u] INTERNATIONAL ATOMIC ENERGY AGENCY | gy

%‘} UNITED NATIONS EDUCATIONAL, SCIENTEFIC AND CULTURAL ORGANIZATION m
L—» INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS
L.CTP., P.O. BOX 586, 34100 TRIESTE, {TALY, CasLt CENTRATOM TRIESTE

SMR.847/7

[nferg.ch m prIring S O m.olJ,

SIP‘CQ( f‘ /\/{oﬂtﬂ’)‘,‘(_ u/.ed
T
CONFERFRNCE ON R'; S‘
y-d
TOPOLOGICAL AND GEOMETRICAL PROBLEMS m hann - ""j‘ ce S

REIATED TO QUANTUM FIELD THEORY

(13 - 24 Maoch 1995)

Intersection pairings on moduli spaces L' S“ j a 3 I J

of holomorphic bundles
( + Frn..« (&, /k.m a,,‘)

on Riemann surfaces

LOCIEFFREY
Department of Mathematices
Princeton University
Princeton, NJ 085311000
LS A

These e preliminary leetire notes, iteneed anlv o digiribintion 1o nar g sta



I latroduch ™

ﬁ cP+ Kiemann smﬁu, genus §

Prottype : Tac(ﬁ) e u(1)*
‘{(eo" , € ’9)}

(0) 3 descriphms:

6

r «w(g) - <‘IJ,J =4 Y |R=1)

Jao(Z)= Hem (v, u(1))
= Hem (".(f),(((l))

2.
i) P= I x|l mvidd prnc
( ,) () mk ’:vi
Conechms: A =0(8)®OR

F"*‘ emnechone: /4-
=(retk> AA-o}=2(i)

Gauge grap G = Mus (g, U0))
ackt o _4 %’ (u-'ﬂ—al.((:))

u(vg: Al— A+ o' du
Jac i) )4;:/9’ v A'P""j]

@l)ﬂ clw:ce 02 Comflex sfra chune
on Z endws i wiﬂ The
s»frud-u..«,‘ 4 Cm/vfl-; nuw{c(cf

or Remann prface o



3. 4.
(_f) T‘U\C 1S & J{S\"fﬁ,l.tff‘l& .,g:‘u

Than & {lt cmmchom A ol
f ¢ bundle (Poincant fina bundle)

o b SP‘-C'.E'] a Q_ oﬁﬂcl'"\
—é; (or shruchos 4 hotor Mina zi‘ , X= L[5 «(pt)
burdly on He prodnct burdl Tacl)r g (%)= [e]
x C). °
: A) echon s hobo. € () dim H*(Tc (g); £*)
jﬁs_-_o (fng:g-—tfj. :Cl'l(fh) Td(ﬁ)[ﬂ—‘]
Tn et tha Tacrbian J2c(E) = (k)T rgs 9
Putfmu‘n'aao heLo. Line. T [T J— k

(Y Jul(g) is « SYMPLECT IC
MAN| FolD : Aau.‘ﬁul wh
o nano(iau.}‘k ¢losed 2 form

&) - Jq 1%_/‘4@2"



L)
Ir. Nonabel,an onaloj ue

6 CmP«Cf' Lie 34&}: ej- S'U(m)
(‘)71"( dlgOl *lﬂs ‘8 Y Sf o0 M :

() M= h‘m(w G)/C""J“%f‘*“"
_%” ) Fay) eqlg

” ,'1 ’1 L -1 l-
i 50 P '/G

M is a com pact vani
in (s
dim§.

'%(Acvf d L YVE NP (13-

(')P i G trivied P./m(,ul
G bulu(l-( oA Z

Comnechiag: A% 22)0 Lie(G)

Fla{-mntbﬁas

Ap ={he A+ dA+ ArA= }
A= iA “'”J)AEL'e(q

F - QLE)A oA+ [A &) drds

9 M"ps(f 6)
acks o A ‘j (3 Z"Q)
Al g Arr e
ME/’F/& via ‘lalonom_y mep

Ciﬂ JA (Svem‘d\b/e) an n

0 holomor
(\{Iaz:ufﬂ' bunt”es athZ



7

A ot cmnebn‘im“"/é; dﬁ{'-'MS
J\ﬁmqr&‘c burd le  shruchenu

om ﬁ" ah
(s: §2C" 5 Aol
@ 9pS = o)
[\/ang;mhn-ges"dh' 17651
*fﬁ.’: Corres FMJMU. M ‘-Jtcﬁm(

M is « synpleche vaie
) I s« spmpleche woiely
(c) Universed vecr bund e
cr— U o G=Uv)
v o SU(x)
WM x g

wd Lire burdlle o, E=4et ¥
M)

C,(f)-"—' [wj

d. MLDJL_'&M& (E‘,\?/?éf,

- penids o dim UM, LY
2% a f.mc}.'m, ,3 ke zr.

e. \M Y S‘;nJu!M
BuT: Smocth anJOJu (G"—‘-S'll"‘

Hrd)={ B k) €67
2l
‘zz’[kzj—l, l),"]:e - .ﬂ}/G

4 e 2(6): 2.,

Ié (J/ 'h) CoFrimo)
\/‘4("',4) /s a Smes mam'ic”-
oMb -1



7
__FL. Geanfv'rs 4 CJ‘AMO/W

n
Ah'yu‘!-' Bott 1983 - deie, m ined
Be i mum bers %) M(%,4)

[,mnk /}J HTM{«,J}) aS ©

V
M) |
(W) = a@hg’ L,.Jg\opf,.@‘\[q

J&I '

) e Wyl ©

. A"&Q"I' Fo#: -{‘1 er' Lr,_], ff

(=25 j=)y %)
?UMJ( H*(M) ag « rﬂj.

.Nok: ‘{1_ - [“J

ﬂ kmu Shuchunu d& n"j, mus /-

know refafioms
Ex: M(Q,u = M
H*(M(l,l)) s 3¢«MJ~¢.(6
“ € H'(M)
1o & H:(,n)
b,ie H(m) (J-,,),_)lj)
—Cﬁ:i [Newskd ]  aJ=p
CK;\UM m])



A /2.

Cmy [Mw'gm( g Jee P({a,,, r)fr ) 0 &
R Cmr»eal-l et .?) N T }"' P({‘nw’ r}) ({"‘;Lr"; fr]) [A\!)}""‘
w(ll,) ﬁ‘ ] \‘c( c” Q
Kuian 199 | b rinigs e
L Ksfies Foral i &:ﬂm ?wf LJ /LJ'?&M (1991)
e Mln, ) sobef s o Deneddse (1992):
dnad, “U) 'j tala fion a o
(«fl roﬁns P s. ¢. a :f n [.M(Q ,)J
‘ J') r ” =0 n-g+1
P(( ) br 'F o 1, J ] ) f“) — él)zm J’” (2 P 2)8 -J+.'l
e "R “H hen 2m +n =39-3 = L dim MY
‘n fersechon pairings w
: T N-1 'S(M) B
T o k) 4 4. [ o] ard B, g ) tjr") feaet
F)Jr

(Nok =9+ =2(3-1-m)



/3. M-

« W, Hen a Tr ¢ elemen |
N Witter Lrmulas ( I fuj .;"mMI‘nL Pﬁ"s
Cnvu}in\: x EMJI O % P"""""""“ﬂ\ vt 766”5 m R‘
’ Crrrcs[n. ;(s Cr /
dtj y # dim M
902) = ?T.Of')j) VAN bE £ MoatE
‘{Tn a,."’ &p -f,_ [M(u,l)] ~ ' PETEn
e g 0P o0 o (0 4-6)
AN Fwe o) e w4
Notab o h "i‘:—nn [M(I'I)J
= (vi st % ® e (L) €0
) * G')J-'MSU(‘D)) ﬂr)g ") ﬂér !1’-2 2m
Ol e opucer TR L) $w
2= 5 W o m ¢ Z" | # 2"-/
X N:'J(j-,-m)
°(J = (IL.:\—I‘, 0, o) -f(,,, | 1)



5.
“is is Penaldson - Thaddous  readtt .

+ Witlen gives more Cdmfl.'o»ko(
%ﬂfmw(a.s (’g Same ﬁrt) {'—

Ta ™ ()™ 4 [ 4]

r'jr

: Egec.‘ql 72X 71 ’pf-e,.n'ngb k,\mf:,’.

I. Symplectc volume

vol ~ Mnd) = " d

:’ i N [){(h' ):{

= (vta 52 (A& )

((Jw?d""G) Z | € 5
)eAh-'J:"FWC 1{90)1‘3

Vrp M(l,l)‘: l o _')fﬁ
° 1(811) -Laf:' ‘gz,—-l

/6.

Rigeres  pref (Witlen !fi‘h) using
R“"(‘-Mfkf' "Bu,— S»‘t,‘ {sr;,c),_

2. VER LINDE FsRMuLA

(B-ﬂﬂ-uv;uf —~Laszle 1193

Fadhngs 1113
Faman = Nan osimban — Ragadas /974)

¢ A
Fornuds for din H(Mfs,4), € )
Yl k€ Z |
'ﬂ..‘s —‘.”o‘wr 'f‘r"" W-'Hu\ s /crnu.ﬂas
(SQnCC ch ‘fk = app Lf"
and TXM(",‘{) is o kaown
Poljnom.'wp In azl.-.,an)
(Frf M) oNLY, Witlen - Dovaldson- el
.‘rrufo In infe sach o ru;injs
Y (fm Vealinde frrauJa : poed A
Sgenss 1111, ﬂasl‘-fornJos—WenM w3
Nagssim han- Ramedas 17‘72)



17.
3 Sympleckic geametry bucksrmd
Nona be | an /{ocmfié«/w'm Hesrem
(Witben 1998; Teffrey-Kinuen 1993)
Relates pairings on #a
S)m?lech'c 4u.l{cu+ M,..(
"‘ a Symﬂ!d& man:fsld M
o dats on M iigeldf.

M. Cym . M d ach ed on
( b;O)CvnP,Qd' Lufjrmr G
preserving @ ) or.x!(..
ML, lie(G) map
9. G=ul)

MLi- R

I§.
dp (V) = 0 (X% )"
‘f x* is #a vectr
.f:cl‘ Scn. 57 XG,"L'Q(Q
Y ) G- Qz w,vantat

(G ‘Bl'u't.‘.: r g-;nvdr;nn{

S\,m P’cc#c ?hoh’!‘f-:
Mrd = F‘(O)/G

.MNJ S < Sympkdv'c
abifld (JUokéat aq
smooth menifold by
finite §reup a(-h‘cn)
L O reeulor vahe & Q.



1. 20
Woed : Sympleckc form on Moy

ivan ant
| . . I en *’1\&5 ' ﬂ Mm'«.{ .n a%u
I‘ G&u(‘.! t‘j' ‘( "3 Sar w lo
iy “’ +“?d+ JD E?u.wunu'f cohsme JJ
iy =yl e (M) = W (M), P)
-t /G ' ‘) (M/z,( (‘-.'-' H’(M'r, t‘))
NOIE-' Atiyal-Bodtt (175 3: e s f
M(»,d) :JS ar (infin-te dim'] NCALY ) (SG*)QR(M)
g.Imr(e(Fr ﬁ.cln‘md‘: * X"—’ f(X)‘ﬂ“(M)
ﬁ&, = A s Sym - vectr Specc ’g rifers o prdd
Sy = d(flo) + 1,4 10
o / -4 & D,(ﬂ’o)' 1 x*
(3o f"“f)



? 1
22

. (& G .
b SE?) (i priye) W Resdue formds (T- k
(L) w()()-.- u*(x ) ; ' T - Kirves 1993)
_ g $(n) o't [M.a]
Dx w e 0 € ﬁ (M) 'f = (c"‘“')ﬁS 2 xy
M S’mpkk (UFZ_’A-I; 7¢€ )
K-'rwu EP ¢
g H M) W] (7 1) it Horg % € ()= S(97)"
N ('__; UI(X)r T ( y
o v(X)
I‘ C l'fj..'glu ‘rl )") /" - resls Y20
R

v @ €quivananf Euler class

'2 narmj LMJ/( /" = n M
QﬂS - (mepkc FrmS ~m L‘e(T)@[‘)__,(‘



23.

Speciad_ause s T2 () fsidoa frmad s corived frum |
G= Ul) o SU(r) o 5'0[3) D,;gkﬁ,&t_._}}l@lh (DH ,792)
H’(x) x" (Xéﬁz’“((ﬂ) Ke L""(G). i

b Ehres o (ipeer® [ e il g7 (e‘”e"(‘)"’)

C“‘*)Z ( 1 M ’f =
Fe¥: fr(x) Feé GF(X)
/\,.(F)PO /
n . 7: LJ (age : M
Wﬁw QF(K): (” mjv) x 1 P G u ac"S 6 refoh on arMJ
dim M:lN WI:, 2 ax$
ue T = L((I) acfs o “"i”fz' w=dz 4?
v - )(# - 2 =D /.('f.- )= Z
b € Tem s @ es & ot X
mu,el,'[y(.' ko AJ u’hJ‘ S eiw c'(fix)= Yldz,‘?e
4 Ya St s
(6= ul) emt Y fochr) S iflben @2 )
27-1



D H Thm isc S')uuu{ m.uoz
Aielicn foukiyehm Hhn

(&(/m Vermne 1782,
phiyed - Botf 1984

§, 700 - f f_?_)

F (X
fr 7€ (M), Dy =0-

L 1?'{‘-? e‘yPI w (X)

26.

Lemma 3enes
er 3(2'))

)q‘*-ﬂ /d))?'

nFwC am, )((c )
e (e H0)
BT T cot k)

o Simpfe
ot

Spend coen  M[21)

X
£ C"_'— -2 B p{({% 1-2:5;"""" \
me'?f xﬂ(l-e’"x/

=7, (1 - "ii‘j-;-zn) @(243-2-7\;.}



23
Yai Exforded nodeli spa [T, '92]

T 1S @ mplechc  space | |
| ¢1ua'fp¢4 ;"wﬁA - Hanu'H'mM achon

o which T "]"fk‘#‘
%i‘en'f'{ M(c), s M{‘h,d}
G= QU(‘n) e emr.'% j}_
- M—+£1
J/ le,xp

63_—-4 G -| L"‘l
(£n-ihig)—> -Jn—“;,'-. "‘:j Laj—. Y

M- (e, e 6305
TI— ij_, A,)-}'),J-.,, L!j -.-.cexf/!}
1

2§.

.On’a;n:JV(nd) /s S‘ynrled\'c rgﬁef
4% .)6' w.r.t Jerge grovp g
while Mo is sympleckc quabiet
et bad gange grep §oo
wd lo = @

PpPuHCS‘- (=) 71141 1§ e g—mv‘i‘.

; '2.—-F-rm W Oon Gax‘f whch
PCS'}T"C"S 'fb Qa ﬁ’mru-‘ F-n..,
on M(c.)




9. .

Equivariaat G hmalogy | M(d): Wont fo apply rudrebs {T*”*_ * MO
P gt Wite's fcr‘.M “ |
¢ 7‘-"“ ad AC‘:!“S‘;'-S F’m"ﬂj ;o Fixed ,’ﬂn+ Sd“z T_m*
S, Bt €H (M) M7 —RF s
Ak goe nse b th | | -
r - Lrj , 1 T%— CeT
9’*:“ R .F ! MT = T x(ﬂ(up>54
H (M(n,d)) wrdlen 7‘{4 &(X)”“(a’) ez n-l)
Kiwan wep 3. e ln) P simplicty M(3, 1)+ <77
e IR
o In fact .vm.gm“*"‘f”
&= TEH ()4 My 1= cophe - o

e A= (DT t




L,,{wa'e'f .?(l. . 15. Extre Skps in prof 32 -
=( 3(15c5) e S50 (0 Bk o sy s (S
a2y o X gé ,,’eu..;) j (u7e /
= | ir X -~ \ o (o
Moo, L Skl K( ) LA /T e
ER PR R P (o F, (p17 . u)
= k€(3-2-2) as disicel Jr (9
" Appliokion o residus fermade y G\Mit wnde 'f'—’f
# Mle) s unjust fred | (6 llmin - Ful 5 5. Movk)
Since M(c) IS noncm/oGCJ“ (S cid e T =U (l)) ( )
and n . e euo
© We r:crufén;\‘/#‘“ ﬂ"”"“f‘; §— (1] ) f i i ol
desingulosi ying Mc) Mon 5’9 (1, (ye'€ )
Seme diﬁmqﬁ /mo]um‘q = gq P%( e'(x) ~
{..(r[r c,

AT wks paly o pr (B), 4 (F)



"
£) Pua'olf&b
M) 3 4'(4) < ME)
'S acld o 6 7—
_é__emnu 77‘1“—'» 'S “
homeo. S - M‘#,(C)—’M‘(C)
(4,0 — (£, A+2m)

for ey m€ Z
(Jri‘m € KM (%P))

"3k
Desimulargebon 4 M(c):
Frr greanic $€ Lie(T),

M(cwp’?) « {(‘.m hy, 4) €6 2xla

b £. h. | 7' =
; }T o b b b e e,f/\]

‘S SMoOM-

we Iy lake He LGA
e o L T M

o an iﬂf{\M(c)



M.F. Atiyah, R. Bot{, The Yang-
Mills equations over Riemann surfaces,
Phil. Trans. Roy. Soc. London A308
(1982) 523-615.

M.F. Atiyah, R. Bott, The moment
map and equivariant cohomology. Topol-
ogy 23 (1984) 1-28.

N. Berline, M. Vergne, Zéros d’un
champ de vecteurs et classes caractéristiques
équivariantes, Duke Math. J. 50 (1983)
539-549.

N. Berline, E. Getzler, M. Vergne,

Heat Kernels and Dirac Operators (Grundlehren
v. 298), Springer, 1991.

S.K. Donaldson, Gluing techniques
in the cohomology of moduli spaces.
In Milnor 60th birthday festschrift vol-
ume (Publish or Perish).

J.J. Duistermaat, G. Heckman, On
the variation in the cohomology of the

| .

symplectic form of the reduced phase
space, Invent. Math. 69 (1982) 259-
288.

V. Guillemin, Y. Kalkman, A new
proof of the Jeffrey-Kirwan localiza-
tion theorem, to appear (1994).

L.C. Jeffrey, Extended modull spaces
of flat connections on Riemann sur-
faces, Math. Ann. 294 (1994).

L.C. Jeffrey, Group cohomology con-
struction of the cohomology of moduli
spaces of flat connections on Riemann
surfaces, Duke Math. J., in press.

L.C. Jeffrey, F.C. Kirwan, Localiza-
tion for nonabelian group actions, Topol-
0gy, In press.

S.K. Martin, Cohomology rings of
symplectic quotients, preprint (1994).

M. Thaddeus, Conformal fleld the-



ory and the cohomology of the moduli
space of stable bundles, J. Diff. Geom.
35 (1992) 131-149.

E. Witten, On quantum gauge theo-
ries in two dimensions, Commun. Math.
Phys. 141(1991) 153-209.

E. Witten, Two dimensional gauge
theories revisited, J. Geom. Phys. 9
(1992) 303-368.



