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5. Gratings and Leray gratings.
{A) Def¢gnitions. Let A be a principal ideal domain and ¥ a

unitary a-medule (i.e., K 1s an abellan group with & as

ring of operaters such that 1 € A acta as the identity operator).

K 1a a differential A-module if there 1s an endomor'ph'.tan: d of

K such that d » d = 0. 7Tf K 1s graded (i.e., K 13 represented
as a direct sum of au’ ioduiad Kp), then we require that
41 K «—> kP, If K 15 an A-a 30&#‘.{_1.3-, K has
{associative) ring structure, with produdt denoted by R
and satisfies KPL) K¥ —»5 xP*? 1f K 13 graded), then v
require further that

d(aUB) *dal B+ (-1)Pa Y ap, where @ a &P, B ¢ K.

If K 15 a differantial graded A-algedrd; we let 2(K}=x{uP(x)

denote the kernel of d, B(K) - the image d{k). Then 3{K) ls
a two-slded ideal in Z(K), and the gquotient H(K)"Z(K)/B(K)
called* the cohomolﬂ algebru of K, and MH{K} u:_’ub(:{),
HP(K) = 2°(k) /8P (K).

Remark. If K 1s & grades A-algebra with uhit u, then u e 72

and du = 0.

Definitiona. Let X be a topoleglcal apace and K an A-module.
We say that K is an A-module with supports in X 1f for each

@ ¢ K there iz associated a closed setlajC X such that
1) ja + BIC (al Y |8} for all &.p e K;
2) laal € jo|for all a = A, o ¢ K;
3) ol =¢ .

if K 18 a differential A-module, we require
4) |9e| C fajfor all a € K.
If K 13 graded, we reguire
5) {a +8] = la| U |B! 1faekP, perlan v g
If K i3 an A-algebra, we require
8) laQ Bl € |alfN |B| for all g,B € X.
If K 18 an APalgebra with unit w, we require
7} |ul =x.
We will say that K is torsion free if
2') Jaal = |a| ifagoO
We wlll say that K is separated ir
3') a = 01f and only 1f |af =g
Remark. If K, 1s an A-module with supports in X and N is tie

D

subémodule consisting of those @ € K with la] = " ¢, vher, tou
qﬂoticnt K= KO/N 15 a separated A-module with supports in X,
whare J&| = |a| for any a ¢ & ¢ K.

m-: K 18 always torsion free if A is a [leld,

-&-—"ﬂ-...f-{ Sy -

Eti u dots An A-graclng un ¥ 1z a separated Gifferentlal
A=module l( wkth supports in X, which is graded by non-negative
dagrwed (1.3., =§>°K }. An A-algebra grating og X is an

mgr&ﬂnt miﬁ:la also an A-algebra.

Eggﬁtém. laat ‘!—alud ! be topologileal spaces and £:X ——> Y
(] aontmucuﬂi&p If K and 1, are A-modules with supports in
B &nd ¥, o#dp, and if h:L —> K 18 an A-homomorphsim, then
we say that £ 214 h are compatible if |nB| € £1(|g|) for



(&

all g ¢ L.
h
K &1L
| ¢ |
Xow—> ¥
If K and L are A-gratings on X we zay that h:l —3 K i3 &

grating homomorphiasm if h is & cochain map (1.e., dh = hd)

and 1s compatible with the identity l:X—-> X; thus {hf| & |8]
for all g ¢ L.

Remark. oOther algebralc notions (e.g., submodulesa, direct

sums} can easilly be formulated for modules with supports and
gratinga.

{B} Definition. If L 1s an A-module with supports in Y, and

f:X—> Y 18 a continuous map, then we conatruct amn A-module
K(f,L) with supports in X as follows: A8 an A-modula, we taie
K(f,L} = L; tc each B ¢ K{f,L) we associate the closed subset
{of X)

8, = 27181
If L is an A-grating on Y, then the A-grating £ °L on X
induced bty f and L is the quotient of K{r,L) by the submoduie

of those elements with void X-support.

Definition., If K 18 an A-grating on ¥ and Y 1a a subspace of
X, the Y-sectlon of K is the A-grating on Y induced by the
inclusion mep 1:Y ——> X. Ve will derote the Y-section of X
by Yo K; let ¥ ¢ a denote the element of ¥ ¢ K determined

by a2 K.

#&

Remarka. 1, The notlons of Y-sectlon and induced gratirg of

H

course extend to (saparated) modules with
aypports. In partlcular, X @ K is the separataed
madyle associated with K.

2. If 3 ta a subspace of ¥, we have the trunsiti-
vity relation Z e (Yo a) mZ s a.

3. XK is &t ..ion free, ther oo 18 Yo K.

Remark. An equivalent c.natruction of Y » X 1s the followlng:

M-y m{ceK:jalnYed ], and set Yo ¥ = KBy gy W
define supperta in Y ¢ K %y setting |Ye a| = Y o} for all
Yé ae¥Ye Ky note that 1f Ye aw Ve a', then YN || -

YN ja'} + The differential operator d(Y » g) is def'ned au

¥+ {da).

(C) Remurk. If K 1s an A~-module with supports In X, then &

determinea & sheal &3(K) of A-modules over X as follows. For

each gpen gset U % let SU = U e K; then 17 ¥ is open lit ¥ vwe

have 3y paguratl aa,.
* . — 0
I'V H 3” > sy

which lg ¢lazarly transloive Sy - G, url 1y tha 1dentity

3

v
- t

on SU - SU. Thua {SU,:“}':/ ig 2 presheszr and therefure deter-

mines a jefinite sheaf (K} of A-modules on X,

the other hand, 1if 8 i3 a8 sheaf ¢ A-meodules over X,

On
then 9 determines an A-module K(g) with auppores in X as fol-
lows: Set K(S) = P(K,B): fc. each a ¢ K(Q) let |a| =
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;:x € X alx) ¥ )0‘} . Then |a| is a closed set, and 1), 2;,
3) of (A) are satisfled; furthermore K(z) is clearly separated.
Thus we hive an explicit ldentification of the sheaves of A-

modules over X and the separated A-modules with supports in X.

Purthermore, the correspondence identifies differential gradsd
sheeves with A-gratings (and preserves ring structure). If
h : L - K is a grating homomorphism, then h induces & zheaf
homomorphsim (L) ~»> J(K), and conversely.

If K 18 an A-module with supports in X, we have a natural
homcmorphiam

h i K—> (2, (K)) _

defined by (ha)x = rﬁ(a). If K 1a separated, then h 13 one-onsj
in general, however, h is not onto.

Definition. If K 18 a separated A-module with supports in Y.

the medule ['(X,%(K)) 1a called the cgmpletion of K. I h 1n
cnto, we say that X 1a complete.

Remark. 1f & 1s a sheaf, then the agspejated grating to com-

plet«. as we have seen 1in the preceding seection. In par-

ticular the completion of a grating is complete,

{D} Definition. Let K be an A-grating on ¥X. Thern K 1s
locally acyelic 4f H(x e K} A for all x € X3 l.e., HP(x o K)
o AL n =0, =0 1f v 0.

Remark. T° K 1is loeally acycile and Q(K) .8 the associated

diffarent!al graded zheat. then we have the cxact sheaf sequence

Lo

0— a— &%) Lo i) L K~ ...

(E) Definition. Let K be a separated A-module with supporis

in X. We say that K 18 fine if for each locally finite open
cover U= (Ui)ic:[ of X there are endomorphisms (¥4}, ., ©f K

auch that for all c € K we have

1} |01a|c‘_ U 0 el

E)Elta-a.
Tex *

If K 1a graded, we require that 6, : K° —> K° for all p.
Remark. The elements ¢;a form a locally finite family in K;

i.s., every x € X has a neighborhood which intersects cniy
finitely many of the sets |¢1u|. Then the sum 2) alwaya repre-
senta an slement of I"(x.g(lc)); we require that the sum
represent an element of K {using the fact that K 1s separated,
and hence identified to a submodule of [1(x, & (K)).

Remark. A separated module K with supports is fine if and

only if the asasoclated sheaf S {K) is fine. In particular, if

K 13‘ fine then po 1s its completion.

A Proposition. Let K be a fine grating on the paracompact space

If every locally finite _a_t_nn_tai convergea in K, then K 13 com-
plete.

Proof. We must show that h 1 K -—> [P (x,8 (K)) 1a onto; take
b € P(X,Q(K)). Then every point x € ¥ has a neighborhcod

U, such that e(x) € 8,(K) can be represented by an element in

-
u s K. Let YU - (Uy)y p be & locally finite refinement o

X.

e

T



&1 - &2

the covering (Ux)xex’ end let (qu)ieI be a partition of complex of the resolution. Since h : K —> Tﬁ(ﬁg(x)) is a

unity subordinate to . Then each y3¢ € rqx,sg(x)) and cochain isomorphism (K belng complete and separated), 1t

furthermore is represented by an element g, e X, The sue a : follows that h induces an imomorphism cof thelr assoclated
4 &K T S

= E:ui 1s therefore an element of K such that h{a) = ¥. cohomology groups (and in faet, h 1s a ring iscmorphisin).

Corollary. 1If X is compact and K is fine, then X 1s complele, Thus we have

R OR (M (k))& # (x,4)

(F) Definiiion. Let X be a topological space. A Leray A- for all p » 0. The proof that this isomorphism preserves

grating K on X 1s an A-algebra grating on X such that ring structure 1s exactly the same as that given in the

1) K 18 complete; previous section.

2) i te locally acyelic; Remark. It follows the cchomology ring h{¥K) of any Leray

] ) [t ——
3; K 1s flpe. A-grating 1s anti-commutative, for the multiplication in A

If X is paracompact, we have seen that the

13 commutatlive and the ¢ohomology ring 1s anicl-

EUUL cochalns on X with cocefficients in A form 2 Leray commutative.

et SR 2r n 2ol MiEe Remark. The above proof shows that the conclusion followa
Fundamental Thecrem {Leray). If X 1s a paracompact Bpane,

for an A-algebra grating X wich satisfiles 1}, 2) and 5') K
1s homologleally fine; t.e., WP (Y B (X)) = 0 1f p> 0 fov

then the cohomology rings of any two Leray A~gratings arc

ctrideally 13omovphite,

all lceally finlte open ccvers M of X.
Proof. Let & be a Lecar A-grating and g;{h) the asacs Lared

diffeven%ial cradeq sheal. ‘lher dinee 1€ 1. locally coyetle we
have the exact sheaf sequence

0 A-—4-ég°(K)‘Jlex§§'(K)-Jia Ve
This 1s In fact a resolution of A, because X is fine ({l.e.,
1 lx, 2 (%)) =012 05 0). It follows from the previous
secticn that the Eech cohomology group Hp(x,A) is canonically

lsomorrnic to Hp(r’(S!(K))), the pEQ cohomology group of the
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