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CHENOSTAT EQ_UATIOMS WITH DELAYED

Nutrient RecycLing.

Models based om chemosfal-Type equa‘fions
to simulaTe the growth of planKtonic commumi -
Ties o? unicellular alga.e. have been studied
} by many authors (e.g. Hsu etal.(!?#)) Waltman
et al. (1980) , Di Lidda-Rinaldi 438¢) ).
Am imporTan] difference betweem a 'chemostat’
sifuation amd a "lake" siTqa.Tl'o'n appears To be
im the fac.'l' thal |akes gemerally have residence
time measured in years (Powell and Richerson)(lﬁﬂ))

, Hsu,$.B., Hubbel,S. “Waltman, P . Amathematical Theory Jor sin Ie-h
i.ﬁa:f :

wutriemt competition ofmicro-orgamisms. S AMJ. App
32,366 S5 1) )

o Wallman P, Hubbel S.P, Hsu,S.B. :-T}?omh'cal &_’}rd_. &perim_cﬂg_l
‘ tioati of microbial compe iTion in conlinugs cutiure,
Ilf: \{B wrfgb;l a:']’!(ed.) honmeuuq Awb DIFF. Eg.n's in Biowogy. .Y, DeKKer, §$%)
o Diliddo,A. ; Rinaldi,F. : Leffeffo del recyclingdi nufrienle

m un modello di crescita di un microorganisme. Rapporto -

lmterno LR.M.A.-CNR., (138¢).

o Powell T.  Richerson,PT. : Jemporal variafion,spalial

helterogeneity and compefition for ources in plankfon
systom : a Theorefical modef . Am.Nal. 423 431-464,(1385)
' - :




This implies thal in models of nalural systems a
smaller wash-oul rafe constant and regeneration
of nufrien due to baclerial decomposition of dead
biomass must be considered ( Svire zhev and Logo{-’eT
(1983)) .

) The e{’fec’f of maferial recyc“'ng on ecosystem ﬁabilii‘y

has been main ly studied for closed systems
(Nisbef and Gurney (1976), Nisbel efal. (1383),
Ulamowicz , (1972)) .

Powell and Richerson (1385) and Nisbet and Gurney (1976),
comsidered mufrient recycling as an inslanlaneous
Term thus meglec‘l'f'ng the Time required To regemerate

mutriemt Lrom dead biomass by bacterial decomposition.

Svirezhev, Y. . | LogofeT D.0. : Stability ogBiolD_Qice.l Com -
mumifies . Moscow, MIR [1383).

Nisbet, R.M.  Gurney; W.S.C. : Hodel of material cycling ina
closed ecosystem . Nature, 264, 633-635, (1976).
Nisbef R.M. , Hekinstry, T, Gurney,W.S.C. : : A strafegic mode)
of '\ma'\'ena\ cyclmg_ in a closed ecosysTem Hath.Biosc.
¢4 ,99-143,(1983).

Ulamowicz, R.E. : Mass and energy flow im close.decosys'fems
T. Theor. Biol. 34, 239-253 ,(1972).
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- Such a delay in wulrient recycling is aluays present
im a malural sysfem and increases for decreasimg
femperature (WhittaKer, (1385)),

- Im the following will be considered a model with
a single species feeding ofne.hmnfmg nufrient which
is partially recycled after the death 0f the organisms
and we inser? a distributed fime |a.g in order To sTudy
The effect of a delayed recycling on ‘l‘he.,sTabi\iTy
of the positive equilibrium.

- The population may be any plankfonic communify of
umicellular aloae ,and the nutrient in question may he
phosphorous ,mifragen or evem & vitamin suchas By.-
The model variables are

N, nulrient concen‘l‘ra.'fion inthe chemosTal [’"“’%]

Np:=Q N ; Q is the average content of nulrient
for cell [moﬁ/“ee] N is the alga.c concentralion
in the chemostat ] uee/g]

No re Presenfs the nutrient stored intothe algae [metle ]

Ve do the crude assump‘l'c.on That Q is independent

of time .

. Whittaker R.H. : Communilies and ecosysfems . NY, Macmillan

(4935).
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- To account Lor the grmﬂ of algae comcentrdtion
im the chemostal even when the witrient concenitrition
has dropped To small levels , we imserT a dishi.
buted delay in 3row+ﬂ response‘f‘o mnuitrient
u\oTa.ke( Nisbel and Gurney (1382) ; Cwnnmgham and
lebef (1980) ).

- We assume the -fo“owmg general hypa‘fﬁeses onthe
nufrient upfake fwnc‘ho'n (Hale and Somolimes, (19€3)):

(i) the Punctiom ig mom- negative | increasing , and

Vanishes when there is mo nufrient

(ii) there is a saTurafion eﬁfeci' when the midrienT

is very abundant.

* This class of funchions includes both Michaelis-

~Menfen and Monod functions .

leLeT R. M. Qumey,ws C.: ”ode"ingﬂuéfuéti'ng_
?obu lafions . J.Wi le & Soms, (1982)
Cummgham A. and NusLeT R.M. Tmc_[__g_e.hd

co-operafivily in the transient QI’DWﬂ(I dynamics
o:ﬂ Mieroal gae . J.Theor. Biol. , §4,183-203 (‘fScS’O)

Hé.le -SK Somolmos AS CO'mEeTl mnf_'{ ucTuang
nutrient . . Math.Biol. |8, 255-280 , (1983)




{ﬁ.= (NC-N)-aUCNON, +ijfcs>N ft-s)ds

f“ - QS+M N, +¢cN, j%(s) UWN, (t-s)) ds - (1)

N {o' comstant inpuf concentration of the limifing
nulrien? j N: € iR._l_:: (0;4'00) j

ae IR. Maximum uplaKe rafe of mufrient’; [T-]

Ce€ |R C<a maximum specufucérow‘l'h rafe [T ']
of +he bnoTlc species ;

Y € R, death constant rale for the biolic species; [T 1

b e (o) _-?racTiom oPdead biomass recycled as a mew
nufrient ; |
dilufion comstant rale of the chemostal ; [T
(ra.’ﬂo beTwee'n v0|u‘meTr|c mpu‘t Oitpu'r raTe. U
amd chemoslal volwme V. ) .

U= U(Ni) é_a_lbLEéLE."-‘- \aw Ror 'nuTrlenT uptaKe |
@) U: R, = [ote)>Lo8) UeC (RM) |
@) U(Na) > 0 /V’N1elR+ ,

as s - . U =

) U)=0 m (W)

D=Y
Y




Delay Kernels

'-f' Por wulrient rgcling_;
I%l ,?of Srowﬂ) delayed re'nsponse.'_r_q_ 'nuTrienTQle‘fe.
(&) £,9:M, >R, (bidogical meaning)

+o0 - +0, .
(b) J' st .?(s) ds <+o0 ,5 5‘3(8)0[’5 <+o0 4=04,2,
) Al

+00 +00 °
I £cs)ds =I8cs)ds=:r._
o 0

Foo +00
T =OJ5 £cs) d_s , 'T'g =.053ng) ds
where
T, average Tfme de‘a.! in recyding_ process
Ty : average Time delay in growth response .
Initial condifions for (1).
For a.'ny. t>t, demsfe by

th =N;(t+e) , 0e(-,0 , i=42
with"te initial time Por (4).
By"XH (£) we mean the space of comiinuous
bounded funcdiions X, = (N, lNgt‘)T such Tha.T
Xy : (Cooit] = R* with | X, I <H, fleR, .
l_)_((t+9)l . (2)

“ X't“ = BZ(Z\:O:O]

ra
where ' I LS any morm om [ (o
/



Them ,the t.c. are -
N, =N, (t,+0):= d; () ,@e(o0d] iz, (3)
where we assume . -
Cbi >0 ,+4=42
because o.P their \olo\ogica.l meamin%. Hence
N _)Sto:jj <Qy ., 4)
ohere Qy = Xy
+ SysTem (4) can be rewritten: |
X'=_E(.Xt) , t=t. (5)

W‘\GTC

F(X,) ) DN -V NN, + barj?mNz&-s)ds) G
F(%)- (F,.o_m ” (-(x+b>nz+ch PO

i.e. is am aulomomous sysTem of Puncfional
diferential equa.Tio’ns.

:{f is locally Litsck.‘f‘ziam _
 For any ¢ P € Qy a consTa.nT k’%isﬁ

.Suqh“‘haj‘: - ' |
F@-F@)| s Kool @

‘where | XL:: | x| +]X] .




B
Let be J= [ta,d+ta) JeR, the maximum

exisfence imferval —Eor a soluTiom |
X@ =Xt e) , deQy AMte] (&
of (4).
Then , given ¢ < Q. the ssb.d‘wn (&) is umqqe,
and conﬁmuously deEendmg upon Q..
- (TkHale -TDifR. Bqms , 4, 452-482, (4965) ).
2. Positive invariance of RZ,: =[(N N, )eR ,Mi,o,,w,z}

From (4) and Lor ol t> t

N,(£) = N, [- (D)« e JgeulE)ds],
N, (t, ) = $,0)>0

gives

b= hlorexp { j [- (x+b)+cf 3(s)U(N r-s)ds]de} > 0

Hemce

N, (£) = D(NC-N)-2 U, + Larlfcsm (ts)ds >
b(N" N,) -aUNNIN,

Now , observe that whefnever'l\l,.—_- 0 Then
N4(t)> bl\){o >0 .- :



ComTinualtion om [t;-,+oo) o-? a soluTion
)_(, :"_)S (t:ﬂ’) O-f (4) with ifs ProperTr'e.S

of uni‘c’uaness and conlimuous d'ef:enc[émcc
on ¢ €Q, is ensured 'by The boundedness

of solutions :

" Theorem1 . I.F 'T'% salisfies that

-be .
them all the solutions of (1) are umiform
bounded im ]Rio-
Proof. Comsider the functional

+0 t
W(Xt) =N, + |°N,_ + ':a'ffCS)sz(‘u)d‘uds +
s+t o t-s
+ aNZ.J 3(5)] U(N4(u)) duds . -(40)
0 t-s .
Chosen as morm in R* | X(t)], = [ M@+,
because of the posifive invariance of TRio ,
the following holds for a comsfant .
K=mim{4,b} >0 (#)

K 'K(t)h < W(X,)) ¥ t=t. . (12)
9



Denete by
o¢ Vi:=sep |&to] izt | (m)
9 € (-0,0] |
Then af t-=t, o |
| oo ¢,
W(_)_(t.) =W(o) = $,00) + b ¢, (o) +|:35J'.P(s) ¢, (u)duds
+e0 t, O trs
- +ad,(o) J’g(s)f U($u)) duds . (44)
o toS

Since 0¢U<1 , then :
W(®) ¢ b0 +b &,(0)+by v,T, + a ¢, aﬂTg <
¢V +(b+byT +a'T%)\?z (15)

Lef be |
'TL:.: maXx {i ) b:l-BaTr +8T8} . (")
From (I5) we obtaim:

| W(ﬂ?] $ 7 (V4V2)¢ 2m wp ]lé(s)l_z?"?'%

_ 9 € (-0 v
Hence , for each dpe Q. a positive consfanl g
exisT; (independent of t,) su_c_h that :

W(Q) SP ,P:Z‘YlH ((;)

10



Tl'ue derivalive E:E V(l )along the soluTions
0¥ () :

W(xl

N Y +40
ey = Ny +BN +bEN, - BJ]#(:)N @-s) ds +
+ aN,UNN,) - aN jg(s) UNt-s)ds +

+ a.N J'%(s)'j U(N (u)) duds . (18)

° t-3

l B% substiTulion of eqns (4) in (la) we have -
W (Ky) gy = DIN-N,) -bDN, -a(gsDIN, fg(sst(N(u) )ehuds

- {a be - acfg(s)J U, (u))duds]} N, j 3(s)U(N (t-5))ds
Nono thef - ] :
T‘é js‘é(s) ds /fg(S)f'U N(u) ) du ds

and ‘H\:ﬁ' ‘95 the htapo'ﬂ'\eSls a-bec- ac'Tg >0,
the following holds: o |
W(h), < DOCN)-bON, . (9
Bla mTe%ra.Tlon of (19) i3 com tu to t we okfain:
W(X,) < W(®) +DN; (t-t.) bj (N(z)+l:>Nz(z))d?:<

sj!H-bN4 (t-t) kD - JIX(Z:)[ de (20

where k=mim {1,b}. I




| ' a
Since W(X.) > nl_xgt)L A Lat, | from (20)

we oblaim

lX(t), K(t) +fu(t)[X(t)I dz e
t,

Kit)= 2 +DN/ (t"t") ,u(t)=-D .
K

where

" Then , by Gromwall Inequa.“fy
l)_(_(t ‘ (ﬁ N4) —Mt t°)+ N:- Ytat, (22),

Hence , i a <N, Then we have the esfimdfe
Xl s N st ()
whereas if p > N; , then
x| < B Ftete | 24)

" Since The bounds in (23),(24) are inde,penden’r
od L,  the so_luTions of (1) , in their exislence
inferval, are umiform bounded. B
ReMArks

(L) We assumed Qa>C>0 ‘and 1>b>0. Hence |

"a>be", which is mecessary Por” 'T'g to satisPy
the hypothesis g € éi__c'f_j‘ , holds frue.

12



Renarks |

(ce) On [t,,+w),ﬂne solulions of(i) have The
aftracTive domain

.. 2 0
Q={§€ﬁ+ol N,+N 5_23{ .
This follows from (22) as t»+e0.

(4¢4) I 4gCs)=d(s) (e mo delay in 8row1'ﬁ
response to nulrienT uptake) ,then Tg =0,
and we exped’ that solutions of (4) are umiform
bounded for any T.20

Positive equi i brium gf(i).
We look .for positive consTanT solutions of(1), ..

No(£) =N |, teCoo,400) ,dad2,

which we call pasifive equarbr.um”of () . From (4)
{ N, = D(NP-N,)- aU(N,)N2+Ba‘f £cs) Ny (t-5) ds
Nz = - (¥+D)N; +cN, 5 q0s) 'U(N (t-s))ds

the Pos:hve. eqmlnbnum X (Nq,N ) has campwu"'s

. N - -1(8+B) , b(g.. N:) | (z5)
- ayu* b g _

-. Erom cle,d ‘HndT "?I_b < :L and N <N
(Observe that “aU* by = 2D+ x( _b)>0" Hence
"Ny < N;" in order that * N ) a

Furthermore X e_ﬂ_ (Th‘s is ensured La Nd”

15




STABILITY or Tue Poarmve Egquiuarion.

v Two nonbs :of_
1@ Bt St Hﬁr-@

LinearizaTio 7

— + ‘ | g
|wo L'ueal- I’Mjéérodﬁ. ASYVA,:{' S’f'.o{'/
Eciuafc‘-aus - The seconsf A

J

i }Aod' 564\_0_ 17“/37:77"”;” E.\{P . %OL .

?

\ Chanaoridtie Equbiom ] |

i :D (3 ) = 0
One rochtf. € '
Oue ?:P o&'gfftqq wﬁ)d Asympl. k.
seaf- “’auea.‘th% + - ylyafmp
/ Same Char, £5.° D(2)=0 Functimmals

e



We study the stabilily of the trivial soluTm'n of Hne

llneanze.d .sca.sTe.m -
= L (%) : - (38)

with ic. x, =¢ € Q.
Im £ac’r

.a) both the llhe,a.r (38) and com |:>|eTe. e.qucﬂ'com(3z)
are aufonomous ;

b) for aufonomous R.FEDE. (38) , 'Hne.asg'mp'toTlc.
sfabili Tt& of the trivial soluTion is umPorm;

¢) the umiform dsa'mp‘to'tic. stal:ili'f'g of the Trivi‘_al
solufion of (38) is equivalenT To ifs exponential
sfabili ha,)

d) the &(Ponen'tla.l sfabili 1’3 of the Trivial Solu‘hon
of (38) implies The asym palic .fSTablIIh& of the
Trivial solufion of the compleTe. equa?l ions (32).

(see V.B.KolmamovsKii and V.R.Nosov - Stability of

Functional Di ifferential Equations -
Academic Press,imc. 4386 )

s~



STABILITY oF T™E Pﬂcmv&@ﬁ
BY the Hc[j: of ﬂzc ccruh\wunn mmpom‘l's

U* . &+D Ny = DONP-Rp
e a U™ h@;

we rewrile &T:a'l'wns (1) cerilved . at-ou.nd the posifive

eﬂml brium :
= - DN,-NT 1)-a N, (U00)-DN)) - D) (- ’\L)

+by f Pes) (N,(t-5)- N} ) ds

Nz = cN, fa-(_s)(U(N,(b-S)) -U(Nf)) ds .
D
B_y ih’l‘rodua.'ug
xg = Ng=N" N s x; <400 ,i=d2, (2%)

and the £umcfl'io'n
' 3Ge,) = UIN)-UIN) | -UN) < 3Cx)<2-UN) (28)
(oloserve.'that 30, )%,>0 )fx, ,and KCx)x o (ff x=0)

equalions (2¢) Eecome,

{ = -d x{ -a.(x,_-l-l\) 13(x,) ~aU'x -\-B&'ff(s)x(t-s)ds
(29)
xa = c(x,+N, )/%(s) 3 (=, (t-s))ds

S_u-]oHemenTed Qj_&ﬁ_

¢ (9) = $;(0)-Nj , 9eCeo0] ,4=t2 | (30)
where the positive equilibrium cbrresp&nds Tothe
Trivial .sol‘«.:'f'c'on 0£(23) :

2, (t) = x,(t) =0 .for all teloo,o0). (3134




__r m‘trod-uaus _51
x, = (2,(3+9, xz (t+9))1' ‘Be(_-"ﬂao] teR
such ‘i‘ﬂat -
ze = C( c&m L ) = P(B), Be(-e0,0)
are the i.c. , and the veclor |
2'-_(('.) = (e, (t) ; e &) )'T' ) '-N: L X, <too Ij,:l,Z )

) s'asT&m (28} can be rewrilfen: |
@) = £Cx) ,  xy = 9O €, ,0eCw0] ()
i.e. are - auTOfnomws R.EDE. wlaere

Pex, "D, -aN 3¢, - a0 z2+baj Prx(tr)ds -3z 369
- "¢t e N, f %(s) 3 (o, (E-)ds + cx.._fg(S)}(z;&"))ds )

_3_316—'-" (32) can be limeari zed around the Trivial
solufion b by takmg:ﬂxe linear pa.rT _£_'Hn.e. -‘?uméil'mn

ICx= 'UCN )x, - (33)
and 'neglec‘h%_+ke Yerms “O(x) | |
By sulo{tt'l'u.’tm% (33) im -?(xt) we oL’Ta.m

-?C"t) '-C"t\ + *“(’_‘Q (345-
L(X) == Lx + J' K(s)x({: s)ds - (3%)
1 |
w:j r ..(b a,n,, 'U'(M1 )) -av™* ) (35)‘
= . 0O o / E
o bX-?CS) |
\_(_,(s) = %, ) . (3%)
= cN, U¥)a(s) ©

(F



The linearized systom ga‘ils_
@) = L(z,) '

Lixg) = L x@®) ff K(s) x (t-s)ds

%
_ (-(b*aN,_U(n,)) _aU ) l<(.s)=( ci bgfls) _
0 0

-

The charaderistic eouaTlon for (38) is:

D(3) = o

where

D) := def[ 2T - L - jucs)e *ds]

“The frivial soluliom of (38) = =0 is asymplsTically

slable if and oq if inthe complex phne D@)£0 Do

whenwer Re(A)>0 .,

(b+aNzU(l\I")) av™ sgfjpcS)é' s
ik '°’“V0‘)f‘é“e A

F(3):= f.fcs)e ds G.(n)._f%(s)e ds
A:=b+aN,_,U(N,) R:=achj vruwY), C: b]’c” U(”.)
D) = q + A) + GA(B-cFM) =

is the characteristic equation.

———-#
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D)= 2%+ A +G(R-CFM) =0  (39)
1P we write -
2+d CGITF(A-BGA)+dg |
| 1 - A+e
wkere S g “are NoN - ga'hve Pa.ra.me'l'et‘s saT:‘sﬁying

S+e =A C40)
~ them D(W) =0 provides The same charac'Ter;s"l'ac

gchanwn as in 533)

The comvolaTion Kerno’s
fcoz.cs v) -]?Cv) dv f.f(s-\?)gcv) dv ge]]{’+°

have the same L. T. as FQRYgA) .
Hemce , the ;l‘\‘_c_gro ah.ﬂ’e.r-eh'hdl Sgs'\'e
% = -3 ‘3 + S& x - f.f(s)x(ﬁ-s)ds+f.f(s)x({:—5)ds
| ‘ @1

._‘a, Ex

where we ole,.Evnc -?(S) -? (5) as
= f(s)i= Bgls) |, £,(0:= Cfacs VI se kR,
has the same charad'ens‘\‘:c e.quaTuom as The lin, szmL.

We e\efnofe bta, .
_J $4cs)ds =B'T'3 % f.\?(s)ds_

+0d

o = C j- -?(S)c\s —C('T‘ +'T') X, jf(s)ds =€

ohere  Bo-o, = B-C = e N; UN) (aU bY¥) >0 1



We sludy the asymptotic stabilify of the trivial
solulion of the linearized sysTem (32) |:3 the method

o.? ﬂia_Pumv .]?wnc'['foma.ls;

Dem’fe b? w;,(r) , F> 0, some sca.la.rjc.on'l'iwuous/

increasing Punction such that :

UJ;(O) =0 ) w&(r)>0 -]?Or r>0 ; B/m wg(r) =+00,
y —>+o0

The followi g theorem holds

Theorem2 . Lel V(x,) be a confinuous scalar
Pumctiomal : X, (t) > R such that:
V(2)=o |
V(x,) = w,([xwl)
\}(Ke)(gz) 3 -wz_(LX(t)” |
for t > t, |, then x=0 is asym \::‘I‘o'Tica"a stable.

(Im w, we can omT the assumption : &m w,(r)=+o)
) : r—»+o0

"~ (See e.8. S.K.Halé. .Theor-.& o.? .f.)wndiohal dif?eren'ha\
Equa.‘l‘io'ns. 5?"’“3"—_" Verla.g , 4913).



vl

5 = -4 4 + d&x ~°f .E?s)l(t—-ﬂds :ﬁé:-f) x(t-3)ds

2 = 4- Ex - @4
Hemce , il £s su..gﬁicierﬂ' to prove asyﬁnﬁo’ﬁc ﬁllifr
for the Trivial solution 1) = x)=0 -t eR L@
1o ewswuve The dsymr'l'a'\'tc. sTalothTa, mf e ¢os—r.“bwe

) ec‘wkkn.um X (N“ *) o-?"fhe on&»na.[ sgﬁ'm (1)
Accord@é_'ro Theor.2 , we cantry To prove

a.SY'\n\nTo't\.c. Std.L ll'ra,_&'H‘e. qumc'x'.ona.\
V(?-c-t) = 8 ¥ x? +-chb) +

(42)
J (-ﬂ(ﬂ-hf?(s)) J dt I(a )+ (E+ B o o ) (u))alu ds,

weR,, wﬁcre, |
vV o(xt) = Y+ dx - I _f(s)jxa: )dé{dnf.f.’cs)jx[t )dt, ds .

o t-s

Ba c’womua_ im RE The tucLolc:Lh norm  once defined
K = mm {4. ‘wa , et .fou.:us fat -

B V(xy) = e lzw)* Y ixt, (43)

u) Co'nce,rm'ng the Time dema'[‘tuc o:? VC’%) a.lcmg_
the sola.u'tlons of (44) : -

a d (W ‘) = =2W x(t) (a(.t) E.xd:)) )
dt
| =2Wxy - ZUEx? (44<2)
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d 2 ' +oo +00 .
2 YLy = 294ek) (-é} +38 2 ~ S#’,mz(t-:)dnf-?cs)x&-s)als,

- - z.éa +z.:§e,x2, -2 fa _[_f(;)x(t-s)ds +
+zta. S :?Cs) x(t-s)ds .

Now oLsawe. that :
t + 0O
) j. .?J'CS)_‘;!; x,l (_u)d‘u ds = X l%a —OJ. %C‘i) JC.G:-S)dS'
Tl@us . ' t

S :?40) x(-s)ds = 3, % - f-?(s)f(%,cu) £ x(w)) du ols

a.ncl ama[oaou.rﬁa,

y -f-)a_(S) x(t-s)ds ._- g 2 - S%(s)j(g,(u) E.x(u))duols

_T lﬂ.e re :Qore

-2y | . fIx@-s)ds 2y [ e o x(t-s)ds =
B e
-2(Ro- o, )xla, + 24 S .ﬁ(s) J-(g(u) ex(u))duds

-2 () ). (4} - E.x(u) dud:
%S -?zst{s 3 ) ds

< -z(r_..o ot )x'»a,+ 'a R,y +83 P4+E%CS)J(QCH)+E7CCR5P

Tty J%Cﬂﬂacw+excu))duds
M, we oblain: .
¢ deYS 28 aSexy 2 (pradey 4

+c4+a) (ot +rs,)g fCﬁcum)f (g‘wwax Yu)) duds (44- B).
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Consider mow the @r‘ilﬁ"m dueto -V Ge,) :
— A
_:-.'_ V,Cx,) = 4 2 (yrd - S*;E(:)j x(t)dt, ds +SR) f x(t,)dt, ds)

'é +dxe - (p,-n,)x -r-J .?(s)x(t s)cls-f:fcs)z(f-s)d:-

)3/ ///‘S’{ )‘5/ f 4@ &-s)dnj,fcs (t-s)dls

- (o) + [ B xlMds - [fhbnd =
= - (Ro-ote)X | B-%,>0.

Heuce. ;

2 - ‘
2 d \ggée) =-2 (Pomato)x V(X ) =

+00 ¢

== 2(poao)xy -2 (P )8x" 2(p )xffmjztb)dqu
- 2(Bso )xf.\ecs)fx(t,)JnAS < e

v < -2(pa, )z:} 2(p q,)éx +(p-ao)(f34+o()x +

+ (Beo,) S (-?,(s)+£;cmf x2t)elt, s . (44<)

The lmTe%rral 't'er'm im C44 c.) |om'|'% wi‘"ﬁ The one in
(44- b)_%we cise to : ,

S (€ (S)+%(s)) S (4'@d +(€ + Po-ote) xTu))duds (44-d)
Now , observe +l«a.‘[.’ Yhe Time devivslive o:f?#xe ng-&rdl'l'erm |

m 'ﬂne.. £umo‘f‘coma.[ (42) _c .

‘gt Cg‘“”’%‘"” 4t 5 C% )+ (E+ gt a-))dudsL 5

t = (Pi"'d{) (3 + (&+p,- ﬂlo)xl)
5 C&(S)‘f%m) f (3’1u)+(a+¢s oco)x’(u))duo{s (444)
fe <1 f'n"‘.‘\n\pdf Hie ghd +.e rm im (44-€) ce.hcels (44- d) . 23




Nﬂ\n,takin% \ oin"ﬁ (44-3)- _(44-2) , we -?i‘halL}_
obtain:

4 dvc"t) }@H) < - {2(psot)S +2wWe - (2 (B-Q°)+E)(_O(+h)}zz
_0
+ Z{W-ZCFo- /o)-t-és} x4y +
- {28 - G+ad(xy+p Y Y? (45)

It &s posst ble To choose morme %g.'\'iueﬂcs ;.hdz ”saj'ts%tol&
S+e=A and a ioslfive”w”such'fheﬂ':

W= 2 (Pra.)- 3¢ % - (a6)
E_ta:'{'fu’s choice the 274 term im (45) eqqa.[s 2ero .
T4 it ds possi ble To choose &, ;05 yuch That:

4:\ S*E.-—-A

L) _"UJ'= 2 (Ro-o)-d& >0

L82) oty < 2 (Ro~oo)S +2WE
2(RsN)+E

Z'I'E.

Abeu d:CEtBt - w (Ix(t)\) and the
t

a.&-y'm PToTCc. s'\'a_lo\ \.'ry -fol).ows .

Observe that , £ Pwe choose |

o S=A , €=0 , W=2(B-x)20  (43)
‘“d_comdi'\'ions {ie), V). bewme idenfical and are

|ty < A | (48).

2¢.
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The choice (43) (ie. d=A, =z-0 W= 2(Psra) ) -is

the best imthe sensethat tTawes The maximum wpper

bm.ntd on 0£4+
Not e that c4g) Cat. e. °"4+751<A) £s Mecessara,

swnce ol P{_( 23 &""8 A PO | E=0 “""PI)’ (48
Z+g |

"Therefore | we cam prove The .?ollowh&_*keorcm:
Theorem3. The Fosi.‘[‘ive. e_cluﬂibrium of (1) 4s
asa'rnr‘t'o"hcal['f s’dee. :-f

Ayt By <A (48) .

Froof. The choice §=A4, -0 implies Tthsa;ETem
(41) becomes

4 =-Ayg - Sgcs)xu; s)ds+j4>mx(t.s)ds
% =4
amd the :?u.hd'tmna-l V() i (42), with the Lurtber
choice W=2(PRo-) , hasr atimederivativethat
a\on% the solutions o-’? (49) results (e ?(45))
V(x b“@m < -2 (A- R (424 (Revo)a?) <
< -2k (A-(apa) | =12 ~ (50)
where K =mim {4, Po-oe] awnd [2] is‘f'@eusugl
Euclidean wmorm in R®
This cwompletes the \orOO-f? |

2
Renark : for £=0 w¢+ﬁwt Vo (24), Lails Tobe Frue 26
mgga.‘h‘ue dd i L.‘-CV\QSS__g v ((5&534'77’&‘/?1&’,” pe I_x )

- (43)
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Sone Renarks onTueoe. 3

The suﬁideh‘l’ condition .gwasamFt'éth. s‘l‘a’oififa, of
the positive equilibriom of (1) reads:
(B+C)Ty +CT, < A

wheye
Tr &ché-ge. Time de[a.g, in reca_oh"ha_ process
tTl
. &

ot v py; (N 8"’0“’*‘[1 mSPOVlSC- .{-O
nulrient uplake.
A = D+aNfU'lNY) U= 5D <2 VIO
B =ac NJUUWH NF - DON-NP)
ool v av*-b¥
C = byc N UMW)

Bla, 'Hmis homeﬁolaTurel‘l'hc m@f“a‘cvﬂ co'nal's'h‘o?, _Pg,.
as%m\ofe'l'ic sta.hili't'a, o.? Fhe Posiffve_ ecruitilgrium

becomes :

(aU*+ by)Ty + by DCNE-ND T, ¢ by

+4
avt-by c(N-N)UN®) €
where ‘I"ne.\oaramd'ers which can be ecomfrolied are

“b " the * wash-out” constant ; (D: U= U N mell)
| o
"N"' " the i{n\;ut mw’t’rieﬂ' concentralion . ( N’ > NT)
| " 4‘.




Chemostal equations with mnl% _‘lie_dehxgdm

v

I-TI this section we consider the chemostal equalions
without delayed response im the 3rouJﬂ*| of the bidTic
species', L.e. a.ssuming 1E’m- 3Cs) = &) , where

3(s) is the delta Dirac .Emac'.fio*n Jamd thus a[&f&infwg:

N, =DON-N) -a DN N, + by f-Peer Ny (k-5) ds _
T Ny = - ¥+ D) N, + cUW)N, ° @.1)

su\a‘olemen'l'ed with the same i.c. as sysfem () |
and where all Tthe Pa.rdmd'e,rs are defined as im
Sectiom 1.

With the same Kind of proof as Lor Theorem 1
im Sectiond the -‘Eollowing holds :

Theorem 2.1 All the soluTions X(t)=X(t,®),
.cé €Qy,of (1) are uniform bounded in RZ,.

REenarks A :
The PrOD-\Q can Beper:[?ormed Lla'H;e. -?una'ional: ,,
+ob t
W(X,) =N, + 2N, + by ["2t) [ N)duds  @.2)
' o t-s ‘

Deeimeol

M= % +by T | - '(2.3)
and p=2qH, one obtains that in R%,
N,E)+N, () € Ny A k=t (2.4)

i§ p <N, otherwise
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N,(t) + N.(t) ¢<p Frst, (2.5)
Hemce , defined
K= 'max{M“zolH} =2 +ba'l (2.6)
the so(u'hons of (2.4) wu‘['h L.c. $ e Qp are uwp.orm
bounded in :
= {Eéﬁiol Mf“'NaSk} (2.%)
Furfhermore | am a%?ra.cﬁve domain (as o+ )

£or all the solufions 02 (2.4) with ie. in Q,, is:
(Xe R, l Ny+N2 < NS } (2-8).

- Therefore , whouener be Ty >0 , we can choose
the uniform bou.nd H onthe i.c. $ inorder
that 2 H <N | se. {,=10.

- Observe that sysTem (2.4) has the same posifive
€qwhbrlum X (N,,N*)T of St&sTem 1):

N < U-J(ﬁb) N DCN;-NT) (2.9)
< o avn_ br
which exisls provided that
D4, NSNS (2.00)

- Ofcourse X*e_ﬂ. ,ﬁ

2%



It is suilable To perform the varisbles changes:
X; = Np- N N g x. <ve0 | i=2,2  (2.4)

d . .
WS 30 = UN)-U™ 0% 3ox,) <4-U"  (z12)

observing that 3Cx,)x,20 and 30)x,=0 i Xx,=0.
S'as'l‘em (2.4) becomes :
{ , = -Dx,-aN, 3x) -aV™, +bxf.€(s)x(t-s)ds
Xp = < Ny 30
with de. ¢ =¢-X*  $€Qy, and the
positive equilibrium TransPormed info the trivial

(2.13)

solution :
X,(£) =X, tY=0 Lorall teR. (214

WQ. STudt& |Ts sTd'olllfg, Bca ﬂne. Ld.EumV iu.ncj'w‘na.
'V(xt) VJ1 S 3’(v)dv +TA)'3(X2- Nz 903 Xz‘*‘“z.)

+4 Lxc .f’(s)fal{: j N, (u)3(x,(u))duds , (2.18)
o t-s by
where, w; € fR.,. ,4. =1{2 are arbl'h'a.ry consTanls.

Furthermore ,we assume a Hichelis- Menfen safurdtion’

la.w Lr U(M) UNy) = N+ _ ”4 vdznc\n Erow.de

i

3 (xﬂ N, X, 3Cx4) )(X{ : (2.|6)
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We can prove the ?olowiﬂa

Theorem2.2. 1P the average time delay T, safisPies
T: < _4ab NS e
Pk (BYQ)ZU” j-(— J | . (2.1¥)
K =max {_Mf,Z(%+be,,)H} , them all the soldations
of (2.3) with ic. ¢ el ,f'e.-_-{gf[ V() <@t

approach x,=x,=0 as t->+w.

Foof.
V(-)St)( =V bN*’WE(XJ - w,aNi N, 30q) +

-W, a N U”g(x,)xa + W, ¢ T X, +4 L}(c.N T, 30(1)
-4 'oa’c. T8es) f NS () 350¢, ) duds +

t‘S w

+ W Ny L»x 3(mf$cs)x,_(t-s)ds (2.18).

Co'ncernmq the |asT Term in (2.18):

f?(-*») § X,y duds =x, -J':FCS)X({:-s)ds
t-s |

Thanks To ‘Hwe. omd af (2.13) :
I-FCS)X (l: s)ds = X, - c:f.ﬁ(s)fl\\(u)j(x(u) ) ds

Hence
W NF by §Cx1)5-?(=)x,_(t-s)ds - W, N, Lﬁ(x)x +

~ by el TG,) j .P(_s)f N.(w) Ik, ) duds  (249)
| o - 30



The last ferm in (2.19) provides The mec'uamy

+c0 ¢

-bye W, N 30x,) [ £0s) f N} I ) duds

< 4 Blrc sz) f F (W, Ny 30x0) % N 30x)] duadls =

M
+
z*

= % W, N, byeT. 3'0(4) +4 kxc 19(8)[” (u):i(x (u))duds

B% inserfing this meclua.ltfy in (2.19) and Then the
resulfmg one im (2.18) we olblaim: y,
V(x,) IO x50 -, e T N3] +

20

- N [W{&N* b ¢N zTr]S(X‘) [W1N (&U bx)-w c__lg(mx .

< -W
(2:13)

Simee aUby >0 we choose |
W, = N (aUZbY) 1w, L AweR, .
< )

Furthermore , o\oserve that -

- N3O < 3Cx,) X4 = U T0x)Xy
| L+M|
-0<N, (t) ¢ K ¥ tato. Then
V (Et.)(z.ls) < -why [b - "U‘c U 300 ke +

- N, [w,aN- BKC KT 350 (2.20)
(2 20) is megafive semi- de£wnTe (§ we choose W:

XC-RT'r < W4 ¢ 2D . l (224)
PETE T bxXc U™ T. 2/




The imequa.[ii‘y (2.1%) assures Thal the choice
(2.24) for W, exisls.

Lef E be 'Hle se,T im FE ={ff l V(‘f)‘(e.& where,
VCL?)(Z 5=

From (2.20) it $ollows that E<E'= {LPGP l¢=0%-

I;? X, € E ,Then Xip = O ¥t eR . tHence
:?rom (2.3):

x% & =-é-v X, +LXS £cs)x,_(t -s)ds

(2.22)

X =0

zlE
Afma, inva.rianT SOLuT[on o£ (2.22) mu st have
Xop = X, , X, eonstant ¥ te R, z.€.

%le = - (UL, |

Since aULby>0 them X, =0 .Tﬁere',ebke:,‘l‘he
only invariant subsel M of E I'S_ﬂne, Trivial
solution : M= {2-‘1-.=.9 ,HteR]. M

ReMARKS

3) A sltgh‘t 'mod.a.?uca’l'tom of The Froof qives rise
to a ohg?erem'l' suflicient cond&‘how on Ty :

mim ] 2D 2a Ny .
Tr < mi St s '_K‘} .(2 23)

04 course ,the" _l_a_g_s:'_'f "condition onT, remains (2.1%).
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FREMRRKS

l;;) I.? we choose the i.c. €f=c[>-5” wiTh ¢GQ”
wihere His sufficiently small so thal

H ¢ _N ,  Then
2(%1-52{']1) |

condition (2.13) reads :
4ad N
T, < - 4
T (eye) Ut N

¢) If we set” T% =0 “inTo the sufficient condifion

obfained by Lispunov Punctionals on the

chemostal linearized ec!ua.Tions (Theorcm 3,
previous section ) we obtain:
T < D+aNy U
| bye N U'(NS)
d) Am amalysis performed om ‘Hne. characteristic
equaTuo'n
A5+ AA - CoCO)-I-B . 0

ﬁw\nere. L2 = S ;{?(S)e. ASd4s  and

A=D+aN; VW), B= ac U*NJUN ),C= Lz{chU(N*)

shows that o
" 4) fora geme reral delay Kernel -f(S) the posﬂ'we
ethbrmm is loc.alj asy'mpToT;cal!y sfable

i¥ g Drat MU
24 N* TUINF 232
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Renanxs

d) ii) If fcs) is ome of the y- distributions
P |
- p-1 -xs )~
Fee> = cf-—m ST Rl ek,
pe lN={12z,-.1 ,xecR, | them

J

i_rg.u order " the POSITIVC equthi:ni_w_;
Is loax”: asszTotha"x sfable. (T = )

e.) I.f .f(s)=.5(s)‘ (msTa.nT&.ncous recycli'ng)
the Posifive. e.c:!uilikriam is globa.”z

asym PfaTi ca”! sTable.

S%



Rererences

Kolmemvsku V.B. Torelli, L. Vermiglioﬁ. Sfa.loil'ty

019 some Test equaTuoms with clelay_ Universifa® degh
Studi di TriesTe , Luaderni Matematici , XL Serie,

Quaderna m. 264 ) %auaho 4992 .

~Bereffa,E TaKeuchi,Y : Qualifative Froperfies of
ChemasTaT Equafrons with [ime Delax._s Boumdedfness
LDC&J a.md Global ST&.L l Ty Sukm”’ed fnr Pu“:caj'tan {?92

Bereﬂ'a E. Blschn Gl ,Solimano, [ : - Stabili Ty im
ClnefmosTaT equa_flons with Delayec\ Nufrient Req/cl ing.
J. Haﬂl Biol. 28 9B-1, (1930).

25"



DeFiniTions.

W X=fF&x) , F(,0-=0
ic. K =9 <y

Defimition 4. The solulions of (4) are eq'w.'-'kowncle.o‘
) 8 for any H>0 and t_ R , Beve exists

a comfanT p Ct.,H)>0 such that if g@eQ‘H )
I l (t;t. ,d_>)| <B (t., #) forall t>t,.

De:g. 2. The solutioms o.E 4) are umf.?orm-koundcd
if the P in Def.d is independenf of to.

D€£.3 The Trivial solutiom o-p (4) s STaUe f.f
-fén any~ 0¢e<H there exisls a d=d(e,t.)>o0
such that :?ord,ny Pe L

| Xt &) c&  dorall tat,

__,f_‘_} The stabili Ty is uni Lorm :.P ‘Hne "J "im
Dep.3 is independent of T

e£ 5. The Trivial soliéfion o-e (4) is a.sythirtca“y
sTa.He P @) it £s sfable | (L) .‘Poramy
t I A=A(t.)> 0 suchthat

Gom X(tte,$)=0 . $€Q,

t—b+00 = 76




De—e-é . The Trivial solufiom of (1) is
Exponmft‘a[_ly Stable ff any solufion
X(tt., 4) salisfres the fme.clue.\i'i‘y

| X ¢;te,8)] € BIS) exp(-(tta)) Est,
B>, a>0 | “é"\<'H‘S‘H

7



