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b ’ . ‘ o .
;. Direct Numerical Simulation (DNS) |
' Tlus method implies a full un-truncated numerical solution of the Navier-Stokes equations

:viﬂ:om any “closure-technique” or parameterisation implied.
Gy '

L35 While DNS-methods has proven successful to low-Reynolds number application and study

2

A

"
. j
;

- ‘In addition must be considered the corresponding integration time requirements. DMS
' techniques are therefore beyond any conceivable modelling capability based on known
- computer platforms for modelling of the detailed flow and diffusion patterns in the

atmosphere.

Parameterisation of turbulence and diffusion processes in the atmosphere will conse-
quently always be required.

5,% fases within the field of computational fluid dynamic (eg. in the study of vortex-
"-.%_imer_gction in a low-Reynolds number two-dimensional fluid), application of DNStofully = .. . .

developed boundary layer turbulence is ‘gut of the question because of the multitude of =~ ™
scales involved. In order to model atmospheric turbulence and diffusion in just one cubic -
Km using DNS, approximately 10'* grid points would be required. This is because the -
.smallest length scale in atmospheric turbulencs (the Kolmogorov's length scale) is of the

{ order of 1 mm only so that each of the 3 spatial dimeasions require about 10* grid points.



¢ bchmques are therefore beyond any conceivable modelling capabiiity besed on knovm
compater platforms for modelling of the detailed .flow and diffesion pattems 'in the

‘atmosphere.

Mnmofmmmmddﬂmimmmindnmosphemwmm
" queaty slways be required. -

=2 fp e ek




1) Statistical theory,
~  including single and multiple particle
releases and Monto Carlo-techniques
_.’;f'z) Similarity theory,

and

3’) Gradient transport (K-theories)



eory (G.L Taylor's formuls)

dwhhona)mdtl:ehgrmg:mauto—corrdaﬁonofthedmngﬂuid, “which in
s case is the turbulent atmosphere.

0,’(t) Mean square crosswind devistionfrom fixed axis st time t.
wt)  Crosswind fluid or particle velocity in a homogeneous field of turbulence.

Ri(tr) The corresponding Lagrangian (single-particle) autocorrelation function
<v(t)v(t+t)>.

. Taylor related the growth rate of the average plume width o, totheuman
&%{ of the atmospheric turbulence. The formwia applies to the ensemble-averaged
PN o \hmmmm in & coordinate system fixed to the sourcs point.

‘hmrmmmmmmammm
|- altiple-particle puff, in which case the coordinate systee moves with the pulls center of s

R *(m below), Taylor diffusion is often referred to as absodwse or fixed frame or single-particle
o= }iﬁﬂ'uaon

Taylor's formula for plume diffusion reads:

do?
—;——d— = fRL(r)dt = vy X0) (6.1)

where <v> denotes the variance or the velocity (square) scale of the turbulence, and t, denotes
the corresponding rime scale or memory time for the diffusion process.

:mmh&pwmmgworkfrom 1921, lmmhpbmthopmm Cg

L



PL cont.:

Asymptotic limits:
In the limit for large fravel times or diffusion times, t(=) defines the Lagrangian infegral time
scale 1, through:

[ R0z = v7 (6.2)
Taylor's formula, Eq. (6.1), yields in this limit the corresponding far field solution:
ol =2 vy ¢ (6.3)

In the opposite limit, with travel times or diffusion times much smaller than the Lagrangian
integral time scale: t<<1,, the auto-correlation function becomes: R, (t)~1) and Taylors formula
results in the so-called near-field solution:

o), = vi¢? (6.9)

Spectral form:

By introduction of the [_agrangian variance spectrum S (w):

1 - wt
viS(w) = 5o f_,RL(‘) e '°" dt (6.5)

Taylor's formula can be represented in its corresponding spectral form:

do! — in2
1% . vig? [O.S',(r.x) s_u_x_(mr/Z)d_c (6.6)
2 4t Tt (e T/M)?

{4



An analogous Taylor’s formula for puff diffusion, relating the ensemble averaged puff standard
deviation g, to some turbulence property of the flow, can be formulated in terms of relative
fluid particle velocities v,(t).

Define: i
0,’(t): Mean square crosswind deviation about puffs center-of-mass.
v{t): Crosswind particle velocity relative to puffs center-of-mass velocity.

R(t,7): Lagrangian auto-correlation function for v,: <v,(t)v,(t+1)>.

In these terms, Taylor's formula for relative diffusion then reads:

2
Idop t -_‘:

—— = | R(t,t)dT = v (1 6.7
——L = [R5 0 (67)

This equation applies to the ensemble-averaged instantaneous pufT size relative to the puffs
‘center-of-mass coordinate. To distinguish the spread in Eq (7) from the diffusion of a plume
(Eq. ( 1)), puff diffusion is often referred to as relarive , moving frame or two-particle dif-

fusion.
Moving frame diffusion, (0,), plus center-of-mass meandering, (X,.}), eqnals fixed frame
diffusion ().

The relative velocity and time scales defined by Eq. (7) can for Gaussian shaped puffs be
modelled as (Mikkelsen et al,, 1986):

vievi [0 - e ) (6.8)

L[
() = = J. R (5)as Q‘:\' €9)

r

where Sy(k) is the fixed point Eulerian covariance spectrum and R,(t) the single-particle
Lagrangian suto-correlation function. quantities.

(L



@ Surface Isyer ground level release ® Tropospheric cloud relenses

... Figure 6.1 Relative and absokte difssion on different sonles. The left figure shows diffusion
" of ground level released smolce 10 distanses ot 10 1 lon from the source. The lower set of data
S 5 points shows the cbeerved putf dilkasion wheress the wpper st of points and represents plume
520 - diiasion incloding mesnder. The solid lnes show model results based on Bey {7){F)Quwer)
" sl on Eq.(1) (wpper), and represents puff and plume diffsion respectively. The right Figare
- shwywrs tropospheric puff diffusion detz obwerved on the meso-« scale. Plume diffusion hes here

no meaning on this scale and consequently is only cloud or puff diffusion shown. The model

results (lines) are calculated by the puff model in Eq.(7)-(9). (Mikkelsen & Eckman, 1983),
(Mikkelsen et. al., 1988).
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Crosswind turbulent particle velocity
Lagrangzan memory time scale tL
Lagrangum auto-correlltlon e" o'l'- Atlt,_

Random uncorrelated accelerations <a{t,)a(t,)>

- Random force model - Langevin equation:

2 gy a)

. Fixed frame - absolute diffusion (Taylor's formula):

o} = WU - (1-¢ D]

" Moving frame - "relative diffusion” (v,(0y=0 (Gifford, 1982):

0} « WHNT - (1-¢ T) - (1-¢ V]

Moving frame diff = Fixed frame diff - meander

15

(610)

2y

(6.12)



: Corresponding in-homogeneous Marcov equation (Wilson et al., (1983); Legg and Raupach
(1982)) o R LI

w(t+A) = aw(t) + bo_n() + (1-a), doY/ds AY
where a= exp(-A/t, ) and b= (1-2%)*.

. ® Inhomogeneous non-Gaussian turtlence (weil mixed)
Thomson (1987), Luhar and Britter (1989), Tassone (1993)

| | - Nz, w): Joint (non-gaussian) pdf of (z,w).
p . Fokier-Planck eqs:

o, 2 Wa
TR e —

% * 1) Specify: P*(w) and P'(w) (skewed up/down-druft pdf).
B 4 Amneloaluotropy(xohnogorovmbrmgrb-(ce)")

3) Solve Fokker-Planck for a, then integrate the corresponding non-linear stochastic
Marcow DE"™:

o dw = a(r,w)dt + b(z,w)dn (6.16)
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2 1 1 Zai

" Define
<c>: Mean concentration
;c(y,,t)c-(y,,t)>: Concentration co-vanmce -
S Source distribution at time t,
P,(y,t;y.t): One-particle transition probability in time interval t-t,.

P,(V1Yatyyuts):  Joint two-particle transition probability in time interval t-t,.

Then, accordingly to Batchelor (1952), Durbin (1984):

e o = [Pouy 4SO )y (6.18)

00 = [[2,058:91020)50,)80,) dy, d, " (6.19)

M Note: <¢?> and thereby concentration fluctuations (c),
YT (<%= <c?>. <c>d), relates to two-particle statistics!
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o Figure 6.3 Lidar measurements: Fixed frame (left) and moving frame (right)
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Figure 6.5: Measured concentration pdf's.
Left side: Fixed Frame. Rigix side: Moving frame
Top: Centerline. Bottom: Plume margin (+10).
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Distance-neighbour Functions:
»

Distance Neighbour function (Richardson, 1926):

a a i}
1 = ZxinZ
-—qa‘ .0 aIK(I) azﬂ(f,f) : (6.21)

K() = 1, (note: 0, « €T?),
K(l) = <1>%; (note: <t*>= 20,%).

Figure 6.6
Solutions to (1) diffusion eq.

------ Qeussien fit

. [ ¥ ) .8 e E Y “9 e -8 .8 s

L L gt d
. s A

| Y
' ® " Resent Lidar measurements (Jorgensen and Mikkelsem, 199%):" - -




‘l do

2 dt

140,

2 dr

2
14do,

2 dr

Instantaneous Source: Relative diffusion (Batchelor, 1950):

« t(e0 )?? ; emall t limit

Intermediate t

..(6.2‘2).. P

(6.23)

(6.24)

(6.29)




- The Diffusion Equation

Conservation principle

2 L llynoldl decomposition (eg. c = <c> + ¢’; <¢"> = 0) leads to the:

'@  Diffusion equation:

3. Analytical Solution of the Diffusion Equation:

Assume one-dimension (y); K, and <u> are constants » O:

—-3e - 2.
de _ g% _a_(xi‘.’.) - x5

ér ox dr oz az?

® Solution:

Vax o,

oz =

.

. wiere 0,X(t) = 2Kt + 0,(0), since %do,Ydt s K,
“Analytical solutions slso exists when <u> and K, are power functions in z.

627

(6:28)

' (6.29)




. . . '
<% 0, and g, Classification Schemes:

dor3 e
2(0’) 1<Q)

where O, and O, are given as functions of the Pasquill-Gifford Turner (PGT) stability
schemes, viz.:

W T T T Ty
.
,I:;:
”
,’,:r;d;z 109
/’l/;’,lllll
o DA
2 I’//I’
2t Pl s
A’lllllll’fl
’ LAV A
’,;.g’,» e £
& s » r
L] # :"10”’11 §
P e
» F a4
t,p
:,
L
w!
phadud o i P ‘
w' 1P 10! 12 g 1o° o' 10t
DISTANCE DOWMWIND (vm) OISTANCE OOWNWIND (Am)

Figure 6.8
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4

o Next Generation of Practical Short-nnge Dispersion Models
( rof. Olesen and Mikkelsen, 1992): '

Formula-based, similarity scaling (u., L, z, We):

": o, = c.;t F(u,w,Lz.2) ' ‘ (6.32)
: ..“.‘l- '.;’ F‘(l.,'.,L,S'!) I o T o ‘(‘,”)‘m T T
; . e O
' Unstable atmosphere, elevated release: .p.\ .

.
0,2= 033w+ 1.2 u.t o~ /\\.e, Q’
Stable atmosphere, z> L:

T_=0.45 LAu..

B S Similarity theory for K,:

R layer in

K- €30
' eiL)

where x: von Karmins constant, and @, Dimensionless temperature gradient (for heat).

® nda er (Hanna, 1968
K, = 0150 1, (6.35)
where

o,. Vertical variance.
A,  Peak wavenumber in w-spectrum (Kaimal et al. 1976).

25




v d : ]
'f-‘}?""‘"’ o - EXX@® &k, | (636)
E P - —“ " where % dozzldt = I(1("-’({)) = K,(G/k), [non‘local gradu:nt] ' T B
AT - |




Y

£ ?f Diffusion Parameterization in Meso-scale Models

o dp Px O au dw
anz*l'%o - --E+fv+K3—-”, 0, 8: =0 ,
v 811 83'-' T
G AGe = - et kS | UaTalal)
ow . Ow 3? Pw
anz-i-%a, = ----——+It’a2 E‘_q ng(e,la'-l) ]
Figure 6.9
Restrictions:
. Near-neutral stratification. ' (&c.d'h
® Surface-layer profiles for <u> and K. 9\ LY

Boundary Conditions:
' " ® <-Vh(x,y) = w(0); h(x,y) is terrain.

Clasure:
L Spectral K(k) = K(a/k)
Sojution:
[ Analytic in z for each wave-number, viz.:

axs) = LRBUNe™ S A (637)

where:

h(k): Fourier-transformed terrain,

L=l1/k: Outer iength scale (invicid limit),

uk): Inner length scale, below which stress-infiuences.
Summary:

+:  Modest computational effort
-1 Trencated physics, 1. order perturbations only

2%
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Neutral flow

T5(2) = (w(2), vs(2)) = 222

K(z) = u,ok2

24
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LINCOM (Troen and de Baas, 1986)
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2 Mesoscale - Primitive Equation based Diffusion:

Assume:

® Navier Stokes Eqgs.

L Boussinesq approximation (p only in w: dp/p=g~).
® Shallow system (3u/dx;=0)

L Small slopes

°

Hydrostatic assumption

Corresponding conservation equations in terrain following coordinates (Pielke, 1984):

P LA w=0,

S —2¢g Bx b 4 afj J=1.2
= Ot g6—3502g zmy , (m
—OFT e 5
&_z’a'_’._ _a,azﬁ s @ our ;. out
at 3%l T \s—125/) 0x° "M% 0%’ |jm1.2
~ 0T o— 3502 =
e I
on - 935" %
ax? g s

.8 -8 (s o . 08 ,..ae”‘ =
— TR _.~ — — + ’
- tE T s--zG) 7 KT Y W e ~

4q, = aq, 3 29 g, I g, S
—— B - 2 - “mewf + ]
at i ¥ s —z2q/) 0% K ox3 T je1.2 S
0% 21 0L m s V@ Y =
owm——n W —— iAhend ~ — — + .
ot T + (s - zq) ax? Ke ax3 T jui.2 Som

Figure 6.10 RAMS
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3 Prandt] type Closure:

O
K= 1% dzl' (6.28)

Example: Let d<u>/dz = KuJ/z = K=Ku.z

Problems occur at d<u>/dz = 0 (no flux).

4 One-eqs. models:

L4 Prandtl & Kolmogoroy (1940°s)
K =clye? (6.39)

where

e’ Turbulent Kinetic Energy (TKE equation required).
I: length scale (Jocal flow), eg.

@ Blackadar (1962):

K(z—z,)

. K(z-z,) (6.40)
l

-

l =

with I_ -10 - 25 meters.

3¢



-x-“‘ ‘ o : ’-. ‘\ | ‘\‘
5 Two-eqs. K-€ models: 7 AeonAl W \r\;ge D)

In a K-€ model are "memory effects” introduced in the diffusivity parameter K in order to
reflects the upstream history of the flow. This is accomplished by introduction of an

additional transport equation for the dissipation quantity itself € (or alternatively through
an equation for its related length scale parameter 1., see Launder and Spanding (1974)).

1 - € model: _
Harlow & Nakayama (1968) proposed that the turbulent diffusivity could be expressed in
terms of:

1)) The Total Kinetic Energy: ¢? [m%s?], and

2) The TKE's dissipation rate €: [m%s®), - or its corresponding length scale 1, as:
22 - ‘
K=c X -0y (6.41)
€ c
where
. 3
e = o2 (6.42)

The turbulent kinetic energy is in a K-€ model obtained from the TKE-equation in the
usual form:

de?

3
o = production + diffusion~ eT- (TKE) (643)
[4

whereas a second transport equation for € is added:

2
de preduction + diffusion - e—z- (Dissipationeqs.) (6.44)

de .
Solution:

Eqs. 43 and 44 are solved simultaneously for ¢ and €. The diffusivity K is then given
directly as: ¢, e'/€, or alternatively, by use of Eq. 42, in terms of a turbulent velocity and

length scale as: ¢,/c el,.
W ~
7l
L ® o | i

>

15



Large Eddy Simulation (LES)

LES is a*humerical method to solve the full, time-dependent Navier-Stokes equations (in
their constant-density Boussinesq form) for moment, heat and pollutants, based on
parameterisation of the sub-grid scale (SGS) turbulence, see Schumann (Ibid).

LES methods resolves the large scale turbulent motion from first principles by numerically
solving a "filtered " set of equations govcrrung this large scale, three-dimensional time
dependent motion. Diffusion modelling is here employed only to approximate the effects '
of the "sub-grid" scale turbulence.

Sub-grid scale turbulence (Reynolds-stresses) are in LES assumed to follow the Kol-
mogorov (1941) isotropic scaling theory (with energy cascade according to the €*® k*
power-law). The dissipation of the corresponding SGS kinetic energy e"=l4<u™> can be
parameterized according to Eqgs. (42) above,

An important difference relative to the K-¢ modelling principle is that the length scale 1
here is a fixed quantity and equal to the prescribed grid scale A (which is typically of the
order of 10-100 meters depending on the computer capacity, CPU-time constraints and the
stratification).

The sub-grid scale diffusivities (for momentum, heat and pollutants) are also given as
above by Eqgs.(41), but in terms of the sub-grid kinetic energy ¢” and the associated fixed

length scale 1=A.

LES resolves, - in principle at least, in this way the true turbulent atmospheric motion over
the range of scales limited by the outer boundary conditions and down to the sub-grid scale
A. Pollutants emitted in this numerical turbulence are advected around explicitly, however,
sub-grid pollutant diffusion must also be modelled explicitly: For a continuous (single-
particle, ensemble-averaged) releases by use of K-diffusivity in Eqs (41), and for
instantaneously released puff’s according to Richardson (1926): 0,2 = €T
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Large Eddy Simulation Model Equations

Boussinesq equations, constant mean density p: = ...

g
—— =0,
0x;
ou,  o(G) 1 P
ot + Ax; T Tp OX; B x; U"U1+ﬁgiT’
ar_ owGr) _ _9 5F
ot ox;  ox;, 17

and similar for any species concentration .

Here,

U'_,'U”j = Uin - U"Uj

are the subgrid-scale (SGS) Reynolds-stresses. The
filter denotes the average over a grid volume

V = AxAyAz,
b= —:,- J Ju dv,
v

but may also be defined implicitly by the smoothness
assumption of the discrete approximation.

If ever possible, one should use isotropic grids, where
Ax= Ay = Az
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Fig. 9. Velocity vectors, LES over wavy terrain, 1 = H, § = 0.1. a) flow near
the upper surface, b) flow in a vertical cross-section near ylH=—4
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\ -
lixeedance Statistics

C -
Objective|!

1: Predict the nghber ofexengsions bevond a
specified level 7,

2 . Predict the average duration of each excursion
bevond the level €.

4R
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Figure 1. The basic setup in a bird's view for the insfruments showing the principal
location of the instruments rmployed
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Figure 2. A cross wind section of the plume showing the lidar's line of sight and
measxring volume.
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Chemical Rate of Reaction

A+B - C

d[C]
i < [AlB]

[A] =[A] + (4], [B]=[B]+[BY

[A) =[B) =0
__ MACZO Mo -~ mixmne

d[C] .
“ < [A1 [B] + [4][B)

4-\1:.;-[(‘.&-\:'\2:&4& C‘; e,

\_ Q
Lunleny
d&“ I’ = C'. C‘i /E.
€ 1,11

o



.. Within the framework of K-theory

i :
P £ . A Y

(a) - “)) (L)
NO,+ hv & NO+ O,

Jda
-§E—=—k2a+klb.c .
b
»-a-i—=+k2a—k1b C
‘;C +k2a le,b.c

yields the following set of equations

wa = -w r%‘%—k 7(wb C +wc B) + k,twa

Wh = -w*r 22 - I, (Wb C + We B)+I,tioa
oz

e = -7t 28 4 k t{wb C +we B) - k,twa
az 1 2

which can be rewritten as

— dC,
~wc, = R, w? r—L
Jz
with
l+ktB  IgtC -k, T
R,=| kB 1+Ig1C -t
-ltB -lgtC 1+l

sq
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xu. (2 + 20)
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v | 20 = bmndktnwrd, -

m,n
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(8)
(11)
L4741,

-T T3

Kij = T<r+

l+ry+r;3
TL

-T3
T2

T3
1+T1+1"3

12)

2+ 713

| |

hvor r; er de relevante Damkéhlertal givet ved:

&

(Y
£

2

Ox

Tt &{z+ 20}k NO
;‘: - Au,

e _ &(z+20)k O3
Te2 - Au,

Tt _ &(z+ z9)ky

;c; - Au,

]

1

(13}
T2

(14)

T3

(15)

1

/\ Kovariansligningen:
N/

- .

-\
<

9 —
‘a-tf-‘id:‘

<+

-+

hvor My nu er en 6x6 matg { : .
matrt?e%km{* og angive fluxe og middc koncentrationsgradienterne fra losningen

af fux-gradient-ligningerne er man vba. ligning (18) i princippet i stand til at

de

N deso - UL X/

——3’—
¢
w'e P9z
3 i—
"“ax e
2(1 - 6mn)k1an(v,-q_c4.+ i) —

m,n

ko (‘UJ-CE + uicg-—c!_,)

(18)

i lighed reed ligning (13). Ved at invertere

beregne variansudtrykkene: NO , O'3%, NO',? og kovariansudtrykkene N NGO,

CXNE

Micko -

o e NPT
Nouo,o,‘m.






