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B. Beta function coeflicients

We list in this appendix the beta function coefiicients relative to the gauge sector
in the SM, in its supersymmetric extension, and some related quantities; the two-loop

coefficients are taken from ref. (33].

Coefficients of the SM 1-loop running, assuming N, families and ny light Higgs

doublets (in square brackets the case N, = 3,n = 1):

by 0 4/3 1/10 41/10
by | = | —22/3 |+ N, 4/3 |+ | 1/6 = | —19/6 (B.1)
b3 —11 4/3 0 —7

List of b-differences and the factor d (in square brackets the case Ny=3n = 1):

by — by 11/3 1/6 23/6
by—by | =] —11 | +mn | —1/10 =] —111/10- (B.2)

by — by | 22/3 —1/13 109/15

3 3 S
dz(bl—bj)—g{bg—bg.)ﬁ -5- (224*71[/3) [ﬁ 6(/0] (B3)

Coeflicients of the SM 2-loop running, assuming N, families and n; light Higgs doublets

(in square brackets the case N, = 3,n; = 1)

biv bia bis 0 0 0 19/15 3/5 44/15
by bay bay | = | 0 -136/3 0 + N, | 1/5 49/3 4
by by b 0 0 —102 11/30 3/2 76/3
9/50 9/10 0 3.98 27 88
+ m | 3/10 13/6 O =| 0.9 35/6 12 (B.4)
0 0 0 11 45 —26

Coefficients of the SUSY SM 1-loop running, assuming ¥V, families and n, Higgs
doublets; in ng there are light and heavy doublets; ng = n; + nx (in square brackets the

case N, = 3,nqy = 2}:

(33/5)
by 0 2 1/10 56/18
by | =] =6 | +Ng-| 2 | +3-ng-| 1/6 = 1 (B.5)
b -9 2 0 _3
51
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List of b-differences and the factor d (in square brackets the case N, = 3,n, = 2):

by — by 3 1/6 4
by—by | = | =9 | +38-n,-| —1/10 =1 —48/5 (B.6)
by — by 6 —-1/15 28/5

(18 + nyg)  [= 60/5] (B.7)

] o

3

Coeffictents of the SUSY SM 2-loop running, assuming N, families and n, Higgs

doublets (in square brackets the case NV, = 3,ns = 2):

b b2 bia 0 0 0 38/15 6/5 88/15
by boy bas | = | 0 —2¢ 0 | +N,-| 2/5 14 8
by b3z b 0 0 —54 22/30 6/2 68/3
9/50 9/10 0 7.96 5.4 17.6
+ omge | 3/10 7/2 0 =] 1.8 25 24 (B.8)
0 0 0 22 9 14

List of coeflicients d; of eq. {4.48), in the case ¥, = J,ngy = 2,n; = 1:

d, ) 25
dy | =z | -100 (B.9)
ds 56

List of coefficients o, of eq. (4.57), in the case ¥, = 3,ny = 2 (minimal SUSY SU(5)):

ar 3
12
oy = ? -2 (B].O)
a¢ -1
22
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wure 2: Running coupling constants in the standard model and in the minimal
ersvmmetric extension. From [23).

ich is a reasonable average of both the LEP and low energy determinations.
From these inputs one can plot the running couplings and see whether they meet.
is seen in Figure 2 that thev do not meet in the ordinary standard model. but
+ do meet with reasonable precision in the supersymmetric extension [19]-[21].
is provides evidence, independent of the nonobservation proton decay. that the
iplest versions of nonsupersvmmetric grand unification are excluded. w hile the
ersymmetric case 1s allowed.

R
3.2 Implications of Coupling Unification
e coupling constants unify in the supersymmetric extension of the standard mocdel
a scale

My ~ 3 x 10¥GeV . (13)

T not in the ordinary standard model. Does this constitute plooi of supelswmnetl\

lnak! s ot ST o A IEVTR PR B N -
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Table 3.6: Numerical predictions of t, 1/ac, and s3(Mz) in case (a). (Input parameters are indicated

by brackets. No correction terms are inciuded.)

( SM MSSM
one-loop | two-loop || one-loop | two-loop
t 173 | 465 528 | 525
- 41.46 41.32 24.18 | 2349
| oo (127.9) ]
s2(Mz) | 02070 | 0.2100 [ 02304 | 0.2335
as(Mz) (0.120)

(b). (Input parameters are indicated

Table 3.7: Numerical predictions of t, 1/ag, and a,(Mz) in case
by brackets. No correction terms are included.) The near equality of cases
is a reflection of the success of the coupling constant unification.

(a) and (b) for the MS5M

SM MSSM
one-loop | two-loop || one-loop | two-loop
1 4.04 4.05 5.24 5.32
;1: 42 .41 42.22 24.38 23.12
s2(Mz) (62316}
as(Mz)| 0071 | 0073 J 0115 | 0.129

Table 3.8: The two-loop predictions of the SM and MSSM in case (a) for AF = 1 additional fermion
family and Ang =1 or 2 additional light Higgs (super)multipiets. (Ilnput parameters are indicated by

brackets. No correction terms are included.)

‘ T SM MSSM
}TF:lIAn;{:l AFZI]ATIH:Q

[t | 469 4.38 5.32 4.76

| L [ 3483 | 4033 1152 | 2209 |

ol (127.9)

| s3(Mz) | 0.2099 [ 0.2141 | 0.2345 | 0.2562

| a,(Mz) | (0.120) 1
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Table 3.9: The two-loop predictions of the SM and MSSM in case (b) for AF = 1 additional fermi.
family and Ang =1 or 2 additional light Higgs (super)multiplets. {Input parameters are indicated -
brackets. No correction terms are included.)

SM MSSM
AF=1|ARH=1 AF=1| Ang =2
t 4.07 4.08 5.45 5.80
;‘—G 36.63 41.63 10.34 15.74
et (127.9)
s Mz) (0.2316)
as(Mz) | 0.073 ’ 0.078 i] 0.132 l Non-perturbative

only low-energy input used is that of a(Mz).] The prediction of the former two is compared wi
the data. Observe that in superstring theory the relation between the string scale Mg and the stri:
coupling gstring, i-€, Ms = 3.2 X gyring x 10°7 GeV [90], is not consistent in the MSSM assuming dire
unification, 1.e., Ms = Mg and ayuing = ac (see also Antoniadis et al. [68]). In general, lower valu
for the weak angle and a unification scale Mg 2 10'" GeV imply non-perturbative values of a,( W
This, of course, can be rectified using large threshold corrections. Threshold corrections are discuss.
next (sections 3.3 and 3.4).

3.3 The Correction Terms: A Formal Discussion

This section will be devoted to the correction terms A;,

A\ COMUERAT0T: bf M J
A= AS + 2 > (.)-)(l“(.wbo.‘,.\dw) - )
boundary ¢ &'
+A§op+ A:{ukawa + A;{V'RO. (3

The first term is a constant {briefly discussed in section 2.2) which depends onlyv on the gauge gros
G; [26],
A:;onuer.sion = _C'Z(G‘) , (3
(12x7)
where C3(G;) is the quadratic casimir operator for the adjoint representation, Co(G;) = N (0} for G,
SU{N) {U(1)]. APmem® results from the need to use the dimensional-reduction (DR) scheme in t

MSSM, so that the algebra is kept in four dimensions [26]. Thus, we convert the MS couplings abc
.Mrz,

1 — _1 conversion
- [ - Al b (?)1

=
M3 DR

For consistency we will use DR also in the SM case, though this is not required. ag is then given 1n
DR definition. :

The second term sums over the one-loop threshold corrections [84]. &% is the (decoupled) contributi
of a heavy field { to the 3 function coefficient b; between M; and Mioundary- C7% is 2 mass-independe
number which depends on the spin J; of { and on the regularization scheme used. In MS (usi

! -8 =
: o _ o
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quantity. Today the situation is different, and the main experimental uncertainty is on
the strong coupling constant. As a consequence it is worthwhile to use sin® #y1- as input,
and quote the prediction for a3. We will call scheme a the first way of proceeding, scheme

b the second one.

From the mathematical point of view, we have to solve the following two linear

systems
31 3 1
ia 1 b 3 Py
scheme a: 0 =1 b -1 ¢ (3.13)
1 in? Ay
0_3 1 b3 0 ‘_S o 11
3 1—sin® - 1 bI 0 1
3 ) .‘o. o X
scheme b : i‘l'uit =115 0 t (3.14)
0 1 by -1 1
3
After inverting the two matrices we obtain:
i ) —b3 —Eba b + %b'z il \
scheme a: t =7 1 2 -3 0 {3.15)
‘ i P by—by by—b b —b L
1 —bz bl 0 g | —sin? 0y -
QG 1 ] ) ?{X
scheme b ; ¢ =3 ; 1 -1 0 %U# (3.16)
1— 02
1
o1 bg—bg bl —bg bg —bl 0

where d = 3/5(b> — b3) + (b — b3), and at the end we can write the 1-loop result as follows:

L= e io el gde ael 2o
Ny ferwsud
scheme a : t = ;ﬁ[%é—%a—‘,] ’//— o h{ip (,9--0&(
one
L S L A N T T
ba- b3 <
i — g,,_ib_.,{(b Sb )stn sin” gy _gb_zi:f

scheme b : ¢t = BT%E [fé 8 sin’ 5" gmew\ (3.18)
& T ks [55/— b3 + g

We have been quite detailed in this analyms because 1t will 15& also useful when computing
the two-loop contributions to the tunning and the threshold effects as corrections to the
previous framework; this is in fact the case for SUSY SU(5). In fact the couplings a;{ M)
are different from the one-loop values by little corrections A,;, which can be thought as
modifying the input values in the right hand side of egs. (3.15-3.16). The procedure will
be detailed in the following.
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Tabie 13
Simple irveps of simple Lie algebras

Algebra Dynkin designation Dimensionality

A, (10...0 n-1
or {0 oy n-1
B. e ..or -1
000 0 ™
Ca (1. .m in
D. (10... 0" 2n
{00...G0) -t
or 0. .. 010" R
G- {0 7
F. {0001 %
E, (100000) by
or (000010}" b
E- {000010) 36
E4 (0000C010) 238

* This irrep can be constructed from products of the
unstarred 1Tep.

Table 124
\lavimal subalgebras of classical simpie Lie algebras with rank 8 or less

Rank 1
SU. 2L
{(SU. 50 Spr. &l isomorphic}

Rark 2
SU, 2 SU-x Uy
25U,
Sp: 2 SU.x SUL SU.x Uy
25U,
(SO isomorphic t0 Spe. SC ~ 3Uz % 5Ux)

Rank 3

SU, 2 SUsx Uy SUyx Shizx Uy
= 3p.. SU- 25U

§0- = 35U.. SUzx SU- x SUs; Spax Uy
> G

Spy = SULx Ups SU~ « Spy
o sU- SU, < SU-

(SO, is somorphic (o SUL)

Rank 4
SU5 T % Ui SUZ" SUJX Ul
:SPJ
S0 T 30 SU: x SU: A SPJ. SUisx SU,: §0-x Ly
< 5U.. SU.x SL
Spe Z5ULx U SU- % Spa: Spa % Spy
=Sl SU-x SU. = SU
S04 = SUx x SUz x SU=x SUp; SULx L,
=515 50-: SU. < Spy

- -

(R}

(R}
%

(8)

(S)
iR}
{3)

()

{S)
{R)
(S1
R)
{S)
(R}
15
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1{{ Rank 5
SUs DSUsx Uy SU-x SULx Uy SUyx SUG X U R)
2 SUs: SUL Spe: SU- % SU, (8)
SOH D SO]D: SU: x SOg; Sp; x SUL. SU-x SU: % §0-: §0q x U, (R)
25U, )
Spm D8Usx Uy; SUxx Sps; Spa X SP& (R}
2 5U,; SUax SPA (8)
SO 2 SUs = Uy SU; x SU-x SUL; SO x U,y (R}
3 Spa; S00; SU. % SOn; Spax Spy (8
Rank 6
SUy DSUgx Uy; SU-x SUsx Uy SUyx SULx [of} (R)
280 (5)
50\3 > SO|;; SUax SOm'. Si).s x SO;; SUL %50~ SU: % SUs % SOq; SOy x U, (R}
: 2 SUs (38)
3 Spiz 2 SUs x Uy; SU2 x 8pyg; Spa X Spu: Sps X Sps (R}
3 2 8U-; 8U.x SU,: SU-x Sps (8)
T SO\:DSU&X Uy SU:’«' SU:’(SOg; SU,.x SUy; Solux (W (R)
] D5U,x Sp(,; SUzx 8Uax SU», SO, SUs x SO Spyx SO- {S)
Rank 7
SUg 38U, x U|'. SU'_- X SUg X Ul'. SU] x SUS X U]; SULxSU, x U] (R)
; 2 S0y, Spy; SU, x SU, 5
g $0h5 D 501; SU2x SO42; Spax SOq0; SO7 % $04; SU, % S0, SU-x SU.x SOyy; SO3¢ Uy (R)
; 3 5Us; SUL SU: x Spy (S}
k: Sp1a 2 SUsx Uy; SUz % Spyz; Spax Sprg; Sps * Sps (R}
> SU:; SU: x S04 (S)
SO 2 SUr x Uy; SU2x SU; x SOyq; SUL X SOg; SO x U,y (R)
2 Spa: Sps; Gri 50155 SU2 ¢ SOy Spa % SO9; $O: % SO- (S}
Rank 8
SUq D 8Ugx Uy; SUax SU-x Uy, SUyx SUx Uy SULx SUsx U, (R)
3500 SU xSU, 8}
3 8017 D 8Os SU2x SOw; Spa % §013; 507 x 8044; SO * $04: ST, x SO
SUa x SUs x SO4y; SOs x Uy (R}
28U (S
Spr1e 2 SUn x Uy SU2r X Sprai Spe X Spua; Sps X Spio: Spa * Sp R)
25Uy Spu: SU~x% 8Os {S)
5015 2 SUgx Uy, SUxx SUa x SO4a; SULx SCho; 5O % SO4; 50, x Uy (R)
2 509; SU~ X Spx: Spax Spu: SOus; SUa x SOy Spa 2 SOyy; SO+ % S0y $)
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