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Abstract: We investigate the structure of ideals generated by binomials (poly-
nomials with at most two terms) and the schemes and varieties associated to them.
The class of binomial ideals contains many classical examples from algebraic ge-
ometry, and it has numerous applications within and beyond pure mathematics.
The ideals defining toric varieties are precisely the binomial prime ideals.

Our main results concern primary decomposition: If I is a binomial ideal then
the radical, associated primes, and isolated primary components of I are again
binomial, and I admits primary decompositions in terms of binomial primary
ideals. A geometric characterization is given for the affine algebraic sets that
can be defined by binomials. Our structural results yield sparsity-preserving
algorithms for finding the radical and primary decomposition of a binomial idea).
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Introduction.

It is notoriously difficult to deduce anything about the structure of an ideal or scheme
by directly examining its defining polynomials. A notable exception is that of monomial
ideals. Combined with icchniques for making flat degenerations of arbitrary ideals into
monomial ideals (typically, using Grobner bases), the theory of monomial ideals becomes a
useful tool for studying general ideals. Any monomial ideal defines a scheme whose compo-
nents are coordinate planes. These objects have provided a useful medium for exchanging
information between commutative algebra, algebraic geometry, and combinatorics.

This paper initiates the study of a larger class of ideals whose structure can still be
interpreted directly from their generators: binomial ideals. By a binomial in a polynomial
ring S = k[z1,...,2,) we mean a polynomial with at most two terms, say az® + bz,
where a,b € k and o, 3 € Z7. We define a binomial ideal to be an ideal of S gencrated by
binomials, and a binomial scheme (or binomial variety, or binomial algpebra) to be a scheme
(or variety or algebra) defined by a binomial ideal. For example, it is well known that the
ideal of algebraic relations on a set of monomials is a prime binomial ideal (Corollary 1.3).
In Corollary 2.4 we shall see that every binomial prime ideal has essentially this form.

A first hint that there is something special about binomial ideals is given by the
following result, a weak form of what is proved below (see Corollary 2.4 and Theorem 6.1):

Theorem. The components (isolated and embedded) of any binomial scheme in affine or
projective space over an algebraically closed field are rational varieties.

By contrast, every scheme may be defined by trinomials, that is, polynomials with
at most three terms. The trick is to introduce n — 3 new variables z; for each equation
a1x™ + ...+ a,z™" = 0 and replace this equation by the system of n — 2 new equations

21 +ax™ +ay? = -zt ztazr™ = —zp+zy+ g™t = -

Mn-2

= —Zpg+ Zn_3+ Ap_oXT = —Zna+an1z"" P +a ™ = QO

Our study of binomial ideals is partly motivated by the frequency with which they
occur in interesting contexts. For instance, varieties of minimal degree in projective spaces
are defined by binomial equations in a suitable system of coordinates. More generally,
any toric variety is defined by binomials. (Throughout this paper we use the term “toric
vatiety” to include also toric varieties that are not normal.) We shall see that the bino-
mial ideals that are prime are precisely the defining ideals of toric varieties. Sections of
toric varieties by linear subspaces defined by coordinates or differences of coordinates give
interesting examples of binomial schemes. For varieties of minimal degree such sections
were studied by Xambé-Descamps [1981].

More general than coordinate rings of toric varieties are commutative semigroup al-
gebras. An excellent general reference is the book of Gilmer [1984], which treats these
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algebras over arbitrary base rings. Gilmer shows in Thecrem 7.13 that the semigroup
algebras of commutative semigroups are precisely the homomorphic images of polynomial
rings by ideals generat~d by pure difference binomials, that is, nolynomials z —z?, where
a,f € Z7. Still more generally, it is not hard to show that an algebra over a field k is
defined by binomial equations iff it admits a grading by a semigroup such that each graded
component has dimension < 1 over k; see Proposition 1.11.

Further examples generalizing toric varieties are the face rings of polyhedral complezes
introduced by Stanley [1987]. Geometrically, they are obtained by gluing toric varieties
along orbits in a nice way. They all have binomial presentations (see Example 4.7). Some
of them and their binomial sections are geometrically interesting, for example as degenera-
tions of special embeddings of abelian varieties, and have played a role in the investigations
of the Horrocks-Mumford bundle by Decke., Manolache, and Schreyer [1992].

Yet another class of algebras with binomial defining equations is the class of Algebras
of type A studied by Arnold [1989], Korkina et al [1992] and others. It should be possible
to shed some light on their structure using the techniques developed here.

Grobner basis techniques using a total monomial order on a polynomial ring allow
the flat degeneration of an arbitrary algebra to an algebra defined by monomial equations.
Using orders that are somewhat less strict, we sometimes get degenerations to algebras de-
fined by binomial equations. In particular, the subalgebra bases of Robbiano and Sweedler
[1990] allow one to do this in a systematic way. The resulting degenerate varieties may be
better models of the original varieties than those produced “w a further degeneration to
varieties defined by monomials. We hope to return to this topic in a future paper.

Complexity issues in computational algebraic geometry provide another motivation for
the study of binomial ideals. The main examples known to attain worst case complexity for
various classical problems are binomial: these are the constructions of Mayr-Meyer [1982]
and Yap [1991] for ideal membership, Bayer-Stillman [1988] for syzygies, Brownawell {1986]
and Kollar [1988] for the effective Nullstellensatz. It has long been believed that the Mayr-
Meyer schemes are so bad because of the form of their primary decompositions. The theory
developed here provides tools for a systematic investigation of such schemes.

Binomial prime ideals arise naturally in a variety of settings in applied mathematics,
including dynamical systems (see e.g. Hoveijn [1992]), integer programming (see Conti-
Traverso [1991] and Thomas [1993]), and computational statistics (see Diaconis-Sturmfels
11993]). Within computer algebra they arise in the extension of Grobner basis theory
to canonical subalgebra bases suggested by Robbiano-Sweedler [1990], where the role of
a single S-pair is played by an entire binomial ideal. For real-world problems in these
domains it may be computationally prohibitive to work with the binomial prime ideal that
solves the problem exactly, in which case one has to content oneself with proper subideals
that give approximate solutions. Those subideals are binomia! but usually not prime, so
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the theory developed here may be relevant.

We now describe the content of this paper. To simplify the exposition, we assume
that &k is an algebraically closed field. Fi.damental to our treatment is the observation
that every reduced Grobner basis of a binomial ideal consists of binomials. It follows, for
example, that the intersection of a binomial ideal and a monomial ideal is binomial, and any
projection of a binomial scheme into a coordinate subspace has binomial closure. Such facts
are collected in Section 1, and are used frequently in what follows. We prove in Corollary 1.9
that the blowup algebra, symmetric algebra, Rees algebra and associated graded algebra of
a binomial algebra with respect to a monomial ideal are binomial algebras. This generalizes
the remark that toric blowups of toric varieties are toric.

The first step in our analysis of binomial schemes in an afiine space k™ is to decompose
k™ into the 2™ algebraic tori interior to the coordinate planes, and study the intersection
with each of these. In algebraic terms, we choose a subset £ C {1,...,n} and consider the
binomial ideals in the ring of Laurent polynomials

KEE] = kl{zo27 heel = Klonowma)l{e el /({idige),
corresponding to the torus
(kE = {(p1,...pn) €K™ | ps#0forief, pi=0fori¢€}.

In Section 2 we show that any binomial ideal in k[€*] is a complete intersection. In
characteristic 0 every such “Laurent binorial ideal” is equal to its own radical, and the
algebraic set it defines consists of several conjugate torus orbits. In characteristic p > 0,
binomial ideals may fail to be radical, as for example (z? — 1) = (z — 1)? C k[r,27!], but
this failure is easy to control. We establish a one-to-one correspondence between Laurent,
binomial ideals and partial characters on the lattice Z€ of monomials in k[£%], where we
define a partial character p to be a group homomorphism from a subgroup L, C Z€ to
the multiplicative group k*. Properties of Laurent binomial ideals can be deduced from
arithmetic properties of the associated partial characters. For example, the lattice L, is
saturated if and only if the corresponding Laurent binomial ideal is prime.

The next step in our theory is the study of reduced binomial schemes. The central
result in Section 3 says that the radical of any binomial ideal is again binomial. We
apply this in Section 4 to characterize when the intersection of primne binomial ideals is
binomial. In other words, we determine which unions of toric varieties are defined by
binomial equations.

A serious obstacle on our road to binomial primary decomposition lies in the fact that
if B a binomial ideal and b a binomial then the ideal quotient (B : b) is generally not
binomial. This problem is confronted in Section 5. A mainspring of our theory (Theorem

5.2) i= the description of a delicate class of instances where these quotients are binomial.
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In Section 6 we prove that the associated primes of a binomial ideal are binomial.
Before undertaking a primary decomposition, we pass to a “cellular decomposition”, in
which the components are intersections of primary compouents having generic points in
a given cell (k*)°. We then decompose the cellular binomial ideals further: Theorem 6.4
states that the (uniquely defined) minimal primary components are still binomial.

In Section 7 we prove that every binomial ideal has a primary decomposition all of
whose primary components are binomial. Theorems 7.6 and 7.8 give additional information
about associated primes and primary decompositions.

In Section 8 we present some algorithms for decomposing binomial ideals that emerge
from the general theory. These differ markedly from the known algorithms for primary
decomposition in that they maintain extreme sparseness of the polynomials involved.

Having learned that the operations of primary decomposition, radicals, prujections,
etc. described above take binomial ideals to binomial ideals, the reader may think that
binomiality is preserved by many common ideal-theoretic constructions. This is not the
case; in fact, the set of “binomial-friendly” operations is quite limited. This is what makes
the main results of this paper difficult. Here are some cautionary examples:

If B is a binomial ideal and m is a monomial, then the ideal quotient (B : m) is
binomial (Corollary 1.7). However, the monomial m cannot be replaced by a monomial
ideal. Even an ideal (B : (z;,z;)) need not be binomial (Examples 1.8 and 4.6). Similarly,
ideals (B : b) for a binomial ideal B and a binomial b need not be binomial (Example 5.1).

Another difficulty is that very few irtersections of binomial ideals are binomial. For
example; a radical binomial ideal can have several components, cach of which must be
binomial, as stated above, but such that only certain subsets intersect in binomial ideals.
The simplest case, in one variable, is given by the ideal

(-1 = [} =-¢™.

CEk, ¢1=1

Here the intersections of components that are again binomial are precisely the ideals

@ -1 = [ =-¢

Cek, ¢o=1

where e divides d. Our characterization of binomial algebraic sets gives rise to examples
(such as Example 4.6) where the intersection of the primes of maximal dimension containing
a radical binomial ideal need not be binomial. Given such waywardness, it still seems to
us something of a miracle that binomial ideals have binomial primary decompositions.



1. Grobner basis arguments

Throughout this paper k denotes a field and S := k[z,,...,x,] the polynomial ring in n
variables over k. In this section we present some elementary facts about binomial ideals
which are proved using Grébner bases.. The facts will be used frequently later on. For
Grobner basics the reader may consult Buchberger [1985], Cox, Little, and O’Shea [1992] or
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Eisenbud [1994]. Recall that a term is by definition a scalar times a monomial z}'z3? - - - xir.

Proposition 1.1. Let < be a monomial order on S, and let I C S be a binomial ideal.
(a) The reduced Grébner basis G of I with respect to < consists of binomials.
(b) The normal form with respect to < of any term modulo G is again a term.

Proof: ({a) If we start with a binomial generating set for I, then the new Grébner basic
elements produced by a step in the Buchberger algorithm are binomials.
(b) Each step of the division algorithm modulo a set of binomials takes a term to another

term. [ ]

One immediate application is a test for binomiality. (Note that we are working with
a fixed coordinate system. We do not know how to test efficiently whether an ideal can be

made binomial by a linear change of coordinates.)

Corollary 1.2. Let < be a monomial order on S. An ideal I C S is binomial if and only if
some (equivalently, every) reduced Grébner basis for I consists of binomials. In particular
an ideal I C S is binomial if and only if, for every field extension k' of k, the ideal k'I in
kK'[xy,...,zy,] is binomial.

Proof: This follows from Proposition 1.1 (a) and the uniqueness of the reduced Grobner
basis with respect to a fixed monomial order “<”. [

Corollary 1.2 is very useful for experimentation, since many current computer algebra
systems (Axiom, Cocoa, Macaulay, Macsyma, Maple, Mathematica, Reduce, ...) have
facilities for computing reduced Grobner bases. The following consequence of Proposition
1.1 shows that coordinate projections of binomial schemes are binomial:

Corollary 1.3. If I C klz;,...,z,] Is a binomial ideal, theu the elimination ideal I N

klri,...,z,] is a binomial ideal for every r < n.

Proof: The intersection is generated by a subset of the reduced Grobner basis of I with

respect to the lexicographic order. »
The projective closure is also well behaved:

Corollary 1.4. If X is an affine scheme in k™ defined by an ideal I in S, then the ideal
in S{xo)] defining the projective closure of X is binomial if and only if I is binomial.

Proof: The ideal of the projective closure is generated by the homogenizations of the
elements in the reduced Grébner basis for I with respect to the total degree order. u
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As we have already mentioned, an intersection of bincmial ideals is rarely binomial.
But when all but one of the ideals is generated by monomials, or even generated by
monomials modulo a common binomial ideal, then everything is simple:

Corollary 1.5. IfI,I', Ji,...,J, are ideals in § = k[zy,...,x,] such that I and I’ are
generated by binomials and Jy, ... J, are generated by monomials, then

I+INnT+I)NnT+R)0...n I +J)

is generated by binomials.

Proof: Suppose first that s = 1. In the larger polynomial ring klz1,...,2n,t] consider
the binomial ideal L generated by I+tI’ + (1 — ¢)J;. The claim follows from Corollary 1.3
and the formula (I+1I') N(I'+J;) = LNk[z1,...,2,]. For the general case use induction
on s. u

A slightly more subtle argument shows that there is a good theory of monomial ideals
modulo a binomial ideal. (See Proposition 3.4 for a further result in this direction.)

Corollary 1.6. Let I be a binomial ideal and let J1,...,Js be monomial ideals in S.

(a) The intersection (I+ J1) N ... N (I+J,) is generated by monomials modulo I.

(b) Any monomial in the sum I+ Jy+- - -+ J, lies in one of the ideals I+ J;. In particular, if
m,mi,...,ms are monomials and m € I'+(my,...,m,) then m € I+ (m;) for some .

Proof:  Choose a monomial order on S, and let M be the set of monomials not in the
initial ideal in(I} of I with respect to this order; these monomials are called standard
monomials mod I. The image M of M in §/I is a vector space basis. Let J; be the image
of J; in S/I. By Proposition 1.1 (b), each 7J; has a vector space basis that is a subset of
M. It follows that the intersection of these bases is a basis for N 7,, which is thus spanned
by monomials. Similarly, the union of these bases is a basis for 2 J;. Using Proposition
1.1 (b) again, we see that if m is a monomial in 2+ J;) then @ € S/I is represented
by a standard monomial in 2 J;, and thus belongs to one of the J; j» whence m € I + J;
as required. The last statement is a special case. ]

Here is a central result that serves as a bridge to connect the theory of binomial
ideals in a polynomial ring with that of Laurent binomial ideals developed in the next
section. If I, J are ideals in a ring R, then weset (I :J) = {fe R|fJC I}, and
(I:J®):={feR|f"JCIform>0}. If g € R, we abbreviate (I': (g)) to (I : g).

Corollary 1.7. Let I C S be a binomial ideal, m,,...,m; monomials, and fy,...,f,
polynomials such that Y. fim; € I. Let f 7 denote the terms of f;. For each term fiis
either f; ;m; € I or there is a term fy ;, distinct from f; j» and a scalar a € k such that
fizmi +afy ymy € 1. In particular:



(a) For any monomial m the ideal quotients (I : m) and (I : m°°) are binomiai.

(b} The first syzygies of monomials modulo a binomial ideal are generated by binomial
syzygies.

Proof: Choose a monomial order > on S. By Proposition 1.1 {b)} the normal form of

fi,;mi modulo I is either zero or a term . If it is zero, we have f; ;m; € I. Otherwise, m

must cancel against a sum of terms in the normal forms of some f;m;. By Proposition

1.1 (b), these are the normal forms of terms fi ;s ;.. The first statement follows.

To prove (a), suppose that f € (I : m), that is, fm € I. By the first part of the
Corollary, with ¢ = 1, we may write f as a sum of binomials in (£ : m). Thus (I : m) is
generated by binomials. Since (I: m®) = U, (I : m*}, the second statement follows from
the first. Part (b) follows similarly. n

Corollary 1.7 shows that the ideal quotient of a binomial ideal by a single monomijal
is a binomial ideal. However, the quotient of a binomial ideal by a monomial ideal need
not be a binomial ideal, even if the monomial ideal is generated by two variables.

Example 1.8. Quotients of binomial ideals by monomial ideals are generally not binomial.
Let I = (az; — axs, axy — axq,bry — by, bxo — bxs) C kla,b,xy,...,&4]. This ideal is the
intersection of four binomial primes defining linear subspaces:

I = (a,b) N (a,z1 —z4,22 —x3) N (b,x1 — 3,20 — z4) N (T2 — T3,T3 — Ta,T| — T4).

The equidimensional part of I of codimewnsion 3 is (I : {a, b)), which is the intersection of
the last three of these primes. But the homogeneous ideal

(I:(a,b)) = (z1+ 72+ 73 +34, a(22 — 34), (T2 — T3)(T2 — T4), b(x2 — :1:3))

is not a binomial ideal. For example, it contains x; + x2 + x3 + x4 but no other linear
form. See also Example 4.6.

Corollaries 1.3 and 1.7 give us interesting sources of binomial algebras. For example:

Corollary 1.9. Let B be a binomial ideal and M a monomial ideal in S. If we set
R=5/B and I = (B+ M)/B C R, then each of the following five algebras is binomial:
the symmetric algebras SympglI and Sympg,I1/I*, the blowup algebra R[zI} C R(z], the
Rees algebra R[z~1, zI] C R[z™!, 2|, and the associated graded algebra griR.

Proof: Let M = (mu,...,m:). By Corollary 1.7 there are binomial syzygies 3. f; jm; =
0 (mod B) that generate all the syzygies of I over R. The symmetric algebra Sympgl may
be represented as a polynomial algebra Rly:,...,3] modulo the relations 3. fi ;y; = 0.
Each generator >, fi ;4 is a binomial, so we see that the symmetric algebra is binomial.
It follows that Symg,I/1* = Symg(I)/ISymg(I) is binomial too.
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The blowup algebra R[zI] C R{z] may be represented as Rlyi,...,¥]/J, where J is
- the ideal of algebraic relations satisfied over R by the elements m;z € R[z]. The ideal J is
the intersection of R(y,. .,y:| with the ideal

J' =W —miz...,ye —m:z) C Rlyt, ..., ¥, 2]

Since J’ is binomial, Corollary 1.3 shows that J is binomial. An analogous construction
with two variables z and 2/, and an ideal J' = (y; — m1z2,...,y — ms2, 2z’ — 1) proves the
statement about the Rees algebra.

The case of the associated graded algebra follows from the cases above, since grfR =
R[2I)/IR[zI] = R2~!, 21]/2z ' R[z71, 2I].

Herc is another useful fact about monomial ideals modulo binomial ideals. The asser-
tion is equivalent to the existence of the special Grobner basis constructed in the proof.

Proposition 1.10. Let B be a binomial ideal and M a monomial idealin S. If f € B+ M
and f' is the sum of those terms of f that are not individually contained in B + M, then
f e B.

Proof: We may harmlessly assume that f = f', and we must show that f € B. We shall
construct a special Grobner basis for B + M.

Choose a monomial order on S. Let G be a Grobner basis for B, and let M’ be a set
of generators for the ideal of all monomials contained in B+ M. Clearly GU M’ generates
B+ M. We claim that GU M’ is a Grobner basis. By Buchberger’s criterion, it is enough
to check that all s-pairs made from G UM’ reduce to zero modulo GUM’. Now the s-pairs
made from pairs of elements of G reduce to zero since G is a Grobner basis. The s-pairs
made from an element of G and an element of M’ yield monomials that lie in B+ M, and
that therefore reduce to 0 through generators of M’. The s-pairs made from two elements
of M’ yield zero to begin with. This shows that G U M’ is a Grébner basis.

The normal form modulo G U M’ of a term t of f is, by Proposition 1.1, a monomial
m(t), and our assumption implies that m(t) is nonzero. Consider the division process that
reduces t to m(t) by subtracting appropriate multiples of elements of G U M’. At each
stage the remainder is a monomial. If this monomial were ever divisible by an element of
M’ then it would reduce to 0. Thus the division process can use only elements from G.
We conclude that f reduces to zero under division by G, and hence f lies in B. ]

An affine toric variety over k is a variety admitting an action by a finite product of
copies of the multiplicative group G := (G,,)® with a dense orbit isomorphic to G. Such
varieties may be characterized by saying that their coordinate rings are Z%-graded in such a

way that each homogeneous component has dimension < 1. The following characterization
of binomial algebras extends this:



Proposition 1.11. A finitely generated k-algebra R admits a presentation of the form
R = S/B, where B is a binomial ideal, iff R can be graded by a commutative semigroup %

with n generators in such » ‘vay that every homogeneous component of R has dimension
<1

Proof: First suppose that R admits a grading of the given type by the semigroup X.
We may map S onto R by sending the variables z; to nonzero elements of the the one
dimensional spaces of homogeneous elements of degree corresponding to the n generators
of .. The relations on these generators are generated by homogeneous relations, that is,
by relations that are sums of monomials all with the same degree in £. But for any two
monomials m,n of S with the same degree in X, there is a scalar a € k such that the
binomial am —n € S goes to 0 in R. Thus the ideal of all such binomials generates the
kernel of the map § — R.

Before proving the converse, a remark about semigroup gradings will be useful. Sup-
pose that R == S/B where B is any ideal. Let £ be the set of all 1-dimensional sub-
spaces < m > of R generated by monomials m in the images of the x;, together with
the “formal” element < 0 >. The set £ is an (additive) semigroup, with operation
<m >+ < n >=< mn > (this is where the element < 0 > may be necessary) and
identity element < 1 >. In order for R to be graded by %, it is necessary and sufficient

that the natural map

Dom>ex, mAQ < M >— R

be an isomorphism of vector spaces. The map is clearly surjective, but it is not always
injective.

If now B is a bincmial ideal, and we choose a monomial order on S, then by Proposition
1.1 the normal form of a monomial modulo B is a term. This implies that if < m > is
contained in the linear span of < m; >,..., < m; > modulo B, then < m > is contained
in one of the < m; > modulo B, and proves that the < m > in & with m # 0 are linearly
independent, as required. (]

One other curious feature of the gradings of binomial algebras deserves mention here.
Suppose that B C S is a binomial ideal and S/B is graded by a semigroup ¥, in such a way
that the variables z; € S map to homogeneous elments of %, then since all the binomials
of B’ vanish in S/B we see that each
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2. Laurent binomial ideals and binomial primes

Let k be a field. We consider the ring
klz*) .= k[Z"] = k[z4,. .. I S |

of Laurent polynomials with coefficients in k. A binomial in k[z*] is an element with at
most two terms, say ax™ + bz?, where a,b € k and o, 8 € Z". A Laurent binomial ideal is
an ideal in k{zr*) generated by binomials. Note that in k|z*] any nonzero binomial that is
not a unit can be written in the form z™ — ¢, for some m € Z" and c,, € k*.

In this section we analyze Laurent binomial ideals and their primary decompositions.
We regard k[z*] as the coordinate ring of the algebraic torus (k*)" = Hom(Z", k"), the
group of characters of Z™. A partial character on Z™ is a homomorphism p from a sublattice
L, of Z™ to the multiplicative group k*. Whenever we speak of a partial character p, we
mean the pair consisting of the map p and its domain L, € Z™. Given a partial character
p, we define a Laurent binomial ideal

I{p) = (™ —plm): melL,)

We shall see that all Laurent binomial ideals are of this form.

The algebraic set Z(I(p)) of points in (k*)™ = Hom(Z",k*) where all the elements
of I{p) vanish is precisely the set of characters of Z™ that restrict to p on L,. If k is
algebraically closed, then Z(I(p)) is nonempty for any partial character p. This follows
from the Nullstellensatz, once one proves that I(p) # (1), or directly from the fact that
the group k* is divisible, and thus injective in the category of abelian groups.

If L is a sublattice of Z™, then the saturation of L is the lattice

Sat(L) := {meZ"|dnelLforsomedecZ}.

The group Sat(L)}/L is finite. We say that L is saturated if L = Sat(L).

Theorem 2.1. Let k{x¥] be a Laurent polynomial ring over a field k.

(a) For any proper Laurent binomial ideal I C kfz*] there is a unique partial character
p on Z" such that I = I(p}.

(b) If my,...,m, is a basis of the lattice L,, then the binomials

z™ — p(my),...,z™"" — p(m,)
generate I(p) and form a regular sequence in k[z¥]. In particular
codim(I(p)) = rank(L,).
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Now assume that k is algebraically closed.

(c) The ideal I(p) is prime if and only if L, is saturated. In this case Z(I(p)) is the orbit
of the point (p(e1),..., plen)) under the group of characters of Z" that are trivial on
L,, where p is any extension of p to Z".

(d) Let char(k) = p > 0. Suppose that p is a partial character on Z"™ and L,cLCZ
are lattices with L/L, finite of order g. If g is relatively prime to p, then there are ¢
distinct characters p’ on L that are extensions of p on L,, and

ey = [ 1K)

p extends pto L.

If g is a power of p, then there is a unique extension p’ of p to L, and k[z%]/I(p) has
a filtration by k[x*]-modules

klxE)/I(p)=Mo DM, D ...DM, =0
with successive quotients M, /M, 1 =2 klzt]/I(p').

Proof: (a) Any proper binomial ideal I in k[x¥] is generated by its elements of the form

™ — ¢ for m € Z™ and ¢ € k*. Let L be the subset of Z™ consisting of those m that
appear. Since I is proper, ¢, is uniquely determined by m. From the basic formula

2™ _ed = (™ — c):cm’ + c(a:m’ —d) (2.1)

’

we see that if 2™ — ¢, and ™ — ¢,y are in I, then so is gmtm tmCm while if
gmtm CmCrme and ™ — ¢, are in I, then so is ™ — ¢ . Hence L is a sublattice of Z",
the map p : L — k* taking m to ¢, is a character, and I = I(p).

For the uniqueness part of (a) we shall show that if a binomial z* — ¢, lies in I(p)
then v € L, and ¢, = p(u). We write k[zt] as the quotient of the polynomial ring
T :=k[y1,..-,¥ns 21, - - -, 2n] mmodulo the binomial ideal (y;2, — 1:¢ =1,...,n). If I'(p)
denotes the preimage of I{p) in T, then I'(p) is gencrated by the set

{y*2" — pla—b—c+d) - y°2¢ : a,b,e,de N*, a—b=c—d mod(L,)}. (2.2)

By Buchberger’s criterion, this set is a Grobner basis for I'{p) with respect to any monormnial
order on T, since the condition a — b = ¢ — d mod(L,) on exponents is preserved by the
formation of s-pairs. If z* - ¢, lies in I{p), and we write uy,u_ for the positive and
negative parts of u, so that u = uy — u_, then the normal form of y*+2%- modulo this
Grobner basis is the constant c,.. Each polynomial in the reduction sequence is a term of
the form p(a—b—c+d)-y*+~*+<z¥- b4 where a —b—c+d € L,. This proves that u € L,
and plu) = c,.
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(b) Formula (2.1) shows that any set of additive generators {m;} of L, gives rise to a
set of generators ™ — p(m;) of the ideal I(p).
If my,...,m, are linearly independent elements that span I , it remains to show that

™ — p(ml): ey T — p(mr)
is a regular sequence. By induction on r we may suppose that the first r — 1 binomials
form a regular sequence. In particular all the associated primes of the ideal they generate
have codimension r — 1. Thus it suffices to show that the ideal I(p) has codimension r.
Let L be the saturation of L,. We may write Z" = L @& L’ for some lattice L', so
k{Z™)/I(p) = k[L]/I(p) ® k[L'], which is a Laurent polynomial ring in n — r variables over
k[L])/I{p). Thus it suffices to show that k[L]/I(p) has dimension 0. By the Nullstellensatz,
this is the same as showing that the set of characters of L with values in the multiplicative
group of the algebraic closure k of k that are extensions of p is finite.
From the exact sequence

0—L,—~L—L/L,—0

we see that any two characters of L restricting to p on L, differ by a character of the finite
group L/L,. Since k is a field, its multiplicative group can have no more than ¢ elements
of order ¢, for any finite . Thus Hom(L/L,, k*) is finite as required.

(c} Suppose that L = L, is saturated. Writing Z" = L @ L’ as before we get

E[Z™)/I(p) = Kk[L]/I(p) @ k[L'] = k®k[L] = k[L]. (2.3)

This is a domain, hence I{p) is prime.
Conversely, suppose I{p) is prime. If m € Z"™ and dm € L, then

d
2 —p(dm) = [J@™-¢om) € 1)
1=1

where ¢ is a generator of the group of d* roots of unity in k. Thus one of the factors
£™ — (*p(m) belongs to I(p), and we see that m € L, by the uniqueness statement of part
(a). Thus L, is saturated.

If L = L, is saturated, then the group of characters of Z™ = L @ L’ that are trivial
on L may be identified with the group of characters of L’. The last statement of (¢} now
comes from the identification of Z(I(p)) with the set of characters extending p.

(d} Both statements reduce immediately to the case where L/L, is a cyclic group of
prime order q. Diagonalizing a matrix for the inclusion L, C L we may choose a basis
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mi, ..., m, of L such that L, has the basis my, ..., M, -1, gm.. For any extension p’ of p
to L, the element p/(m,) is a ¢'® root of p(gm,). If ¢ € k* is one such q'" root and we let

J=(x™ ~p(my), ...,z — me_y))

then each of the ideals I(p’) has the form I(o’ ) = J+ (™ —{c) for some ¢*" root of unity
¢, while I(p)} = J + (z9 — ¢9).

If ¢ # p, then there are g distinct ¢*h roots of unity in k. If ¢ and ¢’ are two of them
then I(p') = J + (™ —(c) and I(p’) = J + (z™ — (’c) together generate the unit ideal.
Thus in the ring R = k[z¥] /AJ the intersection of these ideals is equal to their product,
and we get

Lp)/J = @™ —eYR = [[G@™ ~ (R = (@™ - ()R = (VI(s)/J.
9 ¢ 4
It follows that I(p) = ﬂp, I{p'} as required.
On the other hand, if ¢ = p then ¢ =1 and 9™ — ¢7 = (x™ — ¢)?. By part (b), the
¢lement ™ — ¢ is a nonzerodivisor modulo J, Therefore in the filtration

Ke] D I() = T+ @™ =) DT+ (@™ —¢)* 5. D T+ (@™ — )P = I(p),

the successive quotients are isomorphic to k[z*]/I(p'). Reducing modulo I(p), we get a
filtration of k[x*]/I(p) with the desired properties. =

Using Theorem 2.1 we can describe the primary decomposition and radical of a Laurent
binomial ideal in terms of operations on integer lattices. If L is a sublattice of Z", and p
is a prime number, we define Sat, (L) and Sat,(L) to be the largest sublattices of Sat(L)
such that Sat,(L)/L has order a power of p and Sat,(L)/L has order relatively prime to
p. (These can be computed by diagonalizing a matrix representing the inclusion of L in
2".) We adopt the convention that if p = 0 then Satp(L) = L and Sat,(L) = Sat(L).

If p is a partial character, we define the saturations of p to be the characters p’ of
Sat(L,) that restrict to p on L,, and we say that p is saturated if L, is saturated.

Corollary 2.2. Let k be an algebraically closed field of characteristic p > 0. Let p be a
partial character. Write ¢ for the order of Sat),(L,)/L,. There are g distinct characters
PL-- -, Py of Sat,(L,) extending p and for each j a unique character P} of Sat(L,) extend-
ing p;. There is a unique partial character of p" of Sat,(L,) extending p. The radical,
associated primes, and minimal primary decomposition of I {p) C k[x%] are:

Vi) = I{)

Ass(S/I(p)) = {I(p)|j=1,....9)

I{p) = ﬂ I(p;),
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and I(p;) is I(p})-peimary. In particular, if p = char(k) = O then I(p) is a radical
ideal. The associated primes I(p’;) of I(p) are all minimal and have the same codimension
rank(L,). The geometric multiplicity of each primary component I(p;) is the order of the

group Sat,(L,)/L,.

Proof: For every prime g # p and every integer d > 0 the subgroup of k* of elements of
order ¢% is cyclic of order ¢, while the subgroup of k* of elements of order p? is trivial.
This implies that there is a unique extension p’ of p to Sat,(L,), exactly g extensions p;
of p to Sat,(L,), and a unique extension p} of p; to Sat(L,). Since Sat(L,)/L, is finite,
the rank of Sat(L,) is the same as that of L,,.

By Theorem 2.1 (b) and (c), each I(p}) is a prime ideal of codimension = rank(L,).
By the first part of Theorem 2.1 (d) we have I(p') = N;I(p}), so I(p') is a radical ideal.
The second part of Theorem 2.1 (d) shows that k[z¥]/I(p) has a finite filtration whose
factors are isomorphic to k[z*]/I{(p’), so that I(p’) is nilpotent mod I{p). This shows that
I{p') is the radical of I{p}.

The equality I(p) = ?:1 I(p;) follows directly from the first part of Theorem 2.1 (d).
Thus to establish the assertions about associated primes and primary decomposition, it suf-
fices to show that each I(p;) is I(p))-primary of geometric multiplicity card(Satp(L,)/L,).
Applying the second part of Theorem 2.1 (d), we see that k[z¥]/I(p;) has a filtration of
length g whose successive quotients are all isomorphic to k[z¥]/I (p}). Both the fact that
I{p;) is primary and the assertion about the geometric multiplicity follow. =

The results of Theorem 2.1 can be transferred to certain affine binomial ideals. As in
the proof of Theorem 2.1 (a), we let m4,m_ € Z% denote the positive part and negative
part of a vector m € Z™. Given a partial character g on Z", we define the ideal

Li{(py = ({z™ ~pm)z™ :mel,}) in S=kry... 2. (2.4)

Corollary 2.3. IfI is a binomial ideal in § = klzy,...,xz,] not containing any monomial,
then there is a unique partial character p on Z™ such that (I : (x1---x,)™) = I;+(p). The
gencrators of I (p) given in (2.4) form a Grobner basis for any monomial order on S. The
binomial ideals of the form I, (p) are precisely those whose associated points are off the
coordinate hyperplanes. If k is algebraically closed, then all the statements of Corollary
2.2 continue to hold if we replace each I{-) by I.(-).

Proof: The ideal (I : (z;---2,)%) is equal to I-k[z%] N 8, the contraction from the
Laurent polynomial ring. By Theorem 2.1 (a), there exists a unique partial character p
such that I-k[z%] = I(p)- k[z*]. The map S — k[r%] may be factored through the
ring T as in the proof of Theorem 2.1 (a). With I’(p) defined as in that proof, we have
I-klz¥} N 8§ =1I'(p) N S. Since the elements in the set (2.2) form a Grébner basis with
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respect to any monomial order on T, the elements in this set not involving the variables
y; form a Grobner basis of I-k[z%] N S. These are exactly the given generators of I, (p).

The third statement holds because an ideal in § whose associated points are off the
coordinate hyperplanes is contracted from k[z*]. The fourth statement follows at once. m

Consider a k-algebra homomorphism from S = k{zy,...,zs] to the Laurent polyno-
mial ring k[t%] := k[t;,#]",...,t.,¢7!] which sends each variable z; to a monomial ¢;£%.
Its kernel P is a prime ideal, which is generated by binomials. The variety defined by P
in k" is a (not necessarily normal} affine toric variety. For details on toric varieties and
their ideals see Fulton [1993], Sturmfels [1991], and the references given there. Corollary
2.3 implies that the class of toric ideals is the same as the class of binomial prime ideals.

Corollary 2.4. Let k be an algebraically closed field, and let P be a binomial ideal in § =
klzi,...,za}. Set {y1,...,ys} :={z1,..., 2} NP andlet {z1,..., 2} := {z1,..., 20} \P.
The ideal P is prime if and only if

P={y,....ys) + 11 (p)

for a saturated partial character p in the lattice Z! corresponding to zy,...,z,. In this

case, the prime P is the kernel of a ring homomorphism
Ky, - Ys 21, s 2] — k], 3 = 0, 2™ p(m)t™, (2.5)

where m € Z* /L, denotes the image of m € Z*, the group algebra of Z*/L,, is identified
with a Laurent polynomial ring k[t*], and p is any extension of p to Z.

Proof: We must prove the “only if”-direction. Given a binomial prime P, consider the
binomial prime P/(y;,...,ys) in k[z1,..., z]. Modulo this prime each z; is a nonzerodivi-
sor. By Corollary 2.3, we may write P/(y1,...,ys) = I+ (p). Since Pk[z*] = I(p) is prime,
Theorem 2.1 (c) shows that p is saturated. For the proof of the second statement consider
the surjective homomorphism k[z¥] — k[tE], 2™ ~ 5(m)t™. Its kernel obviously contains
Pk[2%}, and since Pk[2%] is a prime of codimension rank(L,) = dim(k[z%]) — dim(k[t]),
the kernel is precisely P. Since P is the preimage of Pk[z%] in S, we conclude that P is
the kernel of the composite map S — k[2%] — k[u?], which coincides with (2.5). u
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3. The radical of a binomial ideal

The radical of an ideal I in S = kz1,...,za] is VI := {f € §|f¢€ ford>> 0}. In
this sec.ion we show that *he family of binom..al ideals is closed under taking radicals.

Theorem 3.1. Let I C S =k[zy,...,zn] be an ideal. If I is binomial then /T is binomial.

In the special case where 7 is generated by pure difference binomials (monomial minus
monomial), this result was proved using different methods by Robert Gilmer [1984, section
9]; Gilmer’s results show that the radical is again generated by pure difference binomials,
and prove a similar statement for the case of an arbitrary base ring.

Our proof works by an induction on the number of variables, and an application of
the Laurent case treated in the previous section. For this we use:

Lemma 3.2. Let R be any commutative ring, and let x1,...,z, € R. If I is any ideal in
R, then the radical of I satisfies the relation

VI = JU:@-z)®) nVIT @) 0o 0T @) (3.1)

Proof: The right hand side clearly contains +/T. It suffices to show that every prime P
containing I contains one of the ideals on the right hand side. If (I : (z1---z,)®)) € P
we are done. Otherwise, f- (xy1---x,)% € I C P for some integer d and some f € R\ P.
This implies x; € P for some i. Thus P contains I + (z,)} as required. =

Lemma 3.3. Let I be a binomial ideal in § = k[zy,...,z,). Set §' =k[z1,...,2n_1). If
I'=INY’, then I + (x,) is the sum of I'S + (z,,) and an ideal generated by monomials
in §'.

Proof: Every binomial that involves z,, is either contained in (z,) or is congruent modulo

(xn) to a monomial in $’. Thus all generators of I which are not in I’ may be replaced by
monomials in S/ when forming a generating set for I + (z,). n

Proposition 3.4. Let I be a radical binomial ideal in S§. If M is a monomial ideal, then
VI+ M =T+ M; for some monomial ideal M;.

Remark: Once we have established Theorem 3.1, we can drop the hypothesis that I is
radical n Proposition 3.4 and change the conclusion to VI+ M= VT + A,
Proof: We apply Lemma 3.2 to the ideal T+ M. If M = (0) there is nothing to prove, so we
may assume that M actually contains a monomial. In this case (F+ M) : (x1: - 2,)) =
S, and Lemma 3.2 yields VI + M = N, \/m(z_,) . By Corollary 1.5, it suffices to
show that the radical of I 4 M + (z;) is the sum of I and a monomial ideal.

For simplicity let i = n and write S’ = k[zi,...,Zn—1]- Since I is radical, the ideal
I' = InN S isradical as well. By Lemma 3.3, [ + M + (z,) = 'S+ M'S + (z,.) where M’
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is a monomial ideal in $’. By induction on n, the radical of I’ + M’ in 5’ has the form
I' + M7, where M{ is a monomial ideal of S'. Putting this together we get

VI+M+(z,) = I'S+MS+(z,)
I'S+ M,S + (xn)

C I+ MS+(z,)
C VI+M+(z),
s0 \/I+ M+ (z,) =1+ M{S+ (z,) is I plus a monomial ideal, as required. n

Proof of Theorem 3.1. We proceed by induction on n, the resuit being trivial for n = 0.
Let I be a binomial ideal in S. Let I; := I'N S; where Sj = k[z1,...,Z; 1,Tj41,...,Zn)-
By induction we may assume that the radical of each I; is binomial. Adding these binomial
ideals to I, we may assume that each I; is radical to begin with.

We shall use formula (3.1) for vI. The ideal \/ (I:(x1---xn)®°) is binomial by
Corollaries 1.7, 2.2 and 2.3, and we can write it as I + I’ for some binomial ideal I’. By
Corollary 1.5 the intersection in formula (3.1) is binomial if \/T + (z;) is the sum of I and
a monomial ideal. By Lemma 3.3, we can write [ + (z;) = I;S+ JS + (z;), where J
is a monomial ideal in S;. Since I; is radical, the ideal I,;S is radical. so we can apply
Proposition 3.4 with M = JS + (x;) to see that there exists a monomial ideal M; in S

such that
VI+(@) = L5+ TS+ () = LS+ M,
It follows that /I + (z;) = I + M; has the desired form. m

Example 3.5. (Permanental ideals) We do not know how to tell whether a binomial
ideal is radical just from the shape of a generating set. As an example consider the ideal
Fi n generated by the 2 x 2-subpermanents z;jru + razk; of an m x n-matrix (z,;) of
indeterminates over a field k with char(k) #2. f m < 2 or n < 2 then P, , is a radical
ideal. (This can be shown using the technique in Proposition 4.8). For instance, we have

Pys = (ri11,712,713) N (T21,T22,723) N (x11222 + T12T21, T13, T23)

N (r11223 + 13221, T12,T22) N (L2393 + T13T22, T11,T21)-

However, if rn,n > 3 then P, , is not radical: .1?%15522.1‘33 € P but T117922733 & P
Of course if the plus signs in the generators of P, ,, are changed to minus signs we get a
determinantal ideal that is prime for every m and n.
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4. Binomial algebraic sets

We next characterize intersections of prime binomial ideals that are generated by binomials.
The resalt is best stated geometrically. For this purpose \.. define an algebraic set to be a
reduced affine algebraic scheme over k. (Alternately, one may work with ordinary algebraic
sets defined by equations with coefficients in k£ but having points with coordinates in some
fixed algebraic closure of k; or one may simply restrict to the case where k is algebraically
closed.) By Theorem 3.1, an algebraic set is cut out by binomials set-theoretically if and
only if its ideal is generated by binomials. Such a set is called a binomial algebraic set.
We decompose affine n-space k™ into tori corresponding to the 2" coordinate flats

(k)¢ = {(p1,....,Pa) €K™ | pi#Oforic€, pi=0fori¢ &}, (4.1)

where £ runs over all subsets of {1,...,n}. We shall refer to the tori (k*)¢ as coordinate
cells. The closure of a coordinate cell (k*)€ in k™ is defined by the ideal

ME) = ({x;] i¢E} in S = kzy,...,&n)
The coordinate ring of (k*)¢ is the Laurent polynomial ring
KIEF] = k[{=ix] hee .

There is a coordinate projection (k*)£ — (k*)¢ whenever £ C €' C {1,...,n}. It is defined
by setting all those coordinates not in € to zero.

If X is any subscheme of k™, corresponding to an ideal I € S then the closure of the
intersection of X with the coordinate cell (k*)¢ corresponds to the ideal

Ir = ((I—l— M(£)) : (H:c, )°°) (4.2)
i€

This ideal can be identified with the image of I in k[€¥]. If I is radical, then it is easy
to see that I = Nglg (a more refined version of this is proved in Theorem 6.2). If I is
generated by binomials, then by Corollary 1.7 the ideal I is also generated by binomials.
The binomial ideals in k[€%] are completely classified by Theorem 2.1, and Corollary
2.2 tells just when they are radical. Thus to classify all binomial algebraic sets X, it suffices

tell how the intersections of X with the coordinate cells can fit together.

Theorem 4.1. Let k be any fleld. An algebraic set X C k™ is cut out by binomials if
and only if the following three conditions hold.
(i) For each coordinate cell (k*)%, the algebraic set X N (k*)¢ is cut out by binomials.
(ii) The family ofsets U = {£C {1,...,n} | X N (k*)® # @} is closed under taking
intersections.
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(i) If€,&" € U and € C &' then the coordinate projection (k*)¢ — (k*)¢ maps XN (k)¢
onto a subset of X N (k*).

We shall use the following definition and result. A partially ordered set U is a meet
semilattice if every finite subset {uj,...,um} C U has a unique greatest lower bound in
U. This lower bound is denoted u; A ... Aw,, and called the meet of ULy ooyl 0O,

Lemma 4.2. Let U be a finite meet semilattice and R any commutative ring. For each
u € U let J, and M, be ideals in R such that a) Ifu < v then v/J, C /Jy; and b)
VMyp © VM, + M,. Under these assumptions, the two ideals

L = () (Ju+ M)

uecl/
and L = ([ M)+ ) (Jun (M)
uel/ uel/ tAu

have the same radical I, = /T
Proof: To prove that /I, C /T it suffices to show that for all u, v € U we have

TN\ Me € VI, +M,.
P
If u < v then /J, C /7, by condition (a), so -, 7, contains the left hand side and we are
done. If on the contrary u € v, then v is among the indices ¢ appearing on the left hand
side, so M, contains the left hand side, and this suffices as well,

To prove that /I} C /T3, choose a prime P containing I5. We must show that P also
contains I;. Let V = {ve U | M, C P}. From hypothesis (b) we see that if v,o' € V
then v Av' € V. Since P O NyeuM,, the set V is nonempty. Thus there is a unigque
minimal element w € V. Since P2 I, 2 J, N ﬂtZW M; and P does not contain any M,
with £ 2 w, we see that P contains J,,. Thus P contains J,, + M, and with it I;. [

Here is the key part of the argument proving that binomial ideals satisfy property (iii)
of Theorem 4.1, isolated for future use:

Lemma 4.3. Let R := k[zl,zl_l,...,zi,zt_l] C R := k{zl,zf],...,zt,zfl,yl,...,ys] be
a Laurent polynomial ring and a polynomial ring over it. If B C R’ is a binomial ideal
and M C R’ is a monomial ideal such that B + M is a proper ideal in R’, then

(B+4M)N R = BN R

Proof: Suppose f € (B+ M)NR. The terms of f are invertible in R’. Since B+ M # R/,
no term of f is in B+ M. Proposition 1.10 implies that f € B. |
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Proof of Theorem 4.1. Let X C k™ be any algebraic set with ideal I C §. Let U be the
set of subsets Z C {1,...,n} such that X N (k*)¢ is non-empty, or equivalently, Iz # S.

Suppose X is a binomial algebraic set. The ideal I¢ is binomial by Corollary 1.7, so
X N (k*)¢ is cut out by binomials, proving condition (i). To prove condition (ii)} we must
show that if £;,& € U then £, N & € U. If on the contrary & N E; ¢ U then, for some
integer d,

(J[z)¢ € I+ MENE) = I+ MEr)+ M(E).

i€
Corollary 1.6 (b) implies that ([T, x:)¢ is in either in I + M(&) or in I + M(&).
Consequently either Ig, or Ig, is the unit ideal in S, contradicting our assumption.

Write k[€] for the polynomial ring k[{z;}.ce]. The algebraic form of condition (iii) is
the statement that if £, £ € U with £ C £’ then IcNk[€] C I/, Since Ig: = (Ig : [Licezi),
it suffices to prove this condition after inverting the x; for ¢ € £ That is, if we set
R’ = k[E%][{z:}.¢e], then we must show that

(I+M(ENR Nnk[E*] C IoR.

Since £ € U, the ideal (I + M(£))R’ is proper, and we may apply Lemma 4.3 to get
(I+ M(ENR Nk[E¥]) = IR Nk[€%]. Since I C ¢/, we are done.

Conversely, suppose that X is any algebraic set satisfying conditions (i),(ii) and (iii).
We must show that the ideal I of X is generated by binomials. We have already remarked
that I = "geple. Note that U is a partially ordered set under the inclusion relation for
subsets of {1,...,n}. By condition (ii) the set U is closed under intersections, so U is a meet
semilattice. For £ € U weset J(£) := (IgNk[£])S and, as before, M(E) = ({z:] i ¢ £}).
We shall apply Lemma 4.2 to these ideals. Hypothesis (b) of Lemma 4.2 is obvious from
the definition of M(£), and hypothesis (a) is implied by the algebraic form of condition
(iii) given above. The ideal It = gy (J(€) + M(E)) equals gy Ie = I. Each J(£) isa
binomial ideal by Corollary 1.3, and each M(£) is a monomial ideal. Hence each term in
the sum

L = > (J&) n ) M(ED)
E€U E'2E

is a binomial ideal by Corollary 1.5. This shows that I5 is binomial. Theorem 3.1 now
implies that /I, = +/I; = I is binomial, as claimed. m

Problem 4.4. (Find the generators) In the application of Lemma 4.2 made in the
proof of Theorem 4.1, are the ideals I} and I actually equal? This is the case when the
set U is totally ordered and in other examples we have tried, such as the following:

Example 4.5. (Subsets of the vertex set of the coordinate cube)
For each £ C {1,...,n} let pe be the point whose i coordinate is 1 if i € £ and 0
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otherwise. Let U be a collection of subsets of {1,...,n}. The finite algebraic set

Xy = {pe | E€U} C k"

is cut out by binomials if and only if U is closed under taking intersections. We remark that
for any collection U of subsets, the ideal of Xy is generated by the n binomials x;(x; — 1)
for 1 <4 < n (these generate the ideal of all the 2" points pz) and the card(U) elements

H(x,'—l)Hxi for ZeU.

i€ igE

Example 4.6. A binomial algebraic set whose top-dimensional part is not binomial.
Consider the following three binomial varieties in affine 4-space k*:
Vi = V(zi1z2 — 1,23,74), a hyperbola in the cell (k*){1-2}.
Vo = V(x1, 29,2324 — 1), a hyperbola in the cell (k*){3*}
Vs = V(x1,%2,23,74), the unique point in the cell (k*)?
The union of these varieties is defined by the binomial ideal
I(Vl UV2UV3) = I(Vl) M I(Vg) N I(Vg) =
= (I%:Ez — &, 5511‘% — &2, $§$4 — I3, 3?3213;2: — &4, L1L3, T1T4q, T2I3, I2$4)-

However, the union of V; and V3, the top-dimensional comporents, is not cut out by
binomials. Its ideal I(V; U V4) has the reduced Grébner basis

2 2
{122 + 2324 — 1, 2]z — 3, B3] — T4, 2173, T1T4, T2T3, T2T4 ).

By homogenizing these equations we get a projective binomial scheme with the same
property. Note also that (I{ViUVLUV3) : (x1,24)) = I(V1UV,), so this ideal also exhibits
the phenomenon of Example 1.8. ]

Example 4.7. Face rings of polyhedral complexes. (cf. Stanley [1987], §4)
By a lattice polytope in R™ we mean the convex hull of a finite subset of Z™. A (finite,
integral) polyhedral complex A is a finite set of lattice polytopes in R™, satisfying
(i) any face of a polytope in A is a polytope in A;
(ii) any two of the polytopes in A intersect in a set that is a face of each of them.

The polytopes in A are called faces of A. The maximal faces are called facets. We
write F(A) for the set of facets of A. For each face P € A we define a cone

Cp = {(a1,. . am,b) ER™! | (ar,... 4, b) = (0,...,0,0)
or b# 0 and (a1/h,...,an/b) € P}.
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Following Stanley [1987] we define face ring k[A] of A to be the ring having vector
space basis over k the set of monomials {y* | @ € Cp N Zmt! for some P € A} with
multiplication

a B y>tB  if a,B € Cp for some P € A;
vy 0, otherwise.

If A has a single facet P, then the face ring of A is the homogeneous coordinate ring
k[P] of the projective toric variety associated with the lattice polytope P (see for example
Fulton [1993] or Sturmfels [1991]). We may represent it as

k[P] = k[{xi}iec(P)]/I(P)

where the z; are variables indexed by the unique minimal set G(P) C Z™t1 of additive
generators for the monoid Cp N Z™! and I(P) is the binomial prime ideal of relations
among the monomials 4? for 8 € G(P).

More generally, let G(A) := Upera)G(P). We may represent the face ring of A as

kAl = kl{zitieca)]/1(B)

for some ideal J(A). This ideal is an intersection of binomial primes satisfying Theorem
4.1, so it is generated by binomials. The following more precise result is implicit in Stanley
[1987]; the proof was communicated to us privately by Stanley. Its geometric interpreta-
tion is that the projective scheme Proj(k[A]) is the reduced union of the toric varieties
Proj(k[P)), glued along orbit closures corresponding to intersections of facets in A.

Proposition 4.8. The ideal I{A) defining the face ring k[A] is the intersection of the
binomial primes I{P) + ({z:}icc(a)na(p)), where P ranges over the set of facets F(A).

The ideal I(A) is generated by 3 periay L (P) together with all the monomials z;, - - x;
such that i1,...,i, do not all lie in any facet of A.

Proof. The k-basis given for k{A] in the definition is a subset of the natural vector space
basis of [T per(a) k[P). The description of the multiplication gives an inclusion of k-algebras
k[A] € Ylper(a)kIP]. The ideal I (A) is by definition the kernel of the natural map
k{{z:}ieca)] = [lper(a) kPl 1t follows that I(A) is the intersection of the ideals
J(P) := ker( kl{z:}icaa)] — A[P] ) for P € F(A), and it is immediate that J(P) =
I(P) + ({zi}iecianc(py)- This proves the first assertion.

Let I be the ideal generated by > pe r(a) I(P) and the non-facial monomials x;, - - - &, .
The inclusion I € I{A) is evident, so we get a surjection from R := k[{z:}icc(a)}/I onto
k[A]. Each non-zero monomial in R is mapped to a monomial yP in k[P] for some P. Any
two preimages of y? differ by an element of I(P) C I, hence they are equal in R. This
shows that the surjection is injective as well, and therefore I equals I (A), as desired. =
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Problem 4.9. Intersections of binomial ideals.

It would be nice to have a result like Theorem 4.1 for the intersections of arbitrary binomial
ideals, niot just radical binomial ideals. A first step might be t» answer the follrwing
question: Which sets of primes can be the set of associated primes of a binomial ideal ?

In some cases a fairly straightforward generalization to schemes of Theorem 4.1 seems
to be all that is necessary. For example, the following union of three lines, contained in the
closures of the {x3}-cell, the {x3,z3}-cell, and the {z},z3}-cell respectively, is binomial:

(T1,%2) N (T1,22 — 23) N (X2, 71 — 23).
If we thicken the line in the {2, z3}-cell then we get a scheme that is not binomial:
(z1,29) N (23,32 — 23) N (72,71 — 23)

However, if we also thicken the line in the {z3}-cell enough so that the line in the x5, z3-cell
projects into it,
(35%:372) N (-’E%ﬁ'ﬂ? —x3) N {z9, 21 — x3)

then again we get a binomial scheme. [

5. Some binomial ideal quotients

Tae theory of binomial ideals would be mucu easier if the quotient of a binomial ideal by
a binomial were again a binomial ideal. Here is a simple example where this fails:

Example 5.1. Let I = (z; — yx2,22 — yr3,23 ~ y11) C k[r1,T2,23,y]. The ideal
(I:(1~9) = (x1+ 2+ x3, 73 + To3 + 23, Toy + T2 + T3, T3y — Z2) is not binomial:
the given generators form a reduced Grébner basis, so Corollary 1.2 applies.

By reducing problems to coordinate cells (k*)¢ as in Section 4, we can often assume
that some variables are nonzerodivisors modulo a given binomial ideal I. In such a case
certain ideal quotients of I by a binomial are again binomial. These results will play a
central role in the construction of binomial primary decomposition.

The ordinary powers of a binomial are not binomials. However, there is a natural
binomial operation that has many features in common with taking powers: If m and n are
terms, so that b := m — n is a binomial, then we set bl := m? — n? and call it the d*®

4 _ n4). Thus the quasi-power

quasi-power of b. If d is even then (—n)¢ — (—m)? = —(m
depends on the choice of which term of b is chosen to be “first”. We may remove the
ambiguity (which in any case would cause us no problems) by choosing a monomial order

on S and always choosing the expression for b with m < n.
Note that if dje then bl | plel.
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Theorem 5.2. Let I be a binomial ideal in S = k{zx,,...,zn] and < a monomial order

on S. Suppose b := ™ — az”? is a binomial and f € S such that bf € I but =* is a

nonzerodivisor mod I. Zet fy + ...+ f, be the normal form of f modulo I with respect ..

<. Ifd is a sufficiently divisible positive integer, then

(a) the binomials blélf; liein I for j=1,...,s.

(b) (I : bl is generated by monomials modulo I, and is thus a binomial ideal.

(c) Let p = char(k). If p=0 let ¢ = 1, while if p > 0 let q be the largest power of p that
divides d. If e is a divisor of d that is divisible by g, then (I : (b141/bl¢l)} is a binomial
ideal.

Proof. (a): To say that f; + ...+ f, is the normal form of f modulo I means that
f=fi+...+ f, (mod I) and that the f; are terms not in in.(I). By Proposition 1.1
(b), the normal form of each term x®f; or ax®f; is a term. Since z® is a nonzerodivisor
modulo I, the terms z*f;, t = 1, ..., s, have distinct non-zero normal forms. The equation
(z™ — az®) f = 0 mod I shows that for each of the s terms z™ f; there exists a term az? f;
with the same normal! form, and by counting we see that j is uniguely determined. Thus

there is a permutation pi of {1,...,s} such that z*f; = az® fx@iy for all i Tt follows at
once by induction on d that

(z*)*f; = (axﬁ)dffrd(i)-
Takina d divisible by the order of m, part (a) fol'~ws.

(b): If d and d' are positive integers such that d divides d’, then the binomial bl
divides the binomial b4, so that (I . pldl ) C (I . ple] ) Since S is Noetherian we may
choose d sufficiently divisible so that equality holds for all integers d’ divisible by d. We
claim that for such a choice of d the conclusion of part (b) is satisfied. Let f € (I : bldhy.
By induction on the number of terms f; in the normal form of f modulo I, it suffices to

show that the first term fy is in (I : 89)). By part (a) applied to bl%, there is an integer d’
such that f; € (I : bl44l). By the choice of d we have f € (I : bl¥) as desired.

For the proof of part (c) we use a general fact:

Lemma 5.3. Let R be any commutative ring and f,g € R. If (f,g) = R then (0: g) =
0: fo)f.

Proof. It is immediate that (0 : g) 2 (0 : fg)f. For the opposite inclusion, suppose
z € (0: g). Since (f,g) = R we may write 1 = af + bg with a,b € R, so we have
z=zaf +bgr =zaf. Sincexa - fg=zg-af =0-af =0wegetc=zaf€(0: fg)f. ®

Proof of Theorem 5.2 (c): We apply Lemma 5.3 to the ring R = (S/I)[{1/2*] with f = bl
and g = b9l /blel. The hypothesis (f, g) = R of Lemma 5.3 holds because over the algebraic
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closure k of k we have the factorizations

f = H (z9% — padz?P)
neEk*, ye/a=1
g = [ @ cata),

Cek‘ ' Cd/q:]_, Cc/q?l:l

Any factor of f together with any factor of g generates the unit ideal, and hence (f, g) = R.

If J is an arbitrary ideal of S then the preimage of JR in S is ((I + J) : (z®)*).
If J =(I:g)thenI C (I: g). Since z* is a nonzerodivisor modulo I it is also a
nonzerodivisor modulo (I : g). Thus the preceding formula siinplifies. and the preimage of
(I:g)Rin S isequal to (7: g). Applying Lemma 5.3 and pulling everything back to S,
we get

(I:9) = (I+: fg)f): (™)) in S.

By part (b), the ideal (I : fg) = (I : b)) is generated modulo I by monomials. Since
f =blel is a binomial, 7 4 (I : fg)f is binomial. By Corollary 1.7, the quotient ((F + (I :
fg)f) : (£*)*°) is a binomial ideal, and thus (I : g) is binomial as desired. n

Example 5.1, continued. For I = (x; — yx2, 29 — yx3,x3 — yx1), the ideals (I : (1 —
¥*)) = (z1,72,23) and (J: 1 +y+y?)) = (z1 — 3, T2 —x3, Tay~ T3) are binomial.

Example 5.4. The hypothesis that ® is a non-zerodivisor is necessary for Theorem
5.2 (b) to hold. For instance, consider the radical binomial ideal

I = (uxr—wuy,uz—ve,vy—v2)

= (x,y,z) n ('U.,'L') N (U,iﬁay - Z) n (v!z?x - y) N (‘T -y —2zu-—- ’U)
in k[z,y. z,u, v]. Both u and v are zerodivisors mod I. For each positive integer d we have

(1: (u? - vd)) = (z—y+2 uz yz — 2%, vy — v2).

This quotient is not a binomial ideal. n
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6. Associated primes, isolated components and cellular decomposition

The decompositions in a univariate polynomial ring

z¢-1) = @E-)n@E¥l+...+z+1)
@444 = ﬂ (x —¢) (6.1)
¢i=1, {#1

show that in order for the associated primes of a binomial ideal to be binomial we must
work over a field k containing the roots of unity. Further, for the minimal primes of (z?—a)
to have the form given in Corollary 2.4, the scalar a € k must have all its d&*P roots in k.
This is the reason why % is taken to be algebraically closed in the foliowing theorem.

Theorem 6.1. Let k be an algebraically closed field. If I is a binomial ideal in § =
klzy,...,zq), then every associated prime of I is generated by binomials.

Proof: If I = I (p) = I(p)Nklzy,...,z,] for some partial character p on Z"™ then
Corollary 2.3 implies the desired result. We may therefore assume that there is a variable
z; such that (I : x;) # I. If ; € I we may reduce modulo «; and do induction on the
number of variables. Hence may assume that x; ¢ I. From the short exact sequence

0 - S/(I:x;) — S/IT — S/(I,z;) — 0 (6.2)

we see that Ass(S/I) C Ass(S/(I : x;)) U Ass(S/(I,x;)). By Noetherian induction and
Corollary 1.7, both of these scts consist of binomial primes. ]

Corollary 2.3 does primary decomposition for binomial ideals whose associated points
are all contained in the open cell away from the coordinate hyperplanes. This suggests
dividing up the primary components according to which coordinate cells they lie in. We
define an ideal I of S to be cellular if, for some & C {1,...,n}, wehave I = (I : (J[;ce z:)™)
and I contains a power of M(£) = ({x;}ige). This means that the scheme defined by I
has each of its associated points in the cell (k*)¢.

Given any ideal I C S we can manufacture cellular ideals from I as follows. For each

vector of positive integers d = (di,...,dn) and each subset € of {1,2,...,n} we set
d . -
10 = (0 athee) - (L), 6:3)
JEE

For d =(1,...,1) we have Iéd) = Ig, the ideal considered for I radical in Section 4.

Theorem 6.2. The ideal I t(:d) is a cellular binomial ideal for all I, d and €. For distinct
£ and &' the sets of associated primes Ass(I éd)) and Ass([, (',i)) are disjoint. If the integers
d; are chosen sufficiently large, then

r = (| 1 (6.4)

£C{1,...,n}
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Thus an irredundant primary decomposition of I is obtained from given primary decompo-
sitions of the I éd) by deleting redundant components. Equation (6.4) holds, in particular,
if for somwe primary decomposition I = NQ. we have z; € /Q; if and only if n:f" €, for
alli and j.

We say that the binomial ideals in (6.3) form a cellular decomposition of I.

Proof. The I éd) are binomial by Corollary 1.7. They are obviously cellular. The primes
associated to I éd) contain the variable z; if and only if i € £, and this shows that the sets
of associated primes Ass(I gd)) are pairwise disjoint.

We next show that if the d; are chosen to have the property specified with respect to a
primary decomposition I = NQ;, then I is the intersection of the ideals I é-d). Our assertion
about primary decomposition follows at once from this. Since I is obviously contained in
the intersection of the I éd), it sufhices to prove that for each f € S\I, there exists an index
set £C {1,...,n} such that f ¢ Iéd).

Let m = x; x;, - -1y, be a maximal product of variables such that f & (I : m™)
and detine £ := {iy,...,i,}. We have (I : m™) = N(Q,; : m™). Thus there exists
a primary component Q, with f & (Q, : m™). Tt follows that (Q, : m®>) # S, hence
(@s:m™)=0Q, and f & Q,.

By the maximality in our choice of m, each variable x; with j ¢ £ has a power
throwing f into (I : m®) and hence throwing f into (Qs : m™) = Q,. We see that
the variables z:;, 7 ¢ £, are zero-divisors modulo Qy, hence they are nilpotent modulo Q,.
This implies :c';j € @, for j ¢ £. This proves that

Q = (Q:m™®) = ((Q+ ({zP}ee)) : (J[2)™).

Jjee
This ideal contains I éd), as can be seen from (6.3), and therefore f & I é-d). "

Problem 6.3. It would be nice to have a criterion for when the d; are large enough
for (6.4) that does not require the knowledge of a primary decomposition I = NQ;.
Perhaps such a criterion can be found using the methods in the proof in the effective
Nullstellensatz given by Kolldr [1988]. We remark that the conditions (I : £%) = (I : )
are not sufficient. For instance, let I := (x173 — z2a2, 2323 — 212%, 222§ — 328) and
d=1(2,2,0,4,5). Then ({: :c;l‘) = (I : x2°) for all 4, but [ is properly contained in r“lng(;d).
(There are only two cellular components in this example: € = {1,2,3,4,5} and £ = {3}).

The main results of this section are the following theorem and its corollary, which say
that in certain cases the localization of a cellular binomial ideal is binomial. I I, J are
ideals of S, then we define I ;) to be the intersection of all those primary components of
I that are contained in some minimal prime of J. (The notation is motivated by the fact
that if J is prime then I;j, = SN IS, where S; is the usual localization.)
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Theorem 6.4. If I and J are binomial ideals in S = k[zy,...,x,] that are cellular with
respect to the same index set € C {1,2,...,n}, then the ideal I 5y is binomial.

Proc. We may harmlessly replace J L, its radical and thus assumue that J = M(€) +
I (o) for some partial character & on Zf. By Corollary 1.2 we may assume that k is
algebraically closed. Further, by Noetherian induction, we may suppose that the result is
true for any binomial ideal strictly containing I.

If all the associated primes of I are contained in a minimal prime of J, then I = Iy
and we are done. Else let P = M(£) + I, (p) be a prime associated to I that is not
contained in any minimal prime of J. We consider the following sublattice of Z%,

L = {me€L,NL, : o(m)=p(m)}, (6.5)

and we distinguish two cases:

Case 1: L has finite index in L,. Since L C L, we see in this case that L, C Sat(L,).
We first claim that L # L, N L,. In the contrary case we could define a partial character
7 on L, + L, by the formula 7(m + ) = p(m) + o() for m € L, and 7n € L,. Since
k* is a divisible group, one of the saturations ¢’ of & would extend 7, and thus I, (p)
would be contained in the minimal prime I,(¢’) of I, (o), contradicting our hypothesis
and establishing the claim. It follows that we may choose an element m € L, N L, that is
not in L, so that o(m) # p(m). The binomial b := 2™+ — g(m)z™- is in J but not in P.

Since the index of L in L, is finite, there is a root of unity ¢ such that p(m) = (o(m).
If d is a sufficiently divisible integer, and q is the largest power of the characteristic of k
that divides d (or ¢ = 1 if char(k) = 0), then the ratio of quasi-powers ¢ = b4 /bl9] lies
in P but not in any minimal prime of J. By Theorem 5.2 (c), the ideal I’ := (I : g) is
binomial. It is larger than I because g € P € Ass(S/I). On the other hand, IEJ) = Itn
because g is not in any minimal prime of J, so we are done by Noetherian induction.

Case 2: L does not have finite index in L,. We may choose an element m € L, whose
image in L,/L has infinite order. Set b = 2™+ — p(m)z™-. For any integer d > 0, the
quasi-power b1l is in P but not in any minimal prime of J. By Theorem 5.2 (b) the ideal
I' := (I : bl is binomial for suitably divisible d. Again, this quotient is strictly larger
than I but [ E n= I 5y, so again we are done by Noetherian induction. (]

As a corollary we deduce that the minimal primary components of a binomial ideal
are all binomial. Following Eisenbud-Huneke-Vasconcelos [1992], we write Hull(I) for the
intersection of the minimal primary components of an ideal I. Note that Hull(I) = Ity

Corollary 6.5. If I C S is a binomial ideal and P is a minimal prime of I, then the

P-primary component of I is binomial. If I is a cellular binomial ideal, then Hull (I) is
also binomial.
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Proof. By Theorem 6.2, we may assume that I is cellular for the first statement, as well.
For the first statement, take J = P in Theorem 6.4. For the second statement, take
J = /T in Theorem 6.4. ]

Problem 6.6. Is Hull(I) is binomial for every (not necessarily cellular) binomial ideal I ?

7. Primary decomposition into binomial ideals

Theorem 7.1. Let k be an algebraically closed field. Any binomial ideal in the polynomial
ring § = k{z1,...,x,) has a minimal primary decomposition in ‘erms of binomial ideals.

Our attack is a Noetherian induction based on the following elementary result:

Proposition 7.2. Let I be an ideal in a Noetherianring S. Ifg € S, and (I : g) = (I : ¢°)

then:

(a) I=(T:9)N{I+(g)) and Ass(S/(I: g)) N Ass(S/(I + (g))) = .

(b) The components in a minimal primary decomposition of I may be taken to be the
components in minimal primary decompositions of (I : ¢} and I + (g), after deleting
the components of I + (g) corresponding to primes that are not in Ass(S/I).

We include a proof for the reader’s convenience:

Proof (a): We obviously have I C (I : g) n (I + (g)), and we must prove the reverse
inclusion. Suppose f € (I: g)N(I+(g)). Subracting an element of I we may assume that
J = sg for some s € S. Since f € (I : g) we have sg? € I, whence s € (I : g%) C (I : g*),
and this is (I : g) by hypothesis. Thus f = sg € I, proving the equality.

From the hypothesis we see that ¢ is a nonzerodivisor modulo (7 : g), so that g is not
contained in any associated prime of S/(I : g). On the other hand, ¢ is contained in every
associated prime of S/(I + (g)). This proves the disjointness of the two sets of associated
primes.

(b): Putting together primary decompositions of (I : g) and I + (g) and using part
(a), we get a (possibly nonminimal) primary decomposition I = (] Q; such that each Q; is
a primary ideal and prime ideals P, = /Q); are distinct. If

(1Qi/[1Q=(Q; + [ Q/Q; #0

i#5 i3
then since this quotient is contained in C 5/Q); it is Pj-primary, and thus P; is an associated
pime of S/I. Thus a minimal primary decomposition of I may be obtained simply by
dropping from the intersection those @, such that P; is not an associated prime of I.
Since S/(I : g) is isomorphic to the submodule gS/I of S/I, 1t follows that Ass(S/({ :
g)) € Ass(S/I), and the assertion of part b) is a consequence. u
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In order to use Proposition 7.2 to find a binomial primarv decomposition of a binomial
ideal I we need a supply of binomials ¢ € S such that (I : g) is binomial and such that
(I :0)=(I:g>). By Corollovy 1.7 we may take g to be a large power of a monomial.
The following key result guarantees a further supply:

Proposition 7.3. Let I C S be a binomial ideal, and let b = x* — az? be a binomial such
that x* is a nonzerodivisor modulo I. For sufficiently divisible positive integers d we have

(I:849)y = (I: @),

Proof:  In general if (I : J) = (I : J?) then by induction on *, using the formula
(T:TYy=(T:J"1):J)weget (I:J*)=(I:J), whence

(I: J®) =Uy(I:J*) = (I:J). Thus it suffices to show that (I : b)) = (I
2.

By Theorem 5.2 (b), the quotient (I : b¥l) is generated by monomials mod I, and
this ideal is independent of d for sufficiently divisible d. Using Theorem 5.2 (b) again we
see that (I : (bl4)2) = ((I : bM) : pl4) is generated by monomials mod I, and it suffices
to show that if m € (£ : (b19)?) is a monomial then m € (I : b)), By Proposition 1.1
(b), the normal form of m mod I is a term, and we may assume that it equals m. Now
(6'Y2m € I by hypothesis, so Theorem 5.2 (a) implies that bl#lz4*m € I. Since z% is a
nonzerodivisor mod I, we see that bl4lm € I as required. [

Although we shall not use it directly, we mention a natural consequence:
Corollary 7.4. Let I be a binomial ideal in S, and let £ C {1,...,n} be a subset such

that x; is a nonzerodivisor modulo I foreachi € £. If o is a partial character on Z€ and
o4 is the restriction of o to dL,, then for sufficiently divisitle integer d we have

(I:I1(og)) = (I: Ii{ca)™).

Proof: The ideal I, (g4)is generated by the d*" quasipowers of all binomials in I, (o), and
of course a finite set {by,...,b,} C I, (o) suffices. For each i the two monomials of b; are
nonzerodivisors mod I because they are monomials in k[€]). By Proposition 7.3 we have
(I: bsd]) = (I: (bgd])2). Since the quasipowers bEd] generate I, (o4), we get

5 5

(I:L{cq)) = m(I : bEd]) = m(I : (bEd})z) > (I: I+(0‘d)2).
i=1 i=1
The reverse inclusion is obvious. m
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After these preparations, we can prove the existence of binomial primary decomposi-
tions:

Proof of Theorem 7.1: Let I be a binomial ideal. We do Noetherian inductic , as-
suming that every binomial ideal of S strictly larger than I admits a binomial primary
decomposition.

If z; is a variable then, for large d, the element g = x¢ satisfies the conditions of
Proposition 7.2, so I = (I : g) N (I + (g)) and we may derive a binomial minimal primary
decomposition of I from binomial minimal primary decompositions of the ideals (I:g)
and (I + (g)). By Corollary 1.7, (I : g) is a binomial ideal, and of course the same is true
for (I + (g)). If z; is a zerodivisor modulo 7 but is not nilpotent modulo I, then both
(I : g) and (I + (g)) are strictly larger than I, and we are done by induction.

Thus we may assume that every variable is either a nonzerodivisor modulo I or is
nilpotent modulo I. That is, in the terminology of section 6, I is cellular. Let £ be the set
of variables that are nonzerodivisors modulo I, and let M be the ideal generated by the
variables z; that are nilpotent modulo 1.

Let J = INk[€]. By Corollary 1.3, J is a binomial ideal. By Corollary 2.3, J has
the form I (p) for some partial character p with domain of definition L o contained in the
lattice of monomials in the variables £. Any prime ideal containing I7 must contain a
minimal prime of 7 (p), and by Corollary 2.3 these have the form I (p;), where the p; are
the extensions of p to the saturation of L,. Since M is nilpotent modulo I, the minimal
prime ideal, of I have the form I, (p;) + M.

If every associated prime ideal of I is minimal, then the (unique) primary components
of I may be obtained by localizing, in the sense of Theorem 6.4, and is thus binomial.

On the other hand, suppose I has an embedded prime ideal P. By Theorem 6.1 P is
binomial. The ideal P contains M, and the variables x; in £ are nonzerodivisors modulo
P, s0 P = I{o) + M for some saturated partial character ¢ of the lattice of monomials in
k[€]. We have I (p) C I, (o), so ¢ is an extension of p to the lattice L.

Since P is not minimal over J, the lattice L, contains an element « that is not in
the saturation of L,; equivalently, no multiple of « is in L,. Thus the quasipowers of the
binomial b = 2+ — g(a)z™- are all outside of I, though they are all zerodivisors modulo
I. If d is a sufficiently divisible integer and we set ¢ = bl¥ then (I : g) is a binomial ideal
by Theorem 5.2, and by Theorem 7.3 we have (I : g) = (I : ¢™). Applying Proposition 7.2
we reduce our problem to the binomial primary decomposition of the strictly larger ideals
(I:g)and I + (g), and we are done by Noetherian induction. [

We can make the result of Theorem 7.1 a little more explicit. The situation turns out
to be quite different in characteristic 0 and in characteristic p > 0.
To express the result we introduce some further notation: If I is a binomial ideal in
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S = k[z1,...,z,], then we write & C {1,...,n} for the set of indices ¢ such that z; is
a nonzerodivisor modulo I, and k[£;] for the polynomial subring of S generated by the
variables in 1. We write M(I) = ({:}ig¢,) for *he ideal generated by the other variables.
If the characteristic of k is p > 0 and ¢ = p® is a power of p, then we write I'9l for the ideal
generated by the ¢'* powers of elements of I.

Theorem 7.1'. Let I be a binomial ideal in k[zy,...,,), where k is algebraically closed.
(a) If k has characteristic p > O then, for sufficiently large powers q = p°,

I = ) Hull(I—l-P[“]) (7.1)

PcAss(S/ 1)

is a minimal primary decomposition into binomial ideals.
(b) If k has characteristic 0, and e is a sufficiently large integer, then

I = N Hull(I+M(P)e+(Pﬂk[8p])) (7.2)
PeAss(5/1)

is a minimal primary decomposition into binomial ideals.

Remark: (a) Formula (7.1) doesn’t even make sense in characteristic 0, while formula
(7.2) fails in positive characteristic. For example, if £p = {1,...,n} for all P ¢ Ass(S/I)
(the Laurent case), then (7.2) states that I is the intersection of its associated primes, or,
equivalently, I is radical. This is true only in characteristic 0.

{b) The proof given below of part (a) yields a simple alternative proof of Theorem 7.1
in the case of characteristic p > 0. Our original proof of part (b) was similarly direct, but
much more complicated; we are grateful to a referee, who pointed out that Proposition 7.3
(which was the key ingredient in our earlier proof as well) could be used with Proposition
7.2 to give a direct proof of Theorem 7.1 in characteristic 0.

Proof of Theorem 7.1': Let I = N;Q; be a minimal primary decomposition of I and set
P, = /Q;. By Theorem 6.1, each P, is binomial.

(a) The “Beginner’s Binomial Theorem” (z+y}? = x9+y? shows that P is binomial.
For large e we have

I C Hull (I + P}‘ﬂ) C Q

S0

I C ﬂHuu(HP}‘”) cN@="r

By Corollary 6.5 the terms Hull(I + P9} are binomial, and we are done.
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(b) By Theorem 7.1 we may assume that each @; is binomial. By the same argument
as in part (a) it suffices to show that I+ M(P;)¢ + (P.Nk[€p,]) C Q;. Since P, is nilpotent
modulo Q; we have M(P;)* C Q; for large e, and it suffices in fact to show that P/ :=
P;NklEp] C Qi NKk[Ep,] = Q). Since Q; contains a power of P, it follows that a power
of F/ lies in Q). By Corollary 1.3 Q! is binomial. Since the characteristic of k is 0, Q! is
radical by Corollary 2.3, and we are done. [

In spite of Theorem 7.1 there are still many open questions about the decomposition
of binomial ideals. For example:

Problem 7.5. Does every binomial ideal have an irreducible decempasition into binomial
ideals ? Find a combinatorial characterization of irreducible binomial ideals.

If we are given any ideal I in S, then a prime ideal P is associated to I if and only if
there exists f € S such that (I : f) = P. Such polynomial f might be called a witness for
the prime P. In the case where I is binomial and hence P is binomial, one may ask whether
there exists a binomial witness. The answer to this question is easily seen to be “no”: take
P = (z —1)and I = (¢ — 1), where every witness, like 1 + z + ... + 2%~!, has at least d
terms; or take P = (xy,22,...,Zn}, the ideal of the origin, and I = ({z? — x,},—1,. ,), the
ideal of the vertices of the cube, where it is easy to show that any witness, like [](z; - 1),
has at least 2™ terms. However, the following “Witness Theorem” provides a monomial

witness in a restricted sense:

Theorem 7.6. Let I be a cellular binomial ideal in S = k{zy,...,z,], and let € = E(I).
If P = [I,(0)+ M(E) is an associated prime of I, then there exists a monomial m in the
variables {z;}¢e and a partial character 7 on Z¢ such that o is a saturation of T and

(I:m)nkE = I.(7).

Proof: The proof is by Noetherian induction. First, if I contains all the variables {z;},g¢,
then we are in the Laurent case: I = I, (1) + M(£) for some 7, by Corollary 2.3. In
this case the assertion holds with m = 1. Otherwise there exists a variable, say z, after
relabeling, such that both the cellular ideals (I : z;) and

I o= ((I+@):(]z))

€8

strictly contain .
By Noetherian induction we may assume that Theorem 7.6 holds for (I : x;) and I’.

As ir. the proof of Theorem 6.1, every associated prime P of I is associated to (I : ;) or
to I'. If P is associated to (I : 1), then we have a presentation

((I:zy) :mYNEK[E] = I.(7)
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for some monomial m’. Taking m = x,m’, the claim follows.
We may therefore assume that P is associated to I’. By the Noetherian induction
again, there exists a monomial m and a partial character T with saturation o such that

(((I-I— (z1)) : (Hx,)w) : m) N k[E] = IL(7). (7.3)
i€E
We claim that this ideal equals (I : m) N k[€]. Certainly (I : m) N k[€] is contained in
(7.3). Note also that (7.3) is a proper ideal.

Let f be any polynomial in (7.3). Suppose that mf has a term in I + (z1). Since the
terms in f are all in k{€], we would have m € ((I + (z1)) : (J1;cs :)™), and the ideal in
(7.3) would not be proper. Therefore no term of mf is in I+ (). Using Proposition 1.10
we conclude that mf € I, as required. =

Using Theorem 7.6, we get the following alternative decomposition of a binomial ideal.
We conjecture that Corollary 7.7 holds in finite characteristic as well.

Corollary 7.7. Let k be a field of characteristic 0, let I be a cellular binomial ideal
in S = kfzy,...,r,], and € = £(I). Then I has the following presentation as a finite
intersection of unmixed binomial ideals:

I = q . HU“(I+ ((I:m) ﬂk[E])). (7.4)
m a monomial in {r:};¢e

Proof: The intersection given in (7.4) clearly contains I. O. the other hand, if P =
I, (o) + M(E) is an associated prime of I then by Theorem 7.6 there is a monomial m in
the variables {z;},¢¢ such that (I : m) Nk[€] = I:(7), and o is a saturation of 7. Thus

Hull(I+((I: m)NEK[E])) = Hull(I 4+ I (7)) € Hull(I + I (0)) = Hull(I+(PNk[E]);
hence the intersection in formula (7.4) is contained in the intersection in formula (7.2). w

The first step in the computation of a primary decomposition of a binomial ideal I
is to find a cellular decomposition as in (6.3). In certain cases the cellular decomposition
is already a primary decompositio.. We next show that this event happens when the
algebraic set defined by I is irreducible and not contained in any coordinate hyperplane.

Theorem 7.8. Let I C S be a bhinomial ideal. If /I is prime and does not contain any of
the variables, then for any sequence d of sufficiently large integers the ideal I “(:d) is primary.

Thus the cellular decomposition (6.3) is a (possibly nonminimal) primary decomposition
of I.

Proof: Set P = +/I, and let £ be any subset of {1,...,n}. We define Ig-d) as in formula
(6.3) and Pg as in formula (4.2). Clearly, I éd) C P Co/1 éd), so that f(:d) is a proper ideal
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if and only if P is a proper ideal. In this case, Pr N k[€] = P Nk[€], by Lemma 4.3, and
thus Pz = (PNk[£]) + M(Z). This shows that Pr is prime, so Py = \/@. We conclude
that every associated pr..ae of I éd) contains Pe.

Let @ ke any associated prime of I, ((gd). By Theorem 6.1 and Corollary 2.4, we can
write Q = I, (0)S + M(£), where o is a partial character on Z€. By Theorem 7.6, there
exists a positive integer e and a monomial . ¢ I é—d) such that Iy (ce)m C I ,E-d). (Here o.
denotes the restriction of o to the lattice eL, C L,.)

Let f be any element of I, (0.). Then fm € I ,E-d), so there exists a monomial m’ in
k(€] such that fmm/ e I + ({xf‘},-gg). Since mm’ ¢ Iéd) and f € k[£], the terms of frmm’
are not in I + ({mf‘},-gg). It follows by Proposition 1.10 that fmm’ € I C P. Since the
prime P does not contain any monomials, it follows that f € P. This shows that I (o.)
is contained in P. Since PN k[€] is contained in I, (4), it follows that I, (¢) = PN k(€]
and consequently Q = Pg. We conclude that Pr is the only associated prime of I¢. -

Example 7.9. Theorem 7.8 does not hold in general for binomial ideals I whose radical is
prime but contains a variable ;. For example, I = (xf, z1{xs —3:3)) = (z1) N (z?, z9—23)
has radical (@1, 9 — x3), but if £ = {2,3} then I = Igd) is not primary.

We next determine which of the ideals Pg arising in the proof of Theorem 7.8 is
proper (this is somewhat weaker than saying that the corresponding cell (k*)€ contains an
associated point of I). This condition is phrased in terms of combinatorial convexity. It is
well-known in the theory of toric varieties. Let P = I, (¢) be a binomial prime ideal in §
such that z; ¢ P for all i. Let d = dim(P). Then Z"/L, is a free abelian group of rank
d,and V = (Z"/L,) ®z R is a d-dimensional real vector space. Let &; denote the image
in V of the i-th unit vector in Z™. We consider the d-dimensional convex polyhedral cone

c = {/\16_1+/\252+"‘+)\nén : Al,)\g,...,/\nZO}. (7.5)

A subset £ of {1,...,n} is said to be a face of P if pos({&, : 1€ £}) is a face of C.

Proposition 7.10. With notation as above, the ideal Pr is proper if and only if £ is a
face of P.

Proof:  Suppose £ is not a face. By elementary convexity, this is equivalent to the
following: the generators of C satisfy a linear dependency of the form A€+ A6, =
M1€5 + -+ €, where Ay, ... Ay, .., g are positive integers, {i,...,i,} C £, and
{71,...,5¢} € €. The ideal P therefore contains some binomial :c,i‘ - -:1:?; —cozhl-ahy,
¢ € k*. This shows that a power of x,f\ll :1::\s lies in P 4+ M(E), and consequently
Pe contains a unit. Conversely, let £ be a face. Then there is no linear dependency as
above, which means that every binomial in P lies in k[£] or in M(E). Therefore Ps =

(P NE[E]) + M(E), and this is clearly a proper ideal. =
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Proposition 7.10 can be rephrased as follows. If an ideal I satisfies the hypothesis of
Theorem 7.8, then its associated points are in natural bijection with a subset of the faces
of v/I. We close this section by describing a class of binomial ideals with these properties.

Example 7.9. (Circuit Ideals) Let p be a saturated partial character on Z". If v € Z",
then the support of v is the set of basis elements of Z™ that appear with nonzero coefficient
in the expression of v. A primitive non-zero element v of the lattice L, is said to be a
circuit if the support of v is minimal with respect to inclusion. The circuit ideal C(p) is
the ideal generated by the binomials z*+ — p{a) -, where o runs over all circuits of L,.
Clearly, C(p) is contained in the prime ideal I (p). For certain special lattices L, arising
in enmbinatorics we have C(p) = I, (p); for instance, this is the case for lattices presented
by totally unimodular matrices (see §4 of (Sturmfels [1992])). In general we have only:

Proposition 7.12. With notation as above,

VCip) = Li(p).

In particular, we see that Proposition 7.10 applies to circuit ideals. For the proof, we
need to know that L is generated by circuits, which is a special case of the following:

Lemma 7.13. Let R be an integral domain. If ¢ : R* — R? is an epimorphism, then
the kernel of ¢ is the image of the map ¥ : Agp R™ — R™, £ v £| Agp. The circuits
in the kernel of ¢ are, up to multiplication by elements of the quotient field, precisely the
nonzero images of the standard basis vectors of Agy1R™. These images are the relations
given by Cramer’s rule,

Proof: To prove the first statement, let U be a d x n-integer matrix such that ¢ - U is
the d x d-identity matrix. If v € ker(¢), then an elementary computation in multilinear
algebra gives:

PAU Av) = (NUAY) [ Aap = ((had) - (ADD)) v = .

Call the relations 1 (e;, Ae;; A--- Ae;,) Cramer relations. If a Cramer relation is
nonzero, then it is a relation among d + 1 elements of RY that generate a submodule of
rank d in R%. Any relation among these d + 1 images must be a multiple of the Cramer
relation by an element of the quotient field. In particular, the Cramer relation is a circuit
in ker(¢).

To show conversely that every circuit in ker(¢) is, up to multiplication by an element
of the quotient field, a Cramer relation, it now suffices to prove that every circuit has
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support contained in a set of d + 1 vectors whose images generate a module of rank d. For
every circuit ¢ there is a number r such that ¢ is a relation among r + 1 vectors spanning a
submodule of rank exactly r .f the rank were lower, then there woulu be two independent
relations, and thus a relation involving a subset of the terms). Since the images of the
basis vectors of R™ span a submodule of rank d > r, we can find d — r such vectors whose
images, together with the images of the vectors in the support of ¢, span a submodule of
rank d, and we are done. (]

Remarks: The statements about circuits are false if R is not an integral domain: if r is a
zerodivisor, then the only circuits in the kernel of the map (1, z) : R? — R are the column
vector with entries 0, y, where zy = 0, so the relation defined by Cramer’s rule is not a
circuit, and the circuits do not generate all the relations. However the Cramer relations
still do generate, and this fact has been extended by Buchsbaum and Rim [1964] to a

natural free resolution.

Proof of Proposition 7.12. 1t is easy to see that every element of L, is a positive rational
linear combination of circuits. Therefore the convexity argument in the proof of Proposition
7.10 applies to circuit ideals as well, and C(p)e is a proper ideal if and only if £ is a face
of I (p). Now, suppose that £ C {1,...,n} is a face. Let p|g denote the restriction
of p to the sublattice L, N Zf. By Lemma 7.13 applied to this sublattice, we have
Ii(ple) = (Clple) : (I[;eg 7:)°°). Clearly, the circuits of L, N Z£ are just the circuits of
L, that have support in £. Hence C{ple) C C(p) N k[£] and we ccuclude

core = ((Cw+u©): [[=0~) = ((Cornrien+me) L))

€€ icf

2 (Clole): (JIz0)°) + M(&) = Liple) + M(2) = I,(p)e.
t€E

Since the reverse inclusion is obvious, we have C(p)s == I, (p)e. Our claim follows by
taking the intersection over all faces £ of I.(p). ]

Problem: It remains an interesting combinatorial problem to characterize the embedded
primary components of the circuit ideal C(p). In particular, which faces of (the polyhe-
dral cone associated with the prime) I,(p) support an associated prime of C(p) ? An
answer to this question might be valuable for the applications of binomial ideals to integer
programming and statistics mentioned in the introduction.
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8. Algorithms

In this final section we present algorithms for computing various aspects of the primary
decomposition of a binomial ideal. In each case we outline only the basic steps, and we
disregard questions of efficiency. It remains an interes.ing problem to find best possible
procedures. Our Algorithms 8.1 — 8.7 differ greatly from the known algorithms for general
polynomial ideals, given for example by Gianni-Trager-Zacharias [1988] and Eisenbud-
Huneke-Vasconcelos [1992). The older algorithms immediately leave the category of bi-
nomial ideals (in the sense that they either make changes of coordinates or yge SYZygy
ctomputations and Jacobian ideals). The algorithms presented below work almost entirely
with binomials and thys maintain maximal sparseness. This is an important advantage

because sparseness is a significant factor in the effectiveness of computations.

Algorithm 8.1; Radical.
Input: A binomial ideal I'in § =k[z,, ..., Tn).
Output: A finite set of binomials generating the radical /7 of I.
1. If I = (0) output {0}. If I = S output {1}.
2. Otherwise compute J — (I:(xy-- “Tp)*), for instance by introducing a new variable
t and eliminating ¢t from [ + (tzy -z, —1).

associated lattice as in Corollary 2.2. Set J .= /7.
4 Fori=1,... . ndo
4.1 Replace z; by 0 in all generators of I,
Let J; be the resulting ideal in k[xy,... 1 Tim 1, Tid 1, ., Tn).
4.2 Compute /J; by recursively calling Algorithm 8.1.
4. Compute and output a reduced Gribner basis for the intersection

J 0 (VRS + (z)) n (VRS+ (=) n - n (VJaS + (z,)).

Comments: The correctness follows from the results in Sections 2 and 3, in particular
Theorem 3.1 and formula (3.1). If the characteristic of  is O then Step 3 is unnecessary:
in this case J is already radical Ly Corollary 2.2. As it stands Algorithm 8.1 requires n!
recursive calls. The following algorithm accomplishes the same task in 2™ iterations.

In what follows we use the abbreviation M :— M(E) = ({z:i}ige).

Algorithm 8.2: Minimal primes,
Input: A binomial ideal [ in § = klzy,...,x,).
Output: Binomial prime ideals Py, ..., P; whose intersection is irredundant and equals /7.

¢ For each subset £ of {1,...,n} do
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I. Decide whether the ideal

e = ((1+ME): ([Jen=)

ie€

is proper. If not, stop here. Otherwise continye.
2. Determine the unique partial character p on Z€ such that I = I (p) + M(E).
3. If char(k) = p then replace p by the unique extension p’ of p to the p-saturation
of L, as in Corollary 2.2.
4. Compute the saturations P1,- -, pg of p, and save the g primes Ii(p:) + M(E).
¢ Among all prime ideals computed remove the redundant ones and output the others.

Comments: The correctness of Algorithm 8.2 follows from Theorem 6.1 and the results
in Section 4. In the worst case each of the 2" subsets £ will contribute a minimal prime:
this happens for ({22 — z,, i = L,...,n}) as in Example 4.5. On the other hand, for many
binomial ideals we can avoid having to inspect all 2™ cells. One natural shortcut arises
if (in the course of the algorithm) we find that Ie, = S and Ir, # S for €& C £,. Then
we may ignore all subsets £ with £ &1 = & for such £ the ideal Ie cannot be proper
by Theorem 4.1 (ii). Also Proposition 7.10 allows some savings: if I is a cellular radical
ideal, then one may precompute the faces of the cone C in formula, (7.5) using some convex
hull algorithm. The same techniques can be used to speed up the next algorithm. The
correctness of Algorithm 8.3 is essentially the content of Theorem 6.2.

Algorithm 8.3: Cellular decomposition.

Input: A binomial ideal I in § = klxy,... x,)

Output: Cellular ideals Je, indexed by a set of subsets of {1,...,n}, such that NeJe =1
1. Fix a vector d = (dy, .. ., dn) of sufficiently large integers (see Problem 6.3).
2. Foreach £ C {1,...,n}, let Jr .= Iéd) as defined in formula (6.3).
3. Output those proper ideals Je which are minimal with respect to inclusion.

In the remaining four algorithms we shall restrict ourselves to ideals which are cellular (i.e.,
I=1 é«d) for d; > 0). For general ideals this requires to run Algorithm 8.3 beforehand.

Algorithm 8.4: Test for primary ideals.
Input: A subset £ C {1,...,n} and a binomial ideal I which is cellular with respect to .
Output: The radical of I, and the decision (“YES”, “NO”) whether I is primary. In the
negative case the algorithm generates two distinct associated prime ideals of 1.
1. Compute the unique partial character & on Z€ such that I N k€] = Ii (o). If the
characteristic is p > 0, replace ¢ by its p-saturation.
Output: “The radical of I equals I, (0) + M.
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2. If o is not saturated, then output “NO, the radical of I is not prime”, choose two
distinct saturations o; and o; of o, output the two associated primes I{o;)+ M and
Iy (o) + M, and STOP.

3. Compute a Grébner bas.s of I , and let T be the set of mazimally standard monomials
in the variables {ri}ige. In other words, 7 is equal to the set of monomials in
(in(I) : M)\ (in(I) + (z, j € €)).

4. I (I:m)Nk[€) C Ii(o)forallme T » then output “YES, I is primary”.

9. Otherwise, choose m € M such that (:m)Nk[E] = Ii(p) & I.(c) . Let p’ be
any saturation of p.  Output: “NO, I is not primary. The primes I, (¢) + M and
I (') + M are both associated to I.”

Comments: In light of Theorem 7.6, every associated prime of I is associated to
(I : m) NK[£]) + M for some monomial m in the variables {z,};gz¢. The maximal proper
ideals of the form (I : m) are gotten from monomials m in the finite set 7 constructed in
step 3. In step 5, the ideal I, (p) properly contains the prime ideal Iy (o). Therefore I, (o)
is properly contained in any associated prime I (o) of I, (p).

Algorithm 8.5: Associated primes
Input: A subset £ C {1,... ,n} and a binomial ideal I which is cellular with respect to £.
Output: The list of associated primes Py,..., P, of I.
1. Compute a Grobner basis of I.
2. Let U be the set of standard monomials in tlie variables {:B,'},;gg.
3. For each m € U do
3.1. Compute the partial character  that satisfes I (r) = (I:m) N k[E).
3.2. For each saturation 7/ of 7 output the prime ideal I, (') + M.

Comments: The standard monomials in step 2 are those not contained in the initial ideal
of I. The primes I, (') + M are associated to I,(r)+ M. 1t follows that I, (Y +Mis
associated to I. Theorem 7.6 shows that every associated prime of I occurs in this way.
The set U is finite because a power of M = (z;, i € £) lies I. Note that the set T in step 3

of Algorithmn 8.4 consists precisely of the maximal (with respect to divisibility) monomials
inld.

Algorithm 8.6: Minimal pPrimary component.
Input: A cellular binomial ideal T whose radical VT is prime.
Output: A set of binomial generators for the primary ideal Hull(I) = I, VT
0. Set J = /T and let ¢ be the saturated partial character such that J = +(o)+ M.
1. Call Algorithm 8.4 to determine whether I is primary. If yes, output I and STOP.
If no, we get another associated prime P = I (p) + M properly contained in J.
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2. We shall now follow the proof of Theorem 6.4 verbatim.
First, compute the lattice L in formula, (6.5).

3. If L has finite index in L, *hen proceed as in case 1 of the proof of Theore 2 6.4:
3.1 Compute a binomial b e J \ P.

3.2 Select an integer d which might be sufficiently divisible.
3.3 Let g be the largest power of char(k) that divides d and set g := bl /blal,
3.4 Compute a reduced Grébner basis G for the ideal (I:g).
3.5 If G consists of binomials, call Algorithm 8.5 recursively with input G.
Otherwise return to step 3.2 and try a multiple of d.
4. If L has infinite index in L, then proceed as in case 2 of the proof of Theorem 6.4:

4.1 Compute a vector m € L, whose image in the quotient lattice Lp/L has infinite
order. Set b:=z™+ — p(g)z™ .

4.2 Select an integer d which might be sufficiently divisible.

4.3 Compute a reduced Grébner basis G for the ideal (I : pldhy.

4.5 If G consists of binomials, call Algorithm 8.5 recursively with input G.
Otherwise return to step 4.2 and try a multiple of d.

Comments: The correctness of Algorithm 8.6 follows from Theorem 6.4.

Algorithm 8.7: Primary decomposition.
Input: A cellular binomial ideal 7.
Output: Primary binomial ideals @ whose intersection is irredundant and equals I.
1. Compute the associated primes Py,..., P, using Algorithm 8.5.
2. Choose a sufficiently large integer e.
3. For each prime P, do
3.1 If char(k) =p >0 thenlet R, := I + Pt-[pt}.
3.2 If char(k) =0 then let R, :== I + M* + (P; N K[E)).
3.3 Compute Hull(R;) using Algorithm 8.6. Output Q; = Hull(R;)
Comments: The correctness of this algorithm follows from Theorem 7.1°. When comput-
ing with concrete binomial ideals, it makes sense to replace M¢ in step 3.2 by (z%, i ¢ E)

for sufficiently large integers e,. Good choices of these integers, and many other algorithmic
details, will require further theoretical study and experimentation.

Examples 8.8. Here are a few examples of binomial primary decompositions.

(a) The ideal I = (ab— cd, a?, b2, ¢?,ac,be) is primary but T + (a) is not primary.

(b) The ideal I = (z® — % 2% — z%*) has the following two primary decompositions:
I'= @-9n{+E) = @-9)n@+ay+y?, a4® - o5y%, 210 10).
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It can be shown that each primary decomposition of I in which the embedded com-
ponent has a quadratic generator is not binomial. This proves that binomial ideals
behave differently from monomial ideals with regard to the following result of Bayer,
Galligo .and Stillmarn. Every monomial ideal has a unique “maximal primary decom-
position” in which each component is a monomial ideal (see Eisenbud [1994], Exercise
3.17).

(c) The homogeneous ideal I = (c® — b2d3, a®d? — b7, B% — o3c?, a2d — ¢’) is a circuit
ideal (cf. Example 7.11). Its radical is the prime P = I + (ab — cd). The projective
toric variety defined by P is the rational normal curve of degree 7. The polyhedral
cone C in formula (7.5) has dimension dim(P) = 2. The faces of P are {a,b,¢,d},
{a}, {d} and @. The cellular decomposition has one component for each face:

I = PN Hc-ad b - a3 0¥d? ¢, 2d?, d%)
N (b%c? - a®d?, & — 242, a’c?, bt a?h?, at) n (I+ (a”, 0% ¢°, d7)).

This intersection is a primary decomposition of I, as predicted by Theorem 7.8.

(d) The following radical binomial ideal appears in (Eisenbud-Sturmfels [1993], Ex. 2.9),

J = (1?2-’!35—5!31%,173,554) N ($1$4—$3$5,$2,$6) N ($3$6—$2$4,$1,$5)-

to show that the Noether complexity of an ideal can be lower than that of any initial
ideal. Note that J = I(A) for a polyhedral complex A consisting of three quadrangles
(cf. Example 4.7 and Proposition 4.8). It would be interesting to study the Noether
complexity of binomial ideals in general.

{e) We consider the typical (but otherwise featureless) cellular binomial ideal

I = (bd2 —af?, bce — acf, bed — ace, b’e — abf, b%c, ae? ~ bf?,
ad? — be?, acd — bef,abe — a® f, abe, ab® — b3, ae — b f, a’c, b,

a’b— b a® — %, cPe — cf, ¢t b3d ~ b f ac® — b3, edt — ce? f2 )

It is cellular since VT = (a,b,c) and d, e, f are non-zerodivisors mod I. Using Algo-
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(f)

rithm 8.7 we may compute the following primary decomposition:

I =

(a,b,c) N

(0,5, d* —ef) N (ab,c d+ef) N

(@,bcte~fid—if) N (abche—fd+if) N
(a—b,b4,c4,b2c,d—f,e—f) N (a«—b,b2,cs,bc,d+f,e+f) N
(a—b,8% c* be,d+ f,e— f) N (a—b,8*, be,d— fe+ f) N
(a—€%0,b%,¢% be,d + £f,e + £2f) N (a—€%,8%, 3 be, d—¢f,e — £2f) n
(a—&%0,8%, 3 b2, d + £f,e—€2f) N (a—&%0,b%, 3, b, d—£f, e + £2F) N
(a+&b,b% ¢ be,d+ € f e — £f) N (a+€b,0%, 3, b2, d—€2f e+ £f) N
(a+€b,b% ¢ be,d+ £2f e+ £f) N (a+€b,b% c® be,d — £2f, e — £f).

Here ¢ and £ are primitive roots of unity defined by i* +1=¢>—-¢41=0,
The following binomial ideal appears in (Kollar, [1988], Example 2.3):

dy da—1 da dnoy—1_ ,Bdn.-x dp—1

.y pd2—1 . . - d
(331 3 .T]-EnQ _‘3,2 N :EQZEn —:53 y sy .En_Q:En L1 ,:L'n_i.?,‘n" -—;1:0"),

This ideal has radical (zo, zy,. .. ,Tr—1) and it is primary. This ideal provides a lower
bound for the effective Nullstellensatz because it contains 2 but not rgdn—l
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