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REMARRS  ON THE AL LEAST  AOTION PRINCIPLE.

B R I e e R T T T O A Sy Sy A R G
[ ke S SR
Michal WHLEH

June 18460,

INTROCUE (10N

" Lat M bu o real Hilhert space, let LB{LY CH—=H bz a
- self-adjoiistl operator with a closed renge and lut ¢ H-R
b a continucus convex function. The surjcctivity-ef L+ 3¢ is
studied under o non rescnance condition due to Dolph [8 1.

The basiec tunl is the dusl least acticon rinciple of Clarke

and Pkaland, I contrast te the previous goplicstions of this
.b}iﬂaiple;wo consider the case when the right fnvorsze of L dg

not pevessarily o compact operctor.

T 1l DUAL LEAGT

Let H be a real Hiiberg speoe with Janer product (.,.) ang
perraspouding notm | . of . let Lo DIL) S H -+ H be & ssli-
adjoint cperater oo Jlesed range and let @ :r KR ke a

Ceontinuoes convex TuooLoun.

Let «. £,y and & be resl numbers such that 0 < g < Y <o

and
(A1} gitIN]-a,0{ = &, where 0(L) denctee the spectrun of L,

(h?] for avery u € i,

2

+ (=%

N

(Y 12
g 5 - cR Plul Sy

Let us write

K= (Lot norioy Y,

*x
Y (v) = sup [fw,ul - wio) 1, v € H,
wEH

)

and
1 .
wlv) =5 kv,vd o« plvl, v e ReL).

* .
The function ¥ is the Fenchél transform of w. The present
formulation of the "dual actiop® $ was diptroduced in [ 51 far
hyperbolic problems and 1in {8 far hamiltonian systems.  See

[71 ang [10 ] for cther abstract formulations,

LEMAA 1. Under asswumption Ays €7 @ has a local minimum on R(LJ,
then equation

(1) . ~Lu € adlu)

18 solvable.

Praof. If ¢ hss a local minimum at v € R(L), then for every h € RIL)

sufficiantly small and for every t € }0,1 [, we have

* .k t2
¥ (vl €3¢ (v + th) + t(Kv,h] + 5= (Kh,h).
Thus

* *
tkvpy < YL £ th) -y ()

t
T * 5 {Kh,ht.

: N ] .
If t ! 0, we obtein denoting by § Y*{v,.) the right Gateaux variation at v

-tkv.ht < 6% p¥tvLnm.

+ *
Since & ¢ (v,.) is positively homogerizous ard subadditi va,
the Hehin-Canach theorem insures the existence of w € Ker L

such that, for every h € H,

+ %
{w,h) - (Kv,h) < 3§ y [v,h),.
But then
- " *
{w -~ Kv,h) S ¢ (v +h) - P (v},

* .
fe@. W - Kv C Y (v). It follows that v € Wlw - Kv).

If u = w Kv, - Llu+ v and u is a solution of {(1). o
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‘The following lemma has becn widely used in the study of
hamiltuniah:systems {see [91).

LEMMA 2. Under assumpttons A1 and AZ' © t8 coercive on

Vl—bu:l

RUL), Z.e. (p[v]""” as |
fPrcof. It suffices to observe that A1 and Az imply that
B 4 2
V.v € RIL) s v 1™ < (Kv,v)

hnd‘

- 1 1 | *
v_wen ¥ 3 o<y . a

2. SURJECTI\HTY THEOREMS,

Tha following result generalizes theorem 2.1 of [8 ] and
theorem 3.2 of [& ] It extends theorem 1 of [71.

 THEOREM 1. Unde«v assunptions A and Ay, £f a(L) N ]-,0 |

X .conszsts of -Lsalated etge’nvalues with fzmte multiplicity, then
'.IL + aw is onto,

- Proof. Sinca, for any f € H, the function W(u) - {(f,u) has
tha same prnparties as w(u], it suffices to prove that (1) is
"solvable. '

. By assumption % (Kv,v)l is weakly lower semi-continuous
(wel.s.c.). Therefore ¢ itself is w.l.s.c. By lemma 2, @ has
a minimum on R(L) and, by lemma 1, (1) is selvable. 0

“The following result extends theorem 3.7 of [1].

THEOREH 2. Under assumptione A, and Age if

[ ' dP

A

fa} Y is differentiable and 3y is Lipschitzian with constant k

(L) G[L).ﬁ 1-k,0 [ consists of isolated eigenvalues with finite
multiplicity, then L + 3y s onto.

Proof. As in theorem 1, it suffices to prove that (1) is

solvable.
it Fi € Bw*(vi], i= 1 2, we have 3¢Lf l, i=1,2.
By Corollary 10 of [3]. assumption {a) implies that
2
(v, = vy fy -f21>Ilv1 vy I 5
* 4 lv i2
Thus qH[V] =¥ [v]} - T 3 is convex.

Let {Pl : X ER} be the gpectfal'rasolution of L and
let us write
9, = oF

1 AT 2 I AY
} e,k ] J-ko= 1

= Qiu. i=1, 2, u € H.

‘ \ _
It follows from assumption (b) that wb(v] =3 [sz,vzl is

w.l.s.c. onR(L). Moreover, for any v € R{L),

1 2 1 2
-2 »-<lv
[Kv1.v1) > " Iv1 | kl ]
1 | v I2
Thus o3(v1-= = (Kv1v1) + - 5 is convex. Finally

P = w1 + wz + ws is w.l.s.¢. and, by lemmas 1 and 2, (1) is
solvable. .a
As an obvious consequence of theorem 2 we obtain :

COROLLARY 1. Under assumptions A,

and Ay if ¢ 18 differentiable

aapm

« -

% et
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- and W Zg Lipschitzian with conatant a, then L + 39 {s onto.

Remark. Corollary 1 generalizes theorom 4.7 of [8 ), theorem 1
of [ 11] and extends thaorem I.42 of [4].

3. PERTOCIC SOLUTIONS OF A NONLINEAR HYPEREGLIC EQUATION.

This sectionis devoted to tha uxistence of 2w-periodic

golutions in t and x of the nonlinear hyperinsd o vquation
- + A ire! o Flt.a
u“ Moy worodin [t a
where j : R "_R. W asivex and f € H = in [o,2n )7

We shall only Lansiver the case when X =1. The other ceses
are left to Lhe reader. The case when X = 0 is treated in

Let A be the linear cperator de’ ned hy
D(A) = {u € 02{{ 0,2r; ¢ 5(9,.1-0i2r,.) = ut[n..)-ut(211..]=u(..o}—u{..21T) =

- u le0)-u (., 2m) e o}
Au=og, - U :

*
Let us write A « A, Then A is self-adjoint and
G(A} = 2Z+1 U 47 consists of eigenvalues wich are of finite
1

multiplicity except 0 (see [12 ]).

Let us define § : H =R by

n 2n
Vlu} = I I Jlult,x) ot dx.
0 0

The following theoren extends the results of [13].

THEQRYM 3, Aoswee that there ceizis By and c €R  such
that G < (g y < 2 and, for cvery U €R,

2 2
(2) B-;- —c<J(uJ<y§+c.
then equation
Au +3u + JP(u) = f

i solvable for every f € H.

Proof. It suffices to apply theorem 1 with L = A I and
zZ
o=, n}

4. THE GROWTH OF Y.

A sharp estimate of the growth of 9 under assumption
AZ is given.

PROPOSITION 1. Under asswmption Ajs thereexists c' € R such

that, for every f,u € H,

(3) - FEMWW =l <2y ol + gt

Proof. let U €H and + € wlul). Assuming + £ 0, let us
write g = f/i¥|. We have, for every t €R,

{f.tg-u) + yYlu) < Ylitg)
or
D yltg) - tIF + (f,u) - $lu).

By assumption
0<t2%+c—tlf‘l +lullfi-gn

where c* = inf $(u} > - e, Then
u€H .

Iflz<4%(c-c'+lullfll

and (3] follows easily. o



Remark. The argument of the proof is dus to Prézis andiNirenberg

[4aD-312 ] +
The following ‘example shows that astimate (3) is sharp.

Let y€l1/2.10, 8€10,2v-1(, p - =8 ang

q-= -E—__:—%- . Let us define inductively tD = v/B, up = ptn and
tn+1 = un/B. Let us Flefina ri RfR by

r[u)l = yu, u €],1]

Y.u€]1.tul

n

qu + (1 - q)un. u E]tn.un]
].

v, € ]‘un.tnﬂ

u
If Ylu).- ] ris)ds, for any u €R,

0
2 u 2
<yl <yy -

™
njc

But, for any n €N, -aw[un] =u and u =, n=e,

Moreover, if L t R *R 1s defined by Lu = - u, assumptions
A1 and Az are satisfied with a = 4, and, for any n €N,
Lu 0t Bw[uﬁ] = 0. Thue conditions A, and A, doesn't imply any

a priori bound for the solutions of (1} (see also [8 Jand [2]).

&

{11 H. AMMAN, Saddle points and multiple solutions of 'diffe-
' rential equations, Math. 2. 169(1879)}127-188.

[2] A. BAHRI and J.M. MOREL, Image de la somme de deux opéra-
teurs, C.R. Acad. Sei. Paris 287(1978)A719-722. -

[31 J.B., BAILLON and G. HADDAD, Quelques propriétés des opfra-
teurs angle-bornés et n-cycliguement menotones, Isr.
J. Math. 26(1977)137-150.

[4 ) J.H. BREZIS and L. NIRENBERG, Characterizations of the
ranges of some nonlinear operators and applications
to boundary value problems, Ann. Scuola Norm. Pisa
5(1978)225-326. ' :

[5 ) H. BREZIS, J.M. CORON and L. WIRENBERG, Free vibrations
of a norlinear wave eyuation and a theorem of

P. Rabinowitz, preprint.

f6 ] A. CASTRO, Hammerstein equations with indefinite kernel,
Internat. J. Math. & Math. Set. 101878)187-201.

(7] J.M., CORON, Résolution de 1'équation Au + Bu = f ol A
est lindaire auto-adjoint et B est un opérateur
potentiel non lindaire, C.R. Acad. Sci. Paris
280(1979)A805-808,

[e ) C.L. DOLPH, Nonlinear integral eguations of the Hammerstein
type, Trans. Amer. Math. Soc. BE(1943)288-307.

[s ] I. EKELAND, Oscillations de systeémes hamiltoniens non -
linéeires I1I, preprint.

s

Tl

T4

e



9

{10] I. EKELAND and J.M. LASRY, to appear.
[11] J. MAWHIN, Contractive mappings and periodically perturbad
conservative systems, Arch. Math. 12(1$76)67-73.

[12] J. MAWHIN, Solutions périodiques d'égquations aux dérivées
partielles hyperboliques non lingaires, in "Mélanges
Vogel"”, Rybak, Janssens et Jessel ed., Presses Univ.

Bruxelles, Bruxelles, 4978, 301-319.

[13] J. MAWHIN, Periodic solutions of nonlinesar dispersive wave
equations, in "Constructive methods for nenlinear
boundary value problems and nonlinear oscillations”,
Albrecht,Collatz and Kirch‘géésner ed., Birkhaliser
Verlag, Basel, 1979, 102-109.



. .

"o

T a

Caawe s



