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The aim of this note is to present an elementary construction that can be viewed as
a generalization of the Young tableaux into the setting of symmetrizable Kac-Moody
algebras. Details can be found in 7,8}, for the relation te the standard monomial theory
see [5,6], and for the relation to quantum groups see [1.3.6].

Denote by X the weight lattice of a symmetrizable Kac-Moody algebra g and set
Xg := X ©Z. As a replacement for the Young tableaux we consider the set T of all
piecewise linear paths = : [0,1] = Xg such that 7(0) = 0 and n(1) € X. For each
simple root « we introduce operators e, and f, on [T U {0}, which roughly speaking
Just replace some parts of a path by its image with respect to a reflection at some affine
hyperplane. It turns out that the set of paths B, obtained by applying the operators
€q and f, to a path 7 has some remarkable properties that are closely related to the
representation theory of the Kac-Moody algelra g

The root operators

We write [0, 1] for the set {t € @ |0 <t < 1}. Denote by I1 the set of all piecewise linear
paths 7 : [0,1] = Xg such that 7(0) = 0 and #(1) € X. We cousider two paths m,, m,
as identical if there exists a piecewise linecar, nondeereasing, surjective, continnous map
¢ [0,1] = [0,1] such that =) = m; 0@ Let ZII be the free Z-module with hasis T For
each simple root @ we define linear operators €, and f, (the root operators) on Z 1.

Let m,m, my € II be paths. For a simple root o let s,(m) be the path giveny by
so(m)(t) 1= s4(w(t)). By n:= m * mp we mean the concatenation of the paths, ie. 7 is
the path defined by

m{t) = {Tr](?

m(

t), fo<t <1/2;
J+m(2t 1), if1/2<t <1

Fix a simple root o and let a¥ be its coroot. To define the operator e, we cut a path
7 € II into several parts according to the behavior of the function

ho 1 [0,1] 5 Q. 1w (w{t), 0¥}

Let mg ;= min{ke{t) {1 € [0,1]} be the minimal value attained by fi,.

If m, < —1, then fix t; € [0,1] minimal such that h,(t} = m, and let t; € [0,¢,]
be maximal such that h,(¢) > mo + 1 for t € [0, 4]

Choose tg = sp < 81 < ... < 3, = t; such that either
( ) h(\(‘ql—] ) = h(r(si) aﬂd hn(t) Z hﬁ(sl—l) fOI‘ ¢ € !SI-‘]‘SI];

1
(2) or R, is strictly decreasing on [s,-,, 5] and h,(#) = hg(se.) for £ < 5.

* Supported by the Schweizerischer Nationalfonds.
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Set 5.y := 0 and sy := 1, and denote by =; the path defined by
m (1) = w({s=y + (5 — 8i=1)) = ®(8-1), 1=0,...,r+1.

It is clear that m = mp * 7y ¥ ... % ey

Definition [8] If i, < -1, then set ¢com 1= Mg # 7 * 2 % ...+ 5 * 74y, where
7 = mi if the function k, behaves on [s,-1, 5] as in (1), and 1, = s,(7,) if the function
ha behaves on {s;-y, 5] as n (2). If m, > —1, then we set e,m = 0.

The definition of the operator f, is similar. Let tp € [0, 1] e maximal such that
holtg) = m,, If ho(1) =g 2 1, then fix t| € [fp. 1] minimal such that fg(t) > my + 1

for t € [t1.1], Choose fy = 8¢ < s; < ... < 5, = #; such that either
( ) hu{- l] - h(} -"lvl} a[l(l hn(t) 2 h(r("'lfl) f“r t S [‘ql—|‘sl];
(2} or hy, is strictly inereasing on [s,- . 5] and hg () > b (s;) for t > s,
Set s_y := 0 andd 5,4, := 1, and denote by 7, the path defined by
mi(f) r= w{{simy F s - sic)) = wls )y =000 0+ L
It is clear that # = mp* % ... *x 744,
Definition [8] If (1) = 1 2 1, the set fom = 7o 3 =2 % . %1 # Kpyy, where

10 = 7, f the function fry, hehaves on [s,2 . 5,] as in (1), aud 2 = s,(m,]) if the function
ho behaves o s, 5] asin (2). Il (1) — i, < 1 thew we set fomr = 0.

Example Suppose g = sl and ¢ is the highest root. The eight paths obtained
from my : t -+ 1 by applying the operators f,, ¢, are the paths 7, (¢) := ty, where 4 is
an arbitrary root, and for e siniple one gets two paths in addition:

o & iy }:%
' o, L 2
1 x £, '>< f,

%,
Y

%

)

Some simple properties

Denote by A the subalgebra of EndzZII generated by the root operators and let
my = minf{ha(t) | # € [0,1]} be the minimal value attained by the function k, for
m € I and a fixed simple root a.

Lemma [8] a) [f eam £ 0, then eom{l) = m{l) + a and faeom =7, and if for #0,
then fc,n-( J=m(l) —a and eafam = 7.

b)erm =0 if and only if n > |my|, and fir =0 ifand only ifn > (x{1), 0"} —m,.

c) For m € I let ny,ny be marimal such that el'w # 0 and fi2m # 0. Then
{r(1),e¥) =ny — n,.

d} The A-module Ar C ZII generated by = has as basis the set of all paths n € I
contained i Ar.

These results show a certain resemblance with standard results in the representation
theory of the Lie algebra si;. Since the root operators are locally nilpotent, the operators

o= 3 hfiT vei= Do farl hai= ) (ebfa - farl)

i>1 ix1 izl
make sense. The following proposition follows easily:

Proposition [8] If 7 i3 an element of I, then hom = {x(1), 0¥ }r. Further,
[-ro»yn] = hq, [hn»-rn] =2r,, [hasyn] = ~2Ya,

30 the elements 1,y and h, span a Lie subalgebra of EndzZII tzomorphic to sly(Z).

The 1, respectively ¥, <o not satisfy the Serre relations, but the lr, comnute.
Let b be the subalgebra of EndzZI1 spauned Iy the h,. So if we define for = € T1 the
“character” of the the 4-module M, 1= Ar as

Char My = Z et

neM,

the sum over the endpoints of all paths in My, then this can also be viewed as the
{usual) character of A, as an §-module.

The main results

Let A be the algebra in EndzZ 1 generated by the root operators ¢, and fi, and denote
by Tt the set of paths 7 such that the image is contained in the dominaut Weyl chamber.
For 7 € II* let M, be the A-module An. Clearly the set By of paths contained in Mz
is a hasis for M,. We show that the A-module structure of M, is invariaut under those
deformations of ¥ which stay inside the dominant Weyl chamber and fix the starting
point and the endpoint of the path:

Isomorphism Theorem [8] For =7 ¢ I the A-modules M, and M, are
tromorphic 1f and only of 7(1) = ='(1).



I particular, the isomorphism theorem shows that we get always the same “char-
acter” for M. The character can be calculated using Weyl's character formula. Let
2 € X be sueh that {p,a¥) = 1 for all simple ronts.

Character formula (8] For m € I let Char M, be the character 3. 5 ¢"") of
the A-module M, Then:

Z sgo{o)e” ) Char M, = Z sgn(o)e”PTAY
aeW FEW

I particular, Char M, s equal to the character of the irreducible, integrable g-module
Vi of highest werght M = =(1).

To define an analogue of a tensor product for A-modules, let for o, € II* the
coneatenation My + A, of two modnles be just the span of all concatenations of path
7wy where ©' € B, and ' € B,

Tensor product rule [8] For m,,mp € It une has

M » Mo, - EBM,,.

where m rans aver all paths e 0V of the form = = 7+ for some 17 € By,.

By the character formula we get immediately the following Littlewood-Richardson
t}'l‘(‘ (l('r(‘lll]’(’ﬁiti():] rlll(‘:

Decomposition formula [8] If my, my € I are such that A = 7({1) and i = m3(1),

then the tenser product Vy 02V, of trreducible g-modules decomposes inte the direct sum

Fot s @

where © runs over all paths in I of the form 1 = xp % op for some 1 € By,

For an appropriate choice of 7, this rule is for g = gl the Littlewood-Richardson
rude. It should be interesting to find a direet correspondence to Lusztig's decomposition
formula {9].

For o Levi subalgebra [ of g let A4; be the subalgebra generated by those e, f, such
that o ix a simple root of |, Denote hy II] the set of paths contained in the dominant
Weyl chunber of the root system of [ and for 1 € 0} denote by N, the Aj-module
generated by iy

Restriction rule [8] The A-module M, 7 € [I*, decomposes as Ai-module into
the direct sum M, = EBn Ny, where 1y runs over all paths in B, contamned in H|+.

By the character formnula we get for A = ni1): Vy decomposes as I-module into the
direct sum @“ Uy of simple fmodules, where ) runs over all paths in B, contained
in ﬂl+.

Arother connection between the A-modules M, and the g-module 17, is given as
follows: Let G(r) be the oriented, colored graph having as points the elements of the
basis B,, and we put an arrow m; -4y with color o if and only if fo(m) = my. Joseph
[1], Lakshmibai [6] and Kashiwara [3] have proved (independently):

The Crystal Graph For 7 = =) the graph G(7) 15 tsomorphic to the crystal
graph of the representation Vy of the q-analogue Uy{g) of the enveloping algebra of g.

For a simple root a set:

so(r) = | fam = {r(l).a”) 20,
falr) = et ifn=(r(l).a¥) <D,

Note that qfr = 1 and d,(7}1) = sa{m{1})) for the nsusal stmple refieetion <, 1 the
Weyl group. In fact:

Wey! group action (8] The map s, —+ §o on the simple reflections ertends to a -
representation map W — EndgZID of the Weyl group of g such that w(r)(1) = wim(1})
forrcHand we W,

The Lakshmibai-Seshadri paths

We give now a description of the basis of the A-module Ary. where A is & dominant
weight and 7y is the path f — £A that connects the origin with A by a straight line. In
the following let V3 be the irreducible highest weight module of g of highest weight A

In Xg let C(A) be the convex hull of the orbit 117 A We consider pairs of sequences
representing a path in X

Let 15, be the stabilizer of X, and let *<” be the Bruhat order on /Wy, Suppose
e Ty > Ty > ... > 7, ds a sequence of linearly ordered cosets i W/, and
¢ atap:=0<ay <. . <a, = L1isascquence of rational numbers.
We call the pair 7 = (7.a) a rafional 1 -path of shape A, We identify © with the path
70,1 = Xg given by

j-1
m(t) = Z(a, — @ )T A+ (P — a0y (A) for ajoy << a;.

=1

Recall that a weight ¢ in X is a weight of Vi if and only if 1 € C(A) and A — j¢ is a suun
of positive roots. Since the 7, are linearly ordered. the differences 7 (A} — 7,(A) are
sutns of positive roots. Note that

. r1
A—rm(l)=X—- Z(n, — et )T A) = (A - {A)) + Zﬂ:(rwlu) — (A,
=1 1=1

so if the @, are chosen such that the a,(7, 4 {A) — (X))} are still in the root lattice, then
w1} is a weight of Vi, To ensure that (1} is a weight of ¥y, we introduce now the
uotion of an a-chain. Note that the condition below is stronger than just demanding
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that the ai{ri41(A) — ri(})) are in the root lattice. We use the usual notation /(-] for
the length function on W/W, and 8V for the coroot of a positive real root :

Let 7 > o be two elements of W/W) and let 0 < @ < 1 be a rational number. By
an a-chain for the pair (r, 0} we mean a sequence of cosets in W/ W, {see [5])

KQIS T 2K I=8g 7T > KpI= 83,85 T > ... > Ky 1= 8g, ... 83, T =0,
where 7|,...,#, arc positive real roots such that forall1 =1,...,s:
Hwe) =Hrioy) =1 and a{ki(A),87) € Z.

The last condition can be expressed as follows: Each summand in

=1 a
a{r(A) —a{A)) = Za{n‘.(A) — K- (A) = Za{h‘.{,\],ﬂ;")ﬁ;
=0 =1

is an element in the root lattice. This is obviously stronger than just to demand that
al{r(A) — o(\)} is an element of the root lattice. The following definition is a reformu-
lation of the definition in [5)] into the language of paths.

Definition A rational W-path 7 of shape A is called a Lakshmibai-Seshadri path,
ffforalli =1,....» -1 there exists an a,-chain for the pair (riy 7o)

Remark If = = (7, g) is a rational W-patl of shape A, then there exists an n > 1
such that m is a Lakshinibai-Seshadri path of shape nA.

Thearem [7] The A-module Amy has as basis the set of all Lakshmibai-Seshadri
paths m = (1, a) of shape X

Let p € X be such that {p,a¥) = 1 for all simple roots . In the following we
denote by A, the Demazure operator on Z[X]:

et _ pralitpd
Aalery = e
1 — 0

The followiug cliaracter formula had been conjectured by Lakshmibai and Seshadri [5):

Theorem [7] Let 7 = s,, ... 54, be a reduced decomposition of T € W/Wy, and
denote by By(r) the set of Lakshmibai Seshadri paths v = (r,a) of shape ) such that
the initial term satisfies 1y < 7. Then

The P-R-V conjecture

Consider the tensor praduct 1y @ V, of two g-maodules of highest weight A and g, The
Parthasaraty Ranga-Rac Varadarajan conjecture states that
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P-R-V conjecture If o,7 € W are such that v := 1(A) + o(y) is a dominant
weight, then the module V, occurs in Vo @ V.

Proofs of the conjecture have been given independently in [4] and [10}. To show
how the paths can be used to prove existence results, we sketch how to give a new proof
of this conjecture. Starting with the paths my and m,, it is easy to see that the path
Tapy connecting 0 with the weight o{z) by a straight line, is in fact in Am,.

The figure below shows how to construct successively a path 7' such that (see [7])
myx ' € IIF, ' € Ar, and the endpoint is equal to v 1= A + 7'(1) = w(X + o(1)).

p) A
1 SO S

1&"1'—6“(;1)

o, $XE(p)

It follows by the decomposition formula that V, occurs in the tensor produet for any
w,d € W such that w{A + o(u)) is a dominant weight, but this is just a reformujation
of the P-R-V conjecture,

References:

—_

. T, Joseph, *Quantum Groups and their primitive ideals,” Springer Verlag, New
York, to appear, .

2. M. Kashiwara, Crystalizing the g-ananlogue of Universal Enveloping algebras, Comn-
mun. Math. Phys. 133 (1990}, 249-260.

3. M. Kashiwara, Crystal bases of modified quantized enveloping algebra, RIMS 917
(1993).

4. S, Kumar, Proof of the Parthasarathy Ranga Rao-Varadarajan Coujecture, In-
vent. Math. 93 (1988), 117-130.

5. V. Lakshmibai, C. 5. Seshadri, Standard monomial theory ,“Proceedings of the
Hyderabad Conference on Algebraic Groups,” Mano)j Prakashan, Madras, (1991),
279-323.

6. V. Lakshmibai, Demazure modules, preprint (1994).

7. P. Littelmann, A Littlewood Richardson rule for symmetrizable Kae Moody alge-
bras, Invent. Math. 116 {1994}, 329-346.

8. P. Littelmann, Paths and root operators in representation theory, to appear in Ana,
math. {1994).

9. G. Lusztig, Canonical bases arising from quantized enveloping algebras 11, Prog.
Theor. Phys. 102 (1990}, 175-201.

10. O. Mathien, Construction d'un groupe de Kac-Moody et applications, Comupos.

Math. 69 (1989), 37- G0.

=I

V=8 S, Qs Siw)



