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OPT1IMAL CONTROL OF WATER SOLIDTFICATION

OBSERVATION OF THE FREE-BOUNDARY

The solidification of water is one of the simplest free-boundary
problem, the state (the tcmperature) of which can be modelized with a
one phase Stefan problem. Here the optimal control of a such system is

studied when :

— the state system is given by the variational inequality

(V.1) associated with the one phase Stefan problem ;

-~ the observation is the free-boundary (interface between

water and ice), more precisely the domain of ice.

The main difficulties of this problem are :

~ the differentiability of the solution of a variational ine-

quality ;

- the dependance of the domain of ice, with respect to the

control.

The lecture is divided in three parts :

1./ Mathematical formulation of the problem.
2./ Theoritical results.

3./ Numerical results.

For details we refer to C. SAGUEZ [5].
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1 - MATHEMATICAL FORMULATION.

We consider the two dimensicnal case. Let 2 be a buounded open

set of ]RZ, with T= FIUFZ the boundary (sce figure 1.7).

Figure 1.1.

. Ql(t) {resp. Qz(t)) denotes the liquid domain (resp. the solid domain)

and S5(t) the free-boundary. We suppose that _R_‘(L) [aln Y} Vk = Io‘Tc

I-1) State system.

Bl(x,t) the temperature of water and 62 the temperature of ice,

verify the equations :

In the liquid
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In the solid
(1.5) f% &V;E) =D

Along the free-boundary §(t)

8,

-_—"
=- L. .U.+w
an 1<) "

(1.8)

>
(where L is the latent heat, and Ja the normal speed of the

free-boundary).

"
If Bi(x,t) is the extension of 9] by zero in {1, we define the new

variable y(x,t) &
b oo
a.7m qont) = fo B, (v, 5)dz

Then y{x,t) is solution of the following variational inequality
(G. DUVAUT [2], J.L. LIONS [3]) :

To find 4 €120, T, V) | ?a.zé. e (o7, B)) 4k
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Remark

(1.11)
(1.12)
(.13

(1.14)

(1.15)
(1.16)
of 124

1.1. To study the V.I (1.8)~(l. 10), it is classical to

introduce the penalized problem? .

We define the domain F (domain of ice) by @
Fo {@t) JgmE)=of
Thenthe follewing optimal contrel problem is considered !

- the state y is solution of the V.I (1.8) - (1.0,
- the control variable is s, boundary value along P

- the set of adm1ss1b1e control 1lad is a convex, bounded ,closed

subset ofu 'H LRI (Z)' such that o a)ao G‘h,}) 20 Q.e,

~ the functional is defined by

Cf(u).a Il 7‘F ")Qi “tg

+ vllu-ll;6 Y20

()
(XF characteristic function of F, xd characteristic function

ca).

b
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The cptimal control problem is :

To Quad & € thad A-F,
a-1n TE) € () Yoellay

Remark 1.2. We define the penalized optimal control problem :

- the state 35. is solution of {1.11}=(l.14) ;

- the control variable  , and the admissible set of control

q—l,ad as above

- the functional

= ¥ - xd\li‘m a e Moty

with

Te={@m) | qeont) <0

II - THEORITICAL RESULTS.

New we assume that !
@ fel®a) ; M| (B fEr=0f=0o

In this chapter, we present some theoritical results. For the

details of the demonstration we refer to C. SAGUEZ [5].

Propesition  2.1. : The variational inequality (1.8)-{1.10) has an unigue
solution %é Hl'I((Q) , with

t €
Iltal“,,.(m) < ¢ (u&\\l}c&) +|uuu:)

x

Proposition 2.2. : The penalized problem (1.11)-(1.14) has an unique

solution ‘kﬁ = Hl"c&) -

d — : Ht" Kkl
and, 4e '3 vh [ fa)weakly
ii_ﬂ'l_ l‘e -‘-.‘ '& a. €,

Proposition 2.3, : The application g.—3 (u-)) solution of the V.I,is

continuous from [!,:Hyl"!é"zl) ,Lz ) weak into H!f'(&)
weak, and we have the same property for %Slv) solution of the

penalized problem.

II-2) ¢ptimal control problem.

Due to the assumption (2.1), the characteristic function of

F is characterized by
(2.2) = - Ea. -
§ Xe § 2t 4

From (2.2) we deduce :

Proposition 2.4. : The application \rr—-;xF is continuous from

Hmpf‘a)gg_a_k into LtCQ) strong :

Proof : Let {u‘hkbe a sequence of elements of '.L such that
3}
BT in H%(;')weakly.

If Fn is the contact set associated with \f,“ and Ki\:"(u-\)

we have

8‘5;& =X'(?E'b:1’n.
G
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Because XF is bounded in L (Q) , there exists a subsequence
n

l -
(still denoted X, ) and a function [E.L (&) such that
n
XF\._'& P oia L"(cq) \ueuﬁeﬁ )
At the limit (n—}*ao) , with the property 2.3, we obtain
P =P-2¢ _a
$0 =§- 2% -y
{-'z LY [

then

The strong convergence is deduced because we consider characteristic
functions.

For the penalized problem we have :

Proposition 2.53.

The application ¢—>XF£ is continuous from
Vl !lﬁ 2
ut H ’ (1,\ weak intoL(Q) strong and

Yo~ X 2

]_3-(&) strongly.

Remark 2.J. We don't detail here how to obtain necessary optimality

conditions. This problem is very difficult and many questions
are always open.

The principle is the following?
We consider the regularized penalized problem
LR
- 4 "
3t Aze+£lﬂl('le)=g
A (. =6
{e iz "%, e rz,_ -
33 (t, o) =0

where lf,n(u) is a very regular function, which regularizes -x .

-
For this problem, necessary optimality conditions are defined

and at the limit (’z—ao/ g—o ), with technical assumptions, we obtain
necessary optimality conditions.

III - NUMERICAL RESULTS.

- Numerically)we have solve the penalized problem with a gradient
method.

- The problem has been diseretized by finite element method. The
triangulation is given Figure 3.1,

- Figure 3,2, we give the results for

g., -%o : Y=o
{F.,\- {€ey | PR+ E(R-R) (cr@n1}/2 {

and Figure 3.3, for

{«g=- o . ¥P=o

Fd

fa={fo) ] Pe R+ b= Dkmol{

The time of computation is 2 mm 20 s in IBM 370/168, for 10 steps
of time and 8 iterations of gradient,

(See V. BARBU[1], F. MIGNOT[4], C.SacuEz[5])

o
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Desired free-boundary s, - Risxirz-RI)(eosds)d/e Obtained free-boundary

-]
Figure 3.1,
. Optimal control
Triangulation of the domain: 728 triangles
482 nodes

- l-a..l
Aty -
"

Optimal control along F]
C? Figure 3.2.
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Desired frec-boundary 9" atsc(zz-&1)|cost]

Qptimal control

Computed
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Optimal control along Fl

Figure 3.3.
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