tNTERNATIONAL ATOMIC ENERGY AGENCY
" @ " UNITED NATIONS EDUCATICNAL, SCIENTIFIC AND CULTURAL ORGANIZATION m

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS

LC.T.P, P.O. BOX 586, 34100 TRIESTE, ITALY, CABLE: CENTRATOM TRIESTE

SMR.637/28

ADVANCED WORKSHOP ON ARI‘THMETIC ALGEBRAIC
GEOMETRY
(31 August - 11 September 1992)

ARITHMETIC CURVES: Algebraic Number Theory
interpreted 3 la Arakelov

Norbert Schappacher
Departement de Mathématiques
Université Louis Pasteur
7, rue René Descartes
F-67084 Strasbourg
France

M« Buiiping

StRapa Costiera, 1) Ter. 22401 TELEFAC2M163  Triex 460192 ApaIATICO Guesy
i sormocEsson Las.  Via Bract. 3

iese are preliminary lecture notes, intended only for distribution to participants

N

House

Via GUIGNanG, 9 TeL 224241 Teceran 224531 Teres 460449
TEL 22447] TELEFAX 224600 Trrex 460392 GauLro Gurst Housk

Via Bemyr, 7 TeL. 23401 Teveran 224559 Teven 460397



Myeirosc Nasbor Thioey  Tuboproied 3 0o Arokeloe.

ARITHWETIC CURVES :
'N DEUQPPACHER
CWﬁQNlN(' Do met gutraATamnole s L +£w-'g /Qut A true A-W-lweo—‘r 'Huofa_
/u.n-da s WAHL wﬂ&mgw{écu . ]

Recatl Sulls pictoee s X ‘ \ \ 0<§‘ ‘

Spez & — &
f.' (e) : © '

OK c K }umg o‘( ﬁﬂkﬂ.l.n —  a eole imd Apunoinn ¢ )\a,a»?nro( o!n‘w\.i..
-S}.gc; b ¢ /u.g,u.&.r w&e_r-ﬁ d»ﬂ—'m gebee a{ iy 1, , _
il Annediann ?«e&cu a( K, aun Arodcelps's woa

rf&!‘?ﬁk %‘c & 43
mpm of o couphikd Spec o them m?m%.
aladlite velne, oe K B olBsobtie eloen o K

esluc &K Ceo«ol rowv{- a'.Kc—-)_d';' ;-—-c.qo',cr-cf(mwwl
- Ix —_ w_ .
( et K —IR; Ixl lN 3 v= {07} "fodepllof K
$° A ¢
wrhee NJ° *{&ng) = §¥; gnz-pe Ixly = lotolg = Vetoraeo
. i o=g5
(P';") * fo=1; e =1 T2
Q,WP@WM :
K ®, Q ——-;lf Ky K&_ R = J,E,Kv
. ' - 7 e K (R =
€y-=1



Now ai:.évw, Ma«) ~§ +0o obandadd “MLQP{/I G‘(-Yt‘eu 'FQWH_ o(z 00;9&341&-;
(aaues “‘-’rfou—r amthanetic. covven U Coamjplrted, Sr““;(&f()'

i- . LIM{ L"va’a.u

L e {HAM&EL &n cgy.u_(ok) O DA codacent Aedidy gan q:« (e, )
& Prjecte uacbide L oof voud 1 rver 8,

— .

RECALL fRetn  Commuranive ALGERRA:

k. b R Lo @ Declbihtiid dounoian T it '{"‘&L’{'{""‘"M H o #wm
W:L Mcu(.wg R—armnduty . —f\l.n 42«1 exithr o —fracdiormel MO'LCF
a*.((R MamAu.aWR mkg.u'WML‘{‘ew«(- H-—-a@R
[See  Hiluer, Tubvoolicton o ACse oz K- sy Trimades Uatr Res

Q:_“",&m_w- AL Rovedtt, Romucdide, Lo Dowoplaie 4o frackiond s
Leaarna &@no{:owﬂ Mad, ¢ =6 (o R~ msgelikes ) & Jue F*: = o 4-.

E‘_“ u<:_"“. %WM\L?\M% /@:"d\ X =3 ook
=D e e = GBF 1 RQF=F 5 F 2 fBK ds K-Limeor
=> ¢eF Fven 6—3 ,\Mme.q 164 - Wi n 4‘& e F* gy

'1_15_,?_. ’a‘c_(R) W“@uwww&mﬁofmﬂﬁ_ﬂwm
Povp B Taducd by (H,L) > He L

(osagpacct Gof Aswso aved fact aben) i The (R) = (0 R "

o] <~ [a] ‘16"7
= mr



Proporitn [Befinition 1 (1) A mehded five Suudl o b 45 o paic
‘(-L}-[Nw}ﬂd)."/éf oo LoAs e AMM“ML °k MMIEAAJL},,_
‘__*f}crmgl,\ oo, Mu.? _L‘&o kv‘,,
N«,— Lv—’kv— As cx.mo*a'f’e\&
A e rmernaTaval, K~ oec,&-o-ra,’;qu_ L.
2) (L, 48,5) = (U {NL}) (srmnkic®) 1= 3 (PL—*LIM
/P_/QAMQL@ Wrmd«ff’ewl' ‘Vyh Vx-eL ,
| Mo (GeR(o) = NeOD
. %H_MKWM Mkvb*uot z.a_«f&._ MM

(L) ® (LN = (L8 L_}g/v 1 NV‘LG::)_=__&{»<) M,{;g')

W L (_fs.g mwﬁvﬂ M ot 7 (O'k_),_g_,_w_._h

(e ING D) e NG Ky K M=
m_.__._eze.,Gam U'fw _omd )\u-e R olt<£4=_ o (&M __________

ﬁ_.‘,mm:_*[’) G’rp( ’\;‘_') .

3 e g @R — Bea)

axloc

Lemm "gu-(P = dm (ﬁa weu«-( /ﬂog &: — R
£ —> J e, 1@3(&@

Taol ‘' (o, IM) = (o {mF) oo By 0 ey

. "
X 3 S'KJ E‘GGK

=) G‘)c-tg Qu—-) = N "(4) = N (8) (\r =) /\U.: ev-,&)alalv_.

“?-”: W@’L%qﬂwl /



L]

_ ’Pq’re-{i-lfw The —P‘aow-img A K gemck L ___.

0 — ﬁ R‘V/ﬂg’@fj —--‘E'_“’ P (E;)—T——P Tae (O'k%—vmb@

(o liscad
Er exetie

- R T Live}) — L——

Mcblling mrsed = A pood of Fordlbokl punit thasoin. So, By Has
M} Loy &) oo foth bhia e Syl )@ R whicl ity

(2 mwen

(2) Trimcipel Ambiler dissons : foo Pes®:
v (p) =_.6>_; B8y = 2l Aoy [f], v

@) g fom Aokl dosme:
kg ( Sy + Z0w) = ="yl + 2 eR.

CH (OK) = tbt'u-(UK)/aku_,(K#)

Rasura:  Mfe k- &?(2{" ¥) = 0.
(m&'&jw&ﬂ/kwmm "’é"& k’f’voob—\v* M“'—{w K.>
B g Tobeces e mep kg CH( ) —» R,

(O'Guﬁw—-«tg paiye u{qw




—

0 — O Revfugye) 2 CH(R) Cele ) — O
vl 36“)

,, _ =lo A5
0 —”@A.i;-_.gr/zoa(ae 5. Pry) To P )— 0

&_: . A’(ZX u—) —_— Z/\u- "l GCH‘"(&k)
. -f‘e“ Wﬂm}.@\ Cf(&k) '—’??A‘c. (o ) m;&*‘-ﬂw____
________ [LYSN uh_o-( ceu.. 0 am Ao . Czed-m OL&/,”W e _aBoue.

| e D> Ofp) = (T T 3-_ iR {_ﬂ,. "}) Lo —f&o«wfium_

Cowaua: R’ r{'eu- xso-\.u-wr&:pm e oBdoTan __“m.ln:?,_,-u pragp oA ?fc( )

g-vw.»w.&p, (’.L) CL {N }} M’k.{ ,QAM« | Ll O#SGL o
T Tl Ay (1, {N}) = ,&3_#(!-!5: ) /%,T”wcs)
(ZJ (oe, iM}) W“‘k«k FrachAlowal ibod of o, .

T __4!-3__-.(9.1,,,,{, Nep) = _.-@3@1@) gaa,_n- Y e.,.____'

faof . (o) Too frvmmste T (1) i mlipndnk of 5.
I fheb, Y s 40, sel = '8 -@@x,,),(,r&f) o LB K,
%‘S.M we K¥. et dcz such ot dx € Oy Moqu'k n= (K:q].
Tl dh-#([-ls'-ck) #(L/ds & ) = it( soK) O‘“& \

= #(L/sey) - Nkm@x)] = A" Ny gl #(L/.c.o o,

! ev- C‘\.- " v
T () = =, ad Nots) = [N mq"fl AT Ny ()€

One o odtoar JP\M&/

(_l‘(k.:.ﬁ /Vewewd—’! (m) .



L) The gtr_(_M(") doen  pad o(«a.u«ﬂ& whan (L {wy) & oplaced
Ay o Do pended Lime Seodle (LY {nLP)._
(Ceact dobe frsel! o tuoge o oder oo Tyoseaky 1
M.M“M& @) ool C(o)/ e ose aecdue o F-n)v\""a (4);/_“*6“- cone i L= GL_?O‘-(
o frackipod Al annd s=4. Than we O
Cg Flol) — Ay T (0 = g No' — Aoy Tw)®,
Than pfle, 0 pave foruanta (2). — Bk sy
(o, iNe}) = @CD), H_DeDiv(F, ), we gk .

ey (&, {we) = dg D = ..é: wy Aog(Mg) £ ZA,
- _Ar

e - _L_.EL:-_{%._._.__L, AT T ///A

€3, Remown = Ruls

Wit ) Giown (L)), o Ve L BR =Tl | ond eqosp
Has "\“"‘\W«RM_LE?LKLQJ_} Rrvehee spacs. W a velus By ¥rokin
Ve w Rpz2 =) - - Y P A;._L{r by Ix» tx)i= My )

2 ).___x(L)LNul;L_:—: — Ay ok (;Y/L)L__ e

E_""W isn ! { Rreoue = Roels ] x (L, A"r_}_)“a__d@&(lnj&.—l) + x (o (N

fomnt X (o 1051) = oy (2. 14 1T*Y,
Boof ¢ ol s " di = ik (o3 (w1)) 2"

Froof of Papwdie s X ol dog cliprud sty b (L,fw)).md,;u%.
Sé)weoinm v He caag (m/im_.” ) ¥ R2 8 famclionad aslead
DKoy ) =y (B2 = kg (v, e, VoL (28R )

w.ont,

Nyt



all

€\ , . i \
Aoy (TNee)™. Lo vl (F—J)y

i) ¢ xbo

(L ? Vo) i = {c#é L | ok Mt < <1} SN
Ths _As FEZEEN 'ﬁwﬁl&_ Ak ( rtke Q. rovp , Ann ugﬁag._*&) ISR
 ((LeVdiseek ') e

f_'ﬂ’rw L) H‘( OCD)L—-. LLU Uﬁe K I.-.M: (4’) z - ‘.Dl
__{_2)_ ¥ ( K’_L_q:l_)._ _{ef UPW*FW“__
,'T"Z_LJ oy Cldwny) <o = (L LnY) =lo}

(Y JLQCL {m)zo ok WL, (NLY)FEO =
= (Luvey ) == (on, (033D

Fama mumu v%a_’,_ Lwvy) = Aoy zi,_;;iﬁ—:-z ML, 1, ) #0.

Rosfa. ("l —,CG_@(Dl" Y = 7733"3’ C‘-Tg N &) v @)2-"3—: 'g'oilg_
L_NIA‘(&):J 4—) 4-, :r(.c) Ctp(——l(—') -e1,.__«fnaknkq-r_lw- -\ Vi

(2-) R M"'"S"" T XA Md«f&p& |0'(£)|¢4 'ﬁfmﬁl o )4»_,(,}
As o. vrot O’£ M”B' (-QN(A&L\) ) .

@) Tk 05 e HOLIMY) (anppacig b ennr) - Toum

dag L= Aoy o (L/s eK) by T Nu(s) =0,
> ﬁ- ﬂQW SG—HQ

This oletady  olews (3) jand T day(k, {ruv,))—to Hern gk :



A= #@&.Q"“‘K)J‘ TNGG)ST 24 =) 2graliy ‘”‘*’Mﬂ’*

=)  L=swe, oad Nm(n-M{ww&‘-" -—>(LLL‘I) -("kri"fvj)

?«u«;ﬂm RN = LG, wle

{x-(>§,.) cT(,\,( N‘,,-(sc)éf]{grm«r}cw{-ﬂ— V.

r—t"“_*' &olm-u{ oty O- Ay pubuk AMVMQ}(?‘\%
o dhe  wvline %m44& INe Y we geds
o G = 2% )
nﬁé% Hiadowrlds Meca = »w(é;' - 2" (VL) = Lag;a&{c)
L———-—--—-''—----l"""-"—_'_——'—--——-—/
—— & xg.e,tww}) > ﬁaﬁ =L, i)
R A —

A o ilhurdeak —‘04«\04; Ha sas of Reakialow Hoaseg mmm%h,ﬂ
Ramths Ak Mo el wily o«ufﬁmwh@-\m _

——————s

{Tﬁ-hh-lw &&rv M c&..'_,, ij o{;gk MMAGMAMW
L___[c_&m-( GG&K A, Ao NG M(i&a&f,oﬂm)

= (e ,,,m_)(_@k ) va.)') 7&4‘( W Anie Coo '693?;'.,,1 -
Aart M MMMN‘&L un%w)»f&h e;,ﬂa.emq—ulﬂ-b "'e\a.*: 07.901:_

"""> X(U'L ) u."-) = d‘j (01 'iNU\}) + X.(BK; INU‘}) B .
'9 Ho(m ,ﬁ”wj) %0 )‘ §o CJ“M O=¢ G‘f‘(")(d\:{/fka_}) Q*'\"&
{P,ufi- Ai= s < & (/@ccmu; sede €0 ’)

= g (&, {N)) = Aoy * (0Ys0,) = Loy TU Ny TN o (5)EY >/&91{S

=) NAL = # (o k/4) ’”#( /5“%)"‘ eqﬁ (C"" K(MW;,J))
W'
adip Synd, J




/

Vanatioun t‘ﬂ: Heny ad Loc ﬁoll{—\ Ut hauns 3

Holiht) e Ln G, whore @ g e g ol

Cro- = iSaQ%)ngLu-lV o Nolso 24 b | 2T w2 M_‘ [

(,.___) se6 =) TFM.-Q)‘”‘ £q B
() se@ omd T NG )™ =4 =) N}(g.,) =1 @cacl\u—

%{W;‘, cmkinj%cﬁucha(-{o(f&( Jm%}d@“ﬁ&"‘-%
M% .____Q\w E 8 G C Gq.S. {3 | M2t

= C SU""'“ &N‘H\ -
e _,ﬁ_,_:fa Auu‘,.... - -i‘_"_:':t?k

T Que-n Coar, ‘B{NM M /(Quumﬁ“aa X(L {N\rb) 103 By ""> HO( }#c

=D K (L,iN,1) % fof,



k%‘cl- iN‘n-J) Z A <—> X{Lf'\/u}]m A-K-I-x[ﬂk._,_iuv,}),kﬁ o

C‘muova K+@ = ldgl>1

[ = ok ant Md,m.%wk]

- 4 (& uk )
So we redhieed "'L.WIM o our m«}w«mﬂ w—:;tm of n\_/‘-\.&oun(u:z&uu

_(S)ou pegi? 40 1"6;:(1@44\.%/" of. &«Jﬂag,m

pee Mok A:K 20, Bk for He=za, /&%((;)2)
S 1,=0.

M >’| MACLM S"'CS},_) e‘Irf%lr E' rw&-ﬂa et

w*&g AM\A.SL % /COB,CO’K’F) fhfﬂwcla A3 oLuuvb Jo S ar.Ao\-mJa (mﬁ"?:b).
s guehh Hok Z s, =0 &c-o)‘)
Pk Ay =Q _'Coa_ls.,,.l.

‘Tf\-l-w\ (o—k r{_ivi) 7£— (G’K) {Nu,j) /era_ M—FLQ"— S.
Bk ch%r(ar’(){u vy) = ZAhe =0 By ceutrudion ol s,
T, By papesy 4) v poge ) we e Auk (G InT) = ot
So, Hu  watomt of \‘&M_&“, felly AL W...._Ifaa,(/gl&lf’?)>0 (re -
Masannkiey Aot r2_=o)3+€~m«—g¢¢ HK\%’]_ C’(E‘A.






