bracket is the Poisson bracket in a canonical
formalism in which z~ is regarded as the time variable. The current T satisfies
the conformal algebra if

T T = ~8(* T +T6H + 5366 -y (21)

in which case its modes L, generate the Virasoro algebra with central charge c.

A current W is said to be primary of spin sy if
[T, W(y*)] = =8 —y")W(at) + (sw — VW] (2.2)

The set S of currents will generate a W-algebra. if the bracket of any two currents

gives a function of currents in § and if the bracket satisfies the Jacobi identities.

Consider first the case in which there are just two currents, T and W, where
W is primary of spin s = sw. For simplicitv, suppose that ¢ = 0 {at least
classically) and that the [W, W] bracket takes the form

(W), W) = 208" - yH)[AGT) + AH)) (23)

for some A, where « is a constant. If the algebra is to close, the current A must
be a function of the currents T, W and their derivatives. If s = 3, thenAis a

spin-four current and the Jacobi identities are satisfied if
A=TT (2.4)

The algebra then closes non-linearly to give a certain classical limit of the W
algebra of Zamolodchikov [13]. (In the limit « — 0, this contracts to a linear
algebra [4, 17].)

For s > 3, the algebra will again close and satisfy the Jacobi identities if A
depends on T, W but not on their derivatives. If s is even, the most general such

A is of the form

A =T 4 gwre/e-1 (2.5)

for some constants a, 8, while if 5 is odd, such a A must be of the form (2.5) with
B = 0. The algebra given by (2.1},(2.2),(2.3) and (2.5) is the algebra W,;,_,
of ref. {4]. For s = 3, it is a classical limit of the W algebra while for s = 4
and s = 6 it is a classical limit of the quantum algebras conjectured to exist by
Bouwknegt [18] and constructed in [19,20}. For all other integer values of (> 4),
the argument of Bouwknegt [18] shows that there can be no quantum operator
algebra that satisfies the Jacobi identities for generic values of the Virasoro central
charge and for which (2.1),(2.2),{2.3),{2.5} is a classica] limit.

A large number of W-algebras are now known. The Wy algebra [15,16] has
currents of spins 2,3,..., N (so that W} is the Virasoro algebra}, the W, [21,22]
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algebra has currents of spins 2,3, .. . , co while the W) 1.0 algebra [22] has currents
of spins 1,2,3,...,00. Each of these algebras is a classical limit of a quantum
algebra. The classical algebra Wiy has currents of spins 2,2 + M,2+ 2M,2 +
3M,..., N and Wy has currents of spins 2,2+ M,2+2M,243M, ..., 00 [4]
and these algebras are not limits of quantum W-algebras in general. There is an
algebra W@ associated with any Lie group G and the algebra associated with
SU(N) is the Wy algebra refered to above [15,16].

3. Field Theory Realisations of W -Algebras

Consider a theory of D free scalar fields ¢* (i = 1,..., D)} with action
So = /dzz: 8,6'0_4" (3.1)

where the two-dimensional space-time has null coordinates z# = (z*,z~) which
are related to the usual Cartesian coordinates by «% = 715(10 + z1). The stress-

energy tensor
1 . .
Tyt = 5046°046" (3.2)

is conserved, _T+, = 0, and generates the Poisson bracket algebra (2.1} with
¢ = 0 (in a canonical treatment regarding = as time [23]) which is the conformal
algebra with vanishing central charge. For any rank-s constant symmetric tensor

di,i,..i, one can construct a current
i . ‘ ‘
Wit += ;dhiﬁ...i,3+¢"3+<l5'2 - Oyt (3.3)

which is conserved, &_W = 0, and which is a spin-s classical primary fleld, i.e.
its Poisson bracket with T is given by (2.2). The Poisson bracket of two W’'s is
(2.3), where A is given by

1 ™ i
A= diy i 1mBsd' ... BypdlOpe™ . Oy (3.4)

(the indices i,j, ... are raised and lowered with the flat metric 4;;).

Consider first the case s = 3. In general, closing the algebra generated
by T,W will lead to an infinite sequence of currents (T, W, A, .. .). However, if
A = T?, for some constant «, then the algebra closes non-linearly on T and W,

to give the classical Wj-algebra of the last chapter.

In [2], it was shown that for any number D of bosons, the necessary and
sufficient condition for (2.4) to be satisfied and hence for the classical W algebra
to be generated is that the ‘structure constants’ d;;i satisfy

dii; ™ diyim = £8(i;80)1 {3.5)

This rather striking algebraic constraint has an interesting algebraic interpreta-
tion” It implies that the dyj; are the structure constants for a Jordan algebra
(of degree 3} [27] which is a commutative algebra for which (3.5) plays the role
of the Jacobi identities. Moreover, the set of all such algebras has been classified
(28], allowing one to write down the general solution to {3.5) [27]. In particular,
{3.5) has a solution for any number I? of bosens. Examples of solutions to {3.5)
are given for D = 1 by dij1y = % and for D = 8 by taking d;;; proportional to
the d-symbol for the group SU(3) [2]. For D = 2, the construction of [14] gives
a solution of (3.5) in which the only non-vanishing components of d;j; are given

by di12 = —« and dpg = &, together with those related to these by symmetry.

The conserved currents T, W correspond to the invariance of the free action

5y under the conformal symmetries
6' = k_0y¢' + A_d' 0 80 g" (3.6)
where the parameters satisfy
J_k_ =0, g.a._ =0 (3.7

Symmetries of this kind whose parameters are only functions of z% (or only of

% This identity has in fact occurred at least once before in the physics literature, in the study
of five-dimensional supergravity theories [26].
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z7) will be referred to here as semi-local. The symmetry algebra closes to give

(65, + 63,5 61, + 62,] = 8k, + 63, (3.8)

where
’Ca = [k23+k1 +4K(1\23+/\1)T++] — (1 — 2)_ (3 9)
As =228k + k28] - (1 2) ’

In particular, the commutator of two A transformations is a field-dependent k-
transformation, which is precisely the transformation generated by the spin four
current A = T'T. The gauge algebra structure ‘constants’ are not constant but
depend on the fields ¢ through the current T, reflecting the TT term in the

current algebra.

The situation is similar for s > 3. The algebra will close, i.e. (2.5} will be
satisfied, if the d-tensor in (3.3) satisfies a quadratic constraint {4] and again
this constraint has an algebraic interpretation [4]. The k and A-transformations

hecome
88" = KOy o' + ATy 4, 046" ..00¢" (3.10)

where the parameters satisfy 6_k = 0, &_A = 0. The symmetry algebra again

has field dependent structure ‘constants’.

More generally, any set of constant symmetric tensors d{}u_ ¢ labelled by some

index A can be used to construct a set of conserved currents
Wi 1 =df 10:8'04¢ .. 040t (3.11)

which are classical primary fields, i.e. their Poisson bracket with T is (2.2). The
current algebra will close if the d4 tensors satisfy certain algebraic constraints
and the Jacobi identities will automatically be satisfied as the algebra occurs
as a symmetry algebra. In this way, a large class of classical W-algebras can be

constructed by seeking d*-tensors satisfying the appropriate constraints. ) boson

i0

realisations of the Wy algebras were constructed in this way in ref. [4], where it
was shown that the Wy d-tensor constraints had an interpretation in terms of
Jordan algebras of degree N, and this again allowed the explicit construction of
solutions to the d-tensor constraints. These realisations of classical ¢ = 0 algebras
can be generalised to ones with ¢ > 0 by introducing a background charge a;, so
that the stress tensor becomes T' = 8,¢'8,¢' + 0,82 ¢' and adding appropriate
higher derivative terms (i.e. ones involving 87 ¢* for m > 1) to the other currents.
The clasical central charge becomes ¢ = @2/12, and for the N —1 boson realisation
of Wy, the structure of the higher derivative terms in the currents W, can be

derived using Miura transform methods [16,15).

Amnother important realisation of classical Whalgebras is as the Casimir al-
gebra of Wess-Zumino-Witten {WZW) models {5]. For the WZW model corre-
sponding to a group G, the Lie-algebra valued currents J, = 971849 generate
a Kac-Moody algebra and are (classical) primary with respect to the Sugawara
stress-tensor T = }¢r{J1J4). Similarly, the higher order Casimirs allow a gen-
eralised Sugawara construction of higher spin currents tr(J1). For example, for
G = SU(N) the set of currents W, = Ltr(J2) for n = 2,3,..., N generate a
closed algebra which is a classical Wy algebra [5]; similar results hold for other
groups. Quantum mechanically, however, the Sugawara expressions for the cur-
rents need normal ordering and must be rescaled [25,24]. For example, in the
case of SU(3), the quantum Casimir algebra leads to a closed W-algebra (after a
certain truncation} only in the case in which the Kac-Moody algebra is of level
one [24].

We-algebras also arise as symmetry algebras of many other field theories, in-
cluding Toda-theories {16], free-fermion theories [5] and non-linear sigma-models

(2,29}, giving corresponding realisations of W-algebras,

11
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4. Gauging W -Algebras

In this chapter, the gauging of W-algebras will be discussed, that is the cou-
phing of a W-conformal field theory to W-gravity gauge fields so that the extended
conformal symmetry is promoted to a local ‘W-diffeomorphism’ symmetry. Con-
sider first the simple example of the free scalar field theory with action Sp (3.1)
which is invariant under the chiral W; transformations (3.6) generated by the
currents Ty y = %6+¢‘-3+¢‘- and W, | = %3+¢i3+¢73+q5k, where the tensor d;;
satisfies (3.5) so that the symmetry algebra closes to give (3.8),(3.9). If the sym-
metry parameters k_,A__ are taken to be local, i.e. the conditions (3.7) are

dropped, then the action (3.1) varies under (3.6) to give

65y = /d’*z (TypBb + Wiy B2 ) (4.1)

and this can clearly be cancelled by introducing gauge fields h=h_._,B = B___

transforming as

ho =0 k_+..., 6Bo__=8r_+.. (4.2)

and adding to the action (3.1) the Noether coupling [2]
St= [Pa (b Tor ot B W), (4.3)

The action is then invariant to lowest order in the gauge fields. Remarkably, terms
of higher order in the gauge fields can be added to the transformations (4.2} in
such a way that the linear action So + 5) is fully gauge invariant; surprisingly,
no non-linear terms are needed in the action [2]. The total action § = Sy + 57 is
invariant under {3.6) together with
Sh__ =0 k_ +k_O4h__ — h__03k_
+26(A__04B___ —-B___0.3__)Tsy
$B___ =0 A o+ 2M__8¢hos - o8 A _
—-2B_ 8.k _+k_0,B___.

(4.4)

This is the action for the coupling of the free scalar field theory to chiral Wi

12

gravity [2]. The gauge fields are Lagrange multipliers imposing the constraints
T = 0, W = 0 and these constraints satisfy the algebra (2.1),(2.2), (2.3), (2.4).
The gauge algebra is still given by (3.8) and (3.9), up to terms that vanish
when the classical equations of motion are satisfied. However, as T = 0 15 the
h__ equation of motion, the symmetry algebra (3.8) is equivalent on-shell to the
simpler one obtained by setting T = 0 in (3.8), so that two A transformations
commute up to equations of motion. This simpler algebra corresponds to th:

commutation relations (2.1),(2.2) and
(Wit wiy™)] =0 (4.5)

While the previous algebra given by (2.1),(2.2), (2.3), (2.4) only had a maximal
finite subalgebra of SL(2,IR) {generated by the modes Lo, L4}, the algebra in
which (2.3) is replaced by (4.5) has an interesting finite subgroup of ISL{2,IR}, a
group contraction of SL(3,R) (generated by the modes L, Ly1, Wo, Wi, Wia).

So far only a right-handed W-algebra has been gauged. Gauging the left-
handed reparameterisations generated by 7__ = 18_4'0_¢' by introducing a
gauge field k. leads to a ‘heterotic’ model in which a right-moving W algebra
and a left-handed Virasoro algebra are gauged [2). To gauge both a left-handed
and a right-handed W; algebra requires a further spin-three gauge field By
corresponding to the current W___ = %d,-jka.. ¢ H_¢i3_¢*. The action is given
by § = Sy + 51 +... plus terms of quadratic order and higher in the gauge fields,
where 51 is the Noether coupling

S = [0 (heTos + hiaToe 4 B Wai 4 BersWore)  (45)

The full action can then be constructed iteratively using the Noether method.
However, this requires an infinite number of steps as the action ts non-polynomial
in hyy and in Bﬁiia;tﬁ'., both of which have zero {world-sheet) dimension (as

Biis has dimension —1 and ¢ has dimension +1) [2}.
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The gauge fields A*¥, BEEE are the components of traceless gauge fields
h#*, BP*? and the action given by adding {4.6) to Sy can be rewritten as (1.8).
The tracelessness condition on the gauge fields can be dropped and traces
ht—, Bt~ formally introduced. However, they were not needed for the linearised
action, which is consequently invariant under the linearised WW-Weyl transforma-
tions (1.9), or equivalently i+~ = Q,8B*+~ = (0%, Indeed, the traces are not
needed at all in the classical theory, i.e. there is a non-linear form of the W-Weyl
symmetry. However, if there are anomalies, this need not be the case in the

quantum theory.

This example is typical of the general case. Consider any classical conformal
field theory with a W-algebra symmetry, (e.g. a free boson or fermion model, a
non-linear sigma model, a Wess-Zumine-Witten model, a coset model, a Toda
model,...). Let the classical action be Sy and the currents generating the W
-algebra be W, 4, W_, labelled by some index A and satisfying the chiral con-
servation laws 0_W, 4 = 0, 8;W_, = 0. To gauge a chiral W-algebra, say the
right-handed one generated by the currents W, 4 alone, a gauge field kt4 is in-
troduced for each current and adding the Noether coupling gives the linearised

action
S=5+Y [d%: AW, 4 (4.7)
A

It was seen in the case of chiral Wj that no higher order terms are needed and
that this action was fully gauge invariant. Remarkably, it can be shown that this
is the case in general and that for any classical conformal field theory and any
chiral W-algebra, the full gauge-invariant action is linear in the gauge fields and
given simply by the Noether coupling [5]. To gauge both left and right-handed
W-algebras, one introduces gauge fields A¥4 and =%, In this case, adding the
Noether coupling does not give a gauge-invariant theory in general and the full

theory is non-polynomial in the gauge fields. To lowest order it is given by

S=S%+Y. /d% [AHAW,a + A4 W_a + O(RY)] (4.8)
A

14

and the higher order corrections can be calculated to any given order in the gauge
fields using the Noether method. Nevertheless, it will be seen in the next chapter,
that the non-chiral gaugings can be wriiten in a type of canonical formalism in
which the gauged action is given by & Noether coupling. However, the canonical
momenta cannot be eliminated in closed form so that this approach only gives

an implicit form of the action.

5. Canonical Construction of Non-Chiral W -Gravity

We now turn to the full non-linear structure of the non-chiral W-gravity
coupling, and again the example of the free boson realisation of W3 will be used.
There are two canonical-style approaches which give a simple but implicit form
of the action. The first is a conventional Hamiltonian treatment [11]. The free

action (3.1) can be written in first-order form as

1 .1 .

S = /dgz [m‘afq&' - Errm' -3 Oy ', &' {8.1)
with 7 = 2%, ¢ = ). The momentum #* is an auxiliary field that can be elim-
inated using its equation of motion © = 3 ¢* to recover (3.1). The currents
defined by

1 1 D ik
Tea ()= T 1Ty, Wﬂi(ﬂ)=§dsjkn'¢nini (5.2)
where
] . )
M =—=(r+d 5.3
+ NE] (rr 45) (5.3)

generate a Poisson bracket algebra consisting of two copies of the classical Wy

algebra given in chapter 2. The first-class constraints
Tiz(l} ~0,  Wiga(I)~0 (5.4)

can then be imposed using Lagrange multipliers A%, B¥E%E 5o that the action

15



is given by

S=Sp— ]d% (BT ()4 AT ()4 B+ + W4y (4B~ W _(ID)]
(5.5)
Here, Sy is the free action given by (5.1). After shifting the fields Rt o pEE LY

S = fdzz [Wiaréi - h++T++(H)—h—_T__(H) (5 6)

- BHHW,  (-B~ " W___(I)]

This gives the complete coupling of scalar fields to non-chiral Wy gravity in
Hamiltonian form. However, although the field equations for the momenta 7* are
still algebraic, they are difficult to solve in closed form, so that eliminating the
momenta is problematic. However, they can be solved to any given order in the
gauge fields, and the solution can then be used to find the Lagrangian form of

the action to that order in the gauge flelds.

The action given by (5.5),(5.6) is an example of a first class action of the

form

$= [dr [paa,-qa—)\AG A] (5.7)

where the coordinates ¢°(7) and momenta po(r) correspond to $#(a,7) and
mi{o,7) respectively, with the index a representing both the discrete index
and the continuous variable o, 56 that summation over a corresponds to summa-
tion over i and integration over o. The Lagrange multipliers AA(7) correspond
to ht%(e), B¥¥(c) and impose the constraints G4 ~ 0, corrsponding to (5.4).

Suppose the Poisson bracket algebra generated by the constraints closes to give
{Ga.GBY=fa8"Cc (5.8)

for some fABC, which may depend on the phase space variables. In our exanple,
(5.8} is just the classical W, algebra.

Any action of the form (5.7) where the constraints satisfy (5.8) is invariant

under the following local symmetries with parameter afl(r)
bpa=a? {Gape},  bg*=a’ {Gax"} (5.9)

6AA=d,at - fpcArPal (5.10)

These then give the Wy gravity symmetries of the action (5.6), which are given
explicitly in {11].

The Hamiltonian approach has the disadvantage that two-dimensional
Lorentz covariance is not manifest. A relaied method which does maintain covari-
ance was found by Schoutens, Sevrin and van Nieuwenhuizen in [3]. This method,
which was found before the Hamiltonian one described above, was mativated by
a careful study of the terms that occur in the order-by-order construction of the
action {3]. Instead of a single momentum 7" conjugate to each ¢!, a covariant

vector nj‘ is introduced. The free action Sp can then be written as

1 ‘ . . : ‘ )
S= fdz (F§a+¢*a_ P LAY IR N (5.11)
The = field equation is algebraic:

e 0 = 7, =4 (5.12)

so that the '-'TL are auxiliary fields. Using (5.12) to eliminate the auxiliary fields
{i.e. setting 7% = da¢’), the action reduces to the usual free form (3.1). The

next step is to introduce ‘r-currents’ T(=), W{r)
1. L Pqk
Tii(fr) = "z-ﬂ'iﬂi I’Vtii(ﬂ') = Edﬁkriﬂ'twi (513)
Adding the Noether coupling

Sy e — j &2 (b Tea () + b Tonln) + B - Woaal) + By W)
(5.14)

to (5.11) imposes the constraints that the 7-currents vanish.
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This Noether coupling turns cut to be all that is needed to give a gauge-

invariant theory. The complete action is then [3]

5= {d*z (—%64.&3_{5" — it + ni@.d)‘ +7ldé

~ Shoomirh — %MM-‘_ a (5.15)
1 . 1 o
- §B+++d.‘,'k7r‘.ﬂ"_7rf - §B———d=‘jk‘frf¢.7ri1fi)

(This form of the action is a generalisation of one given in [8] and is related
to the action of [3] by field redefinitions.) This action is invariant under the

diffeomorphisms and A-transformations

66 =k.mh + A__d yriat 4 (4 o o)
Shiy =Bxks +kpBphiy — hasOzky
+ 26T (1) (A2205Basa — Bias Oxhyy)
6Biss =01 33 +2A340zhas — hysBrAsy
—2B34108¢ks + k1 058, .
bmly = Oy (kﬂi + )\¥=Fd‘jk”_i7ri)

(5.16)

where Tuy (M) = $riri. The field equation for the auxiliary fields is algebraic
11';: = et~ hiiﬂ'; - Biﬂ;*d‘jkﬂ";ﬂi (5.17)

but difficult to solve for = in closed form, so that again there is not a closed form
for the action without n’s. Nevertheless, one can solve for 7 to any given order
in the gauge ficlds and the result agrees with that obtained by using the Noether
method to find the corrections to (3.1),{4.6) to that order in the gauge fields.

To obtain a better understanding of these actions, it may be useful to consider
setting the spin-three gauge-fields to zero in the actions considered above to

obtain the coupling to pure (spin-two) gravity, which can then be compared with
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the conventional minimal coupling to gravity. The Noether coupling approach

gives the action
Sa= /dz:: (a+¢‘a_¢" - %h++8_¢‘6_¢‘ - %h_-3+d:‘6+¢5‘ + O(R? )) (5.18)

Although one could calculate some of the higher order corrections to this and
attempt to guess the general form, this is clearly not the best way of finding the
coupling of a scalar field to gravity. The approach of [3] gives

$= jd?z (—%am"a_qs‘ — il + 7l o ¢t + b a0

LT RNPCPR I TR (5:19)
bt -2- __1I'+‘.'I'+ - 5 ++T(‘_1I'_)
and the = field equation is
‘,'r:t = 6téi - hiﬂ:w;’. (520)
which can be solved explicitly to give
8:¢' — hayByd’
Vo T=f s Y
Ty = kg (5.21)

Substituting (5.21) into {5.19) gives the complete non-polynomial form of the

action
S= fdz:c [ 4 hyshe )0y O — b Ty — hesTo-] (5:22)
1= hpah_

This gives the full non-linear corrections to (5.18).

Similarly, the Hamiltonian approach gives
§= [d*z [78:¢' — h¥* Ty (M)-h™"T__(II)] (5.23)

and the momenta can again be eliminated explicitly to give a non-polynomial

action similar to (5.22).
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Of course, most people would prefer to use a little geometry and write down

the standard minimal coupling to a metric g,

s=1 [dzz =39 8,68, (5.24)
H one chooses to parameterise the metric as
2h4t 1+ hysrh_—
duy = O (5.25)
14 heshoo  2h__

then € drops out of the action (5.24} as a consequence of classical Weyl invari-
ance and (5.24) becomes precisely (5.22). Nate that, contrary to claims some-
times made, (5.25) does not correspond to partial gauge-fixing; (5.25) is simply

a convenient parameterisation of a general metric g,,.

However, for non-zero B, (5.20) gives an equation for = which is difficult to
solve in closed form, although it is straightforward to solve order by order in
B; substituting the perturbative solution to (5.20) back into the action recovers
the results of the Noether method. However, just as the non-linearity in gy, is
best understood in terms of Riemannian geometry, it seems likely that the non-
linearity in B can also be best understood in terms of some higher spin geometry,

which would also allow the coupling of W-gravity to more general matter systems.

The two canonical approaches described here for Wy-gravity also work for
other W-algebras and other matter systems. The Hamiltonian approach clearly
works quite generally; one writes the matter action in first arder form and replaces
time derivatives of fields in the W-currents by the corresponding momenta. The
full action is given by adding the Noether coupling of these cutrents to Lagrange
multiplier gauge fields. The resulting action is of the form {5.7) and so invariant
under the transformations (5.9), (5.10). The covariant canonical approach of [3]
has been generalised to we, [8], W [4] and indeed free boson realisations of any
W-algebra [4]. It has also been applied to non-linear sigma-models, free-fermion
models [4] and supersymmetric models [30,10] and proebably again applies quite

generally.
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6. The Geometry of W -Gravity

The non-polynomial structure of gravity is best understood in terms of Rie-
mannian geometry and this suggests that the key to the non-linear structure of
W-gravity might be found in some higher spin genera isation of Riemannian ge-
ometry. The approaches of [3] and [11] describe W-gravity in an implicit form,
but an understanding of the non-linear structure of the theory without auxiliary
fields seems desirable. A ‘covariantisation’ of the approach of [3] is given in [6,9],
but the resulting theories still have auxiliary fields. Other approaches to the ge-
ometry of W-gravity are presented in [31,32,33]. In [12], a geometric formulation

of Wy, gravity was derived and this will now be briefly reviewed.

Riemannian geometry is based on a line element ds = (gi;de*dd V172, while
a spin-n gauge field could be used to define a geometry based on a line el-
ement ds = (g,—,;z‘,,;“dé'l’dqﬁ"?...dq.‘»“)”“ (first considered by Riemann {34]}.
A further generalisation is to consider a line element ds = N(¢,d¢) where
N is some function which is required to satisfy the homogeneity condition
N{é,Ad¢$) = AN{s,d¢). This defines a Finsler geometry |35] and generalises
the spin-» Riemannian line element. To describe W-gravity, it seems appropriate
to generalise still further and drop the homogeneity condition on &V, so that the

line element can be writien as
ds? = N|¢', 4] = gi;($)dd'dd’ + diju(@)dd’de’ds" + ... (6.1)

One can then contemplate the extension of the diffeomorphism symmetry 5t =
A¥¢) to the action of a much larger group, consisting of transformations of the
form 8¢' = A¥(¢,dd). Given a scalar field #*(z*) taking values in this space,
the line element can be pulled back to the ‘world-sheet’ to give the world-sheet

line-element

ds® =N*[§(2), D, ¢'dr®] = 9ij($(z}) B ' D¢’ datdr”

- (6.2)
+ digp($(2)) 8,6'0,¢78,0" dx*dr”dz” + ...
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and the transformations of ¢ now take the form

86 = A¥($,8,9) (6.3)

In fact, these transformations are too general and as will be seen, it is necessary
to restrict to a subgroup of these. To use the line element (6.2} to construct an
action, it is now necessary to introduce world-sheet gauge fields g**, B##, . .

This is best done by introducing a generating function
Fle*,u) = ¢* (2)yuve + Bz yutnyp + .. (6.4)

where y, is some vector on the world-sheet M. Note that (6.4) is a generalisation
of the inverse metric on M in the same sense that (6.1) is a generai{shtion of the
metric on the target space. Note that z¥,y, can be thought of as coordinates
on the cotangent bundle of the world-sheet, T*M, and if F is required toc be a
function on T* M, then the gauge fields ¢#¥, B**# . are tensor fields on M. The

function F can be used to define some F given by

F(z*,ya) = 3y (@)vuwe + s (= Wubye + .- (6.5)
where
N . 3
gf‘;; = /—gg"¥, gzd;sﬂ =/—g(B** - ‘é‘g(”Bp)”gﬂ), o (6.6)

are tensor densities on M. Then the W.gravity action is given by the natural

product

§= [z F N*
. ) _ . (6.7)
= [ [o(b(2)0u80, 87805 + din(o(=)0u8 080,451 + .. ]

To see how these structures arise from a slightly different viewpoint, consider

the simple example of the realisation of the wq, in terms of a free single boson ¢
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[8]. No d-tensors are needed, and the infinite set of currents
1 n
Wia = ;(3.'.«;6) , n=23,... (6.8)

generate the algebra we [21] (s certain ¢ = 0 Limit of the Wy, algebra of f22)).

These currents generate the infinitesimal transformations

8¢ =3 A(a*)(8y )" = A(xt,844) (6.9)
n=2
Here Wy is the stress-tensor and At2({z+) is the parameter of conformal trans-

formations. The symmetry algebra is

[8a,8a7] = 64,1 (6.10)

where
_OAON N on
T Bzt By, Bxtay,

(A, A} (6.11)

is the Poisson bracket on the phase space with coordinates 2+, Yy = 03¢ If the
world-sheet is cylindrical, then z% is the coordinate for a circle and szt yy are
coordinates for the cotangent bundle T*S! ~ §! x R. The symmetry algebra
is then isomorphic to the Poisson bracket algebra on T*S7, which is also the
algebra of symplectic diffeomorphisms of T*S7, i.e. those diffeomorphisms of the

two-dimensional space T*51 that preserve the symplectie structure defdys.

The currents W_,, = %(6..-1:)" generate a second commuting copy of wa, so
that the symumetry algebra is given by two copies of the symplectic diffeomor-
phisms, Dif fo(T*S') x Dif fo(T*S'). The symmetry algebra is a subalgebra of

the more general set of transformations

bp = 2 Moy (0 By, $Dpz b Oy = A2, ) (6.12)
n=2
where y, = 0,4 and the /\i:i;"'““““(m") {rn = 2,3,...) are infinitesimal parame-

ters which are symmetric tensor fields on M. These transformations satisfy the
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algebra (6.10}, where the Poisson brackets are those for the phase space with
coordinates z#, 4, which is the cotangent bundle of the world-sheet, 7* M. Thus
{6.12) is a field-theoretic realisation of the symplectic diffeomorphism algebra,
Dif fo(T*M). It has been suggested [31] that this might be the symmetry alge-
bra for the corresponding W-gravity theory, but as will be seen, it is a sub-algehra

of this that is in fact needed.

Before proceding to the full theory, it will be useful to consider first lincarised
weo gravity. The currents Wy, are the only non-vanishing components of the

symmetric tensor current given by

1
n
Wiz = ;aimf’am‘f’ o Buad — traces (6.13)
ich i R e o piibz e = .
which is conserved, Wy . . = 0 and traceless, 5 Wiinapn = 0. From

chapter 1, the linearised W-gravity action is given by the Nocther coupling. The

action (4.3) can be rewritten as

S = /d?z [%qﬂ“aﬂfﬁaﬂf, + i %ﬁ;‘f;i-‘“"aﬂ, b B + O(R?) (6.14)
n=2
where the ﬁ{":f""“" are symmetrie tensor gauge fields satisfying
1,,,,/1;‘:;’-"“ =04 O(h?) (6.15)
at least to lowest order in the gauge fields. The transformation of the scalar fields

is of the form (6.12) with the parameters satisfying the tracelessness condition
V;F,VAE',f{'""U =04 OhY) (6.16)

at least to lowest order in the gauge felds.

24

Let us turn now to the full non-linear theory. The action depends on 8,4

but not on higher order derivatives and so can be written as

§= | dzF(z,8¢) (6.17)
/

for some F, which has the following expansion in y, = Gu¢:

™ o 1 ~ 1 2. lhn
Flz,y) = 3 — 3™ " (@, Y -Vun (6.18)

a=2

where §€‘;;"""““(z) are gauge fields which are tensor densities on M. The 65:)'“"

are non-polynomial functions of the fz‘(‘;)”“ (eg. §("2'3 =+ ?1?;) +O(A%)) but it
will be convenient to work with the § gauge fields, in terms of which the action
is linear, rather than the k gauge fields. The transformation of ¢ takes the form
(6.12). From the linearised analysis, it is seen that A and F must be restricted
to satisfy equations which take the following form to lowest order in the gauge

fields
A *F

L A 6.19
Tqu 6yu6yv 0 + L] rf}t 3y“3yu ( )

These impose the tracelessness of the parameters (6.16) and of the linearised
gauge fields, to lowest order in the gauge fields. The full theory should have non-
linear constraints that generalise these and which do not involve any background
metric 7**. This is indeed the case, and the full constraints take a strikingly

simple form:

O F(z,y)
il el LA PSS 6.20
det ( ENE { )
and
¥ L. A
== 6.21
det (3%6;;,, [F+ A](z,y)) 1 (6.21)

Expanding (6.20) in y, gives an infinite number of algebraic constraints on the
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density gauge fields §i’:) "

det (Efz';(x)) = -1, i@ =0, (6.22)

and these can be solved in terms of unconstrained gauge fields g#, B#**, ... to
give (6.6). The theory written in terms of these unconstrained gauge fields is
invariant under an infinite set of local symmetries generalising Weyl symmetry:
3

gt = a(z)g“”, EB&'SP = U(Q)Bg‘)p + Eag)g"p), - (623)
The transformations can be written in terms of the generating functien (6.4) as
6F(z,y) = o(z,y)F(z,y) where o(z,y} = o(3)(z) + a{‘al(z)yﬂ + ... These trans-
formations can be used to remove all traces from the gauge fields, leaving only
traceless gauge fields, as in [8,6].

Sirnilarly, expanding {6.21) in y, gives an infinite number of algebraic con-
straints on the parameters of the form §(2)“,/\'(‘:)'" =0 +... and these can agan

be solved in terms of unconstrained quantities [12].

To summarise, the full non-linear action for w,, gravity coupled to a single
boson is given by (6.17),(6.18) where the gauge fields §:::f 2--#2(2) are required
to satisfy the algebraic constraints given by expanding (6.20). These constraints
can be solved in terms of unconstrained gauge fields as described above, but it is
not necessary to do so. The action is invariant (up to a surface term) under weo
gravity transformations under which the scalar fields transform as (6.12), where
the infinitesimal parameters are required to satisfy the constraint (6.21), and this
constraint irplies that the symmetry algebra is a subalgebra of Dif fo(T*M).
The gauge fields transform as

=]
ST = Y. menpram = DO G 0= )5 B

ma=2

(m — 1)(” - 1) v{pgipa.. ~oeip)  sb{pip2. g ip)
R D™ 567 = ay = v

(6.24)

From (6.24), the §|,) transform as tensor densities under reparameterisations of
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M (i.e. Az transformations), as expected.

The equation {6.20) is of a type that plays an important role in geometry.
Let (4, Cs (4 = 1,2) be complex coordinates on IR*. Then, for each z#, a salution

F(z,y) of (6.20) can be used to define a function K;((,{) on R* by

K¢, C) = ﬁ(I”1Cp + 6.«) (6.25}

For each z, K, can be viewed as the Kahler potential for a Kahler metric G; =
8,0: K, of signature (2,2) on R, As a result of (6.20), each K, satisfies the
equation det(8,8; K;) = —1 and which is often referred to as the Monge- Ampere
equation or one of Plebanski’s equaﬁions. The Ricci tensor for the Kahler space
is Rys = 8,05l0g |det(Gpp)| and this vanishes if (6.20} holds, so that the metric is
Kahler and Ricci-flat, which implies that the curvature tensor is either self-dual
or anti-self-dual. (For Euclidean world-sheets, a similar analysis goes through

and leads to a Kahler Ricci-flat space with Euclidean signature [12].)

As the Kahler potential is independent of the imaginary part of {,, the metric
has two commuting (triholomorphic) Killing vectors, given by i(8/8¢, ~ 8/0Cz).
Thus the lagrangian £(z,y) corresponds to a two-parameter family of Kahler
potentials K. for self-dual geometries on R* with two Killing vectors. The
parameter constraint (6.21) implies that F + A is also a Kahler potential for a
hyperkahler metric with two killing vectors, so that for each z, A represents an
infinitesimal deformation of the hyperkahler geometry. Other relations between
we and self-dual geometry have been discussed in [21,38].

Techniques for solving the Monge-Ampere equation can be used to solve
(6.20). The general solution of the Monge-Ampere equation can be given im-
plicitly by Penrose's twistor transform construction {36]. For solutions with one
(triholomorphic) Killing vector, the Penrose transform reduces to a Legendre
transform solution which was found first in the context of supersymmetric non-
linear sigma-models [37]. Substituting the Legendre transform solution of (6.20)

in the action (6.17),(6.18) gives precisely the Hamiltonian form of the we action
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(4.¢. the weo generalisation of (5.6)). In particular, the twistor space approach of
[37] gives a twistor interpretation to the auxilairy fields .

For self-dual spaces with two Killing vectors, it is possible to write down a new
solution of the Monge-Ampere equation, using a generalisation of the Legendre
transform solution that involves transforming with respeet to both components

of y,. Any F(z,y) can be written as a transform of a function H as follows:

= 1
F(z¥ p) = 2y, — on*yuy, — 2H(z, ) (6.26)

where the equation
J0H
=gy (6.27)
implicitly determines 7, = 7,(2",y,). Then F will satisfy (6.20) if and only if
its transform H satisfies

1., &H  9H
2" Br,my,  Bmebnl (6.28)
The general solution of this is
H= 7T+7T_+f(:t,ﬂ'+)+_f(;l:,7l'_) (6'29)

This solution ¢an be used to write the action
1 _
S = fdzz (27r“y,‘I — R’ — §q“”y,y, —2f(z,n3) — 2f(x, 1:',}) (6.30)

The field equation for 7# is (6.27), and using this to substitute for = gives the
action (6.17) subject to the constraint (6.20). Alternatively, expanding the func-
tions f, fas f = 3 s  ho{z)(my ), F = T2 s~ he()(n_)* gives precisely the form
of the action given in [8]. The parameter constraint (6.21} is solved similarly, and
the solutions can be used to write the symmetries of (6.30) in the form given in

(8].
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7. Quantum W -Algebras

Classical W-algebras were considered in chapter 2. For those W-algebras that
are Lie algebras, it is usually straightforward to obtain a corresponding quantum
algebra by replacing the classical currents with quanium field operators, replacing
the Poisson brackets with operator commutators and inserting factors of if in
accordance with the minimal Dirac prescription. Then the fact that the classical
algebra satisfies the Jacobi identities usually implies that the quantum algebra
does also.

For non-linear algebras, however, the situation is more complicated as the
non-linear terms oceurring on the right-hand-sides of the commutation relations
involve the products of quantum field operators at the same point and so some
regularisation prescription is necessary. For example, in the classical W algebra,
the commutator of two spin-three currents gives rise to the spin-four current
A =TT, whose modes are Ay = 3, La_mLm, where L, are the modes of the
stress-tensor 7. In the quantum theory, T{z)T{z) is singular and so to define
A it is necessary to introduce a regularisation. The following normal ordering
prescription is the most convenient:

LoLm: = {L,,Lm fm>n (1)
Lpla ifn<m
Using this, the [W, W] commutator can be written in terms of the spin-four

current with modes

3
m = Z :Lm—nLn: - ﬁ(m + 3)(m + Q)Lm (72)

n

(The term linear in Ly, is added to make A, quasi-primary [13].} The regularisa-
tion (7.1) corresponds to subtracting the singular terms in the operator product
expansion of T(z)T(w) and then taking the limit z — w and can be generalised

to define the product of any two currents in the W-algebra.
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The full quantum W; algebra with central chafge ¢ [13] consists of the Vira-

soro algebra

[Lans La] = (m = 7)Lmin + 1—‘:2(1713 — M)bmsn- (1.3)

the relation

[Lm, Wa] = [2m — n]|Wnin (7.4)

so that the spin-three current W (with modes W,) is primary, and

1 5
(W, W] = B (m — n)Aman + E(m —n) {(m +n)? — S = 4} Lmsn 5)
+ ——(m® — m)(m? — $)bmin

360
where 3 = %‘E- The coefficients are fixed by reguiring the algebra to satisfy
the Jacobi identities [13].

7.1 BRST CHARGES

In {40], Thierry-Mieg construcied a BRST charge for the W; algebra and
this was extended in [41] to a construction of 2 BRST charge for any quadrat-
ically non-linear W-algebra, it seems likely that this can be generalised to any
W-algebra. For Wi, one introduces the usual conformal ghost system by4,e-
corresponding to T4 and a ghost system uy44,v-- corresponding to Wiy,
The BRST charge takes the form

Q= [dz? [—(T4s —a) + v (Wips — 6) +.. ] (7:6)

and is nilpotent if and only if T, W satisfy the W3 algebra with central charge
¢ = 100 and the intercepts are & = ¢ and 8 = 0 [40]. If the matter system has
¢ = 100, then this central charge is cancelled by a contribution of —26 from the

ghosts by 4, c_ and a contribution of —74 from the ghosts w44, vo_.
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For a general W-algebra, one introduces a spin-s anti-ghost u* and a spin 1~
ghost v* corresponding to each spin-s generator W#. The BRST charge takes
the form @ ~ [dzt (3, v W4 +...) and this can only be nilpotent if the matter
central charge cancels against the total ghost contribution to the central charge,
although this condition need not be sufficient in general. The contribution to the
central charge from the ghosts for a spin s generator is ¢, = ~2(6s® ~ 6s + 1) s0
that for Wy the total ghost contribution is —246 while for W, the total ghost
contribution is given by the divergent sum — Y 5o, ¢y = ~26 74146 — .. .. This
series can formally be summed using (-function regularisation to give the value

2 [49], but it is not clear at present what the significance of this result might he.

8. Free Boson Realisations of Quantum Algebras

In this chapter we will introduce a number of examples of free boson realisa-
tions which will be useful when we discuss W-gravity anomalies. In each case we
start with a free boson model with a set of currents that satisfy a Poisson bracket
W-algebra. We then quantize the boson system and investigate the quantum al-
gebra generated by the W-currents. Omne might expect the quantum algebra
to be obtained from the classical one by using the standard Dirac quantisation
prescription of introducing factors of th into the classical relations. In general,
however, the quantum algebra corresponds to the Dirac-quantized algebra plus
extra corrections of order A’ or higher, and these corrections can either be cen-
tral extensions of the algebra or can involve currents constructed from the boson
fields. Each higher order correction to the algebra corresponds to a W-gravity

anomaly, as will be seen in the next chapter.

There is a crucial difference between linear and non-linear realisations of a
classical current algebra. For linear realisations, the quantum current algebra
is given by the Dirac-quantized algebra plus central extension terms of order A2
and there are no higher order terms. For non-linear realisations, the situation is

altogether more complicated as new currenis can arise in the quantum algebra
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which were not present in the classical W-algebra and these reflect a new kind of
anomaly which arises for such models [42].

8.1 LINEAR REALISATION OF THE VIRASORO ALGEBRA

The stress-tensor for D free bosons given by
Lo g i
T= -2-3+¢z gy o (8.1}

(with i =1,..., D) generates the classical Poisson bracket algebra given by (2.1)

with ¢ = 0, which can be written schematically as
[T, 7] ~T (8.2)

On quantisation, the modes ab of 844" are taken to satisfy harmonic oscillator

commutation relations
[, o] = 58 6msn (8.3)

It is necessary to regularise (8.1}, and it is convenient to define T' =: %6+¢i6+¢i :

so that Ly, = % Yom af,_,_maf_m :, where colons denote the normal ordering with
respect to the modes afi:
o alad, ifm>n
Taped, = { ¥ {8.4)

el fn<m

Then the commutator algebra generated by the quantum operator T is given by
the Virasoro algebra (2.1) with central charge ¢ = D. 1t will be convenient to sup-
press delta-functions and numerical factors and present such algebras schemati-

cally as
[T, T] ~ ihT + ¢ (8.5)

The term linear in A is what one would expect from applying the Dirac prescrip-
tion to (£.2), but there is in addition a central charge term of order A%, which

corresponds to an anomaly, as we shail see.
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The stress-tensor (8.1) can be modified by adding a non-minimal ‘background
charge’ term, T — T' = T + a,c'iﬁ_gﬁi where a; is some constant vector. The
classical Poisson bracket algebra then has a central charge, {T",T"] ~ T+ co
where ¢p = %a,’a;, and the quantum algebra again takes the form (8.5), but
with ¢ = D + cp/h. This factor of 17! can be absorbed into a rescaling of the
background charge a — VRa, so that the stress-tensor becomes

1 N .
T = 50.4'0:4" + Vha 8} 6 (8.6)
and the quantum central charge becomes ¢ = D + a*/24.

8.2 LINEAR REALISATION OF Wy

Let #* be D complex free bosons. Then the currents [39]

n—1
Wa(zt) = Zﬁ,,,,agqs*a:-fé‘. n=203,... (8.7)

r=1

for suitably chosen constants a, generate a Poisson bracket algebra which is a
certain classical limit of the We, algebra of 22}, (note that this algebra is not

the weo algerba of {21]) which has the generic form [22, 39]
[Wm Wm] ~ Wn+m-—2 + Wn+m—4 + u"'n-f-m—-ﬁ + ‘/Vn+1'n—8 + ... (88)

This is a linear realisation of a classical limit of Wy, as these currents generate
variations of ¢* which are linear in &t. The quantum currents given by normal-
ordering (8.7) generate an algebra of the general structure {for some constants

cn)
(W, Wan] ~ coli26nmifiWaism- 2 + iR Wairm—a + hWaim-s + ... (8.9)

which consists of the Dirac quantisation of the algebra (8.8), plus central exten-
sion terms of order A2, This quantum zlgebra contains the Virasoro algebra with
central extension 2D and is the Wi algebra of [22] with ¢ = 2D [42], generalising

the ¢ = 2 construction of {39].
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8.3 NON-LINEAR REALISATION OF W3

For D free real bosons, as was seen in chapter 3, the currents given by (8.1)
and W = 1d;;30,4'0, 478, ¢* generate a classical W; algebra provided the con-
stants d;j; satisfy (3.5). The corresponding transformations of ¢¢ are given by
(3.6) and are non-linear for spin 3. The classical algebra {2.1),(2.2),(2.3) can be
written schematicaly as (8.2) together with

[T,W]~W, [W,W]~A, A=TT (8.10)

In the quantum theory, the currents can be defined using the normal ordering
(8.4). The spin-two currents again generate the Virasoro algebra (8.5) with ¢ =
D. The [T, W] commutator now takes the form

T W]~ ihW + 827,  J=d';0,¢ (8.11)

consisting of the Dirac prescription term, plus a term of order A which involves
a new spin one current, J [2}. Thus although the classical algebra closes, the
quantum one does not unless the d-tensor 15 traceless, d'}j = (. Even if it is

traceless, the {W, W] commutator gives
(W,W]~ih : TT: (D + R(T + T) + 183, T2 = 8,4'3 ¢ : (8.12)

which consists of the Dirac term, a central charge term of order #° proportional
tod = dgj;,d‘jk and a new spin-four current T%% [2,43). If d*;; # 0 there are extra
terms in (8.12) involving J [43]. Since the coefficient of the spin-four current
T%? is non-zero for any D > 0, the quantum algebra never closes when the
normal ordering prescription (8.4) is used, as the right hand side of (8.12) cannot
be written entirely in terms of T,W and composites constructed using (8.4),
such as : TT :,: TW : etc. To close this algebra, it is necessary to introduce
J,T%° as generators, and then to introduce further generators, such as 7™ =

T F o, ¢ W = d 1 9T $'ON 0, 6%, [43).
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However, instead of defining the composite operator : TT : using the pres-
crition {8.4), it could instead be defined as X*TT % using (7.1). The two definitions
are related by {2

TT* =: TT: ~KT®0 (8.13)

so that they differ by a finite term of order k. Using this, the algebra (8.12) can

be rewritten as
W, W]}~ ihiTT: + (D - 23T+ T)+ 83, T 23,484 (8.14)

so that the coefficient of the spin-four current 720 is now D — 2 instead of D+ 2,
with the result that the algebra closes non-linearly on T, W, *TTx if and only
if d‘}_,- =0 and D =2 [2]. For D = 2, the solution of (3.5) given by djj3 = —&
and dyzz = & gives a traceless d-tensor and hence a closed algebra which becomes
preciesly the W3 algebra (7.3),(7.4),(7.5) after rescaling the currents. This is the

two boson realisation of the ¢ = 2 Wj algebra given in [14].

This model is closely related to the Casimir construction of W; [25,24]. The
classical W3 algebra is realised by the Sugawara currents T = r(J4Je) and
W = 1tr(J4JyJy), where Jy is an SU(3) Kac-Moody current [5]. In the
quantum theory, these currents {after normal ordering) no lenger generate a
closed algebra, as the commutator {W, W] gives rise to the spin-four current
T30 = tr(J+8%J4) [25,24], which is similar to the current T%° that arose in
the free boson model. In the case in which the Kac-Moody algebra is of level
one, it is possible to perform a truncation to a realisation of the quantum W;
algebra, and this is related to the fact that the level one Kac-Moody algebra can

be constructed from the two boson model discussed above [24].



84 Wi REALISATIONS WITH BACKGROUND CHARGES

As in the Virasoro case, one can consider adding higher derivative terms to

the currents to give
T =T+ vVhaidid', W =W+ Vhe;d, 60,87 + hfidl ¢’ (8.15)

for some constants a;,e;j, fi. The current algebra will close on T, W, {TT to
give the Wy algebra (7.3),(7.4),(7.5) provided the tensors ai, 5, fi satisfy certain
constraints [2). For the D = 2 model these constraints are satisfied by choosing
the only non-vanishing compenents to be given in terms of a free parameter
a by a; = a,e13 = a,ea1 = 3a,f2 = 6a?, giving a model with central charge
c = 2 + 24a? [14]. For real a one obtains models with any value of ¢ 2 2, while
for imaginary @, a unitary theory can only be defined if the background charge
a is chosen to take the discrete values o = —[p(p + 1}~ for p = 4,5,6,...
giving the minimal series of representations of the W-algebra with central charge
¢y = 2—24[p(p+1)]7! [14]. For D # 2, the constraints on the coefficients in {(8.15)
were solved in [27], giving a realisation of the W algebra in terms of any number
D of bosons, with arbitrary central charge ¢ = D + a?/24. In particular, 1t is
possibie to construct in this way realisations of W3 with central charge ¢ = 100

for which there is a nilpotent BRST operator.

One can instead ask whether modifying the currents as in (8.15) can give an
algebra that closes using the normal ordering (8.4), #.e. whether an algebra can
be found in which [W, W] can be written entirely in terms of T.W and : TT :
instead of T, W and *TT*. It was shown in [53] that this is only possible if there
are precisely D = 2 bosons, in which case a; = f; = 0 and ey; 15 proportional to

€5, s0 that the Virasoro subalgebra has ¢ = 2.
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85 ONE BosON REALISATION OF Wy

For one boson ¢, the currents Wy, = 1(8;¢)" for n = 2,3,... generate the
weo algebra classically [8]. The woo algebra takes the schematic form

[Wn; Wm] ~ Wn+m-—2 (816)

All the currents except the Virasoro current Wy generate non-linear transforma-
tions and this non-linearity leads to new currents on the right-hand-sides of the
quantum comnmtation relations e.g. [W, W3l gives rise to the current J = o)
while [Wi, W3] gives rise to T 0= 6+¢6_3'_¢ .. However, one can again consider
adding higher derivative terms to the currents W, (as in (8.15)) to modify the al-
gebra. It was shown in [56] that the coefficients can be chosen in such a way as to
close the algebra, giving rise to the Wy, algebra of [22], which is of the schematic
form (8.8), with central charge ¢ = «2. Thisis precisely what is needed to cancel
the contribution of +2 coming from using a (-function to sum the infinite number

of ghost contributions {56].

9. W -Gravity Anomalies from Matter Integration

There has been a great deal of recent work on the quantisation of W-gravity
and the anomalies that arise [42-58). The classical coupling of a free boson system
to W-gravity is described by an action of the form (4.8), where Sq is the free boson
action (3.1} and the h*# are gauge fields. In this chapter we will consider the
integration over the matter fields ¢* only, regarding the gauge fields as external
sources, and study the anomalies that arise in the Ward identities corresponding
to the classical W-gravity symmetries. No gauge fixing is needed as the gauge
fields are not being integrated over, and the scalar fields have a well-defined
propagator. In the next chapter, we will gauge fix all the local symmetries,

introduce the appropriate ghost flelds and discuss the integration over all fields.
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For simplicity, consider a chiral W-gravity, so that the complete action is of
the form (4.7), consisting of the free boson action (3.1) plus the linear Lagrange
multiplier terms. Since this is just a free system plus constraints, the normal or-
dering prescription (8.4) is sufficient to subtract al!l divergences. It is convenient
to use the background field method, writing ¢* as the sum '+ ¢* of a background
field ¢ and a quantum field ¢** and then integrating over ' to cbtain a (renor-
malised) effective action I'[¢*, A*4], which is given by the classical action (4.7),
plus quantum corrections I'[¢', k14] = S[4*, h+4] + O(R). The classical action
is invariant under the classical W-symmetries and these lead to Ward identities
for I'. These are of the form 6T + ... = A - T where T is the gauge variation of
the effective action, A is a local operator and A - T denotes all 1PI graphs with
precisely one insertion of A. The dots denote other terms in the Ward identity,
the details of which are discussed in [63,64] and which will not be important here.
For non-anomalous theories, A is zero or can be cancelled by adding finite local

counterterms to the action.

We will now present the anomalies for the models given by gauging the

bosonic realisations of W-algebras described in the previous chapter.

9.1 GRAVITATIONAL ANOMALY

Consider first the free boson model coupled to chiral gravity with action
§ = So— fd®z h__Ty4 with T4y given by (8.1). The effective action takes the

form
F=$+ g2 [Py hos(@hoo() < Ts@Tay) > 4. (0)

and varying this nnder a chiral diffeomorphism with parameter k. leads to the
standard chiral gravitational anomaly (to linearised order in the gauge field h_..)

(1]
DR [2sk_oth 9.2
Agram'ty = E o _5+ —_ ( - )
This anomaly, which is proportional to D, corresponds to the central charge
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term in (8.5), which is also proportional to D. The relation between the two
can be seen by noting that the central term in the commutator (T,T] leads
to a term proportional to Dp4 /p? in the momenturn space correlation function
< T44+{p)T%+(—p) >. Substituting this in (9.1) gives

Coapit [a, O
P—Sﬁ-f—Dm/dﬂ:h__Dh__'i'... (93)

and varying this using 6h__ = &_k_ + ... leads to the anomaly (9.2). If the
stress-tensor is modified to become (8.6), then the anomaly is again given by
(9.2), but with D replaced by D + a%/24.

9.2 LINEAR Wy GRAVITY

Gauging the linear realisation of chiral W, [39] reviewed in section 8.2 gives
a theory with spin-n gauge fields h, and symmetries with parameters Ay, of spin
n 1, with transformations of the form §hy = 8.4, + ..., for n = 2, 3,.... The

anomaly takes the form [42]
A=) "cah f d*z 1,881, (9.4)

for some coefficients c,, and these terms correspond precisely to the O(h?)} central

extension terms in (8.9). The n = 2 term is the gravitational anomaly (9.2).

In this and the previous example, the anomalies depend only on the gauge
fields and not on the background matter fields ¢' and correspond to central
charge terms in the current algebra. All anomalies that occur in linearly realised
symmetries are of this type and we shall refer to such anomalies as universal

anomalies [42].
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9.3 ANOMALIES OF CHIRAL Wi GRAVITY

Chiral Wj-gravity has an action given by the sum of (3.1} and (4.3), with
gauge fields A__, B___. The linearised anomaly for the £_ and A__ symmetries
is the sum of the following terms [2,4,43]: the gravitational anomaly (9.2), the

mixed spin-2/spin-3 anomaly
th = 5
Dmized = =15 & Jo(Bo__8k_ + A__8lh__), (9.5)

the universat spin-3 anomaly [46]

ﬁ?
AW—_yniv = *ij]dzﬂl A_BB___, (9.6)

and finally the remainder of the spin-3 anomaly

Appt = _i%:z)f& (372000, B— B, ) + T30, 283 B+ ) +O(J)],
9.7

Here

J=dyod, TH=8,48¢, T= %&,&i&, e (9.8)

are the currents J, T, T%? of section 8.3 for the background fields ¢*. These results

were confirmed and extended to higher orders in the gauge fields in [31].

The universal spin-3 anomaly (9.6) corresponds to the ceniral term in (8.12)
but arises at two loops instead of one-loop, as a result of the non-linearity of
the symmetry. The mixed anomaly {9.5) depends on the scalar fields through
the current J and corresponds to the J-dependent term in (8.11). Similarly, the
anomaly (9.7} depends on the scalar fields through the currents T', T%% corre-
sponding to the 7', 72° terms in (8.12) which are also proportional to D + 2, and
through the current J corresponding to the O{J) terms which were suppressed
in (8.12).
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It should be stressed that the theory is regularised using the normal order-
ing prescription (8.4), and that the prescription (7.1) would not be sufficient to
remove all the divergences from the path integral. For this reason, the anomaly
corresponds to the algebra (8.12) written using the normal ordering (8.4} and so
has a coefficient D +2 as in {8.12), instead of the D — 2 that occurs in the algebra
(8.14) that uses (7.1).

For obvious reasons, the non-universal anomalies depending on the matter
currents will be referred to as mafter-dependent anomalies [42]. They do not
arise for linearly realised symmetries but usually occur for non-linearly realised
ones. The part of the anomaly (9.7) which is proportional to T can be cancelled
by modifying the A-transformation of the field A__ by a term proportional to
R(D + 2){—384 A2 B +...) but the terms proportional to T20 and J appear to

be non-trivial anomalies.

To check whether the anomalies are non-trivial, it is necessary to investigate
whether they can be cancelled by adding finite local counterterms. Consider
adding counterterms of the form [54, 59]

Scount = — /d% [\/ﬁaaaié‘h__ + (Vhey 3810007 + hf,aié‘)B___] (9.9}

to the Wi gravity action so that the gauge field term is now proportional to
RT' + BW' where T', W' are the modified currents in (8.15). These appear to
be the most general terms that can be added without introducing new fields or
dimensionful couplings and whick might affect the linearised anomaly. There are
values of the coefficients ai,ei;, /i that lead te a cancellation of all the matter-
dependent anomalies (after appropriate modifications of the transformation rules)
if and only if the number of bosons is D = 2, in which case ¢; = fi = 0 and e;; is
proportional to e;;. These were precisely the values that led to the current algebra
which closes on ¥, W', : T'T' : [53]. Thus the conditions that the theory obtained
by gauging the algebra generated by T', W' be free of matter-dependent anomalies
are precisely the conditions that T', W' generate a closed W-algebra (with the
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normal ordering prescription (8.4)). However, even in this case, there remain
non-trivial universal anomalies. For D # 2, the matter-dependent anomalies are

non-trivial.
9.4 NON-LINEAR wy GRAVITY

Chiral w,, gravity is given by introducing the Noether coupling 3~ "W, of
the gauge fields A* to the currents (6.8) [8]. Integrating out the scalar field ¢

gives coniributions to the effective action of the form

5 ama [y (@) < Wn(eWa(s) >

m,n

{for some coefficients am,») and varying this under A" = §_A"™ + ... gives an
infinite set of anomalies similar to those described for W3. There are matter-
dependent anomalies for all spins higher than two, as all the higher spin symme-
tries are non-linearly realised. It was argued in [56] that all the matter-dependent
anomalies can be cancelled by adding higher derivative counterterms similar to
{9.9). The action with the counterterms now involves the coupling 3, A"W.
where W, are modified currents which are precisely the currents that generate
the quantum algebra W, with ¢ = —2 {56]. There remain non-trivial universal
anomalies (one for each spin), including a gravitational anomaly proportional to
¢ = —2. These can cancel against ghost contributions, however, as will be seen
in the next chapter. Unfortunately, this cancellation of anomalies does not seem

to be possible for the realisations of we, in terms of more than one hoson [54].
9.5 ANOMALIES AND CURRENT ALGEBRAS

The previous examples are sufficient to illustrate the genera! principle that
non-trivial anomalies arise if the corresponding current algebra closes classically
but not quantum mechanically. In general the quantun current algebra is given

to lowest order in k& by applying the Dirac prescription to the classical algebra.
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However, there will in general be extra terms of order % cr higher and each of

these terms corresponds to 2 term in the anomaly.

The matter-dependent terms in the current algebra of order £% or higher fall
into two classes, depending on whether they involve only the currents W, that
occurred in the classical algebra (e.g. {Wj4} = {T, W} for W), or whether they
introduce new currents into the algebra (e.g. J,T%0 for W3). Those which involve
only the currents W4 do not affect the closure of the algebra but represent an
fi-dependent deformation of the classical W-algebra. The corresponding terms
in the anomaly depend on the currents W4. The classical action {4.7) involves
the term 3 , RAW,4 and so these Wy-dependent anomalies can be cancelled by
modifying the gauge transformations of the gauge fields h* by k-dependent terms.
An example of this kind of term is the term proportional to T in (8.12), which
leads to the term proportional to T in the anomaly (9.7); this term was cancelled
by modifying the transformation of h-_.

Matter-dependent anomalies of this type were first found in [50] in models
with a non-linearly realised local supersymmetry. For these models, there were
universal anomalies as usual, together with a matter-dependent supersymmetry
anomaly involving the stress-tensor Ty4+. The matter-dependent anomaly could
then be cancelled by modifying the supersymmetry transformation rule for the
graviton h__ by appropriate h-dependent terms. This corresponded to a defor-
mation of the classical symmetry algebra, which was of the form Q% = (, where
Q was the classical ‘supercharge’, to a quantumn (1,0) supersymmetry algebra of
the form @% = AP, with P the chiral momentum [50].

If there are matter-dependent terms in the current algebra that involve new
currents not In the classical algebra, then the quantum algebra does not close on
the set of classical currents {Wy}. For example, the presence of T%? in (8.12)
means that the algebra does not close on the classical currents T, W. There are
corresponding terms in the anomaly involving the new currents (e.g. the T30

term in (9.7}) and these cannot be cancelled by modifying the transformation
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rules.

One way of cancelling such matter-dependent anomalies is as follows [¢3]. The
set of currents W, generate an algebra which closes classically but not quantum
mechanically. One can introduce a (possibly infinite) set of new currents into the
algebra until one obtains a quantum algebra {with generators Z™, say) which is
closed up to central charge terms. For example, in the case of W3, one introduces
T?0 as a generator, and then finds that the algebra generated by T,W, 720
still does not close, and so one is led to introduce an infinite set of currents
™0 = JnFYgia, ¢ Wm0 = d,;,.07¢'97¢784¢%, . .. which do generate a closed
quantum algebra. If instead of gauging the oniginal W-algebra, one gauges the
its quantum closure by introducing a gauge field corresponding to each of the
generators Z™, then there will be no non-trivial matter-dependent anomalies

and only the universal anomalies will remain [43].

Central charge terms in the algebra correspond to universal anomalies and
these are non-trivial {f.e. anomalies which cannot be cancelled by local countert-
erms) if and only if the central extension is a non-trivial coeycle (4.e. one which
cannot be absorbed into redefinitions of the generators). If the classical algebra
had no central charges, the quantum generation of such terms means that the
quantum algebra does not close on the original set of generators but requires the
addition of a central charge generator. In this case, one can follow the approach
outlined above and introduce a spin-zero gauge field which couples to the genera-
tor of central charge gauge transformations (7}, so that one is gauging an algebra
which closes properly at the quantum level, not just up to central charge terms.
However, it is more conventional not to do this, but instead to try and cancel the

central charge terms against ghost contributions.
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9.6 QUANTUM W-GRAVITY

The effeciive action for chiral gravity was given to lowest order by (9.1). For

the non-chiral case, it is given instead by

it a at
D=5+ Dﬁ /d% [h-MH“Lh__ i hes 4o (9.10)

to lowest order in the gauge fields. This is not gauge invariant, but can be made
so by introducing the trace of the metric, iy_, which transforms as §hy- =
Oy k_ + 8_ky + ..., and adding a finite local counterterm to (8.10}, so that it

becomes [1]

if 1
T=3S+ 192’4—7r /dza: [R(Q)ER(Z)] (9.11)

where B'® is the curvature scalar. This is gravitationally covariant, but not
Weyl-invariant since it depends on the trace of the metric. Thus the gravitational
anomaly has been cancelled at the expense of introducing a Weyl anomaly. Note
that the integration over ghost fields shifts the coefficient D in these formulae to
D - 26.

If D # 26, the actien R(z)ﬁR(zJ can be thought of as a non-local kinetic
term for the two-dimensional metric, which becomes a dynamical field. In the
conformal gauge, the metric is given in terms of the conformal mode &) = hy_
and the action takes the local form ¢(¥04'? [1]. In the chiral gauge, the action
takes the non-local form h__8}{0 " h... [61].

For Wi-gravity, the universal spin-3 anomaly gives an extra contribution to

the effective action, which is given to lowest arder by

36 85
/d2$ [B...__-EtB_.._ + B+++—D_-B+++ + ... {9'}2)

In this case, there are several ways to introduce new variables and add finite local

counterterms to cancel the W-gravity anomaly at the expense of introducing a
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W-Weyl anomaly [42,57]. As in chapter 6, one can introduce the traces By for
the spin-3 field Byy,, which can then be used to define the invariant curvature
given ta linearised order by [42]

R®) = e+ P e#78,8,8, B gy (9.13)

Then adding a finite local counterterm brings the action (9.12) to the form
R(3)|-_1-,R(3) which is invariant under the W-transformation 6§ Bagy = diahgy) + -
but is ancmalous under the W-Weyl transformations corresponding to shifts of
the traces, 6Biy—- = Q1+ . In a generalisation of the conformal gauge, the iraces
Bi,. are written in terms of 2 scalar ) and the Wy-gravity action takes the
higher-derivative form {206 +4(02B)[42]). In a chiral gauge the action
takes the form B___3507'B___ to lowest order in the gauge fields [42]. Fur-

ther details, including non-linear corrections in the chiral gauge, are discussed in
[51,55].

Instead of introducing the vector B,4_, one can introduce a scalar x and
define an invariant curvature B = 82 B___ + 88 By + 0Oy [42]. This can
be used to add finite local counterterms so that the action again takes the co-
variant form R(a}:‘[}_i(""). This is not invariant under the WW-Weyl transformation
corresponding to shifts in y. In this case, the linearised conformal gauge W; ac-
tion takes the form #(20¢® +y0y which does not involve any higher derivative
terms. Thus apparently inequivalent versions of quantum W-gravity can be ob-
tained by using different ways of introducing conformal modes into the covariant
theory [42]. For further discussion of quantum W-gravity, see [44,45,51,55).
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10. Quantum W -Gravity and W -Strings

Consider first chiral W3 gravity. The gauge symmetries (4.4) can be used to
gauge away the gauge fields and impose the gauge conditions h__ = B.._ =0,
or to impose a background gauge k—— = h__, B___ = B___ for some fixed
background gauge fields k__, B___" In doing so, it is necessary to introduce
the usual gravitational conformal ghosts by4,c— together with their spin-three
counterparts t44+,v--. The Faddeev-Popov method cannot be used as the
gauge algebra does not close off-shell, but the more general methods of Batalin
and Vilkovisky [62] can, and yield the following gauge-fixed action [2]

S=So-%/d2z [E__(T+T"‘)+B--_(W+W”‘)] (10.1)

where the ghost spin two and three currents are

Ti'_:_ = b++3+c_ -+ 6+ (b++ C_) + u+++6+v__ + 26.'. (‘u+++ ‘U__)

W, = 2upagBica+ 0 (uyyyc-)+ (byy Opv )Ty + B4 (byyv—-Tis)
(10.2)

Integration over the ghost fields as well as the matter fields gives further con-
tributions to the anomalies of section 9.3, and also gives new matter-dependent
anomalies which depend on the ghosts instead of the matter fields [52,54]. The
ghosts change the coefficient of the gravitational anomaly (.2) from D} to D—100
and change the coefficient of the 72 term in (9.7) from D + 2 to D — 2 [52].
This latter change is particularly striking, as it is similar to the change from the
algebra (8.12) to the algebra (8.14).

The next step is to attempt to cancel the anomalies by adding finite local
counterterms. The current W is primary with respect to T9* but is only pri-

mary with respect to the total energy-momenturn T+ T9* if it is modified to give

* Strictly speaking, the gauge fields cannot be gauged away completely in general, but can be
set equal to quadratic and cubic differentials respectively. The integration over the gauge
fields then reduces to an integration over these spaces of differentials, which constitute the
moduli space for Wj gravity.
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2]

hem

jrot — ek
Wt =W +192

[~2v83 b — 904002 b + 158,52 v + 106830]. (10.3)
The relation between current algebras and anomalies described in the last section
suggests replacing W9 with W in (10.1) in order to avoid mixed anomalies.
The analysis of the last chapter suggests adding background charges so that
the matter currents ', W are replaced by the currents (8.15). It then remains
to see whether the free coefficients can be chosen so that the anomalies cancel
[54]. Remarkably, all the anomalies are cancelled by ghost contributions and
the effective action satisfies the BRST Ward-identities if and only if the currents
T', W' are chosen so that they generate Zamolodchikov's Wy algebra with ¢ = 100
[59] and for these theories the nilpotent BRST charge is precisely the W3 BRST
charge given in [40]. This analysis can be extended to non-chiral W gravity, with
the result that the anomalies cancel if the currents Ty Wi,y and T _ W___
in the action (4.6} generate two copies of the ¢ = 100 W3 algebra [59]. Thus the
¢ = 100 realisations of W; that were constructed in [27] can be used to define
critical W3 strings for which all the anomalies cancel and the integration over

gauge fields reduces to an integration over moduli.

It seems likely that similar eritical strings can be defined for other W-algebras.
For the linearly realised Wy, gravity of section 9.2, the quantum gauge algebra
is W with ¢ = 2D, while for the non-linearly realised W, gravity of section
9.4, the quantum gauge algebra s Wy, with ¢ = —2 after the cancellation of the
matter-dependent anomalies. In both cases, the integration over the ghost fields
does not introduce any new matter-dependent anomalies, so the theories will be
anomaly free if and only if the ghost contributions to the universal anomalies
cancel the matter contributions. The ghost contributions to the ancmalies are
given by a divergent sum, which can be regularised and summed using the zeta-
funetion technique !49] and the anomalies will then cancel only if the matter

central charge is ¢ = —2. Thus for the lirear realisation, the anomalies do not
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cancel for any value of the number of bosons D, but for the one-boson non-linear
realisation, all the anomalies cancel [56] (if the zeta-function trick is used) and &

critical Wy, string appears to emerge.

Much work remains to be done to see whether these W-string theories can
be extended to fully interacting models with a sensible space-time interpretation;
some preliminary discussion of the spectrum is given in [47,58,60]. Nevertheless,
it is indeed a striking result that the standard string theory, which is based on
the Virasoro algebra, has a generalisation to a critical W-string theory based
on the W; algebra. It seems reasonable to expect that these results will extend
to other W-algebras, giving an infinite set of new string theories. Whether or
not they will have important physical implications is not yet clear, but it seems
likely that the mathematical structure of these theories will continue to fascinate

researchers for some time to come.
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