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Ul wns VYT o Tallg

. Age Structure — Les|ie Materiy L

F\ﬁ('l--H\ :LR(E)
« Lite Cycle Graph
. 9roper+i05 of L

(Y nenneqative
(V) {rreducible

(3) primitive
. E*Ldmph‘s
. P-error\_ Froben;us _r}\eor‘erh_s'

‘ Sbnong Ergodfc Theorem
. Re\q‘k‘:onghfp +o C0n+“nu0us MOd&'

Ratre o% Con vergence,

. Var.‘a+.~on5 in leslie /V\af‘r.'»\
(V) Oller Ages
() Two Sexeg

) Spah‘al Des+el bution
(4) Siyxe or S-\-a3¢ Steucture

Examples

(1) T nsect
(Y Plant

Ceneral S+ructured Mataix




Age  Otructure o es e JNRUTER

¢ Berradelll (1940) | Lewis(1942), Leslie (1945, 1946)

+ On\y females are considered.
» Population (< divided into aqe classes,

\ 2 2, "
.C\/\"-‘N/\‘/Ml‘ . ‘ ‘ |
! L |

© \ 2 3 - | m  Agel(x)

Parameters:

S:L:Qverage number of Cen\alcs born Per Q‘emah
of age class L during interval £ to t+|
+hat are alive at time t+1y £ =0,

p; = ?roPOr-'\'u‘on of females in age qroup ¢
that Survive tp age (+] P> O.

n{t) = size of age class ¢ at +ime t.
m
O EY = S rEon () + o+ n (t) = Z fonle),)
Where w {s +he oldest aq e cra-_l:s.

n,;ﬂ(’u-lﬁ an(,(*) ) C:|,_-_’m—|.




Leslie Matrix

T woateix Corm:

[ o) LE TR SRR U ON n‘(ﬂ\
n, (t+1) ?, halt)
. Py P.,_ \
r\mu-ﬂ) | Pma-, O nm(t\/
or
?\,(‘l’*‘l\ = L_R('l')
Thub)

r(t) = Ltr?(O).

The projed-.‘or\ materx (_ |'s Ca (led +he

Leslie watry .




~ite (;Ycle

Graph

S

The Leslie mateix
cycle qraph.

Life Cycle Graph:

$

has

an assaCI‘Q"‘éCl

I Le




fvice ttopertTies T The Leshe ['\aTrix

¢ Nonnegative
+ Lrreduch ble
e Primitive

e,g in;+|\0n S

D_@_‘:‘__‘Q: P mateix Az(ﬁcgj 'S honnegative 1§ q.- >0 for
oll ¢,y  AzO. ’
Roenateix Ax(a;) i3 posit: '
| u\ I3 positive & q\.}.>o Cor
all 03y A>0O.

|,
n
“+

|

A ?Ermu"rC\‘\ﬂ'DL\_ of a sq uare materix A i s
Q ?er mutat.on of t+he rPows O‘F A combined
With +he Same Permu+a+n‘on of columns,

De{-f{ A sS4 uare ma"‘n“ﬁ A 's called r‘eciucflb\é’
c G T here s @ Permu‘}a+|‘or\ Jhat Pu*PS
it into  the Sorm

B O
C p’

where B and D are S%uart matrices
and O IS +the RZero materix.
Otherwise A is {rreduciblp,




P_C_EE{ A Square m at rlx A‘(qq)::t s called

Def

DeyinitionS LLon-whued )

re ducihle {§ +he index Set .
\ 2,...,"N  Can be split inTo Fwo
NoNnem ph{ Comp\emer\-‘rar\/ Se+S |

( = S
R PV 'km---)by (M43 =n) Such
+ nhat

= \,...)M) (b:: Ly ooy ™20

Lf an irrec\ucl\o\& materix A?_O has

\\ eiger\values of maximal modulus r
(.\)\|\:l)\,\="'=U«h\f-"))-k'hen A is
colled primitive . i§ b=l and {mprimitive
'{ h>\. The number W is called
+he index of \‘mgr:mn'+1v{j¥ of A.

¢« Gantmacher (10Y)




Reducible and 1 rreducbie | oslipe Matrices
g\ '?z.. S Qm- g‘m

\

P.
P"\'l O

+ It £,=0, 4hen L is reducible.
Peely Def R : | = (B \Z \

c (o |

o T fu® O , +hen L 1s iereducible,

Apply Ped R': no nonempty index sess

G—enerql!y| I+ s ¢sSumed +hat age clasS m js the

las+ reprodud'f‘wz age chss. T§ thece Are
post reproducf(lm 9ge classes ( k Closses ) , *hen

S
(mivl\t;u) C \D-nxh

}

where Lis a Leslie matrix, D is )ower triangulgy
A

D*:O for t2 4. Pos+repoo¢\ut+"ve 4qe classes are
dead by +he +ime & units have e!apst.

e[ L |0
M= e th | O
S0ty D




Meducihie ana __rreductple -€slie [NATrces
in _terms of the L\‘Ce Cycle 6rqp|-1

Def: A nonnegative ot cix A e irreduchle
o ¢ i+s  Lfe ceycle graph s
S_’r_rong\\{ connected y ey 1§ +here s Q
path 1n +he graph Lrom every node
}o every other node.

R reduchble [fe cycle qraph contains
at least one age +hat does not
contribure +o another age.

Example

£ 2.

TF  there are £, _?os-\-rgpnodud-tve aqe closses, Jat.()

+h€\'\ 'H'\EFQ IS no pq+h 'prom Q&e clqss "‘"‘J)
lciehk 40 age class (| leiem. The

Lesle mateex L 1S r‘educ"ble.
‘—-_'-'-—-———-—.

, Caswetl (16%9)




—naracrecisTiC B guation of The Leslie

/Vlai-ru‘x
g.\ Q?_ o gf‘n-\ QW‘\
L=- P\
Po

AL-Ll= O 0N

A T AN = i pafn = O

BY Descarte’s Rule of Stgns +he matrix L
has only on¢ Pos:'+.‘v€ real root, A,_

The cigenvector associated wth A has
posfh‘ve coordinatles :

L= AV




Characteristic Eq',im-l-u‘or\ of +he
lLes lie Matrix

A A o AT —pp Pt = O

Rewrite +he characteristic e@ua{-ror\ of L:

\ = E‘_ " P.Qa oo .|_P\?2"' Pm—.'gm
A AT ™

The q}uan#.‘-}y
R- (‘;\ veofh P PL“.PM"I-CM
s called +the ne+ regroclud ve rate —c.e +he

exped-ed Nnumber of daugh+ers born +o
a Yemale.

AR R>\ )"H'\En )\‘>\.
IS5 R, +hen ) <)

i,




Ferimitive Leshie /HavTevCes

Theorem Pl A matrix AZO is Prtm”‘f\lc i
and only L some power ot A 'S

positive

A* >0

‘S‘Of‘ Some p > \ (G.amlmacher)‘qfoq\

Theorem PZ: An icceducible Leslie matrix is
primitive & and only i§

a.cd %i \&>0F% =1,

(Proof - See Pollard, 1973)

Some+.‘mes +he det inition o Pr.‘mf-l-u‘va
'S 3-‘ven as Stme power is Pos-"h‘ve,
(Theorem PV

1z,




O %'d\?_ ':':—_9(3
LI = L O O & > O
R
O 3 O

Characteristic e%ua+:on:
A-2at) - g’ =0
0 %

Net reproductive rate:

R = %{dxl -\"\g*ds

then values

= A = - =2
A Avys = 7%

) D= I
cta{-ed_ _Wi‘H’\ /\\;

E ? g en ng-or‘ QQSO

i-’T: (\) l/z"* ) ‘/""‘z)—r

Mateix L, is primitive.

13.




L-_xample. ok

(M«3

O
o O
£ O

—
i

O
> 1
r
O

C/‘Mra.c+€m‘s+.‘c e.q/uq%‘on :
M- =D

Net Repmdut*{'n‘ve Rate :
R=a°

By ger\ualu.es :

RS ),‘3= %(“1":6%3
o= L= 1)

Eigen vector aggociated with )

vi= (1 ) Jfak , Yea? )"

Matriy L, 1is '\mprim“+“ue with ‘ndex of

iw\grtmi+:v.‘+y equal +o 3.

}




;_heor‘ems of Perror\"‘&nc\. ‘Frobenius

-_\-:heorem P?\ . —LQ A is posi+ive, ofr nonnegq-l-tve and
primitive | Then there exists a real ergenvalue_
A‘>O whieh (s a Sa‘mple root of +he
Chraracteristic eq uatron, This ergenvalue
(S sﬁ-m‘c*—\\f 3r~ea+er‘ Yhan the moani‘l'ucle
of Or\\{ other e\‘qenvalue) )i|> I)\h\}b_#\.
'\1\2 right  and  lef+ eigenvectors v, and

W, CD(PGSponclt‘f\j +o0 )\l are reaql and S{-m‘c"’l)/
pos tive,

Pm‘m"h‘ve ma Frix A) A‘

(FOP dg“‘"‘Q' nonne3a+.‘ve
e.‘genualua

hnay not be +he only real positive
but |+ is +he largest ©ONe and +he only

ore  With nonneqative etqenvectors .)

Theorem PF2Z 1& A 15 icreducible bu+t
'\N\p(‘ln\;ﬁ\lt with index of \mpr:mﬂ-?vl""\/ h)
Yhen there exists a real eigenvalue ) >0
Which s a Simple root of +he characteristrc
e%ua’n‘on, and hes associated cight and lef+
positive eigqenvectors v and w, The e«‘genvalues
’\h fod | sq-|—cs¥Y )“Z‘M\- There are h-l|
Cfgef\\’u‘\tes eqjual n magn.‘+ude to ,\|

A,Q.; A, exp (thb\ Layyoeey b=t

Ergenvalue )\\ s  called +he dominant

etger\value . (qumm,her,l%lf-, Cqswo(‘,lQS"L)

€.




>irong - AT-L [ Ncofem

Ergaclk er\p(:e.S Y he asymp“fo'F-‘c PQTM\Q‘}*OQ
behavior s ‘r\c\fpfnc\erﬁ- 0% initia
Cohdi+~'0f\5- Even—h,(an?/ -+ he POPCLlCL-f-:‘oV\
“?or‘aeh” i+s Pa5+'

T___\'_\_eor*em SEL T8 A i<

and Pr;m:#i\/c_) then

positive L or nne_gcdﬁvq

\im At N

- V
E>e0 )X N

wher e \7? and \L‘:ame rlg\r\* an& '\e&”\-
eiger\ucdors aSSoc"OL+€d With the domff\cvl-
eigenvalue A ; @,Tﬁ=l. 1f l\T?‘H:'-lJ
Then

CUR@IN = taoliole e in @) = L noem ).
1“; {(0) and 7‘,(0) are cl.?g-Ceren'} fr\i-\-:oLl
(OY\&I-\-ions) even+ua|\y wit) and nt) qrow

at +he same roﬁ'e.J :\‘ ($4Q‘Ol€43row+h ra te )
and they approach 4he some age S*ructure

Vi (stable age strycdure) T A=)
‘he POP‘*\QHO“ is Ca“c.cl. |

§+a+f0nafx.

( Cohen, 1419)




RKRevisited

Example
(prim:¥ive)

lLedr &= 2.

Il (W 3
h () ';3333
\\V\(_\':\ I\ 333

O b \
v, O O
O i O
B ) z_: _..\-.: A.s
24 17¢
- '\— " = qu}
3\ \ .032
\ 2 3
1 56
q % | e
‘/b 3
V.93 Jen (2.5
.955 V433 %906
.OAb .557 _osb re
.0]%¥ 010 o4y
Hr (W~ 2,015
\Wh (10) 1

|
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4959
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20L
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EAAmple & Revisited
(imprimitive)

et = 2,
O O ug
L, = . O O
O 73 O
N A E
lA‘\; ll\l\ = ‘/\3‘ J'ir\c\e'lr O‘E‘-‘mPr&m;Hu&\/'—'—B
- At 74
N, é_\ e | = (-“"")
‘ 032
t O l 2 3 i 5 L
. \ 4 ¥ | ¥ 3%4 (2% Y
o () () (5] () 08 (8
\ '3 o J o]\ 4 vy
RGL 3 H$Y> 4047 24

39007 321.23 19,

Al 923 A¥3) [ia99\ /333 [.as3\ /.o3e5) /o
333 - 0/0 .599 337 .00 .59 .333
l\h'r': (.f') ll 333 007 .003 333 1007 1007 - 333

v - -t
Perodic  Behavior: R(ztsi)=2" W) =123

8,




N R ) \_Or\\lug.il;ru_'a

Sl&ppose— A 's POSF'\'?V@. ov nonneaa+|‘ve. a'ncl
Pp;m?-l-.‘ue. with doeminant en‘ger\value. /\I

and associated positive lett and pight
eigenved‘ors ) \:G’\) » Vi WlT\—/'; =1-. In qd% H-t‘oh)
Syppose the distinct eigenvalues of A,

f\‘ ))‘21---)/\% are ordereé suc h "H\a+

>z Dtz gl and E DL Hhe

Q\gebr-al‘(_ muH.‘pl:‘cHy O'F ’\a. LS O."' lCQS‘," a S
3r‘ea+ as that of ), or of any ot her etgenvalie
0f Yhe same wmedulys gg )uz. Then

A‘l‘ :__A:_- U: W-:‘l‘ . O (_tm,-l {/\;‘t)

Al EN
Th 1+ S A d :
e quantty Q= m s called +he dammnjﬁ
ratio . Convergencc +o +he stable aqe

disteibution  will be more rqpa‘d the (anger
f\| is in relation to (A |.

* Caswell (1429)
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Leslie Model and the Continuouws
Mc kendrick von Foerster E;“‘l"‘"f)ﬁ

w

sMckendrick (1920) von Yoerster (1959)

Y\(q,{-): aﬂe dt3+r{b&+-‘0h at +ime t.

Ula) = per cqpita mortality rate at ageq.

M(Q\: qver\agp number Dc f-emale O'ng rn
per female of age @ = ma+emi‘l~y Emc on |

Mcksendrick von Foerster

onla,t) | onlgt) _
At da B

— u(a)nla,t)

N0k = SOOW\(Q)n(a,Hda.
O

Ecs\m

N (£+1) = Pin Ny (1)
n(t+) = 2 & n )
ey |

20,



Relationship (Lonmnued )
M kek&n‘CK von Foerster

R= Rirths (t, t+\)= S@S‘t*‘m(ﬂ nla,x)dY doo

o0
%5 mia) [ nla,®) + r\(q){-+\3“_ld&

2

N}'

% mLET\ V4 N (t--H\]
t:
"‘LY_N“:\ ¥ P n\-_.“‘)tl

Em,‘_ + P m£+t] n\:(.t')

\

-

e

??
N
TMMY v N\"

B ot .
n (_'t+l\ :‘JLB AQ':Pr‘Obetl.-‘-Y D-g
‘ Surviving for 4
time iaterval
m -
(=1
v
Leslie h‘(t\'\) ~ é -g-,;h(('l')
L-?.'.\

v Caswell ( 1959)




nt;\u.\lul\:)\'\\P NCh i inueao

l:f"_'.ig hi.({-*_\\ = PC-\ '\L-\({')

= 0= wi-0] hc_‘(ﬂ

_n\uS,
ni(‘t""\\-ﬂc_‘(‘t\: 'MLL_|)ﬁ;_.(+)
g TS e §
Nl -ne e nett - ng (8 =~ le=yn (#)
N e e
A{_ N + Ain = -,q(t"\\hc,_l(i-)

G'l"‘*ha:l N q:L

4,n + Ban
O+ D a

== M4 (a-0
(a-Bt)r, ., (+)

Dt ), ba —>p

Mcendrock a N (qu 9 Y\(d ;t\
Yon T, +

[Foersier ot o Qa

[ ——

= - (a\ﬂ(a,-t-)




Jome  Varvarions in Lesiie¢ /loae | :

Trnclude:

« Older ages (zm) :

,”TVJO Sexes 3 include nmaws and
{:emales

. Spq+n‘q\ d\\g+r;bu+For\) mu|+:‘r63t‘onq(
mode | g

v Sige Or S+a8e Structure




==t iug¢ 1oxr AL =iHI2%O

| 2 3 ?’ ™
L E—— St
® \ 2 3 m-| m

Pm = propor'i"t‘or\ of '@ema\es g age
clags > m +hat Survive one

\/eqr'.

n((-t-i-l\ = P’C “L"'\ (‘f} y {‘:2,...,”’\“"

=i

N LE+1) = qu“vv\-l(ﬂ + Pmnm(i—)

NE+) = ng.\ﬂni(t)
(e

$on [, 1)

N, (1)

. \_)m-‘ P"“ \an’)

(De A’n%el.‘j et al. )lQJ’o)




|l wo Qex  JW\0de

Let —

we) = (ng ), nm}t),---\“mh(ﬂm;\m ,ﬁht’r),.--,f\%(e))’ '
where . (£) and ng (+) ace males and
females i agc class ¢ -

Three Age_ ClasSes:

O O O S S, $s
P, o o O L
L" O Pm. ®) o O O _ me ™ §
© 0 0 % fu S O Ly
o O O p. © o)
O O O C% sz O

This particular model is called female
dominant +wo -sex wodel.

LY - Lt’“M 4 (Lo yLbme s L{-‘c-))

O s

Mate;y LH- is the Leslie watrix,

* Hansen (1489)




— o 2CC Jpanidl J/ASTr DUutiov
Multi reatonal Mode(s

Let
ﬁ -
h({-) ‘(r\y'l({—\)hl’t(t—)\")nm”(t)).‘)n')b(t]).- )nm,-b_(-t>)

where ncq.(t”) is +he Size of aqe clasSs ¢ /n

regror\j. Number o?aqcs tCzl, 0~ . Number
ol reqions : j=1,-, R

e (L),

Where
Lc' F’QPP"Se’H‘S J‘_"‘QP\S‘F"EV‘ Q-r‘om rejl‘on_“ 40 ¢
5
J"-FL
LL‘{_ represénts b-‘n-\-hs, deatrhs and +rans fer

out of region (.

T wo yearons aY\clTkr-e.e AQQ CIQQS‘-‘S:

[-d .+ \ N

L = byt “ <2 <3
Cy . .
p‘_. . |—°1‘1,jlc O reg» on t
O Pf,’)_ l‘Cl3,j'(_

.. - AIJL‘) O O

vy -
O d.., O

O O Jd




{ ‘U‘ui"f"l'tq'o'\ubl \‘\-'J’\‘"IHJ.CC'/
- | * e

Two regions and Theree Age C\asses:

P ) A‘)l,\ 0 O c.‘-)l)" O
O P I-4,., O 0o 4,
| =
dh_l,‘ O O - ‘llxl.1+(' " 3
O A'& 2\ O P‘-t l"c\tltﬂ' O
O O d‘a“" O Pra “C‘”“”

Associated Life Cyele Graph:

K
Req:‘ on 1

Reqion 2.

. Fahr.‘ﬂ and Merriam (IQS’S)




_t\_{\O‘\"d\QF CrRUM Pt UQ [Hutﬂre%aor\at [N Pl e - |

Reproduction is Tollowed by movement to

aV\O‘\' her' "\eai‘on'

Two Reqgions:
D = \*C\\\ A\z_
A"“ {-AIL
CX,“A‘\-" ProprO‘Hon o% pop\i\a+f0n mO\HNj
Srom regqion y +o [# 'L‘H) 0< C;DJ_<_|

|-dy = Qropor+:or\ Staytng in region L)
ODedy ¢\

15 A, =da, and  du =dy,, Then Fhere

sust an exchange

between +he FTwo

'S no loSS or gain
ofF e poput\od-.‘or\
reqions.

's +he Same $or al\ age Classes

TE moverment

(EETRE A\‘L)
QL =
D ( doL o (-db

reqion \

rea I‘on l




D2i1e O OFage Dtructure

T}\e pogmlod'(on ) c:ltvtc‘eci into Size or
Stage classes. Each ¥ime unit {ndividuals
ether S+aY tn +he Same Size or Stage !
class or advance +o the Nex+ size onr
stage class, Thus, the Les |le matrix
nes elements on the main diagonal
or on +he suyperdiagonal.

Thes e types 0f models have qu/f‘CQHons
la Forestry Lishertes, pest rmanagement,

wild life management, ete. For example,
nsects have €4g,larvaly pupal and
adu 4 Stagqes, trees are usuqlly classifred
ina  breast- height diameter class
and are harvested according to
drameter c:\aSSJ Populattrons in
qame Parks are controlled b\/ Cu”:rﬁ
ir\dfvi&uals ot a Par"-fcular*- aqe ,
Jize , O SeX

L Gedz (1999)  Gera and Haignt (187D




Lrnsect Eyample

j;';;sc:i‘s have eqq )\QV‘VOL\,PLLPM, and adul+

Sugpose <+ he \enq-\rh of each st+agqe is:

chi'. L{'C\CL\/S
larval: 24 days
pupal : 5 day s

odult: no eqqs laid
cLuij Cirst Xdays,

duppose the +ime interval s one weok

O ® O
A = e
-— m N
Zie ™My O My,

@ Moy O O

@ mq)Q n‘q;f’ MQ,Q

(DI
N

» Usher (1972)




by s AAmnmp

Monocarpic Perenntals reproduce once and die

s 3 F

M\ - O O '\‘-Po Seeé\?no_ss (5)
PTS Ps N :Tuuem“\es LI)
O B O ¥ lowering (F)

§ = number of seeds per plant
0p % ewmergence cate of seeds,
P = transition probab-'l-"*y from Stageyto
A
Staqge t-
\[—'— average Nnum ber vege+a+a‘ues per
Qiower:ng p\ar\-l'.

f P Dy >0, VzoO

M, {s wnonnegative and primitive
Paly Carpic Perennials e produce more Yhan once.
0O O %feo
M, = Prs R V
O Pps ¢

Pep= erobability Qluwertncx olant Survives from
one \ear 4o next.

D (DD

e Tokada and Nokajima (1992)




(FenerA Yirncturea. /WYX

et

T PPO\)Q\);\I‘*‘\I an Tnfltvfc\ua\ in class k.
sar vives 'one unit ofF +ime.

Pin* probab””‘f individual tn C‘[ass A at
+ime t witl be in ClQQSJ at +irme
t«l given that it Survives one
Wn't of Hime.

{ih:P*E%&: evpected fraction of individuals
. {tn class j Srom class &

duru‘r\% one unit O"!: +~ime.

Tr\ahs\‘hor\ _[V\a*m‘x:

l.et

bjh.: expected number of (- class o fs Pring

Per & class ndividua | ‘ng 6ne
unit of Lime. during

Sy o= probabiiity ;| classoffspring born
d,ur\.\r\g q_y\Y +|‘m€ \‘n+erval SUY‘VI‘V"S
to end of +ime interval.

%Jh: SJ-th-‘* expected Number 0¥ { Class
nNewborns per f -clags

Individugls at +ime t+| due
‘ 40 birthe dum‘nc_‘ t o t+l.
FQF‘H\W\{ Matriy

F"" (.'ECLXZD
Let M= TF+T  Mp@r: v )

t Cusg hing 12 £8)




L EFY Y VAL \‘ ) L A 1

1

* Age Steyeture ¢ Leslie matan ( Bernadelli, (240,
L'WlKS‘\qk{?") Leslu\f' \qqulq%g) ’

7 (4e0) =L R ()

Lite C\f cle Graphs :

v Properties of L (Gan*-mathff'\q""ﬂ

(\W nonngcqlq*'f\fe,
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