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'ng of Inkqers NOrm,Trace and
e b\SC‘r\W\\nan‘t‘
M ﬁ;\kan ‘

METU. Depar‘\'w\en‘\' 0‘.{. Mo&b\emtﬂ\cs,
055'31 ~Ankaco — Tur-kcta

SQW\Q (D&@\ r\\“'\ on3 -

A\f\ alqcbrﬁuﬁ T\qu\btr' ‘Q\‘Q‘é (ar o nvw\lafl‘ fl? d)
is o £\mk Q%‘kﬂs\On "< 0#‘“‘\3 Fne(d @0‘{ ra+|ona(

humbérs-

LE{' - b( O Covn Tex vw\mber ol s soid +0
‘KR on algebrate nu R it s algcloraic over
Qe ¥ Q"+a, o4+ R o+Q,=0 for
some  tnieger n>,d. and rational numbers

'Oo;~-,0.,_‘ e QL . ts soud 4o be an Q_g&m
infeaer i@ it vy m{-egral over Z, i R
' X ‘\'Qn_,O{n l QA +Qe=0 ﬁor some n>4 and

B0y Qpay w&ecders (ez) .
Ot ey thamc{'cnz,g.hor\s of algebraic integers:
mﬁ» Tor aii P}cx number 0( "H«E‘ﬁo”mhg

fai L %‘&'klnﬂel\d aehc mkcl Z——moclu'?

__ (m}*’;_-'.' -kere 5 & subprin R a:@ C contoinin

Zo.ncl o, suchthat B 35 a {\m(-eld 3ener*akc| Z-modl
(V) ot s algebraie tuer Q) , with minimal polsno_. ‘

Ll Irelw, @) € Z0x]
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PEFor the qalu‘.vo\lences Grles(iiden (i) see for cxamplt( To prove that O;q 's :n-herjra“\ﬁ C(OSQG', et e be

1133, Chﬂp‘l‘r. . Lader, we shall jorove that (DY) - i@ ‘\“hqm‘ owver OK yie o™ 4+ bm_‘ VAL bld.fbg—_o

£W Some boa lO\v-; IOM_IG < * Tlﬂt’r\ see agal‘n

= N L‘?J)C}\QP‘E 4o prove -Haa‘l’ A s in-\-ecara\ OWFZJ
Let K bea number field mnd define theset | %xeQy -
OL: iole K \ ol in’ctﬂra‘ ovtr'Z,’l . o N

The Ring of xnhaérsia-&vm&c‘?fe”;_ .

Norm and Trace

-M. OR is a 3ubrir\.au:€ \<L.¢:ov'-\+arh.ntn32.. ' e ¥
- s . - = oM U : S.
The £iQ_ld of £roctions a-f_ OR s K. More }’r‘ff!?ﬂlﬂ}-_‘ NE Let L/|< be o f\mk extension af n r fie

| ) Ve, 3peO, , Bee D suchbhat o O | FOr el consider dhe mep my: L ol

Moreover I, is intearally closed (; < defrned oy My (@)= or an ( s
. K 9 Qloae it any element o (3 f Y el (mulbipli-
i Grf— KK which 13 ‘ﬂ+€3m| over O’K_‘ be{onﬂs -Eo oi;) cation 5\3 o) . m_ is a \-(’—-'inﬁ(l(: oPeraJrOf‘ cq? L.

’Deginﬂ--‘on, O’K is called the Ari,\q of integers g—f__s_ Let AW\.,,_ = det (XIL* m, ) be the characterishic

An\d element of (O, 15 called an mnteger of <. polunowial of my . Then for n=[LiKT
PEof T 44 UStv\S 1he e_ctu‘uw'ller.\*\'. équ&c&gﬁz&.\m; A"‘a = x" 40, , X" x40, € K[ x]

Qven by 1_(:,,&:,S = ! N
e A - S 1 R
(€ [H pAALE -&35.. , 2152 2,

= 7 — : o
I R el SR €

= TT(x-t;)  (where o € @ retesn)

Q_eﬁ.—\"ne trace of o wrt L/K ,denoited TrL_m(x) is

i’k‘:’g_cn_mkié | defined Lo be the trace of the Linear oPem—{»o,-
Snce — Zmmeddea Tl myand dhe norm of o wet LIS, denokd
AR C o dP C'ZIL"‘:(’] we contlude

. , N (et) Vs c\e%‘r\eq\ to be {'l\e ciejrerminan{’a:ﬁtﬂd-
(L\a Lewmat (?i‘l)) +4hat UK s o ?vhvin% ag |_< . : Liw

n
it Y = T ( - - = -
To prove (x): Let el . Then o 12 algehrarc .‘ te r-uk(ol rimy) C\:-. % .
ovee Q > 3 dn“’ Gn—ld"-'-}----i' Q.iﬁ(-}_O,QO f—ﬁ' NL!K () = Je{_(md):(-l) QO:—[;XO(;
Some  Q,,0,,..,0a., e@. Let ¢ be the least common Soe Tr L — K is an adArkvc |r10m0m0f{)‘4?5"‘
mulbiple of Lthe denominotors of Gore, Qs « Myliol™ L/K

: * . « bomdn
luina +he abeve equakion bu 6" e <ee that ﬁpf:; foa NT ' ,,*——-—QK s @ mu”‘ﬂ"c‘d"& "



Since

A"‘« s O polvnomn‘ﬂ A\M’.H“ CofﬁFrcienfS
in < ; i+ is fnmrtar\“’ w\der qu.}\ K—Embchu‘nﬂ _
o L &= (E ' Gnd ' ij(o(): o; .‘Par so.me f=leun.
Denoting by

Sy

» s O a8 all K—embce\:lfnss 0‘, L ,we 3(*‘

T ()= 2; o (e) NL,K(a5: trn}(u) .
'Remarks . . | I .
1. (@ =nc and N (c)=C" if cel< .

2.1¢% deo;_ , then .?orl any f=tie,n oo ) 73
tnk3m| over Z , so g-r(oz)eOL . So #ordeq'_,c_

hd

IS
LemmaZ . Let M bt a sub- Z- modvle of a nvmber
r‘l‘_r\s K. /DQgin( +he COmp|emen{‘ar\3 set u;ﬁ M loﬂ

¥‘:—'
M¥*= § peK | To 0 (P E 2§

bb\l‘(}\).’:\‘é M* r's o SUB-Z/-—W\OAU\Q 0'# [’<
@If M= @02, , then M*=Zo*0-- @2

wheee {a¥,., 0¥ | is the dval basis

‘e
Twa

wet Tr

» S kKr@d 7
(0(; d:) )= .‘j V(UJ) .

In par-\'icdar B ;g_ M s .eree d rar\k r,sois ,\44( .

T (= Z 03 () e g Nkk=0 and
(D)= Ty (e) €T nik=0 -

3. S: pose o(eOK.The;-_'all Conjugcv\-is of of are ?hokﬁn;nu'iht
coeffictents Tec{ol, @) canbe expremed in Symmetrie kgnemints o 'ncm}ﬂg’ 5|
these cae{?ﬁu:o}:\‘\-s l;eJ n C;“K(\CQ:‘Z .'\'h’i\sd proves 'H‘\‘:‘f'o DGy} in Lemma 1.,

[r

NLI\<

heorem 2 If K is a numicer {ield of deg
n= [ @]/ +hen O

e
i T3 o Pree Z—moduﬁ_p{ |
rank n. |

’DT’OEQ._ Us}na {he prorxr—‘"j ) in Theorem 1
one can choose an algebroﬁc tn-l—eaer as a
Primﬂ-‘\\rc element of K yie K= Q&) ;@br-
some €Uy - Then §4,a,., 411 is a basts
0‘{1 Kower @ and 2] s a
o rank n

2

.Frfe Z—madu‘e
cortained in @) a

Now, we need 4uwo Jepmmm

as 4o finish the prog

(b) I.? M| and M.,_ ore +two sub-?[—-modu‘t’S "ZfMJ
L then M, CM, = M*cM).

The proof is lef+ as exercise .

“The next lemma s +the main +heorem on
%im\-eltj Cﬁenera{"ed 2-— modv(fs L
‘Lemmq'%. Let M be o ?ree Z-modu‘t’ 0‘£
rank N ond M7 be A sub-Z—module a;f M.
Then M7/ ts o free Z-module of rank g <n
and there s a basis %w‘,_.,mng a-\’; M and
there are positive integers - such 4 hot

C;l(‘.;H £Cﬂ‘ eoch T:q.;—-)q—i GY\A ?cl(.o‘,-.,cqw 'i
s o basts of N7 1

Now we Moy QONPltk +he proof o Theorem 2 -
Zl1<0, co

Since Zila] is free. a:f rank n, so is Z{Eot]*(bg

and 0 c z(J”

3 Lemma 2)
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Lemma2) - But 23O c 2zl 5o
we conclude \93 Lemma 3 ,+ko.{f O;< is u{n; |
2/—module o:f ronk N, . ,

Defrn:iior\ A basis h’n--:’dn'?,"i.:‘q.; as _"‘f."t?':ﬁ
Z'moau\t S called dn‘h%%ml "oG.STS'—_d K

Absolule Norm o:’{.&n.;_d.e'a}' N

D}fi’w\;\-m. et N b(anfﬁa"#.O'K '_ﬁw‘& |
number freld K- The absolute norm (er norm )

of wis Na=]G/ |

) .
Proof: O, C OK and (Jk?;' a(, as Z-modules .
Since OK s o Pree Z—moéule of rank n

[prcoosihcm 1.3¢ olE-O"K_a then N':(d OKHNK/@(‘X)l _

o{CTK is O .€r~€€ Z-modulc a=f r‘ank‘ ﬂ.- 83 Lemma3,

there exist o basis }w‘,___)wh‘s'fa{ OK an.d,
positive inteaers  €5-,Cn sk, ¢{|0r+i and
$C Wl 5 a basis of “Qk-“_'r'ﬂfﬂ |
OKAO_*{: “oe ®Zw;e,w,@--®2cnwn’
220 0%y |

T

L#
Let cfz.O'K~—> A0, be the Z-linear map de fined
‘Mé q(uo;)zcico; (W),’Then ¢ s an Tso\«norphism_
Let ¢ aQ—ox0, be the Z-linear map
.c}_éftned bj *(C;w;):dw; (i=1r-,n). T hen qz
S an au*'omor[a\nrs\m of m Z-module o(O; .

-So de‘*‘\y =41 . But md—_-k,}}o(? . So
Nipg @) =detm, = 2detqp =% 0,0,

This proves +he result.

| [Cor—ollar:ﬁ- The norm a:ﬁ ana fdﬂ.al O':ﬁ O]; is

fintte . ,
'Pr_g_oj". Take 'UIC_O_K on ideal and let el .

C-
AOL CU = N@E :]OK/m ‘ < lo%oklzlw,{,f{‘),

Niseriminant

qpp——

_ let L/K be o eif\-\‘l'ﬁ e xtension O:e nomber

$relds of degree LL:kd=n. The discriminant

of a subset Yo,y of L is defined b\é
\)(0(\ R | - -

P o= det (T (o{..o{)))bj

proposu ton 2. . Led B:rf\_d\,..)o(ng and B’:—.ipl,-.,(gng

be two bases ok L over K. If A s the C.[aange
o'{} basts wmatrix £eom B +o B7, then

== r“(dgk): Q|-*"-Cn .

O(B15-584) = detA) Dlos o) .



(T‘”((’:(?s’)
= result .

Tw_ The d\scrimsnam‘t' (or qb:oiuk_
d\SC"\MW\a“t )d 0¥ O Y\U\Mbﬂ‘ gfe‘d K \S -
éegmcc‘ +o0 be -H/\e d\SCrtminan'f’O:ﬁClné |
m-\{gf‘al baS\s [o(‘, ol 3 of K. _

Te & D¢, .- ,o{) de{-(‘rr (or-o())

R_Q,W\,O‘L\S The dee\m-\-ton 0‘- the dbso‘uk d\‘scr*t-,
winant C\ is \ndeFCnan{' me -Hm Chomeo'(-
the 1n%e3m| basis . Tecouse +he ckanﬂerne

basts mateix A Q\“Om an ‘m-‘-t'%ml bQSTS{‘O
Ot.no{’lﬂer mk%m‘ 51515 muﬂ \nave de{-erminan‘t‘
equal +o +4 . |

g'propo;v‘—\on 3. Let L/]( bg a”
G£ nu mber \e\ds A_Q_ﬁﬁg £Lt e
Ta- T, 3 L s C be iH\f_ dx\s Fnct. K

c:[\r\(ﬁj O'f’ L. Thfn 5 o «\ :

= A (Tr(q’;o(:)))” AL
)

Proof: ""r(oco{\ Zr(e( )QL(&.

where M= (ql(q;) ); ]

—T"\!S resolt also provcs
....D \1 )0() AE{'(G"(C‘)> :f:O ' o |

L2
. So Dl yka) (et M)

o Pr—dvt ! det M + O -

S PY?O3¢ det M =0 - Then +here exvst Q,-,2,
such 4 hat

T"\\‘s l‘MP,ies

C—Omp\ex numbcrslho{- all
L&

2 &G (h)=0 Wiztn .
‘H\a{' %a 0. =20 and contradicts Lhe

linear méepfndtncc o_{, R Y C .

2¢ro,

Remark . If Lek®) ; then $thoh0™" § 15 o
basts 0:(, L oover R, Let ﬁ be the minimal
pol\dnomua‘ o & owte K. Then the roots ot §
are the conjugates of ol ;e G (a)=of (ehn)
with dhe notations of Droposition 3. Then

o D(‘l)d,-.-,o{n" )::'-cld'(gz(o@))z__._de-[- (o(‘) Q‘
—'T—(d- 01 ) Q\/anelermor\cle_ )

£ delerminant

< O
that the discrivminant

O‘LQH. basis er{l L ovte K IS Non2Ero
(COmtmmr\ﬁ v\n“r\ Y)r-o\pos\-\—\on 2 ) PR O.nO'HﬂC’r
PMQ:P fo\r— Yhe last par-‘k'f)':(» Y)r‘o‘ooh*uw 3.

“This is the (;,3’) en+r3 of the merixf MM'L'
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Deéekmd DOans -

[ g\m-hcm A Dedekind domain is an rnk%ml Glomam "

such that
(M Everxé deal s ?wﬂklﬂ gcncral-ed (re _

Ge D has Keutl dimension i.)
(1) D is in-\-eqro.ll% eloaed (ie Qver\d elemen+o£ +|ntf-‘€(d

of ?ra():hons a‘f- D which s M-ktﬁt‘ﬂ‘ over 1D be’ons.s
D

& -

Repmark: ()& EVer n'\cr'cas\nﬁ se,t;'uence o{ dea’s o{,’ D
- s S{-Ochonn ar .
sd' 04 deals a# O

= ever nOﬂem
hos o mamma element .

ExampleSi E\rfmj f.eld s -[ﬂwa\lss m'\}eéek‘né Jmnmn.
F"‘UM wow On, wWe ska“ ccmsuler- ‘Hﬁt (Dedfklf\J

(D Let UL be an ideal of T
_ - 'Ul is O free sub- deoéult g-:r, C‘F (r_ﬁ glﬂ\l'f
N Noe’r'kéna'n) . cank . So W ;s £\r\\‘\{‘3 %ener-odreé os an ideal.

(n)Evtrn nonzereo pr\mt ideal o-:@ 0 s a_ mﬂmma‘ tkal .‘

domo»wxs WL\\CL\ ore v\,d' o eu‘dd

2.Any principal ideal domain isa ngg};.ddomﬂm |

Remark. A anique .€ac{~orum+-on domam is not
necessaritu o Dedekind domain, F-'o-r- examro1t
Z/[Xf‘dj s not a Dedekmd d‘pmaln

The next +heorem !FUrms'ncs —qu mos+ rmpor'hri"

txamP\( for cur purpose .

TM -FOP ever\d number ‘Eﬂld '< ‘L’"\E

,.\p(% c:€ mk%ers O is O Deéekmd domam

(!

Pr_o_QF: By Theorem 2, C>]‘<
U.fi rank n= [I<: Q] .

s o free Z—wodule

. 13\3 Lemmau 3,

(i) Let P be a nonzero prime ideal of UK
T\r\en O'-(/ID is On in{-e%m\ ClOW\C&\\I'\‘ B\é
Coro"arn °’.(, pr“oPos\""ion ;L P tOK/:)\" N(P) <co.
ﬂt\na O ?\nlk \r\k%t‘ﬂ\ éOMO\lY\ K/’D s O
Pield. Hente 2 35 & mo ximal .éeal
) 1 ’%\3 Theorem 4 N O‘K s tnk%mub Qlos?cl .
'Thuswcpfowd Yhot 0;( is & DQdeinA dovwaain .

~

Ferackional ITdeals ofa Nedekind Domain

Let D bea Medekind domain with field of
Lractions K .
Nef- A @mﬁ‘i&\ Mo D s al - submodule
K_df(k sueh thot dMLCD Por some 0xde D .
Rewark . Every ideal ML D s a fmcjrto“al

}ém\,"colled .‘Ml i€ +here W‘“‘J be (_c,n]e“_T
S50 -
Weals of . -r\,\e,\



e

v G-= id»fp loke'U\,{seg-% > MmAab and
(I.)-Le' - i %ko(ip; ‘ €N, P,-EG'}
Qre fmc-\-ionu\ ;égq\g Of' D .-

Remock 3. The nonzero Prackiondl ideals of D

conshitule o Covnmutadive m.o,KOTd ?of'mu\hp\r-
m on-abelyan

cation. We shall see $hat ““3& Porm
%FOuP- , o

Proposibion 4 Let 1D be a Dedekind domain
which is not o s@& ‘Q\ ._—Po\“ an
YT of 1D there 13 o Lractional ideal TG/ of D

sveh that  agaw /2 D (‘T\’t;"rs called +heinverse
L‘-’i G and denoded bﬁ W.’:m-l'), .

Shetehof the proof et K- pred of frachions o D.

0o = { e K | A <N
(for detoils of he proof, see [13], Chap. on

Y Moaximal ideal .

Dedek‘f\d dommjns ‘)

[ Theorem&: Let D be o Qedekind doraain and

be written un‘\que'lta in -}he‘f&f‘,ﬁ“‘:' S
| UL:TT "P“?Fm) with r\!f(:m)e:-Z;almm'l"aH'

el 280

| abelian grovp gencraked by P

_ ':OU'r aim V> 4o prove fhat
' SUPPOS? (b-#@’ . Since D s NOE{'herrom}

i3 the requived ideal }_

1) “The nonzero Leachional tdeals of D form a free - |

L=

PL: (k) s an obvious consequence 0f (). T+ suffies
4hen -\-o-vor-ovt (a) .For any ?(‘-QC"’?C’V\G‘ ideal

VL, dUL is an integral ideal Lor some o+del).
So & VS (nou%\r\ +o prove (o ﬁcr i.«*—eo\‘ml

ideals of 1.

Let Cp he the sebof wimeero tr\qua‘ i&xu‘ls of D
w‘\r\tc\«\ ore not o ‘e;n;.k Yn-oqluc-i- (J:fi prime ideals .
vs emP-}\a_

q) contoins @ mo\rﬁmal elemen+ Q— Neccsmr;lg
ﬁifb and 8— Ts no“’ o moximal n'dfa{ u‘nD.

So §- S MG for some maximal ideal MG

o D Let W be the frackional ideal suckihit
e /= D (b\a 'prvpgs'.‘!—n‘w\ &) .
&- G™ = Gm'c MmN =D .
But DgMB’ = §-6D g bm .

S b cbmi D
S # *
b P ke e seb of nomaers prime deals 0, | 50
1) Any nonzero £m°“"°“°“;ée°‘1%c:{,f3 cmn

@rm;/ s an ;nkgml ideal 40 ccm‘f‘au'ning
& s+r~.‘c+l3 . So @%’¢¢ . d0 @Wé’ﬁﬂ

.lfov- S ome IT::,---/PS efl3 .' ,Bud’ ‘HATS l‘mr)ln‘es '

+hat & - MG, -np, which s o Comtradichion.

5

This proves e “existence Y)ar‘('“ 0:@ (a) .

MELPrEs T T e

yw— - -

A e T T T e

e ot S i e
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For Lk unigueness . Supyose

() S -
TIR™™ = T e

"), Ml () almart all C‘f"“l%o '

: ¥

| (- (1)
D T
12 adl
Y:\osi*h\r‘L and Y\(%a.'\-\v-t_ espwcnﬁ ANE, - (‘Ge“"
an expressitm °‘£ the ‘fwM _
e, k.. |
(Y)\ T (P - 7.7] 'Uttb ‘ '

r

(fw Som€  nwimeroe r;r\m&. \&.m\s

) 2 ,'Ula 3
-l'wo lmd 4wro dtS‘th't ‘\V\'H‘\ ‘(‘, , r)t" )k+>‘:)t

ndegers - o

= P > 'u] mh* , .’T’ P\-.me. eal

= P comtaias ok \eoo-\” one aﬁ-&hfmd«s
2y P2,

But inthe Nedekind dawu.un o.\l p‘f‘?m.( nb_als |

whith are amzero are mo.wma' So Wt ﬂd.
..—.15‘ Wlf\\c\'\ \S o QOV\*T‘CLA C“"}

Thous ‘l’L\LT"It’MM 4 s r;ro\rtd .

mn ('Uﬂ-’h ('Ul) are vw+ O sepam‘ﬁn

vs ealled +he class grovp  of ).

L2
Class Group oﬁa\jfclek\‘nt‘ Do main D

Twe nonero Lrackionnl rdeals of D form &

%FOUP J(DY. The wnwumiero Prihc“oql fraﬂ'onal

deals oD with o eK*{I<=field of fraction
°'£ N ) _‘?WM o Su\otaro\JI %(D) §D<D)o<€—\<g

DC%\V\\*’!M The %{‘QUP CE‘(]’)), j(l‘))/
Y (D)

Remacks :
. Diso PID @ ClUDI=31T
2.3a case of o Dedekind domain 1
Nis oo PID = Mis o UED -
3. For any number Geld <, Hhe classgrovp
Ce(O“() is fintte its order LK is called
the 'o\_ags nuymber 0‘# W< . This \‘qum—‘—an‘{"
+heorem Algebroit Number Theord

will be proved by Ienku (see also [131,4he
Chaypter concecning £ he

class Q)rm:P ond ur\'\JrS).

’Dr\olzer‘ﬁes o:ﬁ-Hu Exponen+3 n,!,('m} .

Let D be a Nedekind domain, with freld of
KD, Let T and B he 4wo

feackions



L6 1

nonzero fmc-hcma\ ideals oﬁ 0. Then Al
the notatioms af T hewem & -

(T.) N (U18)= p() + v\?(e-) V.peP
() 6D e "w(63>0 | vpeP
| = Mg (8) < iy (a) VpeP

W 14 @)=Ing (10, 0069 ) wpe

Tor division an+r~6dqée3':f\’f-,'-'¢;,-_¢§ y o
Vb= gd (0,8 .

& Melno®)=Sep o, mgr ) |

For diRstom 1w 51 -
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