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o' Series cqefficients for the perpendicular susceptibility X, -

W. Coefficients
of-ex“ “are Visted for both the spin-{ and spin-1 models.

Spin §

n Spin 1

0 i i

1 -1/3 -0, 2857142857 L4E+00
2 0.354166666667E+00 0.289285714286E+00
3 - -0.379629629630£400 -0.299831800852E+00
4 0.383522247942E400 0.3013444141378+00
] A -0.393158923672E+00 -0.30618971B951E400
6 0.395868009007F+00 0.306873914417E+00
7 -0.402954211929E+400 -0,309864843278E+00
8 0.405315646692E 410 0.310323237180E+00
9

-0.409211981572E+00 -0.312399393569€ +00

10 0.411027697321E+400 0.3'77  '10344E+00
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13 , 2 -0.41817908%518E400
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in the ¥ — oo limit, where N is the number of spins.
Note that #, ¥, £o, S,, 1., and £ all implicitly depend
on A. Here 2 * is a staggered field, € is 1 if sites i and j
lic on the same sublattice and — | otherwise, while ry is
the distance between i and J.

We have developed a general technique for carrying
out systematic, high-order perturbation expansions for
lattice-based quantum many-body systems. At T=0,
these expansions require a perturbative diagonalization
of infinite-dimensional matrices. Following the strategy
of classical cluster methods,” we reduce the expansion
for the infinite system to a sum of terms ecach of which
involves only a finite cluster and hence a finite-
dimensional Hilbert space. For a given cluster, one con-
structs the matrices for Hg and H, in a basis in which
Hy is diagonal. Expressions for the ground-state ¢aergy
and wave function are obtained through ¢lementary re-
cursion relations, and the wave function is then used to
evaluate expansions for ground-state expectation values.
The method is systematic enough that it can be carried
out entirely on the computer. It is also general enough
to study any quantum I[attice model around a point
where there is a gap in the spectrum® and the cigenstates
are infinite direct products over states, each involving
oanly a finite set of points in real or reciprocal space.
Practicai limitations are forced by considerations of com-
puter storage and time. Recently, we have used these
methods to genecrate expansions for the AF Heisenberg-
Ising S =% chain? to order (/,,//;)*" and a variety of
expansions for the S=1 chain.'® Application to Hub-
bard models is currently under consideration. Details of
the method will be given elsewhere,

For the 1D linear chaimn there is only one type of
nearest-neighbor dimerized configuration, and the prob-
lem reduces to the alternating spin chain.!' The expan-
sions have been developed to order A '3 for Eg and to or-
der A7 for S,, &% and 7, Unbiased analysis of the ener-
gy serics by inhomogeneous differential approximants’
shows a critical point at A, =1.001 £0.002. Since the
critical point is known to be exactly at A, =1, a biased
analysis helps in accurately determining various proper-
ties of the Heisenberg chain. We estimate the ground-
state energy 10 be Eg= —0.443 14 + 0.00001 (the exact
result being == —0.443147). We estimate that S,
diverges with an exponent A, =0.051+0.15, y, diverges
with an exponent ¥y =0.79 * 0.05, and ¢ diverges with an

exponent v=0.66 £0.02, which compare well with the
conjectured exact answers of Olog), ¢ and %, respec-
tively.'? The details of the analysis will be presented
elsewhere. '?

For the square lattice there are infinitely many dimer
configurations which can be used to specify Ho. A ran-
dom dimerization would introduce quenched disorder
into H, and so we consider only regular {periodic) dimer-
izations. One expects that the universa} properties of the
model, such as the topology of the phase diagram and
the critical exponents, should not depend on the specific
regular dimerization chosen. We have used two such di-
mer configurations as starting points for the expansions,
namely, (A) and (B), shown in Fig. 1. Note that we
have chosen (A) and (B) because they are the simplest
cases, not because they have any particular physical
significance (although they could be viewed as models of
lattice distortions). The expansion coefficients, ¢,, for
Eo. Se X and &2 are given in Table I; the expansions
have been performed to orders 6 and 5, respectively. The
energy series arce ill behaved and are not used in the ex-
trapolations reported here. The ratio of successive terms
in the series for S,, &%, and gz, are plotted versus 1/n in
Fig. 2. These ratio plots*!* indicate critical points at
A.=0.54+0.02 for (A) and at A, =~0.39 +0.0] for (B).
(Note that (A) and (B) are distinct dimerizations and
need not have the same A..} The divergences of z,, S,
and &7 suggest strongly that the ground states are unsta-
bie towards Néel ordering beyond these points: Néel or-
der for the uniform square lattice (A =1) has been found
by many authors. '’

Let us now consider the criticality at A.. Based on the
symmetries of the problem at long wavelengths, Chakra-
varty, Halperin, and Nelson'!” have argued that criticali-
ty in the 2D quantum Heisenberg models at T'=0 should
lie in the universality class of the 3D classical Heisen-
berg model,'® which has critical exponents for variation
in temperature given by y=1.40+0.02 and 2v=1.42
+0.04." This correspondence implies that the critical
point should be “Lorertz invariant”; i.e., the critical ex-
ponents for correlations in the spatial and temporal
directions should be equal. Quite generally one can

1 t | J § | nWlljnf.ﬁ_l.Yl-O_
T
YT
O~ = -y - oy

(A) (8)

FIG. |. Dimer configurations (A} and (B). The solid bonds
represent the terms in Ao, while the dashed bonds represent
the terms in H,.
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classical Heisenberg model.

We are grateful to Sudip Chakravarty, Daniel S. Fish-
er, Michael E. Fisher, Bertrand 1. Halperin, P. C.
Hohenberg, and Andrea J. Liu for discussions. This
work has been supported by the NSF though Grant No.
DMR 87-01223/96299, and by the National Supercom-
puter Facility at Cornell University, the latter is also
funded, in part, by New York State and the IBM Cor-
poration.

1J. A. Hertz, Phys. Rev. B 14, 1165 (1976); A. P. Young, J.
Phys. C 8, L309 (1975).

2E. H. Lieb and D. C. Mattis, Mathematical Physics in One
Dimension Academic, New York, 1966;; ' 7. Boaner, J.
Appl. Phys. 51, 3941 (1987).

3D. Vaknin er al, Phys. Rev. Lett. 58, 2802 (1987);
G. Shirane er ai,, Phys. Rev. Lett. 59, 1613 (1987); J. M.
Tranquada er al., Phys. Rev. Lett. 60, 156 (1988).

4T. M. Rice, Z. Phys. B 67, 141 (1987), and references
therein.

3For a general review of series analysis, see D. S. Gaunt and
J. Guttman, in Phase Transitions and Critical Phenomena,
cdited by C. Domb and M. S. Green (Academic, London,
1974}, Vol 3. For differential approximants, see M. E. Fisher
and H. Au-Yang, J. Phys. A 12, 1677 (1979); D. L. Hunter
and G. A. Baker, Jr., Phys. Rev. B 19, 3808 (1979).

€An alternative possibility is that a different state becomes
lower in energy for some i; however, at the point of crossing it
is orthogonal to the original one. This would be analogous to a
first-order transition, and the adiabatically coatinued state (if
it exists) would be metastable. A realization of this possibility

could arise if one were to start from a dimer configuration and
add ferromagnetic interactions, since a state of high spin could
become lower in energy than the lowest-energy singlet state.

TFor a discussion of cluster methods applied to classical sys-
tems, sce, ¢.g., S. McKenzie, in Phase Transitions Cargese,
edited by M. Levy, J. C. LeGuillon, and J. Zian-Justin (Ple-
num, New York, 1980).

Strictly speaking, one only requires a gap to any state that
is connected to the ground state by a finite power of the per-
turbing Hamiltonian f ;.

9R. R. P. Singh, M. E. Fisher, and R. Shankar, Phys. Rev. B
(to be published).

I0R. R. P. Singh and M. P. Gelfand, Phys. Rev. Lett. 61,
2133 (1988).

UFor recent references, see, for example, G. Spronlen,
B. Fourcade, and Y. Lépine, Phys. Rev. B 33, 1886 (1986).

12Gee, for example, [. Affleck, D. Gepner, H. Shuitz, and
T. Ziman, to be published. The discrepancy in y is presumably
related to multiplicative logarithmic corrections.

I3M. P. Gelfand, R. R. P. Singh, and D. A. Huse, to be pub-
lished.

14p_ A. Huse, Phys. Rev. B 37, 2380 (1988).

15J. D. Reger and A. P. Young, Phys. Rev. B 37, 5978
(1988).

16p. W. Anderson, Phys. Rev. 86, 694 (1952); R. Kubo, Rev.
Mod. Phys. 25, 344 (1953).

7S, Chakravarty, B. I. Halperin, and D. R. Netfson, Phys.
Rev. Lett. 60, 1057 (1988).

18Note that Chakravarty, Halperin, and Nelson had in mind
varying spin S as a parameter rather than the A varied here.

M. Ferer and A. Hamid-Aidinejad, Phys. Rev. B 34, 64381
(1986), and references cited therein.

WSee, ¢.g., P. C. Hohenberg and W. F. Brinkman, Phys. Rev.
B 10, 128 (1977).

2487



@9

A10G |e2Ishyg URDLIDWY Y] 7661 @

ay) jo arwnsa pasoidun Apuedyiudis B uviqo op am
‘23A3MOH 'PRIIPI0 ST J0U JO IYJIYMm IA|0SIS JOUURD am
souas 1no Jo Yidua) syl uaainy yidua) uonejaniod adiw;
] .mﬂ_ 1N pa1apIosIp §1 ‘A103Y; daem-uids Aq uaald ueyl
13jjews Yyonw 1313weled J3pI1o Uk sey N ‘pasapio ddue
-Buoj j] wiod [EO1ILID 11 01 25013 AI3A SI )1 IRY) APN|3U0D
Afuo ued am ‘puey J3Yie 3y} uo ‘12udrwolsdynue Jrndue
-1y 2y} 104 "1eis punoud pinbij-uids ank v 2ARY [jam
Kew w2isks s1Yy snyl paIspIo A RoNPUSRWONISJIIUE JoU
s1 jouSrwonajiiue JWO3eY Y1 1Ryl edNpUE suohiejod
-B31X2 34} JO SIjNSAI Y] "SPOYIdW pJrpuUR)S Aq pairjodel
-X32 aie $2138 2y -sansadoad 3ieis-punoi oy 10) suols
-uedxa $91338 DIJBLIAISAS O[3AIP 01 SN SmOjj® yoiym ‘Ad
~onosiue 2d4)-Buis] ue 2dNpoOIIUL 244 SPOY 1AW UOISURDXD
-mutvv“ Aq spppow jley-uids ayy Apnis am 131137 Si )
"10} pajiro K)ara|> S1 uotIsanb siy)
ssaippe 01 yoeosdde dnrwasAs aow v Ing ‘[6]] Japio
shpuei 24RY 10U S0P WANSAS jiRy-uids Ayl 18yt 15238ns
w.._ouz_u [{EWS JO S21EIS pUNCI3 1DRYXD Ul PUNO) SUOHIR|3JI0D
uids ay] waisAs jley-uids ay) Jo sUGIERIONY wnjurnb
Suosis JY) SPAIAINS JIPIO SIYT IIYI3Ym O) SB SISLIP K[l
-njeu uonsanb ayy sayj {81} asniriadway Juiysiuea jo
My oy w1 Japio dMmpudeworsajnue 2Fuei-3uop ann sey
Apuasedde 201118 WO3EY Sy uN |2pow 343QUISIZH |PD
-1SSE(D 2Y) 1BY) Yons sa¥s punoJd snoura dYyj o) s)ydrom
UUBWZI[O SANBJI WUAIIYIP SIAIZ SUCTIEMIDNY W10d-0152
jestssepd Jo Adonu2 2yl “zsamoy uids sad Aowiauad
-3p oy Jo Ad0JIUI 0JIZUOU YIIm *3SED SIY) U1 ARIdudTIP 4|
-y3iy s1 21e)s punoid esse)d dyy ‘[z 1] o 12 wioyoig Aq
©3-3 ‘umoys SV '5331118|qAs Yy Jo 2uo uo suds ayy arow
-3J puv SIMe{Qns 1n0j Jo Ju :sisu0d SB 3dNIR] Jendur
-1 ay} psedas o) s doe| pwodey ay) dZ1jeNsIa 0] Aem
Sdwis v [R1=p1] M3la jo jutod |RIN2I03Y) B PUR [('T]]
jeluswnadXa UB Y10q WOl A[21F| 1S213U1 SNOPUAWAI]
paiesauad sey jouSewondynue 3dmvp-3wodey sy
'a0ryd saye) JapiosIp 0) Japio JtoudrL W]
UOoIISUEL} 941 22oym uids Ayl JO an[ea Byl A[31RINIDE 1Ip
-21d J0oUNED A103Y) SIYT “JADMOH ¢ ||RWS A[IUdDLYNS 0]
aseyd ( pinbz) uids,,) pajaplosip wny enb pazuawipuoy ®
151paad suoisuedxa p/-333| 9531 "IRI1 1]|0DUCU $) JIPIO [RI

99L1

-1SSB[2 24) 212y 'saNNR] 2wodey pur Jrn3uru) 3yY) Jog
{11} saipmis uonezieuodeip 1oexa Aq pur [()] suoisued
-X3 $3II35 AQ PIUIRIGO OS|B SEm SaSPYd yons JoJ I0UIPIAD
[BdLdWNN  seSeyd Palaplo JIWIP PUR [3IN JO DUIISIXI
ayi pasipaid A5y ‘301IR| dienbs 3yl Jog [6) AdPYdRS
pue peay )o uoisuedxa a/-333e] Y1 S1 swdisAs ISy
Jo saseyd pasapiosip pue palapio Afjeanaufew oyl owt
Wy3isul jo 10] B papiaoud sey eyl yoeoidde Jayjouy
"anjeA [BIISSE|D 3Y) JO 8P 1NOYR 13)oweird JOpIo Uk
121paud pue *ad11e| Jejn3urlll 3yl 10) [g] PadO|IAdp Ug
0S| 2aY suoisuedxd §/| Yong “{z] S/1 Japio 1k pAard
~UNJ) J2MSUT 3ABM-UIdS oY) Yiim 22138 A11D019A daBm-UdS
pur uolleZI2uBewWw 201)IB{GNS PIIBWIISS AY) "IdwRXD 104
.w_lw 10) UIAD BINDIE A2ANRIURND SEm uoiSURDX2
aaem-ulds 34} Y} puno) (apow diaquasiay adRr]-aienbs
3yl JO [9] S2UPMIS [RDUDWINU JUIDIY  [g] uoisuedxa
§-2318] JO 3aBm-UIds 2Y) S1 suonenlony wnjuenb jo aous
-521d 2y1 ui 1apdo dnaudew JuIApnis Joj Anbiuyd) U0
131weded 13p1o dNAUIRWOLId)NUR (IN|RA
{edISse|D Ayl JO 9,89 Inoge) aFue| v pry JEY) uoItdUn|
3AEM B AQ pOZIWIUiW sem AB1oua 21B18-puncJd a4 swayds
JRUOLIRIIRA  JIdY1 WYNIA\ UL Y3neT] PUR 12A3UWRY JO
1Ry ury) 1amoj Ajjenueisqns A31aus pry Yolym suoljouny
3AEM 1D0IISUOD PInod A2y jeY) punoj Aay] “1audewos
-32J1iR JBINSUEII 3] JO APNIS UOIIUN-3ARM |RUOIIRLIRA
€ In0 POLIIED [p] 135[ pue asnp{ ded uoNeNdXs ue yum
21e1s punodd pasaplosip v paisal@ns Loy siseq 1wy) uQ
P2y oupudew Juodis B Ul SsEF U0ANIND |RUOISHIUNP-OM)
B pue japois Fidquasiay 2211k)-JenBuUBIl Y1 UIAIM]Aq
[€] wiydne] pue Jadawiey Aq Suiddew pasodoid ayy si
IO J|qRIOU 13YJouY IMd syl Jo JoaR) ul pajaidisun
alam [} suonezijevodeip 10exa Juipn|dul SAPpHS [RIIAW
-NU |BI3A2S '3IIEIS pUOq 5Ud|EA SUIIRUOSII B P3|JRD SEM
Yoiym suoniemdny wmuenb Juons o) anp a1p)s punosd
Jo adAy [edads e pasodoad Aay) iapio 38urs-Buol ou
aaey pnoys jaudrwoniajnue Jenduein jjey-uids 2y jo
aeis punosd Y1 aey) pasodosd oym *[|] SJoyiom-02 pur
U0sSIApUY 01 ¥orq $203 Nom K1req rawn Fuo| v o) 15319)
-U1 3|GRISPISLOD JO UIDQ 34ARY SURIUOI|IUPE Ulds-winjuenb
P31R1isny) [RUOISUIWIP-Om) JO sanadosd dnaud: w sy

WEOEsy Mxgune §)vd

AI0DY) AP M

-uids Ag paidipaid 1RY) URYY JAJ[PWS YINW I3IWRIRD L3PI0 UR SPY J21IR| 3] “PAISPIO 1 ‘WISIAUERWOIII)
-13UR 30§ WI0d [EHILD YT 01 35013 AJ2A S) [2POW SINIR|-IRINBUTIIL D1 STIISYM PIIDPIOSIP St 12O ETL]
-pWoFrY 241 1RY) DUY I 'MIFIS PAUIPIO SU0 PUNOIE sUOISURdX3 $31105 dO]3A2p aa ‘japow FIaquasiapy
ay1 jo sa1113doud ApNIS 0} S3IRIS PRSP0 A[|RIISSEID DY) JO PIOJIURWE DY) JO 1N SALRYS punoid jo ned
R oSy0ud yatym “uRINCIILRH 3y o1ut padnpoltul s1 Adodiosiur axi-3iNs| uy  sppow F1aquasiap] 2ie

-owodey pue -ipnBurl} e 3Y) Ul Jap1o dndudrwonagnue £/ x N )0 Aupgissod 341 Apms m

(1661 13qu3d3(Q §| pastaday)
PLOLO A2S43f MaN "}t ADLINpY MUY WIDIUNOR (N)Q 'SIIOIDIOGDT 113G L P LV

NH 'V praeq

91966 DHIOfyD ) SIIDQ DIIOMB D fo SNssoNur} SIS Jo tusiuiindag
yawg 'd 'Y mley

sjaudewiossdynuy JieH-uidg 3dnre]-3uiodey puk -1endueii] uf J3pIQ dNBIGNS-IIIY |

C661 HIUYIN 9]

SYALLIAT MITATE TVIISAHI

[l HASWAN "89 AWNTOA



VOLUME 68, NUMBER 1

PHYSICAL REVIEW LETTERS

16 MARCH 199

ground-state energy.
The spin-half Heisenberg models are defined by the

Hamiltonian
#=43.8,S;. (1)
G,

where the sum is over all nearest-neighbor pairs of spins.
In order to develop Ising-type expansions around a classi-
ce' ground state, which is norcollinear, we need to intro-
duce an anisotropy parameter in the Hamiltonian that
selects u pair of ground states out of the classical ordered
states. For the triangular lattice and for the Kagome lal-
tice. this corresponds to the three-sublattice 120° order
{also called V3x V3 order). Let us choose a ground state
with the spins on the 4 sublattice pointing along the -
axis. and the spins on the & and C sublattices rotated
§20° cither way in the x-2 plane from the - axis. We
choose new variables o, =28, on A, 2R+S, on B, and
2R _S, on C. where the operator R + is a rotation arocund
the y axis by £120°. [In these new variables our refer-
ence classical ground state has all the o, pointing along
the z axis (ferromagnetic order). The transformed Ham-
tltontan is

-2 IWAP..S..+9.Q\J
[N

3
2

Here i — j goes from sublattice A to B, B to C,and C 1o
A. Taking as the unperturbed Hamiltonian

+ 2= (gfof—afai)+o/c] . (2)
! F I

Ho=— ¥ X oici. (3)
LR

and writing the full Hamiltonian as
Ho=Ho+ S CH— Hy), {4)

we can generale power-series expunsions tn the variable
J.. The Heisenberg antiferromagnet corresponds to
Jy=-

We genecrale the expansions by the cluster method
[20.21). As in a low-temperature expansion. we define
our clusters as sets of sites. A cluster of NV sites only con-
tributes in Nth or higher order. To calculate the contri-
bution of a4 given cluster. we inctude all terms in the
Hamiltonian which flip spins only in the cluster. All clus-
ters which are related to each other by a symmetry of the
lattice can be grouped together: because of the direc-
ticnality of the bonds in (2) we cannot group clusters to-
gether by their topology. For the triangular lattice we
find 182510 clusters in eleventh order. For the Kagomé
lattice we consider the decomposition of the triangular
lattice into four sublattices and keep only the clusters
which do not fall on all four sublattices. The lattice con-
stants of the clusters for the Kagomé lattice can be ob-
tained from the triangular ones. Straight. linear clusters

b

have their lattice constant reduced 1o 7 of the triangular

value while aii other permitted clusters have it reduced t
L in twelfth order we find only 26079 clusters for th
Kagome latitce. This allows us to carry out the expan
sions for the Kagomé lattice to higher order than for th
triangular case {22]. Let us define the order paramete

M and the structure factor § by the relations

M =(a5), §=2 (ojoi)~(aXai)), (s

where the brackets denote ground-state expectatiol
values. The expansion coeflicients are presented in Tabl
l

We first consider the extrapolation of the order
purameter series assuming long-range order at the
Heisenberg point. [n this case, there will be a square-rool
singularity at S, =1. [f there were no other singularitic
in the cc nplex plane within the unit circle, the partial
sum of tt - irst # terms in the series should asymptotical-
ly converge as 1/Vn, allowing for a systematic estimate ol
the sum of the infinite series [6]. However, this is not
true if there are other singularities in the complex plane
with |/.1 <. From the Hamiltonian, we expect an ad-
ditional singularity on the ncgative real axis near J,
= — (.5, ~here the system may order lerromagneticaily
slong the p axis. Such a singularity is clearly present,
causing the partial sums to 1lternate and diverge before
J.=1. To move this singularity away, we use Euier
transforms 1o change variables from J, to x=J,/
{a+(1 —a)J.]. For very small a the series cocflicicnts
become extremely smat, making cxtrapolations harder.
For a close to unity, the coefficients are hardly changed
from the untransformed series. Good compromises ap-

pear to be a= % and a={, which map J,=—1 and

J.=— % (o infinity, respectively. The resuiting plots of
the partial sums are shown in Fig. 1. The Kagomé anti-

ferromagnet is clearly extrapolating to a negative value

TABLE 1. Expansion coefficients for the ground-state enceg
Eo. the order parameter M, and the structure factor §.

Triangular Kagome
m Eo M s Eq M 5
0 -1.5 1 3 -1 1 0
1 Q [ 0 0 0 0
2] -0.675 027 108 -0.75 -0.5 2
3 0.135 0.108 -0.432 0.125 0.1660047 | -0.6666881
41 -0.1773482] -0.2726916] 14341347 | -0.0802083Y -0.3245833] 1.769543)
51 0.0817034 | 0.1717951| -0.9583433 0.30—38# 0.1749051 | -1.092516:
6 -0.1133163] -0.33152631 2.0591548 b_.on.:i -0.2006097] 1.9308204
71 0.1261394| ¢ 4110737 -2.7696352] 0.06731218} 0.4579179| -3.605547!
8| -0.1906393 -0.7382203] 5.2916370 | -0.1751062| -1.1833128| 8.9988224
9] 0.2740349| [.1781303] -8.9566042| 0.1891826 | 1.5674260| -12.925986¢
10]-0.4101784 | -2.0109889 1 16.0740098 | -0. 2419287 | -2.5738747] 21.789718:
11| 06262086} 3.4012839|-28.476950Y 0.381568% | 4.3220068 | -39.28845(
12 -0.6701061] -8.0770009| 76.562924
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nalizations {2] of £, = — 2,20+ 0.04. On the other hand,
the extrapolations for the Kagomé-latlice energy series
are ill-behaved as expected. A similar extrapolation was
done for the structure lactor to ascertain its location and
power of divergence. The convergence was not as good,
but the results were consistent with earlier conclusions.

To summarize, in this Letter we have developed sys-
tematic Ising-type expansions for the S= < Kagome-
and triangular-lattice antiferromagnets. We find that the
Kagomé-latuce Heisenberg model s magneticaily disor-
dered. while the iriangular-lattice Heisenberg model is
very close (o its ¢critical pont: [F ordered u has an order
parameter much smaller thun predicted by spin-wive
theory: 1l disordered it has a large correlation length.

We would Tike to thank K. Runge lfor discussions. As-
pen Center for Physics for hospitaiity, and the NSF
(Grant No. DMR-9017361) for partial support,
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so that the spin-stiffness constant is
p,=JSt. (4)

To estimate p, for the §= 1 quantum system we rotate

H=J3 S, S,=

i+y
(i)

i+y

LS a!c-.

where the {¢, | are Pauli spins (normalized so o}=3),
We would like to compute the energy of this system with
the spins ¢ ordered antiferromagnetically along the z
axis, the original spins § are twisted when the spins o are
uniform. Since the definition of p; requires the computa-
tion of the ground-state energy only to order 6%, we ex-
pand the cosine and sine in powers of & to get

2o,lo, to )= _QNMAQ O TOl L)

+y

—gte*, | +006%) . (6)

i+y

+03 (ool

The second term is already of order * so it can be re-
placed by its expectation value in the ground state of the
¢=0 Hamiltonian. The contribution of the third term to
the ground-state energy in order 6% can be obtained by
treating it in second-order perturbation theory. Thus we
consider the Hamiltonian

+ -t

oo, QMQ A (T
)

where the first term runs over all nearest-neighbor pairs,

and we have rearranged the € term from the previous ex-

pression.

Let the ground-state energy per site of the Hamiltonian
Hgybe

Ey=E8=01+E 0" +010°) . (8}

Then p, is given by the expression

WPHICM‘A, sl tsisi ) HE, (9
Here the angular brackets represent the expectation value
in the unperturbed ground state with the spins ordered
along the z axis. Gur aim now is to develop perturbation
expansions for the terms on the right-hand side of this ex-

pression. In order to do this we add another parameter
to H 4, defining

Hy=T3 DQ‘NQN.T.\IPQTQ_
1¥72] 4" 4
.:Q 2 X x
+ A M‘Q;Q_lw.lo,lw; , {10)

MQ Hq_+m+Q1L+AnOmmI:MAQ
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the axis of quantization by a relative angle & for the
neighboriug sites along the y direction. (The rotation be-
ing about the y axis in spin space.) In terms of the rotat-
ed spin variables, {0}, the Hamiltonian becomes

.taole? +oi[oF, cos8+o’ sinfl+oi[ —oF, singto?, cos0]]
_+x i+§ i+ i+¥

M, (5

_+w

Z .z : X o2 —
+Q__Q_.+my+w_=mMﬁq__Q..+< Tl
L}

r

where o' constitutes the x and p components of o. The
Heisenberg model is J, =J, while J;, =0 s an Ising mod-
el for which the ; defined by (9) is simply calculated.
We then develop a perturbation expansion for this p; in
powersof x =J /J .

The expansions are developed by the method of Singh,
Gelfand, and Huse.* The only new feature is that the 90
rotational symmetry of the lattice is broken by the im-
posed twist in the Hamiltonian. This leads to additional
diagrams compared to those needed in Ref. 6 for y, or
M*.

It is common to express p, and ¢, in terms of a multi-
plicative renormalizatioi. of the classical answer. Thus,
we obtain the expansions (giving four significant digits}

4p,
NPH J HMIWMPI

—0.004 394x°
—0.01306x®—0.007 554x" .

Lx3—-0.01685x*

{1

Furthermore, a similar renormalization for Y, is given
by®
i Dyl wlwxu._uu.ommx»

n

—3.145x°3+3.167x°—3.223x" (12)

From these twu, and the assumption of standard antifer-
romagnetic hydrodynamics in the Heisenberg model, a
series that extrapolates to the spin-wave velocity at x =1
can be obtained through the relation NWHN? /Zy .

Before we analyze these series, we need to consider the
structure of the singularity at the Heisenberg point x =1.
We know from spin-wave theory® that the quantities z,,

Z,, Z_, etc., have singularities at x =1 caused by the

closing of the gap for the Goldstone mode (spin waves).
Furthermore, the form of the singularities has to be of
the type (1 —x)"*!"? with m =0,1,2, ..., etc. The am-
plitude for the leading (square-root) singularity should be
universal if appropriate dimensional factors are scaled
Thus, if we separate the singular parts at x =1 via

po=p)+p™s x =X Hxi™, 13

then

= lim {ps"8 /p%) /(yS"& /x0) , (14)

x—1

bs



77

9.0 L

PO ¥LO 9

LLO vL0 ¥.0 s

0L0 080 oLo 8L°0 t

0L'0 26877 L8O #1011~ 980 £

9L'0 6L0 L3O ¥6'0 2901 z

£59°0 69°0 90 W18 «90°! ol !

L0 69°0 L9°0 wo £8°0 v6'0 ol 0l G
L 9 Y L4 [4 ! € N/W

1> ¢ >0 aduel 3y Ul sixe

]

w31 3k uo AluenBurs © S31RIPUI YSUAISE Uy ¢ JqELIRA Y} Ul 7 10) sajewnss aped ] JUIEVL

-s3 3ped 2yl ul peasds Yl 103P31 SANUILIIIDUN 2Y) A1AYMm

‘$0°0FEL0= "2
31BEWIISD oM IS} WOI]
-] 2[qB], Ul UMOYS 31® SIBLLUIISI IPRJ Y] '$ILIIS 341 wins
01 sjuewnxoldde aped AIBUIPIO I8N UDY) UBD AM ([ =Q)
mod 31oquasiol Y1 38 $311LRmBuls JO 231) SL YAYM g Ul
SoLIs ® 198 01 Z— | A=Q— | (¥ J3W) s3[qertea Jo adueyd
ay1 SuiAojdwa Aq prewIs? aq osie ued 'd ‘Apanruiny

PO0FIL0= “Z

UTEIqo 24y G J3Y Ul 8!
TX 10y yeys a[iya ‘| Fig ur umoys stiopd ayy -*d oy arew
-1382 159q 24 328 01 | = ¥ IBY] YONS D JO 3INBA B ISO0YD
puR © JUIIIPIP I0) (V4 N}/ ] shsiaa Ng wns rensed ayy
joid am sapnuenb asay) Iewnss o) ‘U3 sones apn)
-jjdwe [esI2AIUN JO UBOLISILID JY) AQ paunuwialep s1 'X pue
‘d se yons ‘ssnnuenb jualayip oml 10§ * ¢ 01 ) Jo onel

"S13NORIG AG UMOYS S { © §) JIBWIISS pare;
-odenxa sy siurod 341 01 1y sazenbs-1sed] € s1 auy paysep Ay I
*Ky1un 03 [enbs (p[) "bg ur ¥ onel 241133 01 uasoyo s1 Jaue| Ayl
‘| =D 0) puodsaiied $210410 uado 3y M ‘o= 01 puodsaiiod
S2[oJ10 PI[OS SY [ SILUIS IY) UT SWLITI JO IIQIUNU Ayl St 4 21aym

PN 8A "z 105 ¥§ wns Enaed Jo sog 1 OI4

N\——U.v?.”_\v

oL B0 90 v Q 20 Q
I I T T

_Owo

13

890

260

o0

6PZL

syl -Airemnfuis Suipes] 01 1xau 3y Jo apnyjdwre Yy uo
spuadap o pue ‘AjuenFuis Sutpes| ay) jo apnyjdwe 3y H
“uauodxa 31U ¢ 'SILISS J1UYUT SYL JO WNs Yl St * § uym

A0+ A

R L *e=Ag

i® «— A s®) A[Eanoidwise ‘uay

.

JAQ uaAi@ Mg swins Ay 10N11SU0D
am ‘luiod Fiaquasiol Ay JE SIS 3SIY) WINS O] 1ApPI0 U]

e+ ZETST0 0+ GZLET0 0+ 2L 6£0°0+
280 69070+ ; ZH0TL O+, Z6¥07 0+ 71 + 1 =, °Z)
266 T10°0 207 910°0— (209 610°0—

,268 120°0— . 268020°0— , 28€10°0— 204 1 = °Z

2110234 $2113% 2yl ‘a]qeiiea Sty) u}

XL XT=2
SIJ[QEIIBA M3U STYL ANUYUl O | — = x 1B A1B[M3UIs 2}
SPAOW UIIYMm J[QEIITA M2U B 01 0F am '[ = = X 1E SanuIg|

-nFurs Funadwos sary _:N pur 'z sannuenb ayl aouig
sauas Ayl ydnoryl payoayo aq
ardiunid ur tued yaiya tsoes spnyndwe (g jo juap uad: p
Ut esraarun Jo sisaiodLy ayr wody voncpald @ uyap
BSISIYL LX) Wae) 2Y) Jo 3q prnoys 0 Sunejoden
X3 ul 1UNO3E 01Ut uayel aq 01 spaau ey Anejnduis Juy
-pes} Y1 'snyl A;jeO1IULPI Ystuea 1SN 2 ul Alre[nduis
1o01-a1enbs ayy 10 apnujdwe ay1 1eY] smojjo] it TX pue

d 10j $2012% 3Y) JO ONEJ DY) S1 I JOJ S3LIIS IY) WG
| WasAs W:: jo uonduosap japow
-0 IB3UI{UOU [RUOISUSUWHP-(| 4+ 71 2Y) Ul swid) parenbs
-juatperd 2yl JO  SIUAIIYAO0D SB SI[CS [BONUIPL Al[en
-u3ssa Arjd A5y souis Buisuudins jou st saaeniurs aane
-[21 swes 3y aaey ‘d pue X eyl ‘] = ¥ 1Y UOHE[NIED
piemlojiySresls ® wolj smofjoj uayy I -uoisuedxs §/
B UL WII ISIG 2y wWoiy f[=aaiua oo Aluem3uis (1001
-a1enbsy Buipea] si pue ‘d 10) W) o +— g 2yl uonyew
-1ojsuell goyewd-utas[oH 2yl ysnoay) (p1) ‘bg ur uors

-sa1dxa a1} 10§ pauielqo 2q UED IBWSI daem-uids
-39 ‘uids s® yons sana?
-dosd aoueisip-1roys jo juspuadopur ‘[esiaalun aq pinoys

©7 7 SSHNAALLS-NIAS FHL 40 NOILVINDTVD DId0ODSOUDIN oF



7250

timates. Thus the two different methods lead to estimates
which are consistent with each other.

To compare with other evaluations of p,, we note that
the order 1/S expansion of the spin-wave theory® gives

Z, =0.60, while the Schwinger boson mean-field Enodm

gives Z, =0.7L. Thus our results are in excellent agree-

ment with that of Schwinger boson mean-field theory.

To get the estimate for the renormalization of the
spin-wave velocity we plot the partial sums versus both
1/N'? and 1/N*/? (see Fig. 2). We see that the plot
versus 1/N°"? settles down to a nice straight line, thus
validating the assumption of universal amplitude ratios,
which suggests that the amplitude for the square-root
singularity for Z, must vamsh. Thus, we estimate

Z2=1.38=0.04

11is estimate is quite close ‘o that obtained in the /5§
expansion by Oguchi,* and in Schwinger boson mean-field
theory.’ In both cases the value is Z7 ~1.35.

We are now in a position to compare these estimates
against experiments on La,CuO,. We first note that the
exchange constant J for La,CuQ, has been accurately ob-
tained by comparing the frequency moments of the ob-
served two-magnon light scattering spectra to that es-
timated by Ising expansions.” This leads to J = 1500£75
K. Furthermore, the slope of the spin-wave (magnon
dispersion near the antiferromagnetic zone center has
been measured directly by neutron scattering,’ leading to
an estimate for the spin-wave velocity, ¢,. Using the re-
normalization Z, computed above, this leads to an esti-

mate of J=1550160 K. The quantity p; can also be
measured directly through experiments as it controls the
exponential growth of the correlation length above the
three-dimensional ordering temperature

(2mp, 1/ikg Th_ naNu_..:\&».wj

E= Ae Ae
Here, the prefactor 4 is a slowly varying function of tem-
perature. Because the estimation of p, requires fitting the
data above the Neel temperature to this form, the uncer-
tainties are farge. For £ deduced from the Brookhaven
susceptibility data,'” Chakravarty, Halperin, and Nelson
find J =~ 1200 K assuming N} =0.60 (the spin-wave esti-

mate). In an independent fit Gomez-Santos, Joanno-
poulos, and Negele'' find the data to be consistent with
NP ~0.63 and J=1600 K. The latter implies that the

data is also consistent with NP =(0.7and J=1500 K. It

should be noted that the Néel temperature for the
Brookhaven sample is 195 K instead of 265 K for the
other two measurements, and hence it can have a some-
what smaller J value, due to sample preparation.

An interesting question that arises is: To what extent
does the nearest-neighbor Heisenberg model quantitative-
ly describe La,CuQ,, and what role, if any, is played by
frustrating further-neighbor interactions?

The comparison of various frequency moments of the
inelastic light scattering spectra’ against those computed
theoretically for the NN Heisenberg model agreed to an
accuracy of 10%. This suggests that short-wavelength

b

RAJIV R. . SINGH AND DAVID A. HUSE , A«

fluctuations are quantitatively accounted for, to this ac:
curacy, by this model. The measured long-wavelengtt
spin-wave velocity® is also in excellent agreement with
the renormalization expected for the NN Heisenberg
model, assuming J is taken from the two-magnon light
scattering experiments. Thus, the shape of the full spin-

: 1.50 —

(a)

090 -

(b)

0.90 -

Q.80 1 I 1 |
o] 02 04 06 oX:] 1.0

1372

FIG. 2. Plots of partial sum Sy for Z? (a) vs L/N'/2, (b)
1/N37%. If the leading singularity for Z? goes as (1—x)*/ the
the plot vs 1/N'/2 should approach the Y axis at 90",
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sites on the square lattice. We have introduced an Ising
anisotropy so that the ground-state properties can be cal-
culated by expansions around the Ising limit. We define
the transverse real-space spin correlations as

Str)=N(r){(S3S; vS452) (2)

where the angular brackets represent ground-state expec-
tation values. N(r) is the number of symmetry related
vectors of r. We develop expansions for these correla-
tions in powers of x=J,, /J, by the method of Singh,
Gelfand, and Huse.'® The expansions up to ninth order
in x are shown in Table L.

The equal-time structure factor can now be calculated
from the expression

S(q)= S expigr{SiS;+5551) . (3)
r

We ex rapolate the series for S{q) to the Heisenberg
point (x =1} by Padé approximants, We expect direct
Padé approximants to work well except very near ¢ =0
and ¢ =(m, 7). Near g =0 we expect the correlations to

TABLE I. Expansion coefficients for the transverse correla-
tion functions of the square-lattice spin- Heisenberg model.

r S(r)

(1,00 —0.666 666 67x +0.007 407407 4x®
—0.018978 836x°—0.013 203 406x’
—0.0062370130x*
(1,1) 0.22222222x*+0.029 876 543x*
+ 0.020521 788x5+0.013 168097x?
(2,00 O.111111 111x?+0.059 135802x*
+ 0.017 206 134x*+0.014 153 935x®
(2,0 =0.23333333x*—0.048404 321x°
—0.033 849 103x ' —0.023 358 328x°
(2,2) 0.06x*+0.020 796 729x*+0.014 603 336x *
(3,00 —0.038 8BS 889x* —0.040 350 896x
—0.014015142x—0.012 184987’
(3,1) 0.08x*+0.050 104937x°+0.025 388 254x*
(3,2) —0.069 686 949x° —0.031957 878x"—0.022 616 142x°
(3,3) 0.019984043x°+0.011921 170x"
4,0 0.01x*+0.020649 317x*+0.012 522252x"
4,1) —0.034 843 474x > —0.034 776 854x " —0.019276 328x"°
4,2) 0.029976064x°+0.024 370 713x°2

4,3} —0.024311737x"—0.017500727x"’

4,4} 0.0073302363x®

5,00 —0.003 484 347 4x5—0.010640911x " —0.009 006 002 6x°
(5,1) 0.011990426x°+0.019 880 711x®

(5.2) —0.014587042x7—0.016531477x"

(5,3) 0.011728378x"

(54) —0.0091607340x°

(6,00 0.000999202 15x*+0.004 553 325 1x?®
6,1) —0.0048623474x’—0.011101 598x°

{6,2) 0.0058641890x°
t6,31 —0.006 107 156 0x*
(7,00 —0.00034731053x" —0.002093 094 8x°

(7,1} 0.0016754826x"®
(7.2) —~0.0026173526x°
(8,00 0.000 104 717 66x°
(8,1) —0.00065433815x°
9,00 —0.000036352119x’
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vanish linearly with g for the Heisenberg model and at
g =0 the series should vanish as V1 —x asx — 1. On the
other hand, near {m,m) we expect the correlations to
diverge as 1/|q—m| for the Heisenberg model and the
series at Q=1 to have a 1/V'1—x divergence as x —1.
For all other q, we expect only a weak energylike singu-
larity at x =1. We are primarily interested in the
behavior of the correlation functions for the Heisenberg
model (x =1). We use Padé approximants to estimate
these correlations away from ¢ =0 and q=(m, 7). We
find that the spin-spin correlations are decreased nearly
uniformly from the classical spin-wave result over the en-
tire zone. Such a result was also obtained in a 1/5 expan-
sion by Igarashi and Watabe. !’

In what follows, we are interested in the limiting form
of the structure factor for the Heisenberg model near
g =0and q=(m, 7). Let us define

A=limS(gl/q . (4)

q—0
To estimate A4 we calculate S(q)/q along different direc-
tions in momentum space near ¢ =0. These quantities,
along the directions g, =0, ¢,=¢,/2, and ¢,~4,, are
shown in Fig. 1. The corresponding plots for the classical
spin-wave theory are also shown for comparison. From

these plots we estimate
A =0.1231£0.007 . (5

Near the antiferromagnetic vector, let k={r,m}—q, and
B = lim kS (k) . (6)
k0

To estimate B, we calculate kS (k) along different direc-
tions in momentum space near k =0. These quantities,
along the directions &, =0, _furn /2, and F.HF: are
shown in Fig. 2. The corresponding plots for the classical
spin-wave theory are alsc shown for comparison. From
these plots we estimate

B=1.05x0.10. N

The single-mode approximation is a variational esti-
mate for the energy of the modes at a given q. Within
this approximation the dispersion is given by

w(qi=e(q)/Siq}, (8

o} 1 L ] 1
0 02 04 06 08 1

q,/™

FIG. 1. Plots of S{q)/q as a function of ¢, along the direc-
tions ¢, =0, g, =¢,/2, and g, =g, in momentum space. The
solid lines represent the corresponding plots for classical spin-
wave theory. The error bar represents the estimate of the am-
plitude A =lim_ ,S{g}/q.
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