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Introduction.

Field observations of the orientation of striation on fault
surfaces and/or earthquake focal mechanisms can be used to
determine regional principal stress directiona together with a
scalar which characterizes relative stress magnitudes. The basic
inverse technique solving this Problem was published by Carey &
Brunier (1974) and then it was widely applied by number of workers
who has almsc made aome improvemente  andg modifications
(Gerhart and Forayth 1984, Etchecopar et al. 1981).

It should be noticed, however, that result of the 1inversion
can be strongly affected by uncertainties of earthquake fault
Plane msolutions. This fact is espocially important when regional
information ia used and leads recently to new algorithms, by which
Principal stress directions and a scalar coefficient are
reconstructed jointly with the porulation of the focal mechanisms
from firast motion data or uaing some a priory information
(Angelier et al 1982, Rivera 1989)._

While having a noticeable difference between various
inveraion techniques and using different kinds of data all of this
methods are, nevertheless, based on the same underlying hypothesis
first time explicitly formulated by Bott (1959). According to his
assmption, failure in rocks can be represented as a slip within
some preferred pre-sxisting rlane of quite arbitrary orientation
which depends on reological properties of the region and/or some
mechanical reasons such as atress field evaluation in the past.
While strength ie exceeded by shearing atress within previously
"unnoticed" preferred plane and fracture occurs, the initial slip
mst be in the direction of the maxipum shearing stress within
that plane.

In addition to this basic hypothesis it is usually supposed
that interaction betwean different fault motions is negligible,
and regional tectonic stress field is thought to be homogenecus
within gome subregions under consideration.

A formalism of the regional stress parameters and focal
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mechanisms joint reconstruction governed by the above aspumptions
will be described below.

Description of a selsmic scurce model.

Ae it was mentioned above, Bott’'s hypothesis of fracture
generation provides a constructive relation of streas tensor
reconstruction techniques. The initial slip information which is
necessary for the reconstruction may, in turn, bs obtained from
seimmological first motion data using dislocation model of a
seismic source, which is well kmown for more than thirty years
after Vvedenskaya 1960 and Knopoff & Gilbert 1980 introduced it to
seismology. Now it will be briefly deacribed.

Dislocation model of seismic source.

Symnetric stress tensor o, and displacements u of perfectly
elastic body (i bounded by free surface 2 and subjected to an
external loading satisfies equation of motion

olj'j-l- f\:pnul s b.i T 1.2,8

» ( 15)
boundary condition

% uj]m= 4] (1Bk)
and initial conditions which are assumed to be homogensoun:
u=s 4=0, t<t ' (1lc)
spatial derivative of the stress tensor, u, ':{— firat
and second temporal derivatives of displacement, p - density, t; -

i-component of an external force, "',' - components of unit wvector
normal to the free surface,

Here o -
(S

and usual summation convention 1is

assumed .

If displacements are defined uniquely at any point of 1  then
an elaatic strain comnected with stresa by Hook s law

%iT Sk Fi (1d)

can be introduced as followa:

€q=0.5(g + g ). (e)

Suppose now that a shear dislocation occurs within some
imbedded surface £. It means that a relative motion of two blocks
divided by this surface leads to the displacement discontimuity on

it.

It is convenient now to conmider two different surfaces 3’ and
I {instead of I) moving separately but occupying the same points
of (. Thus, the discontinuity can be formulated in terms of
additional boundary condition, i.e.

- u = u L] (lf)
y I:. S 2]
whers [n‘] is a kxnown function in space and times.

Note that (le) and thus {1d) are no longer valid within Z.
Solution of the problem (1a-f) is well known and may be
expressed by the following formuia ‘

1
gt = o [@, miviengoma,
i

" Q
1
+ [ [a, mivieore, s eole @
L b

whers th is Green's function and n - normal to the Z.
Thus as it is seen from (2) dislocation iteself generates
seismic oscillation field even at the abeence of any external

force, when ths above expression becomes
i
u(x,t) = Idr G, qmvitT)a (v, T} . (3)
1 z

o
Here m = o, (n [u]] +n [4]) is called seismic moment density

1
tensor and the symmetry of € ipaq firet two indexes is
taken into account. In the case of structure isotropy and ideally
shear dislocation seismic moment density tensor ims given by the

formula .

over the

m =u(afu] +nu]) . _ (4)
where u is the shear modulus.

For teleseimmic distances a point source approximation is
usually wvalid and =80 seismic moment density tensor may be
axpressed an ’

B (= t) = M ()8 ({x=x) ., (5)

while (3) becomes

e
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1

u = Jﬂjk(t)qj.k(x;xn;tur Ydt. (6)

1

D
It is evident that the symmetric sum in (4) have a penmse of

non-elastic deformation produced by the seismic dislocation and,
hence, while acting as a seismic sBource, moment density tensor
generates tenslon and compression body waves according to the
directions of its eigenvectors and its eigenvalue magnitudes. It
is easy to show that moment density tensor have one eigenvalue
equals identically zero and two others which differ only by sign.
Horeover, vector n bisectas the vertical angles made by the
eigenvectors of m or M corresponding to nonzero eigenvalues, while
vector [u] bisects the other pair.

While having been exited, tension and compression body waves
are then "transmitted” to the peints of registration by the
solution (3), (B6). For the pake of convenience let‘s assume that
registration is made on teleseismic distances and thus the first
motion corresponds to the P-wave. If first motion on seismogram is
positive the P-wave should be identified as compression wave and
vice versa.

It is well known that body waves are transmitted trough the
media with a negligible change of the waveform. Hence, if the
atructure (and so P-wave Green's function) is assumed to be known,
then first motion data can be recalculated onto the unit focal
sphere. In ideal case when there are no registration errors and
slip dislocation model of fracture is true the signs of the first

motions, i.e. polarities, should be divided on a focal sphere by __

two nodul planes, defined by slip vector [u] and normal n. On the
other hand, it is thus poasible to determine an earthquaks fault
Plane sclution, i.e. an orthogonal pair (n,a), where a stands for
normalized [u], from the polarities observed on mome peismic
stationa. This can be done by use of radiation function defined on
a focal sphere.

In addition I wish to note that the fault plane aolutjon
determined from firat motion data corresponds to the beginning of
the fracture process. This is of importance when focal mechanisms
are used for the strees parameters reconstruction.
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Radiation function of a point dislocation seiamic source.

The radiation function A(q) of a point dislocation source
representing a diasplacement field on a focal sphere can be
defined by the following simple formula

S(q,t) = M(t)q ,
where g is a unit vector and M(t) satiasfies (4) and (5).

The sbove expression can be decomposed to the sum of P- and

8- wave radiation functioms

S(d.£) = §,+ 8, = (€' M q)g + (Ma - (a'M qQ)q) .
Hereafter the upper script t denotes transposition.
Thus, sign(q}H(tb)q) »with M satisfying (4) and(5), provides

.a synthetic firet motion polarity for the whole range of focal

mechanisms, i.e. for any possible orientation of orthogonal pair
(n,a) at some starting moment of fracture.

Lot ] denotes a polarity (+ or -), registered on i-th
station and then "back projected” to the focal sphere. lLet 4 be a
unit vector corresponding to a . Then, if shear dislocation model

of the source is valid the synthetic polarities must fit the data,
i.e.

8 = sign(q M(t }q ) ., i=1,...,N . (7)
Here N - rmumber of seiemic stations.
Thus, varying orientation of the pair (n,a) and comparing
synthetic and registered polarities one can find an earthquake

fault plane aclution. However, es it is seen from (4),(5) and (7),
it remains impossible to distinguish bstween vectors n and a.

Bott s hypothesnis.
- Let T be regional stress tensor, then streas vector t defined
on a fault plane with normal n is
t =Tn .

The components of t on slip vector & and n are, respectively

nt = nTn s

a ot = a “Tn .
The Bott e hypothesis in this terms means that t hae no eomponents
on vector orthogonal to both a and n, i.e.

Tn - (o' "T'n)n = (a' "T-n)a (8)



and moreover

a Tnzo (9)
Thus, Bott s hypothesis governs the relationship between unknown
regional astress tensor T and available focal mechanisms which can
be determined as it was previcusly described.

Let’s note, however, that both (8) and (8) are verified by
any other tensor of the form "]'.' = oaT + BI, where o im a positive
constant and BI is any isotropic tenmor. It means that only four
of six degrees of freedom of the aymmetric etress tensor can be
determine from focal mechanisms data, while two others depends
on an arbitrary choice of the constants o and B.

Let

o

il

1 2 1,2
1/ 18T - 3 (SeTY'1
1 <2

i
B = 3T/ (SPF- 3 (SeT)1

T L

where SpT = T and SpTZE T. an are first and second invariants
of T. Then T have sense of normalized deviatoric streass tensor
which componente obey the following constrains:

SpT =T, . = EN: (1 .

SpT = T . T, = =1 (10)
Here »  denotes eigenvalue of T corresponding to its i-th
eigenvector.

Whenever eigenvalues of 'E differs from that of the regional
stress tensor, its eligenvectors coincide with eigenvectors of T
and hence define the principal streas directions.

Moreover, as it follows from (10) and definition of T, both_.

relative magnitudea of the principal stresses and eigenvalues of 'I?
may be characterized by the same scalar. It can be, for example,
the Lode-Nadai coefficient Hy (-1 = uO_S 1), which 1is defined Aas
follows: :

173 =

3 [2: (7~ o Yo, - 53] -1,

o,z 0.0, (1%)
where 7 denote principal streses, i.e. eigenvalue of the roniom':ll
streass tensor. It ls obvious that any of the A,
determined by u g and vime versa.

Thus, in general case relations (8) and {8) can be umed to

determine the regional stress parameters, namely principal stress

iz uniquely
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directions and Lode-Nadai coefficient without any ambiguity
described above. Also, it becomes possible by means of this
relations to diecriminate the fault planes of carthquake
mechanisas, 1.8. to make difference between vectors a and n.

Navertheless, there are some cases when Bott s hypothesis
provides no information about the unknown regional streas. It i=s
sc when n coincides with one of the sigenvectors of i Then T'n =
An, and both (8) and (9) are verified for any T.

It is also important to take into account another example of
an ambiguity, which is not oconnected with formalism. It hae
mechanical character of uniaxial loading and arises when two
sigenvaluss of the normalized deviatoric stress tensor are equal.
Lat A = ?tz and v denotes eigenvector appropriate to A o+ Then any
vector within the plane for which v is normal can be referred +to
as sigenvector, and so is when principal stress directions are
considered.

Reconstruction of stress tensor parametere and earthguake
wechanimms from firet motion data.

As it was shown above, Bott's hypothesais and dislocation
source model together with the assumptions of non-interacting
fault motiona and homogeneous tectonic stress field provide a
necessary formalism for the reconstruction of regional
tonsor parameters and aarthqunk_e mechanisms.

It is obvious, howsver, tth the above assumptions should be
considered just as a more or less advantagecus model governing the
relationship betwsen stress parameters, the range of posaible
injtial fault wmotions within preferred planes and data. The
uaei.:ulneas of this model for Joint reconastruction may be
:l.n:t‘Iﬁanded by a number of mechanical and reological factors (for
example, by presence of internal friction, Calerier,1988), which
it doeen"t take into account.

Also, the data used, i.s. polarities on a focal sphers, may
contain some errors dus to improper registration or unsufficient
knowledge of the regional structure. '

Thus, aill the governing relations should be considered to be
valid unperfectly and we shall use a statistical Bayes approach to

atress

Ty

I
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solve the problem of joint reconstruction.

How., let ¥ and M, denote any eets of parameters _uhich
unigquely determine the normalized deviatoric stress tensor T and
fault plane solution of the i-th aarthquake from considered
population. In the following the joint mset of T and all ™,
i=1,...,N, will be referred to as modsl and will be denoted by M.
Also, let Sl be a set of polarities corresponding to i-th
earthquake, and each polarity is considered to be a realization of
random varisble continucusly distributed on a focal sphere.

et s dencte a conditional probabllity density of the data
given H by p(S;...-.SN|N) and an a prior probability density of H
by p(H). Then, according to Bayes theorem, posterior conditional
probability deneity of the model given data ie defined as follows:

B(S, . ...S, |H) p(H)

(]S, ,...,S,) = . (12)
Pl N P(S, .-...S,)

Here p(St.-_-,SN) is defined by

B(5, »onenS,) = [R5, oL, 0 pon e (13)
ﬂH
where {I_is space of model parameters.

As it followse from (12), varying M over R, one can obtain
posterior probability demsity distribution of the model parsmeters
given a fixed set of observed data. Thus, to molve the problem of
Joint reconstruction one can take as an estimate of the model

parameters that set of H, for which P(His,'----sh) is maximal.

Now we can use the formalism governing by the basic .

assumptions to give concrete expressions to the introduced
probability density functions.

First let’s asspume that all polarities are independent. Then,
as it is follows from the slip dislocation model of the seismic
Bource, any set S.L given mi is independent of T and any other Mj.
Jzi. Thus it is poasible to rewrite the conditional probability

density of the data given H in the form

B(S,

ceeesS 0o = TT s, 14 ). (14)

Note that multipliers in the product (14) have a sense of

-g-

likelihood function in standard focal mechanism reconstruction
techniques. Its concrete expression are well Inown (see, for
example, Brillinger et al,1980) and can be introduced as follows

RS, IM ) = 0.5'T T(2+(2¢-1)" £(4, ) oian(A, )- s, ) (15)

whers j indicates seiLmic station, 8, denctes registered polarity
(+or-), A =q 'M'q, (see (7)), » 1is probability of polarity
true registration, x > 0.5, and f(Aj) is any function of the
first wmotion amplitude, which provides lese weights to the
rolarities registered near the nodal planes. For example it can be

defined by

LY.}
2

erf(ah ) = 1/(217)“2_[-axp(—x2 yax,

D
where « - a paramater.

While concrete expression of p(S, ,...,5, |H} is now described,
let s conaider another mmltiplier: p(H).

As Bott s hypothesis provides a relationship betwseen regional
stress tensor and a population of the fault plane sclution, the
unknown parameters of the model are not independent and this is
the intrinsic feature of the problem.

To use the formalism of the Bott’ s hypothemis let us firat
introduce the aymbolic form of p(MH) as follows

2(M) = p(M,T) = p(a .0 ,...,8,,n,.T)

a=a (M), n=n (M}, i=1,....N (18)

According to the Bott s assumptions preferred pre—-existing planes
seems to be independent of the present regional stresses. However,
the girection of the alip vector should be in the direction of the
maximun shear stress within the fault plane. Thus, we can rewrite
(16) in the following form:

p(™) = p(a ,....a |0 ....,n .T)
Finally, by one of the assumptions, different fault motions are
considered to be independent and =o
p(®) = T [p(a(¥, ){n(™ ),T) p(a(M. ))- p(T) (17)

1
Now, let’s return to formulae (8) and (9) to write a concrete
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expression of p(a(lf )|n(M ),T). We denote maximum shear siress
within fault plane with normal n by P,, i.e. P,= T'n - (n' T n)n.
Suppose that some additional =small force F {(for example due to
pre-existed slikenslides) acts within the fault plane during the
fault motion. We alsc suppomse that action of F within the plane i=s
proportional to +the P_ megnitude, 1i.e. we shall substitute

combination
P, + |P |F, .
for P in (8) and then rewrite to squivalent form:
P+ |P_IF
= : 2= -azo0 , (18)
| P + tPB [F_i

where F_ denotes tangential component of FE.

It is cbvious that F may be considered as a “noise”, which
we add to the modsl of fracture generation. Moreover, if we assume
that F is distributed isotropicaly within fault plane, it can be

shown that the first order approximation of (18) implies +the
following expremsion for p(a(t )1n(ﬂ1.‘ }.T):

i72

plal® )|n@® ),T) = 1/ (20) ) (exp(-a* /(27)) . (19)

where small ¢ guaranteeas that inequality (89} holds for reasonable
values of p(a(M ){n(M ),T).

Finally, all expressions described above can be substituted
to (12) and (13) together with the concreste expreaasions for
p(n(m‘ )) and p(T) which can be only defined by use of a prior
regional information. Ideally, 3if =soms model paramsters are
chosen, one can find then a sclution of the problem, i.e. the set——-
of parameters for which p(H{S ,...,S ) ia maximal. Both gradient
and direct trial methods can be used for thias. However it is a
question of computational facilities to work with such mmlti
parametric case. Thus it is useful to limit the space of possible
solutions. We do this maximizing (14} and determining sets of
best focal mechenisme for each earthquakes, which then are used in

the aecond step of joint recomstruction. Some examples will be
demonstrated.
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