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This ﬂaeo»fy‘ s condamed i Fuo helds of malhe-

fics -

1. I—/omo/Oj.ca} ofjeB;ﬁq | .
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in the lectures of A Dold about co%omo/o\jw)/
'f'LlQOYi'QS

2. Theor, of calecories -  abshact NONeeINse
his is @ssem#&”y < /amgucaje of maﬂaewa/{(-s
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ln
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‘Fo:@;"y of gels Homc[)(:_ﬁ’”)l O OEJ"@C’-‘S :

for ol XVeob(@) ( fhe T 06(€) ~> ObD)

elevmgints are Co.”eo/ movr - 1+ omd « 20 of sels

Phigmg ) and COLMPOS."IW'O") [ I H‘om@(}'}v5 — Hom,b(ﬁ?'j(,‘fif?)

mO:’DS: [ F@r o.” X‘,‘r‘e%lé’) SQHSny'Mj Hae

s - | Yo i :

Howt;()(,‘/):HomC,(Y,Z)"HOW?:O(,%) follons B( COV.\O’_ OV\SV ‘
~ — o ‘P% c.om/oc}%bf’fﬁy rith Comp O -

for all XY 2 e Ob(£) @mc‘) |
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ex. 5 = Sels  the Categan Sboex - o %P —> Sels
sets | Fas imegns X — X
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Il"igp'y-}g L}‘\”"\(f} = all 05 +rom vLo,nolo:J;co,) g%gi—ume
- ; Y W - F:T 0 AGR) —~ L;—)é_
Jothe gome way we dehie T e T8 T
:r r%e CQ{"Q 7T OC 1‘-099[0_ - Y l
T ('T;LQ" aficzs { & chealt %ejloba)
J%Q the cokj*&r‘y ot cchemes e sechons
Al the calecjory ob abelian IR 7 s o pop of
jroups o { +opo{0j;co4 spaces  there

«)4(;1 (X) the Ca)’(‘fjcry of S%(?sti
of abelcn g OUDS i
over some %}q:,l(%j ol !
space X ;

\

Abelian co}@jgfyt A s o
cu*@gsvy it oddibovral
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- O cOblA)

~ dicect Su

<‘\ﬁ-§1
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|

Hom A C) - 405
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Nok=0O wnd for oll ‘
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Exact funchor
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kevi£) A

¢ Y

- o colkernel 4. T Cokor(8)) X Colker ()
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A 2B = Coleer (5)

A 'Fum }Q}t" ‘CJ".S)D .--t/\ VP} i.&mej
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. , | sheod
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l '&(u) T Homconl-.
i W (U
| A
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(U, A)

Most other ‘CLAMC}'&V‘.S.O(YQ O”')’
left o mﬁ‘a# @xc.ci o
Instearc e

LT A () — Ak

| S e OO — A6 (V)
ave [ef} QKO'cl' éml- i jeme-
V&' mol @xe.c!—,

- - - - T _ -

Ma)/ the functor F- A — 83 s ot rr‘gi«n" (resp, feft)

oxact bubl dhe comditbion 4. (Nmp‘B) con be sahsfred

QSV‘ [Soliated Marpjﬁferns 13

ex . - eS-qu’Csd F s o.dojfl’f‘v”e amoJ A =S s an it -
jechve objed- ( thig ameans that for euery wo-

8 . \P ) N
nomerpligon L — p @@vker(W)=(?') and every  anov-
plhisen € 2 G we hove o combrauahon +o o com-
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Let FA—-R be o MOM\OMDK}DI‘/‘”-S’&”’T
T loker (VY = Coker (F(H))
This <o s Le seen é/V :
G — A i—)%

1’*1 ?\ fre e E = A ® kerl?\\
f/, i
A Coker (£)
> FB = FA @ F GlarlF)
> Coker{(F(£)) = Tloker£)

]

ij e L.ome S\A{'\QC[_QV\l-/y mGVT)/ joocli Odecl’b W
Can) 4*#7 tes (,L»Qw\ﬁ@ Qo CwénLro‘yy Oé;\j'@c} o o joad
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Lel ws vealize this idea in an  abshoc! way

S, pPose Flere is given some add tive functor
FA - A closs of oé;J'eds S Ob(A) s
called o (right ) pich class for F F 4he ﬁ;»//om:/:j
conditons are gabsbed :

1. ¢ §
2 I S;S‘E(S) +then 5(‘98.65
300 0-555"% iy un oxoct sequence of oéu‘eclb

ot § tien the seguence
0-Fs®sos's
s wlso exact (i 73)
4 L—.‘very O{p\)’ec* A e ObIA) con  be meeddecj into
some Se §

e Suppose s lebt exact A F=T 85, )
ond let S he the clacs of all f'MJechfve obje cts
ot A Then P.—o’)er{'r'es 1,2 and 3. can ecs: /)/
be veritied . /Propcrﬁy 4 s wmot frue n j@me rorJ,
bul b Fhis bholds  we say that A bhas (gﬁg_ujb
E-U“echveg, This s true for A=Ak ] AGXY  and
lhence L see thot Fhe class of mJec{-: ve
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try
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obje\:*s s v olass for eve.//\/
fonctor F o a L()"ej:ry ot Fhn @moujh ;‘m)‘ec‘
7L|\/&“f;
5\4,3)30,&& now that F oA “—"B has o rich class
§ e want to Jive a new defrnibhon of F  we
coll 1t RF  +he Lr.qhé) derived {functor of F
which s the old functor T on Scod oégj'eds aind

5Q1L151L:@.S 1 .,'2‘\3. and G
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R N R N > S
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construc fed 5)/ PmperL/ G

Tf/n‘s (5 N @x&C\L Cowpf‘ex Omcj we depme-

(RFV(A) = F G = 0oFS —aFg'y

Bul what does +his mean ¢

4. REV(A) 15 ot on Clement of R
of He ca#@gcr\/ ob  (bownded to the leld) COVV\P‘E-

we  will write C(RY for this cale-

(6;,4\[ QN @,Iemew #

xes over 03

3oy
Tlne veso/ul—{@h S 'S nO\L uhi'#ue.[?/ deﬁ'mec/ ) L e

3@% Cr c:oW\Prefe/}/ differennt ao:m,:)f'ex f we tole

o

on  other vesoluhon
The  first probfem can be sclved 1a fuo WayS
Firsl, we con k’@luriﬁ to 15 by Mmez cohomology -
Ry o B
B — ke (d™) / Jon{d™ ")
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funclors IRYSF .= HY RO which are called  (-th cle 1 ved
Fumc_-‘-or ob T+ Ve woill retwrin to 4hios f_mlerfa.ﬁeirc}%or)

Loty

The second pos-:.fg:/liry‘ s to puss to Cow\p/'exe\s:
:H /-\‘ tS ¥ (b;umdecf IDB/OW) CO!/V\P(QX we COoim
alse choose o resolubong Has means we hove

SO

A g

O Vﬂo-‘li) oir’ C@WP{QX‘GSI guc‘n 1"L'C41!
E N . T£) :
HOAY 15 H(S")
(s G g'somo\rrﬂw:’sm ﬁgr O// Lo Sucln Q map IS
CO!”@QI' O gf‘quSu'lSCn‘)Oi/’}o%tSa’h_ No“& -{—[nq}- “P

A" = 050 =A =0 =0 — __

5 G COtmo/ex Concem-lva}ecf (1 one o)\e reg we
3&!’ the O!d deprml-}‘)'om O'ﬁ V‘@SO/MFOF) (Su}:)J:)OS.m3 +L10,J'
S be;ﬁfn\s at the came dgqr@@ as A hich we con
SUPPOSQB' )
Now we defline

RF)(AY = F(S")
53 e S‘QIL Rgf_: w%rc’w mo./;\s COW\{o}eX@S Overvaq

+a comPiexes over 13,

The secomoJ Problem 15 move C].'pprCuH,

S;AP}DOSC‘ we L\O«ve -H«o V‘(’_SO/UL\OV\S

S

Hhen one  Shows  wsing the pVOFGrLfQS of {he
Fich class S Heal one canm Finel  a thivd resoluhon
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A — TS
/
N Sy
> S

'v\/l'hC;Lw }_’)‘/ojoer'“e.s lnas G?LP f‘ESJ‘o N
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pL\tth) because § cincl §' ave guc.su'somc)rph-sms_

So ma;/ be O‘F(P s G CquSu"SOuWSYPlN‘Sm 4’00‘3

L@nl us. ’;)rove }L\ql Hn.‘s ‘s VGO.Hy so'l]"lsﬁ‘ecl :

The woum ,Jo:ml s +the ﬁoﬂom‘m]ﬁ {mlaori&ml Con -
shuchon  from HOmQIOj:CQ/ oﬁ@bm:

Let §:A —=B be « map of COW\IDIQXQS , then the

P"’”OW“"R COMPIQX

l

Con (:G-)n P= Bh@ /sfnw’
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Con (5;)“4 _ B“”(.:Q AVHZ

l

s called +he cone of §  Jts manm proper -

tes ave +he pollow{nj

1 h/e Hove an @xacl Seéqgucince O[ COm‘o/exes
(+lhis means that Hney ave exact vn @very

O‘e\(jnge) :
0~ B — Conlf) —u AT — O
b Emma} (L-‘-’. @\
(b,0) 1 o
wL-\ev-e /—\fﬂb 15 Hne s_lmpjrid Qom}:)lex O{: A
'33\/9'-1 b}. A?'471 D wed
1d | -d
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§ s « L;Iuosug,wncrphi.s;w => Conld) ¢

exaet
3. J+ OFL)-}——’DZ% s LD O(CIO}tIL!.VG fuhc*o\r‘
then Fllon($)) 2= Con FIF)

)

T[nese ’omper‘%'es Qe an @O\\SV EXCVC I GE
f\/O*A/ }eL s rel-urn‘w +5 o CT)LA@SJ';O") :

Yoosog %u&&-so;%@-\rphvém =5 Con (P) ¢ @XQ(‘J{_

But Con(®) 1y o COM’oiex ot Ha comloomemf-g o S
5 W€ Can Q’gpfy axiomm 3. of rich clasces 4o cef
thot  Flonty) (s exact Hence Com SF(Y) s exact

and  +his proves fhaot °T(P) s g ?u@guscmoqo%;sj'ﬂ

Okoy, 50 we koow thal our deboihon of RF) (A

IS umrq}ue w2 to %uasnso&horph(sm_

1 e hove some c_?uas{.'sa»howa%lsm A LB we can
+Os),c<9 ] V%o/uhon o? B B.—D" S' ) H/nem 4‘%6 COm/9O~
Sihon Mot wll be o vesoluhon of A , SO Fhe/r Jono -
st winder RF showlod bLe fhe SCune

S-_Aapo.be O H/\ere (s je‘l/em Some Fuch’OF

G B =€ with 4he ’Dmlaerly that @\/er)/ guas,‘,‘so-
VhOrplmsmq 5 Mmaps o anm z’somoufp%:spm Q&)Y . Then
the Cow]:)csf'HOm “o

RYF
LA ~s Ry %@

K Or we}/ Cleﬁ'ff/)e()’ JCV:V\CI(OV‘.

31’ e 4—0.&@ o] “mnafmo,’" COJ’Q(‘CV‘ 9(33) w(l‘/v -/-%LS
S
pmperl/ anol e omq}oc‘jwous cal-ejory A e cee
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()
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Thie well defined Fanctor RF (s called the
devived functer of T ond OHA) resp  QD(I3) s
callecd the derived cc}@jo\fy of A reso. 73
One can show thal +he debiniborn does not de -
loev\ol o the CL\OICG (91( fhe vich C/Ofﬁs S)

Tfae /0\5# rcjeo. oﬁ 4‘016!(/\ SO e “mfnu'mo,/“ Ca}@jor/
n which some class of moqohasms tiall be (sD-

VhvaJlméms 5 G SI-J@C{Q.’ case 01[ SO @ absvir&C?L
Co«teﬁom'o-’ e.#uo.%orr

Pfo’oosf"rti@m- Let G be some (small) col@jofy
gmo! T o class of morphisims (it »eans

T < XL}/, Home (X,¥) =: Mor (G )

a) Then +here exishs ¢ CQJ(Q.jOVV CLT ] bje%l\er“
W'“n Cn ‘PUV\C‘LOV‘ Q - @ . G)[—r-qj

SoHsfyrh -Hne ﬁo[/owrﬁj Projaerl')e.s :
1. For all te T Q&) 1s' an isOVMOr(O%Ism,

2. Jf @ onol G ‘Q:’ D ove O'V'\O‘/'L\e}" CG"@&?OYV
and functor ‘S(}HSC?/J‘I/\ﬂ 1. +hen we lave o

um‘@,ue/r depf'meo’ comw{*&#ﬁve d:'@jram;
G —2.D
2
aN
G
The co.’-ejor Orr 1 is o o et_}qf‘vqjence i~
QMGIV dep{med.
bY ¥ +he class T hos 4he \QO”ou\,J'mj Pmper-l—w@ts:

1. 1

L € T ofor all Xeobl®)
2. x Lt tt'e T, then t4 €T
3 2 o con be COmJ“r'mureei to «

e ‘ lotive sguave
X— _L’—\lf Commmeatandl | vie ‘_:’(sz .
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4. ‘)(jé\/‘ Then

@x . feTwi”w £°§rl‘:°3 (=2 ex. t‘:’G T-M{'{"} J°‘£’=3o1':{.

(swch o class s calleol IS /oc;o'[rz—r}/\j c/qgg ) ) tHhen
We COiwn vae the pO”OMV‘f{ prffc i f of
GLI] .

. - BN ,
Hom Y ) =
o CD‘J(X' | j f/ \g‘ } /
X‘ \'_,— <

where +he ec_}wvo./gmce Ve}okom s j.‘vem

b)/ :
z z

e.SCrka}v‘Or\ OIC

(T it exists o commu -

t 5, 1 \
X/ \"\]; ~ -x—lé/ \Uf'\r‘ "‘O.'l'ive d(qgﬂlm:
o
2’ 7,
& SR
X b

The Conmpo s ‘hony s 9 gl by ‘-

ro 2 z'

‘ | \ " S'"‘F
AN } ( YN | = S N

\V T X ' 'X/ f

w!Hw . gi \ \

‘:,’ Rq Léz Yl COM./V\m}O«?"I\/Q _
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Lel e e sowe (deas aof IorooF:

£

1. 2f you add to §  oll ’1X~ ameol  all cobm,gos;homs
of elements of T O 8(# some mew J but the

locad: zed caﬁp\jory il be the Same

2. TOJ((B O!o 6[3"4] - = Ob@ 5 Qu,opo::.e T ho.s )DfOf.:-erJ{Qé
1. ond 2. of Iocq/iafmj classes

3 Lel ws exlend HomG,Cx>Y> 57/ the Qo”oui'mj proce -

duve
Jf LY — X 71 e take s/x/mbof_
- o XY
t ¢ Ho C"LT"]( , )
The co»m,oos.-'!won we define also  formall , this

mMmedns cow\l:»osfhons ove News mofxp)m'sms. Co we

3€'L QOVV\Q‘{'L"(APCI' [ilee
T S S S s SO (%)
Thig dep.'mes G Co;!ejo ry (L«f'”\ou{' 4 ) ‘

4. Foctorize all mow,olfnswxs b}’ the mwrininial ec_?c,,.‘lfo,-
lence relation 3€mero«f'ed b)/:

Lol o4 el e 4, T =ty

-5 - &'«E\
AN

Compos (hon in (;’

This defines CL7] '4]) the fancltor Q is obrious |

]

5. 08 T has also Pro,oerkes 83 and 4. of /oco/»?f'uj

clocs we con change with the bhefp of 3. s.z
+o t"4° ft,o.mol so we orde~ (¥) and we 56# the j@—
nevral form of o mor,:l’\iSW\ ot Using U
we see +hal the velabons ave @xo.c“y +hose

wiritten 1n the Pm’oos:h'om_

Lef‘ “UsS fe)lu\rh +U Cealr O’QV_H/EC‘J ccﬂ'ejor:'@s:



We  lowve G =ClA) +he c:o'lejory of (‘QW\/DIQKGS
over A and T - Quasiied +he class of C}uGSr{SO—
morphisms | we can give  now  an exact olef -

nihons of fhe derived” caiaﬁor‘y W4 -
DAY = (AL Quasiso ]

Umwcbrmulely the ch&Sﬁ- Op ?UO‘Sn'r'SoemOrP)’\néms 1S
VNO#‘ S [OCOf[fE:H/\j C[QSS} ‘FOF r‘nsl-o«mce L/ +Q.[ce:

A=Ak Q o o)

! L i

O — JLI27 — 0

d L J

®) — Z/&7 > o0

I} o L ¢

2027 =3 2/122 - 0O

i od L l

0 O ©
§ ' t .

X — v L0 | {°5=~£oj
? [ )

exact g?uGSt‘fiboMor[olm'srh .
j{' t 'S Q m&,b Ln/l"'}*w :§°1’: ’jut‘ ‘HnEEM
one @QS-“/V sees +hot £=0 but His is

not o guasf}"somoﬂo%‘rsm_

This difficulty +o o ve am ex,offci}e olescrf‘;s#'on Coan
be solved usiv\f{ tie ﬁo[/ow;'m’(_ll [emmmng

Lemmoa: Jf fq A —B are homotopic maops (re-
member thot Hthis meons +here exist o -(:'o'mfly of

moPs s A" =R sueh thal f-9 = dos 4 s.d ) +hen
Qle) = Otj) G CAY — DA

proopi fn/e MQ@C} & SGCOmcj rM/DOY‘rLQVHL COV)SvLVuo/',ron
of HOW\oloﬁlcoJ G’jebfol:

If h A —-R s o MOV P S of cow\/ofexes
we define Fhe Cylinder of h Cyl(ln)' as
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the ﬁO”O(ﬂ/'Mj Qom}oiex E

!

J
Cyum’L = A A @ B
J, 2N

Cylth) = AT A

d

1

f\s

® 37
J

Lver:f #L\ql +L\(b C’ef(v\eé Q C-Omia}ex)

This obJec‘} hos the Q)'fowvmai ijocr%ecs :

1. We lave morlolm.Sms of ComP/exes-
B, Cyl ' By,

b > (0,0, b)
(qmqﬂw‘bh) L— bh+ L—LIO,,\B

Sql'l'swcyf'mi : B.\“"’Lh = 43'
Ao (34 r;’ 467!0\)'
fﬂomol"oioi“C
Esloecio']}y, because %omob}:ﬂc mo s de -
fing the same moaps on CcDL.o»mo/oﬂy of

tHie C@m,o}@xes we %ave J-Lla.} Hg(otm o.moj
HYUR.Y are invers to each other and hence

are qruasa'lsovwor'ohnbms_
2- [4/2 have o] QXQCJ Segiueﬂc,@_ OL Cth/J’eXels‘

0— A L5 Cyllh) — Gonlh) — 0O
A — (Q,0,0)

(Qu, Gy, b)) Lbaianis)

Fur*f’\er lLwe S¢c¢ 4’1'\0& h - Bho [: .

At s @ 5aod exercree  to c/ew‘py these proper -

tes
Let ws bej.n fhe Proop O)C the lemma . Ve ole-
pf—V\Q oh mo«}Q Op COW\P‘QXG& X



- A -

o ‘\ .
CVL(§? C?/C (j)
AeAT®RT — ATa AT ®R
tQ,,,J, (6 TN b,\) b LQV\I Oinca bq'*suhr/l)

At s cosy fo t/err'py hal this reo.lly a map

of COV\A}Q]QY@S We Sel the Qollowf‘w,q, cl-‘Qjm,m;
/5’ i* The Square and the |ower
A __/_;_’ C HH briangle are commultatbive
I - yi" and BiJ N sdg = 43*
A s Cylig)
N
1 B
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