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REDUCTION M™MeTHOD VIA MINIMAX

This nefs ave  the  material presented bf_') W auther

i fhe VCTP Autuum €cirse on  Vaviaficnad M efheds Cias). Tlﬂ‘*j
are  mbended for the. ey veoder whe 15 acc‘uninhOl with  the

L'Qsl.‘c:. b? Hl\bcr" qu.ce

ﬁ'\ecrb‘ Lermmas 4 and & QJ‘P‘Q.I}\ the
113179

This ""C‘j-u‘iﬁ-Q s divided o three sechions. In the g“'f't
we shale

1f'| 'H"- W sceemd  we ch ‘)\j the  minivnax E{nm E‘zs ‘\‘o oblain
e
a ?Cl.f *‘l‘ﬂ& QA(E“ slon 0% o ft.su.Q‘t dU.E. +Q A - A mbfose

and G. prod; L 2] . ln ‘{’he. kast SQC{—I‘OH we Ske."'ch O.b,"l?.r nadtves

A\ oy Hﬁar' 1’0 -
ﬁw ? s dj

The ouJHaor wishes 4o ex press his 6mh'l'ude. {FO

P'ro‘-essor G. V(do:,s[dn S"m’ his Kind muidabon i'o quhc.l.")are.
‘."\ ‘H\G. Cou(se.

1.

Minima.x Principles,

The ﬁ’“c’u}ir\ fwo vesulls ave ol Knouwn gu:ks fmm
W*\'miiaf\'cn H\eorJ. We nclude them in ocder to Fcin‘t oot
that  tis  methed tokes ovs To tecent vesullls in Nenlinear

Functionad Ana.ljsf.s sJi‘qv‘\TnJ ?‘rom very e}emcn{‘aurtj {o.d's 0-?
Hil oect slm_ce_ ‘H‘leonj_

Throuahout ‘Hn‘s Sec]non H dtnot«b
4

a T‘Ca& H\\Bgr.t

¥s.
Vari(ous  WMinimax principles ‘:-rouina on\a velevanl oo?zc.b

SP’J.L‘@. with  nner ?roduc’c L,

Lewma 1 (Banads - Sachs) i§ Ul 5 4 Sequence w H  conver

%ma Lomkl” o Wy then  thece  exuls a Su‘os:qwcgce {\-L-'\J}
Such J@f {1‘.\"‘ (Jiﬂun‘,)/h)} Ccnvcx%u TS, 19

Prcorr Witheot  loss o? ‘ae""m'\‘hj uwie  Can  &ssume Kok w =0,
Hence  the sequriice 1((.:..1,14,1)'3 CchEK%L\ Yo OeW. Thus,

ﬂ'\Qf!. tnu\"; arny

wnteqer n, sudh that 1duwn, upytla (v2) for

M3, Swee alss Cuw, yuny —> 0, thee cxats npay s

Phat Py, Yo 1< 01/ 2y for wmzn,. \ttvahnj tnis process

Wt ohtain

. . L, U :
sec‘uen‘:t n, <N < “3 oras Sinch ﬂ\&t { ) M-

1

<(|/a)“ for NN, W TR, We clatm that  the Sequence

{!Kz (zuﬂ_,)/“)} (.cnverav; fe O, ™ E"“ct

n .
(1) f ZKQIZ a <Z“)2“> :i&i(u" U-n> -\-EY Z{‘u.ﬂ_"l.l"J
J=1 -J] J =2 L43 . 4
s K=
< 2 N b 2
= (jZ“ llucr\Jn +L‘Zl(p\ 2D )/ﬁ
Since

{u,.,g cgnvz,rau u.:ua..Khj‘ Iunl 3 ‘seunded (‘segl\o, PP
28 3). Lt MeR  bg sadi hok

Henea grom Y we have
H-m_ Le.mmo. -

HUnA M for oll n.
HZ I ¢ (M) K which proves

Lcmma 2. L_e_i,_ J:H—>R be convex and confinueous. \§
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T > o  as buh—>os then T hos o Minimom.

Procf: Lt {un) %% a Sequence

with Q\r.;n TCuwny :\he LTwoy
ue HY. Sice Tlw) =on as bl —os, fhe  Sequence iUn} @

bounded. Hence (see Li0,Th. 1.84] )

we can Q5%%ume

Yok
{u.3

Converacs '-c’eo.K\.j e e H., et \ZKE be @ ™

Lemma 1. Therelore \9\3 the conﬁnuq{‘.j ond mnvelﬂ'j of T

we ‘no-w e

@ T@) = 4 Iz ¢ bmink( L?_“S(unﬂ)/n«\
= Svm j(u.\] = \ng {j(\q‘)ue\—\k’
This b plies Yook T altains s mimimam volu ot

ond e lemma i3 ?rove&.

ossume that TJin—mR Qe

From Nowy cn we

?unc\'l‘on og c\o.ss C1, “\Q,t Ls) We ASssume H"&t there
Rvists combinuous ?u.nc\'fon JIH—H such Yook
() Qim Jutw) = T 93w, V)
t+0+ ¢
{»or okl u,ve H .

Lemma 3. ‘et X and Y b closed  subspaces o Howiiy

H=Xe\{. L?_ there exakt m>»0 ‘Eﬂi A1 a____\“'d" M

() LT (x+y) _V3(x+uj1),‘j—‘513 3“‘“‘:)—-%‘““‘

3

bor ol xe X, \j,\-l,e\{) then -

(D] There  ewists @ confinuous &:xnch‘gn K = sudy
ot T+ rexyy = mwm i TGorads \5'2\{ {, Foc zadn xe© X,
Ty \s

the gn_\% Q('\\'\‘E'EQ ‘L".‘ﬁt of  The Ewﬂc\‘iona&
LY — R, y— T(xrud.

W The funchicn F X =~ R, x> Fxrv) w of class
c’ and o=, Ty = AT {xa e, T fr =, Taex‘

-~
W) An -

demeit xe X 13 @ eritical gem‘\‘ o J %

X A Ty

o o crifical poief of I
Pfoo%'. For

Swce (dp/As)X) = 9T (x4t \—51**:(“31—‘“3\-)))31—%‘») by (4

gﬂ' Tt

we have

dg . -
arg(*-) - i{ @) = (T (mty, r il -4 ~ VT i r b (92-40)5

YomYe> 3 may, g WE -0 >0,

Hmr.r. (dg/ds) “ mcﬂa.sina\ bb\“dn “N'O“% Yok Jx @ comvex.

Swee Tlxry) = T + S<93(1+s\53,3$c\s 5 J& -
o

1
\WTC’JO\\“\:’\\ X S(VT(: *3u) 97 = 3\.3)‘;\3) bfj 4y e
o

have

(s) Telw) 3 T — AITGOINYN 4 LLLVAE

Stnce. %> ond M>0, fhe akeve an presion

w ?1 e that
u

Yas Y2 e Y cé'wen) {.t plsH»= REC R s(ujz-xia),

oy

e

Caww”

. S ek



jt(lj)—"m as  dyk-»co.  Lhus, b‘j Lemma. 2, T

allaies & minimom volue b seme (:c'm't (xy, Stnce

@) wm ?\iu that 3;: Con wot  have fise

coribiead \boin\-s
O rove ?fgqg_d e

0? e g-Unc\'\‘On Y.

The Conh ﬂ_mjfj D? X gv“ou:s 'rw{'i'n.tnj Cu‘aumanﬁ and
Le P.U)N& t,t oA an

R_‘A\'S%e,r\cg

xereise (see [3, lemma 273,

Since, I‘r. takes s
have  for t>0

minomun v'CLlue a-t ()

WA

) i'(aut:c.,) - J )

O TCmoebx, rrlerbx)y — Tlxavex)
t t

< F(xs bty tvixyy — Jlxaren)d
t

\
= S@'S(x §sbxy £ v e)), X5 ds.
o

Henc.a) \03 e "-Dﬁﬂs’(nuq.{'j o¥ AVARY «Q\Lﬂjé.f ((T(u.a—tu'\ —

JWI/) € <IT(xrve, x> n e

Saxme MARNEC \,t

is Prnveo‘ Hwa.t -’L\mfn? ((%Cﬁ-\— h:‘)— %(t\)/t) = (7 I (x+
- OF

FCDO)) I1>. %% Thgu?or() \o‘j Hne Q.oﬂ‘\'iﬂul{’b os- € and

Pl

1 “ Conclusion
V3 we See that J s cg dass C and the

iy  har been demons frated.

Now we prove cloim 7). Quwnce any wel can b

sritlen W e %mm W= Xty wih Xe X ond \je\('j 14

X i a crl#\'Cn-.Q ?o mt 0? -} 'H\xn

(n CTT(x+ ), UD = <TTrevo), XD + T Txrren),

4> = <¥Fy, x> =0,

g .
where  we an(Yv:mgA Robb 0 v a eriticad ?:\nt of

Jx. Fom M g\m_fej gc\\m)s lhat XFOGOD @ @ enbicald

‘Pofnt of T {? x o o enhod Pm}\t of 3‘_ The ?l’oo?

ct— W\Q Converse (% ec‘u.qm:.' ec\53 and\ we {QMN_ lt as an
eyoine.,. Thes mm?\etes “\e ‘woo? o? Lemma 3.

Th! thmr.r Lv.mma_ Can \oe !L’A\.'endv.c\ \'b Sik’uo-h'ona .w;

hb‘f\'i('J‘\ Y QXSRS e Mimimax ?Mhtg & So.r.‘é.\g E\-Y\\_S TLW-

perpese '-"? Fre next Lemma s to akpress 3 0chn o case,

Le.mmq, W,

L&& K, T and Z be  closed

H= XeYaZ. 18 thee ewst m>0

vas&c_u 2’}_ Howitt

3_,1‘_5 ad>{ such that

{(#) (YT xrya ) - TT(x, ty 48>, x -3, > % - -
() <TGy - VTGayr), o> 2 muy - ga
then o

.

” T__\w"‘_ ewisls Q. Cﬂﬂ‘\'lnuoug ?an{'\m T“.Z——‘DX@\( Such

M J(zevrzny = mo.x{mm\_T(x;Lsf;;)-)tje\rg; Ieng- Min

mﬂx{]’(t+uj+z);texi',t3€\\'§, Moreover for each ze £,

c



Y{z) =] +_t_1_g 9_“’0_3_ cr'tﬁcn.Q E—‘—Q-t Ef ji_'. Xe\( ——b[‘?\)xfjw——»

T(xujq-z.)_
~ 1
i) The funclion T.-Z—R 2o JGira) & of class C' and

9T ), 20> = <ITadreen, 2> for =, 1,6 2.

i) An ckment zeZ & o stificel point of T €8 zivew
s o ccitical E'\n‘t of 7.

ot Yhore exte oo

Proog— . From A) and Levama 3 Wi Se=
corrtinuous ru.nc‘hon ol(z, > K ——b\( Sudh tlaak %IQI)E 3;(:::
‘i"d\('?)'-t')j = min{T(.}:wﬁ-;z)-) (je\f} Lg.l', {x,"g be a Sequence
soch el jz o) —» SuPii;Cx) L xe Ky, From (3), afauiﬂa as
n "l"‘w. Ffoog o? LmeCL 3) e See "R'u.t 3—2(1) — - [1 ¥

bxih —» o, -que_) Sunce, j;(x){, 3—1(1)) Tz-("-) —p—C3 an

Hxh 260, Theefore, xn 0

a bounded Saciu.nmce, _D“-LS) withodt

loss of ae.ne_fa.ld-j we cam ossuwme f(hat CO\’\V;\'ES.& (,uzak]j
+o iex. Fom 8) go“ous-:. h-n,{, Hhe Fuﬂd‘l’on . ap—

T(-‘.-Hci»o{(z’f)) s  Goncave. Hence, 'tm\‘ha:\'ina He ?'oo-?b%—

meo‘ 2 we S ok jtifii-&(lﬁi)) ® thsq? T+ Zn T

A C")-i)) . Al Jﬂ'be gc.d‘s Jtoaejtfnr %" Ve

Lo J (x) = Rim S(ii'an—ottt)x,\))
x n
n

X x
< QGW\S'-A.P -.S_(i ’fIr\“’""LE:i}) < j(z\—xi—d.(.'n'., ))'

~

Hene Jz

dende

a_tt.a.'\ns '{ts OGS UM

value ok X. Thas, ('?' we

ey = L4 aE,TY)  Yhen

we have Tlzivrizy) = JCze T+

(2, %)) = mex ] Tlzixra,x)); Te Ky = mox LmniTCar x4}

lﬁe \( 3 ') '-‘EQ.X} 5 ond +"|i5 %-\e, A\’m-
rfeall ot s Q(\—s{: o

Yher waxy to e e

aximize e g‘\-\:nc."l'on w — T(xiws*r&.) 5 g@f 13 %mz&) andh

M g‘f\cq’

?rnqu

R-#L‘-.DE;‘IC(_, Qg.
for Iz

w(x).

cbinin &

At Y Ee

gmm 8Y and ), g—n“ows \mmc&io,\w.uj

H\ak ]; L\:u oCE mes{: one C\’\HCCJ‘ ?Oint J(t‘\eh

mm { max § T etyd) xe *3 '; ye Y i = mu’\_vm;\ AT xayY, xjeﬁ} Yy IEXj.

T hes
o 3.

equalely o crocial  m the  procf § Fe Aferentrabiliy

W enCoumae. e xveader to frish  the proof
og '\'e'\la Levnvna a» dn  Rxercise.

2 . A?F\\cm\'\on

Yo a pro‘o\em on jumping vionlineacities.
J

Let Q e a bounded \’Uaion

%\nd’ion L. o second ovder sekgag!doan’t, uoniferm-
\3 eMiphe opesator L) £ e form

vt ‘Rn, B:\R—‘!\Rﬂ-

Cnﬂl(\nuous and

Lu= Ea?-(atéci)%u-;) MU,
Ly &

wh ag=a e @), ce L.

Wg consider '““- enis—

Yoee  of  weaX soluhons t. the Dicichlet problem

oy Lu +gw= ) +tem e, u=0

3

on BQ)

Y et

T a

o
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where %G. LZ(VQ)) SQ_‘:\»({,"‘O ard 3?1 s an e\aewgunchon
Coweb?mdma Yo the smallest maq-m[d% 0? e Pmblem

Lpaag =0 w 2, uvo oo 30 The o &
Such a gmallest ?iav.n\ra.!ue. ?o“mc% gmm standac S?e(;\‘mﬁ

H\tor:j c? e\\“:hc. \ooundanj valoe ?rob\ems Csee [67). n
fack, & & well Known that the abore spacrall  problem

('Icu. a aeciu.ence_ 0? Qlaeﬂ\la\\)% )&,‘ LAy Lors >R ard,

=8

Covres ?ondtna SQC‘&AQY\CQ 0? e'amx;unr_\'rons §°?;.} which

gofm Q,

COmP'\J'e OYﬂ'ID‘no-(mq_Q LY Lz(ﬂ) Moreover,
C?! Can  bg  assumed te So:h‘sg"j
iy M 20 for af 3e 2.
th HE H"(ﬂ) be ‘H1e So\solev

s pace of real waluad)
S:\un.\'f. \nﬁzafqb\e g\mchons degmul w S unm‘shina en 90
nd i

@ aemmhzccl Yxﬁ"ﬁa& derivabives wn

L?(Q)(Sec T17). The  inmer ?roauci m H

huvir\a %N‘St Drc&er

s a“vzn ‘Dj
Lu, 0% = Si W, | 3%

qin WK, DA -

We dd{me we H 4 L.

a weak %o\uh’on Gg Clc)
\g‘? L. LA o

%rvm by

crihical Pomt. og T )'},t)'.H‘—*‘R

]—(u.)c*,t)=_ B(U-, u,) -2 S

Glagdy + 2 &c‘_(ﬂ
Q a

+ @YUy, Heoe

G2y Blu,m= &gjﬂ.ﬁq) %‘-j}- %—”;L - gcqmtwq;di \

e

U

Gl = S %(s)ds .
[=]

; o
The next tt‘\ecrEYr\, whidn » a th*u_D ankension , °€'

main  vesukl  of C-’-], 'a'h:.l'u e Sc.\\-ul;.hfj o{’ Qo) m farm  of

'“‘LQ ?aramé"c\— ‘t, u.)‘uen ‘1'&\1 gnhou::rna hj?é&ﬂsz's are a.ssumecﬂ'.

(l ) T\w.rr. e,mﬁ

FG.('A”'}\z) Auckh  Hhal (%Lu.) -—a(.tr))(u.-u—) %
¥ - oy for w,veR.

W —=rch
W -

Wy b (gqear/o ea‘(_m)e(—w, 2D and  bm Guo/ed e (%22,

We remarkK  that wihent lose Q.E au\uc\\ﬁ’j e Can
OSSame *"\-Q-t

(i5y a’(-—m) < 0<% ca’(cx:».

‘wlis ls

(1sy  duea nek  held e dus“l‘ Wﬁm [

\)eequ.sa i?

I{=cn obdzmon
sz L+rl and 3 \n) g—vl wibn '\e (ab( Yy, ™) 3
o VYD(O‘cm Qt‘u-i\m.gey\'* o Uy ahich 51}1%%‘\1.5 s) . Since_ }‘¢5¢
Im?\\'u kot e bilinear -Yorm B o a1u.'\ vallert o the
e \:vgdud’ N H we AT N Ba veem H ob

in 'H\Qolern.
Ll :(B(u,u_))”z, Now we shie oor wo

Theorem 5. 1f 2, L, @ and q axe o above, then

Gr each qel¥(n) with $44.=0

Here enists

e



ﬂ'\ﬁit §Ts)! E‘l_q_,g o

eoeal

t> dep Yoo (10) oz ot

sc,\o bions R

Mare.:we‘r) ig ig‘"k Confcf%m

Sealtly o w () fa d iy — Ay,

Remarik - U.sma the waximum ‘)rmc'\?\e Vc.r Second order Q“\PHL
c?r.m.’fo rs b can e praven Pat §, w addihen, ra @
conwex.  then ?m‘ =4 (‘%3 1oy fas ?remse\:j one  Bchubion
and ¥°r t>4d C%') Ued  he \':Tzc\'se‘j hee solutions.

Proc§ of Theccem 5. Lab X be Hhe su\zsface tawuaﬁd ‘0‘3

B demet @, and Y e 0= e

S.%NT\M aw“toabnaﬂ,\}s c&. Be ‘iit
Yooks

\aj e st \ch,g?,) .
19,5 £=1,2,... 5 and
for A4y B ,4p=0
@) Thes, §er 9e™,

& st ectead proper tiea wnY\xj

and

B(g, Q) = Milsee

(16) CICO R ?«a;\f@pdi.

Fvem he d*-x-imh'cn Oﬁ 3 j‘)o“ou.‘/b 'R'\c:f
an (93G,q,h, 0> = dB ) - S%umr " tS(q‘ gy v )

b
-iot u,ve \’\ 1"\ ?cxrticu}evr) i? IE\A, lén 3"316\() '3 (\3)

and (\Cﬂ) e have

Qa)

A" z)‘ (( 1)"' (1"’1.))(1“ 1))
44y Sﬂgx’r‘j gLrrynth -4

11

{3 (x+4,,%%) -—V’SQI«xy_,ﬂ,,t), Yy -4y = 2 (B (4 -4a,

>/ E(B(\j""‘jz, Lj1 ’sz) —_- sgc\j‘l-‘jz)x)
Q
2200~ (/A Bly, s Yo =) = 2 (1~ u/uo)uuj.-ujzl\z.

' ) ‘\“nu.*. Yhere
Since bkj Gy G- 822 >0) Lemma 3 \THY\‘%

anishs o continvous ?.,mg-hon ¢ ,c*,t_)'. W —» Y such

ﬂ“:d. j(‘x. + T‘(x’c‘ "t) 5 (% )t) = in '\ T(Ii‘i)i;t)) ‘je\{s and

"‘(x,ﬁ,t) G the

onlj erihieaf ‘;:hnt of yr— I "‘j:‘%’t)‘

Now e frove ot ¢ s -W\ACfEHant ot e fhird variakle.

From (17) we have

(19) 0= (Vj(x4r(::)c},+.), %,{))\j>

=2 (B (= (2,4 1) 54y - S(%(m. f(x,qt,’c» - qﬁ-‘t% %)
&
=2 (B(f(x,q(,{) ) '5) - S (%Q:& \'(.:t,%xb) -‘%.30%4)
re]

‘Y‘“’ ol \je\f. W (9 e have wsed Fhal Yeor xe X and

yeY Blryy=0- S'-"j- From (1) e see that 7(=,4,0 »
a  oritical ‘:c\ht of yr— T(4,%,0), wa]w\ﬂ%) by the
uniquaness  of the citral qomit < B, bter Gunchon ue
TCoq 8) = ¥(x,q,0)  der g et ot . They e

R YCx,qd = rlt,q,k).

1t

Y o

Y



Frem e comdusioms 1) and W0 b‘; Lemma 3 we nowr

A Fom 13 it il 'H’\u.t i 0 e < g'lem) — Ny ﬂ'\en there axisls
ok in ovder o prove that C0Y has a wseak achution 5 ! (2 % cuss ? %
. d e K So.cdn Ie\ni (wy— (v reyw A r G—Qﬂ. we K, Hence
v e, J&\o,t ) e ) . . L] 8 4 2 Cha i"

C 3.0} ,“Z) bhoas a cribvead ‘;mnt) i w bj WS e .

'nm:e_,aSqruj and  sufficient lﬁ:; \:che. Yot Hu acsur.d\‘en

@0 TOh ) =92 Ta0g e, g,
(o) 0 =<vF «
o (_x,%,k)) CE)1§
€37 - s s -
= AT (s vex,9,8, 9,5, 9> 5 §Qcm,w_>{ %t R IR, déq%
=B, 9 - Yqerrix z = -
( ‘f) EI%L A0 { :“—’rﬂc?.. + {—_i‘g{‘)a = -£€5% —d,SQCQ‘ —a-CA

e o sdohon xe X Siom _S:a.q\):"’l) “\w:‘% s s bt as S -—»oo. Thus ?‘om (22) end (22) we e ok TOLYH 2

Fion  is Q““-Wc&mt Yo prove Hak -t bdomas to P 05 NxW —> oo, T'here-f:ve (10)  has o uwwk selution  ifE

nlv\ae_ og ‘R‘Q ‘;wﬂchon T )c'*): X — R) €x r—> B(‘x,"’il\)

—_ t";mm\—"t(x,%);xexsE—.ACS‘))-MD-
S%cx +7Cx,Y) 9y - We daim  fhat

F-""'" Caay and (@3 Py AR Aaar at Qov t> 6«(3‘,) 41:)} Yoa

21 T(x,g‘)—-r—(‘/:) e IXj-» O, xe A, at Riast  twe  weak sclobons.,  © he cm&-.‘m,.{-.j 0%

Is Qﬂ&{ obs QN eXercise |

Frewn s) gcnuw's '“no,'t W  wounded '\DdouS) S\‘-L‘-é
BC\OBa ‘§°r ol ueR., Lt us wnli X = 5% ¥

Remack: Frem @2 oand (23 & follows ot d o oveds
se R Hene  we  howe — '

b(\‘ou;’ n ‘q&ti. cﬂthB Z yin \ C\.‘SC‘,‘ 3 E“.Sdhg.
(22) TGR9) € 5B, 90 —d e,

-3 '}\1 - 3 SCP,‘ —* —C2 as S -oo 3. Su&aﬂ,&hans §0r gufﬁ\ef stud Y.
N

Problem 1. 1w proved in L] et § g R-—>R w 2R-pe

'3 1y



FA 8 R
viodic %,mnd'\'on wiih §q‘ =0 and Soq“‘ < oo, Yhen  there
e vead numbers A€ 0< Digy  Audh Voot f teR

Hen  Fa ?_e_.n dulum t_?ﬂunahbn w4 Sim{u) = ng) 4+t lws
o R Feﬁod(c solutien \?@ teld Cg“) 5 D(EP] ‘ O?M
<1!.:!-!-5\'10\0 'y e 1 with dCﬁ) =0 = D(ar)". From
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