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FLTROLUCTION
DENSIPY OF i wdllis OF POLAIYLAL UYelATORS

Let H be a real ililbert space, let L : D{L}ec Hwl be a self-adjoint

operator with a closed range ond let Y: H pH be a tuice Giteaux—differen—
ichel WILLEN tiable convex function. In (Y] mawhin showed that if there exists real
numbers o, (3 aro y such that 0 <€ éts’d » (1) Ml-oe0C - PFand, ror
every u#&il,
< 4
PIEylsyl,
_AB3TRACT then [ +§lt' is one to one and onto. The following weaker condition were

introduced by Dolph[ﬁ] in his atudy of Hammerstein ecquations
let L be a self-adjoint operator with a closed range in a Hilbert

(o) 0 < lin, Y(u) sf;r.n Viu) o .
space I and let ¢ be a differentiable convex function on H. Under jul g |ul2 '“‘"‘p:z <7z
a2 non re8opance assuaption, we prove that ihe range of L +3.,P 18 If (o) 15 satisfied, under the supplementary assursption that the righnt
dense in H. inverse of L is compact, L +‘;~1J is onte (see [47 wich extends some

results of [] ). In the present paver we prove that (O) implies that
ihe range of L + )\P is dense in H. e use the dual least action
principle of Clarke and #Zkeland f}} and the variational principle of
ukeland [6]. The abstract result is applied to pericdic scluticns of a

nonlinear wave equation with a nonmonotone nonlinearity.

ANS(LOS) subject claesification (1980) Primary 49427; secondary 49421,

Kay wordst seml linear egquations, non convex duality.



1. A DENSITY THEOREM.

Let H be a real Hilberl space with inner product (.,.)
and corresponding norms ! . L Let L :°DI(L) CH -+ H be a aelf-
adjoint operator with a closed range and let ¢ : H+R be a

differentiable Eunuax function.

tet a.B.y and ¢ be real numbers such that 0 < < y < a
and .

[A1l gL} N }Ya,0{= ¢. where o(L) denotes the spectrum of L,

[A2} for every u € H,

glulz bul2

5 -c S yPlu) <y '3 + .

Lat us write

1

’

K = (UptL) nRrL))

&

»
¢ (v) = sup [Cv,ul - ¢lu) ], v €4,
u€H

and
O} = F Kv,w) + ¥TIVIL v € RIL).

The function w‘is vhe Fenchel transform of .

The present formulation of the "dual action” ¢ were introduced
in [1] for hyperbolic problems and in ['}] for hamiltonian
systems. See [4 ] end [§] fur other abstract formulations.
The following lemma has been widely used in the study of hamil-
tonian systems (ses [F]).

LEMMA. inder aseumptions Ay and Agr @ 8 coereive onRIL),
foe. Wyl ==, [y |- o,

Frogf. I mufiices B clserve thet Ay
¥R 3 1< e

and k? imply that

and |2 »

YvEH .‘,", - Ky (V). o

THEOREM 1. Under assumptions Ay and Aye if M <8 wniformly
continugus: the range of L * W {g dense in H.

Proof. Since. for every F € H, tha function Plul - (f.u) has

the same properties as Yly}, it suffices to prove that

0€ R(L + 3T,

Let € > D be fixed. By assumption there exists & > 0
guch that, for every wu,v € H,

ly-vl <6=13Pu) - 3ply) | <€,

R
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Remark. Particular cases of thearem 1 were announced in [A4]
Since ¥ 1s coercive by the lemme, it fullows from a
and [AZ). The use of the "dual action’ @ were suggested to us

by J.L. Lions.

theorem by Ekeland [€.p. 444 | that there exists v € R(L}
such that, for every h € Rl{L) and for every t > 0,

Glvi € lv + th) + St 1nl. 2. PERIDDIL SOLUTION OF A NONLINEAR WAVE EQUATION.

Thus

» *
-(KV,h) < g lv » t?] _ vl Slnl » %lkh.h]. This sectlion is davoted to the existence o¥ 27-periodic

solutions in t on x of the nonlinsar wave equation
If t + 0, we obtain q

Lotk Meg o Ny u v djlu) = Fle,x)
-(Kv,hi =& ¢ [v.h) + §1n . *
* whers : R =R s cvonvex and differentiable and
Since &' ¢ (v..) + 8 .| is positively homogeneous and .
4 's
subadditive, the Hahn-Banach theorem insures the existence LA S AERN T I A B

of w € Ker L such that, tol mosty € b5,

. Lt A e oI lingar operatoy defineo vy

tw,h) - Lkv.h) & 8"9 Lv,nd « &4n b,
But then DIAY » 1u & U'ziHl.-k‘Il }‘J toulD,. ) = yl27, mul., U} = ut-.zmrut{o,-)-ut(Zfl,.)
(N Sint <y S T BT S = 0y = leoEw - 0

- vt v u, . -
Av v ugy = e
where u = w -~ Kv. We shall now use a classical argument 1in Let us write A * A*. Then A Is self-adjocint and
convax analysis. It follows from (1) that the convex sets aglA)a2?+1 v 47 consists of eigenvalues which are of finite
*
c, = {(hs, €HxR:s>y (v - Wi - tem), multipiicity except 0 (see [4®]).
Cz‘{(h.SJEHXR:S<‘6|h|} Let us dafine w:H-’ﬁ by
i e2m
are disjoint.since C2 is open thergexists a (non verticall Yiul) = J J Jlult,x})dt ox.
closed hyperplane separating C,I and C2‘ It is then easy to 9] 0
verify that there exists + € H such that, for every h € H, THEOREM 2. Asswne that there exists B.y.c € R such that
- * .
-8 In ]l S (f.h) S (v o+ b)Y - vl - tu,nl. U< pB<y<1 and, for every u €R,

The first inmeguality implies that | f ! < §, the second that ? ‘
¥ By -~ cStu <y v
fu~+ f)l € 3 (v! or v = a¢lu + f). By the definition of u,

tu + 3l + f1 = 0. Sipce 11 <&, lLu +» Wl | - assume further that 33 s Lipschitzian, then squation
| 3Pplu) - Bylu + F) | < €. o



[2)

Au - u v 3plu) = f

t8 solvable for f in a dense subset of H.

Proef. It suffices to apply theorem 1 with L

a =1,

Remark

u

In this case

Theorem 2 applies for example to

tt

u
XX

ailu) =

1
3

3
F)

3
TR r 8in u = f(t,x).

{u *+ gin u),
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