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SCATTERED INTENS|TY (ARG WNETS1 .

LATTICE DYNAMICS IN THE HARMONIC

APPROXIMATION

In the Adiabatic Approximation the potential energy among
the ions is given by:

@([R]) = Eel-—ion + Eel—el + E:‘on—:'on

where

R(ix) = B°(1k) + @(lx)

l is the cell index and k the basis index.

®([R)) = @0 + ) _ dalle)uallc)+

e

—Z Z pap(le UK uo,(ln)ug(l' k')

lea 'n' 3

where the ﬁ;st and second order force constants tensors are
given by:

Pallr) = (auizfn)) RO

' a%®
Paplle ') = (Bua(ln)au;g(l'n’))}zﬂ




In the harmonic approximation the Hamiltonian of the crystal
is given by:

2
1 - |
H=2om Z;;Zg b (15 1's Y (IYup (I )

By using the Hamilton equations

da(lx) = oH pa(l.‘c.)

apa(lfc) M,
. aH '
pa(lﬁ;) = au ( = - L d’aﬁ lK: Uk )uﬁ(l )
o ]

we obtain the equation of motion in the form:
Miiia(lc) = Z baplle 'k Yug(I'x’)
re'p
The atomic displacement @ can be written in the Bloch form:

1
v My

and the equation of motion reduces to:

ea(X) i RO(I)—iwt v

ug(le) =

w*(7)ealr, §7) = ZDQ,B (vs'|@)es(x', §7)
B
1

Da'g(ﬁﬁ’ltﬂ = _ﬁ Z qsaﬁ OK I I) —iF Ro(l')

The dynamical matrix D is an Hermitian 3r x 3r matrix, where
r is the number of the atoms in the unit cell.

The index j designates the phonon branch and for each value
of 7

S 5=1,2,..,3r

F

The eigenvalues fulfill the orthonormality and the completeness

relations: ,
D ealn, @ealr, g7') = &y

a,k

3 et (k. §)es (', 87) = bapben

J
The eigenvalues are real and because of the time reversal:
w?(g7) = (=)
and
e (5, §7) = Cea(x, —q7)
Usually the complex constant phase C is choosen to be 1.

For each normal mode

1

uq(lx) =

(n, 7) RLE R® () —iw(gs)t

For a semiinfinite Bravais crystal or a finite slab

! twodimensiona! lattice vector
x crystal plane index
j eigenvalue index 1,...,3N
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BORN-VON KARMAN METHOD

Es. Unidimensional chain

Taking into account only first nearest neighbours interactions
the total energy is '

1 2
o= ~2—K ;(u; — Uj_q)

The equation of {motion of an atom in the chain is:
Miy = —K(2u; — ui4a — %i—q)

Using the Bloch theorem

u ~ € SR () —iwt

the dispersion relation becomes

g
?’
oY

Es. FINITE unidimensional fiatatomz'c: chain

N atoms of mass m,
N atoms of mass mg
My < g

Force Costant K

=]

- @ ror - - - e - - - - e @it @
K my n p

2
ma%"‘ = (uz—ul)

dug;
mg gr; = ‘—K(uﬂ - u2j-—1) +K(U2J‘+1 -~ ’Ltzj) 1<7<N-1

d Ug,
m“dgd‘é * = —K(ug; —ugjq) + K(uzjey —ug;) 2<j <N
mg gL = ~K(uany — ugy_1)
Normal Coordinates
Ugj_ g = A2j—-le_iwt

qu —_ Azje—iwt
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Wave Modes

By putting:
2 .
u= w—KnE'i -2 Substituting u e v in the definition of & we obtain:
u—w_zﬁl_ﬁ_ wzza[li\/coszﬁ—f-szsinzﬂ]
K
the secular equation becomes: with ] 1
oor(L L)
u+1 1 0 0 0 0 Mg Mg
1 v 1 0 0 0 L Me
0 1 u 00 o0 : T mpg — ma
D2y (uv U) = : : : =0 . .
0 o0 0 v 1 Oniy 2N — 2 vibrational normal modes are fossible with:
0 0 0 ... 1 4 1
: + 2)w .
0 00 ... 0 1 1 ) =0,...,2N -2
v+ N J
Substituting:
1
cosf = ——/ 2.0 r T 0
2 uv « Wavs-tike Modes oot ) ]' ' FE
we obtain: i == Surfoce Mode . ™ Ta . opmicar |
i e ol Nyatge RANCH 1 _
Doy = (uv + u+v)sm_2N9 = S S . ’ !
sin @ w? i
[ |
Solutions: O e e e o e e o o e e o e e o e e ..: -
o ‘ |
|
Wave Modes o5l . - o
sin2N§ _ : . A RaNGH,
sin . !
*/2 |
o | | L [ [ 4
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wHtu-+v=0 - 8
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Surface Modes SM:

The solutions of the secular equation are:

w? = 0 Lattice Translation
w? = ¢ Localized Mode

Localized Mode

For this kind of mode we obtain:

g = !

WIS

+¢sinn”

o] A

with: _
p* = (mg — ma)®/mamp

The maxiinum élisplacement of the atoms qecreaces expone-
tially starting from the lighter atom at the end of the chain.

N.B. This lccalized mode does not exist using the ciclic boun-
dary conditions.
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LATTICE DYNAMICS IN THE HARMONIC
APPROXIMATION

Born Von Karman model:
@) _q @ (2
O =D +D,

where @ is related to two-body central forces and
®,? is related to three body angular forces.

The force constants related to @ are:

199 .
oy =~ 5 tan gential force constants
r dr | _
0. .
B, = p < radial force constan ts
r

r=r;

The force constants related to @, are:

5 Fo,?

= angular force constants
" 3a’ deos® B, e

=1, (0}
By =0y
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The o's, the f's and the §'s are determined with a
weighted least square fitting procedure, that takes into
account of the experimental errors, to the:

+ available experimental bulk phonon frequencies at
low temperature.
« second order elastic constants.

To determine the range of the interactions we evaluate
the mean square deviation:

el z[w”exp(Q;j)—rifrf«(Q,j)]z
& Oe(@))

The minimum of the ¥ is achieved for:
» central interactions extending up to:
10 n.n.

» angular interactions extending up to:

2 nn
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The total potential ® up to second order in # should
fulfill the stress free condition:

dd

= =0
iQ

Q=Q,

For the central part this condition gives:

zairiz =0

The angular part fulfill the relation:

Ciy —Cyy =—186, - 86,

X

o T
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DENSITY FUNCTIONAL THEORY

The ground state energy is a functional of the elec-
tronic charge p(7)

If the charge density is varied, the energy attains its
minimum for the corrected charge density

The variational principle leads to a single particle ef-
fective Schroedinger equation (the Kohn-Sham equa-
tion) that must be solved selfconsistently.

n



The total energy of the interacting system of ions and electrons
is given by:

E=Y fiei =5 [ VerulF)er -
[ ) el = €2l] + Vien-ion

where f; is the Fermi occupation function and Vion_ion is the
ion-ion Coulomb interaction.

Expanding the total energy in terms of the ion displacements
%(Ix), we obtain:

E, = Z O, (Ik)us(lc) =0

ko

1 r !
E; = 52 > Bap(in, UK Yua(le)ua (V')

ke 'n'a
We can now write:
{ fon
E$! represent the electron contribution.

E3°™ represent the ion-ion Coulomb interaction.

The latter term can be evaluated by using the Ewald technique.

a1

The Kohn-Sham equation is:
2

h
[~ 59 + (7 + b )] s(7) = eath
In the Local Density Approximation (LDA):

_ d[n(f")eu]

Hee = " dn(7)]
n(f) = 3 ()P

is the electron density function.

where:

Ezc =€z T &

is the exchange and correlation energy for the non-interacting
electron gas.
Usually the exchange term is taken in the Slater form:
3 ) 1/3
_ 2 1/3
€, = —e“( — n(r
.= -¢*(2) n(d

while the correlation term is assumed to have the Wigner form:

2 0.056n(7)!/*
0.079 + apn(F)1/3

where apg is the Bohr radius.

Ep = —

o) = Vetmion?) + [ 1 Weou(7 = F)e7’

Vei_ion represents the electron-ion interaction which is de-
scribed by a pseudopotential.

The wavefunctions ¥; are obtained by solving selfconsistently
the Kohn-Sham equation.

29
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By using the Hellmann-Feynman theorem the electronic part

(b,fﬁ of the force constants tensor can be written in the form:

dVplr — R(lk - dV R(l's' .
@(t,ﬁ / { ( )] X(T' ) P[T ( )] da‘r'dar f
dr, dT‘ﬁ

wehre Vp is the bare pseudopotential that describes the
electron-ion interation.

The density response function x(7,7') of the interacting elec-
tron gas obeys the integral equation:

(77 = X (77 + /XD(F,Fl)V(Fl,Fz)X(F',T"z)dsﬁdSTz

where V(Flvﬁ.) = Vcoul(FlaFZ) + Nzc(Fl)é(Fl - ’Fz)

x" is the density response funtion of the non 1nteract1ng elec-
tron gas and is given by:

(7, 7 Z f’w (FYbs (P (Y ()

432

We have at hand two approximations:

+ Perturbative calculations carried out to second order
in the pseudopotential by EGUILUZ et al.

In this case yx is the response function for interacting
electrons embedded in an uniform background.

For a slab:

N 2¢ __A.B_L‘._
fow el 0. ‘F_?a\

Slab

W, =e Y a, sin(lnz/ d)
=0
where j labels the eigenstates for a given K.

gt



+ Non perturbative screening calculations performed
by QUONG et al.

In this case the response fonction ¥ is evaluated
selfconsistently by considering the electrons
embedded in the ion lattice.

For a slab:
C O O
O O O .
0 0 o© Qim-el.- E Ve L7 - Riew)
O
/F/ -
ons

zic z e ®Rsin(mnz / d)

G m=l

45

BARE PSEUDOPOTENTIAL

 §
Vi

The two parametéers Ay and R, are determined
by imposing the two conditions: )
Sp=g ©
- least square fit of the bulk phonon

frequencies.

b
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The force constants of the Born Von Karman model
compare very well with the pseudopotential

calculations performed both for the bulk and for the
surface. '

The central interactions needed to reproduce the

Friedel oscillations present in the pseudopotential
calculations extend at least up to 10 n.n.

T

BULK
First Nearest Neighbours:

pseudohoiential
3B +o1) 3(Br-cu) O
1B —a1) z(Bita) O
0 0 o3}

semiempirical

(B ta)t HBma)+ O

LB —a)+ 3(Bto)+ 0

35 B8, + 25;]
\ 0 0 ! ij

Second I‘“earest Neighbours: - ¥

pseudopotential semiempirical
2 O 0 B2 0 0

"0 ap O 0 a2 O
0 0 a: 0 0 a2

%



BULK

First Nearest Neighbours: -

pseudopotential semiempirical

10162 11419 0 10378 10886 0
11419 10162 0 10886 10378 0

0 0 -1254 0 0 —2247

Second Nearest Neighbours:

pseudopotential semiempirical

2591 0 0 2686 O 0
0 -163 0 0. 198 O

0 0 —163 0 q 198

29

SEMIEMPIRICAL MODEL
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EMBEDDED ATOM THEORY -

The total energy for a given distribution of atoms can be writ-

ten as:

E =315 S 0B — Bowl) + Flmio)]

K I

(! R,. — Ry.)) is a two body short range central potential.

F{n;.) is a non linear function of n;. and represents the many
body interactions present in the solid.

ni. is the electronic charge at the site Rm.

Nk = ZP(‘RM — Ry )

!I NJ

3

The force constants tensor $p can be written as:

&os(ln,U's") = Zup + Qap + Lap

where:

Ea,@ = ——{a(lﬁ'«, l'ﬂ')éaﬁ+

’ Ra(ln,l'n’)Rp(lK-»l"“')
[BUx, Us") = a(lr, V&) = gaqie ) j

oF oF 1t
e — e ! l :l 60‘ +
Qaﬁ Bnm T Bm,n, }{a ( Ky b K ) 8 , )
, L Ralls, UK Ra(ls, UK’
[ﬁ'([ﬁ‘,, ' ) - a'(!n, ' )] RZ(IK-, llK'f) }

2
[',s = genuine many body term related to —Tgnf .

In the previous expressions:

Rk, I'x') = R(lr) - R(U'")

vy 102
afle, U's') = RBR\n=tﬁ(r~.t'~’)l

2p

Py T
B, U's’) = 312 lnzgﬁun.w)i

1 dp

I N
o (Is, I's") = R OR\r=|A(1x,l'x"))

%p

t P e
Bk, lx) = AR? ‘R=1ﬁ(z».w)1

32



THE SLAB DYNAMICAL PROBLEM CAN BE WRIT-
TEN IN THE FORM:

[Daﬂ;ll' ~ w25ap5u'] egr =0

THE EIGENVALUES w? AND EIGENVECTORS (PO-
LARIZATIONS) esr ARE CALCULATED BY A DL
RECT DIAGONALIZATION OF THE LARGE DY.
NAMICAL MATRIX D,z

THE FIRST THREE COMPONENTS OF ¢4, REPRE-
SENT THE LOCALIZATION OF THE MODES ONTO
THE SURFACE PLANE.

33
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§ e — —— ——

(001) SURFACE ONE ATOM IN THE SURFACE PLANE AND ONE

ATOM IN THE FIRST INTERNAL PLANE
TWO ATOMS IN THE SURFACE PLANE

O 'S e :‘ -O— i. Su.r[:a.ce
4 ®- —— SaasPace
° qig e mi’ernaL

S 1sl: uvndernal _ (.‘1 o) pLA\n.e

plane

P o~ ~
S L =

o——0>— 00—

i t Neighbours:
First Nearest Neighbours: First Nearest Neig

pseudopotential semiempirical

10464 0 13333 10259 0 13285
( 0 —938 0 0 —2247 0

11312 0 9950 13765 . O 10259

pseudopotential semiempirical
9999 10884 1011 11638 11518 1890
10884 9999 1011 11518 11638 1890
-1011 —-1011 -521/ \ —18%0 -—1890 —9O87
il

Second Nearest Neighbours: ' ;
| i "'

|

K

nseudopotential i semiempirical \

1941 0 170 2686 0 -—120
0 ~240 0 0 198 0
—167 0 —104 120 © 198

E 36



Radial force constants B for Al in dyne /em

Neighbor Non Perturbative Bormn Von
perturbative Karman
1 20900 21700 24600
2 2140 2600 2680
3 -680 -860 -640
4 650 240 250
5 310 580 30
6 -430 -310 -360
7 160 90 120
8 230 160 200
9 -100 -120 120
10 -60 -96 -380
3F
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