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In this letter we study in a large-S expansion effects of substituting spins by |
non-magnetic impurities in two- and three- dimensional Heisenberg antifer- |
I

romagnets in a weak magnetic field. In particular, we demonstrate a novel
L]

mechanism where magnetic moments are induced around non-magnetic im-

purities when magnetic field is present. As a result, Curie-type behaviour in

magnetic susceptibility can be observed well below the Neel temperature, in

PACS Numbers: 75.10.Jm, 75.10.-b, 75.40.Mg
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agreement with what is being observed in LayCuy_rZn. 04 compounds. i
I
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Recently, there has been increasing interests in the effects of substituting C'u by non-
magnetic ions (Zn) in high-T, cuprates, where interesting effects were discovered for com-
pounds in the underdoped regime [1]. In particular, magnetic susceptibility measurement [2]
and other experiments [3] seem to indicate that local magnetic meinents are generated as C'u
ions were replaced by Zn, both in the underdoped High-T.. Yttrium and Bismuth compounds
[2.3], and for undoped Lanthanium compound [4]. Based on RVB theories of the t — ./ model.
Nagaosa and Ng [5] have constructed explanations on how local magnetic moments can be
generated in these conipounds in the disordered phase of two-dimensional antiferromagnets.
Their theory is believed to be applicable to the underdoped regime of High-T. compounds.
However the theory is not applicable to the La compound where Curie-type behaviour is
observed in magnetic susceptibility at temperatures well helow the Neel temperature where
long-ranged antiferromagnetic order exists,

In the presence of long-ranged antiferromagnetic order. the low temperature properties of
cloan antiferromagnets can he understood at least qualitatively using a semi-classical theory
(1/S expansion). In this letter we shall generalize this approach to include the effects of
non-magnetic impurities in the presence of a uniform magnetic field. Notice that in the
absence of magnetic field, a similar study has been performed by Bulut /. al [6] where
no free’ magnetic inoments were found to be induced around non-magnetic impurities. We
shall show that local magnetic moments can be induced by non-magnetic impurities once
magnetic field is applied on the system through a novel mechanism. Notice that straightlv
speaking, thermal fluctuations destroy long-ranged magnetic order at two dimension at any
finite temperature.  Thus our analysis at two dimension can (;nly be applied to layered
systems like Lanthanium cuprates where the magnetic coupling between different layers ix
much weaker than intra-layer coupling.

To hegin with, we first consider the zero temperature problem of classical spins inter-
acting antiferromagneticaily under a uniform magnetic field B. yith a single non-magnetic
impurity replacing spin at site 1. We shall consider the Neel state in the absence of mag-

netie field to be ordered in the z-direction. with the uniform magnetic ficld B applicd on



the +x-direction. The classical ground state in the absence of magnetic field has spins all
pointing in 4z direction for spins in A-sublattice and spins all pointing in —z direction for
spins in B-sublattice. In the presence of magnetic field, the spins,tilt to the +z-direction to
minimize the magnetic energy. Let 87 be the tilted angle away from the z-axis for spin on
site 7 on A-sublattice and 933 be the corresponding angle for spin on site j on B-sublattice.
It is easy to show that the classical energy Fy is given in the limit when #AB) are small
(weak B-field limit) by
Eqf5*=—- (1—@}935—)2)—8'29;*—3'29;9, (1)
<i#ig i - i#ig i
where < 7 # ip, j > are nearest neighbor sites in the square {cubic) lattice excluding contri-
butions from the non-magnetic impurity at site 7o and B’ = gupB/5. Notice that the only
effect of non-magnetic impurity is to remove the spin at site iy ig our theory. We have also
set the spin-coupling ./ = 1 in Eq. (1). Notice that the energy expression for E. is valid
only to order Q(B?).
Next we consider the continuum limit of the energy expression (1). Introducing sym-

metric and antisymmetric angle variables

0,(F) = SO (1) + 65 (),

0.(7) = S(6713) — 07(7), (

[R]
—

we obtain after some straightforward algebra

lril. ) ~ 9 . » N B
Fyq= ] = [{d)as(.r-)l  BSOLE) + (V0,8 + 5D 0,500, V0,(F) — 0,(2)d,. V(7))
a(j ?!a
+ £y (3)
where £y = —NS%d/2, N = number of sites in the system. a, is lattice spacing and d, is a

radial vector pointing away from iy. v, is the volume enclosed by the sphere (circle in 2D)
[
with radius a,. r¢ = a, — |¥ — 7). For an impurity located at B— sublattice, d, = —d..

The various terms appearing in Eq. (2) can be understood rather easily. First of all, in

the limit «, — 0, 2, — &, in Eq. (1) and the only contribution to E.; would be the first
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two #, terms in Eq. (2). It is also clear that in the limit a, — 0, terms proportional to #,

or #2 do not appear in ., and the only contribution from 8, can only appears as (V8,)2.
-

Appearance of non-magnetic impurity at site 1o breaks the symmetry between A— and 5
sublattices and introduces local coupling between the 8, and 8, fields. Notice that additional
coupling between @, and 8, fields will appear if we take into account higher order terms in
D in our energy expression E.;. However, in the absence of impurities, these ierms do not
break the symmetry between A— and B— sublattices or the symmetry of interchanging 64
and 0% fields.

Minimizing £, with respect to the 8, field we obtain

L 28(.
0:(F) = 5 (B’S - #do.\'/ﬂu(f)) _ (1)

Putting ¢, back into £/, and minimizing with respect to f, field. we obtain for |7 — 75| = «.,.

. . 2B'Sa, , . .
V), (1) = T(‘Jf(h — Iy — ag). (4h)

Notice that in the presence of magnetic field, the non-magnetic impurity acts as a source
term [lor the @, field ol sirength 2875 in the limit a, — 0. As a result, §,(F) ~ (2B’ S¥{n(|i—
) in two dimension. and the corresponding ‘electric field” cnergy cost ~ [ d*x(V#,)* is
diverging logarithmically as size of system goes to infinity.

The divergence of magnetic energy to order O(B#) indicates that the (classical) response
of a non-magnelic impurity lo external magnetic field is intrinsically non-linear {7] and

.
suggests that quantin effect may play an important role in determining the correct linear
response of non-magnetic unpurities to external magnetic field. In the following we shall
derive in the continuum limit the 1/5 (spinwave) Lagrangian in the presence of background
¢, and 8, fields, and shall show that the infra-red divergence in classical energy can be cured
by lormation of local miagnetic moment around non-magnetic impurity once quantuimn effects
are cousidered.

To derive the spinwave Hamiltonian in the presence of magnetic field, we rotate our co-

ordinate svstem locally on ecach site such that the local z—axis is always along the “classical’



spin direction. In this co-ordinate system, the Hamiltonian becomes

»
H= Y [eos( +6,) (578 +57577) + SWSW 1 sin(g; +6,) (819517 — S5 ]
<i#1g.0 >
—gughB Z(S’}z)sinﬂi + $%e0s8,) — gupB Z(cosﬂj“i’](x) - sinGJ-Sj-z)). (5)
i#10 i

The Hamiltonian can be rewritten in Schwinger-boson representation of spins in the usual

way. In the large-S limit, we may write
B
Zh=24=7 JL—ZJL—\/ 5);

where Z(Z)%’s are spin ¢ Schwinger-boson creation (annihilation) operators for site ¢ on

sublattice a. Expanding the Hamiltonian to order O(S). we obtain to order O(B?),

-

H = Eq+ Hys,

where
. (0, + 0,1 5 ; (0 +6;)° /.
Hys=58 S [(1 -y (Zh2g + zﬁzﬁ) 4 {t - #—f—)) (z425 + Z425)
<iFtig > -
+gupB Y (0)ZZ] + g,LLBBZ ZR7R. (6)
i#in

To further analyse our system we again go to the continuum limit. Introducing symmetric

and anti-svmmetric boson fields

“11

—;F (Z{(F) = Z7 (D)),

V2

and integrating out the () ficld, we obtain in the continuum limit an effective Lagrangain

..-]

(Z"( ¥) + 2P(0)), (

T{I) =

for #(7) field [8,9]. Details of the technique can be found in ref. [8] and we shall not repeat

them here. For T away from the impurity site (@, < |7 — #5]), wa obtain in imaginary time

o
—

d . ]
I - e o i . ; wyy 2t 2 12
Liss /([T /d ¥TS [ ef. )¢ {87' +ef,)0 + mieT o+ |V ] , (

where ¢ = B and m?* = S2B?/2. ¢* ~ 4d(JS)* is the spinwave velocity. We have set

0,(F) = 13'5/2d and have neglected (V4,)? terms in deriving Lyss. The later is of higher
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order (O(1/8)) compared with the corresponding term in E;. The most striking feature of
the effective lagrangian is that the 8, field now appears as the T-component of a U(1) gauge
field coupling to a charge boson field ¢, with the dynamics of the 8, field governed by E. In
particular, in the presence of B field, the non-magnetic impurity appears as electric charge
generating static eleciric field coupling to the charge bosons. Notice that the eflective charge
of the non-magnetic impurity changes sign when it is moved from one sublattice to another,
indicating that the 'sign’ of the charge is in fact a sublattice index [8,9].

The logarithmic divergence in "electric field’ energy in presence of non-magnetic impurity
in F, in two dimension will be removed if bosons of opposite ’electric’ charge are nucleated
from vacuum to screen the effective electric field, forming effective local magnetic moments
around the impurity. The number of bosons nucleated from vacuum is ~ 25, as can be
seen easily by counting the number of ‘charges’ carried by the non-magnetic impurity. The
magnitude of magnetic moment formed around the impurity is thus ~ 5. The energy
‘cost’ for nucleating the bosons can be computed by solving the corresponding Schrodinger
equation for charge hosons moving in scalar potential of externa‘ll charge of magnitude 25¢
[10]. To capture qualitatively the physics, we estimate the energy “cost’ by using a variational
wavefunction v(7) ~ Ae "4 where £ is determined variationally. Minimizing the energy,
we find that & is of order & ~ (JSc2/(grpB))'/?). Notice that £ — oo as B — 0 or
S - oc, indicating that the formation of magnetic moment around non-magnetic lmpurity
is a non-perturbative quantum effect which cannot be captured by usnal spinwave theory.
The energy “cost’ for nucleating the bosons is of order £ ~ (28)(m + 2SB"”n(&/a,)).

Next we discuss the situation when there is finite concentration of impurities n randomly
distributed in the system. which is the case of experimental interests. In our continuum

.
theory, the presence of finite concentration of random impurities is equivalent to putting
finite concentration of ‘charges’ with magnitude 258" and randon sign in our effective
charge boson system. The behaviour of the system is very different from the one impurity
case, since now electric fields originating from opposite charges will cancel, with remaining
1/

electrie field” enerey of order ~ n k. where B, ~ (28 B In({/us) on average, { ~ n~V" s
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the average distance between non-magnetic impurities. For £, > Fy ~ 25m or equivalently
[>> & ~ a e’ 5/(2948B) it is energetically favourable to nucleate charge bosons from vacuum
to screen the electric field, and magnetic moments will be formed around non-magnetic
impurities. The magnetic moments couple to each other weakly with J.;; ~ Je~ /€ implying
that Curie behaviour will be present in magnetic susceptibility down to very low temperature
~ J.;;. As concentration of non-magnetic impurities increases, [ decreases until [ ~ &,. At
this point a transition occurs where it becomes energetically unfavourable to nucleate bosons
from vacuum to screen the electric field, i.e. there will be no magnetic moments forming
around non-magnetic impurities at zero temperature when [ < £,. The boson-non-magnetic
impurity bound states become excited states of the spin system! |

The boson-non-magnetic impurity bound states can still be observed as effective local
magnetic morents at {inite temperature T >m~gugB if E. +25m > E, (corresponding
roughiy to & < ). At this energy range, the boson-impurity hound state appears as stable
oxcited state of the spin system with excitation energy ~ {f5 - E,.)/25 < m. At finite
temperature T > m. these states will be occupied by thermally excited bosons, forming
effective free magnetic moments around non-magnetic impurities. It is important to em-
phasize that the formation of excited boson bound state around non-magnetic impurity is
only possible when there is a gap m in the boson excitation sptzctrum. In the absence of
not-magnetic impurity. a direct computation of the spinwave spectrum indicates that the
spinwave spectrum splits into two branches at small momentum ¢, with one branch carrying
a gap larger than m in our cffective Lagrangian, and the other branch gapless as ¢ — 0. The
contribution from the splitting of the two branches 1o Hy;s cancels to order O(B?). leading
to our effective Lagrangian with only massive bosons. The splitting of the boson spectrum
reappears if we iuclude terms to order O(B*) in H,;s, and the hoson bound state around
non-magnetic impurity will ceased to be good eigenstate of the effective Lagrangian (the
hound state turn into resonant state). However, the decay rate of the resonant state ~ Ik
is small compared with the energy of the resonant state ~ B? in the limit of weak mag-

netic field. indicating thai the physical picture of boson bound statc around non-magncetic




impurity is still a good approximation to the system in weak field limit.

As concentration of impurities increases and distances between impurities decreases fur-
ther the overlap between boson bound state wavefunctions at different impurity sites in-
creases and a boson impurity band is formed (recall that the size of the boson bound
state wavefunction is of order £). Vor [ < £, the bandwidth W of this impurity band
is of order ~ (m —m) and the effective impurity potential strength is of order
v~ 28B%/(1/1)*. We find that the screening of effective impurity potential by charged
bosons is weak and can be neglected. Fstimating the scattering life time 7 we find that
bosons with energy £ < E) ~ cl/€} are strongly localized in this impurity band using the
criteria ££7 < 1. Notice that the number of localized boson states ~ n™! and decreases
as n Increases in this regime. The magnetlic susceptibility will show Curie behaviour at
temperature above 77 ~ I /kg. For 1" < T;, the number of effective magnetic moments con-
tributing to magnetic susceptibility decreases as temperature lowers. Roughly speaking. the
contribution from non-inagnetic impurities to the magnetic susceptibility can be described
by a magnetic field and temperature dependent density of local moments n( B, T') which has
the following properties: (i) n( I3, 1) ~ 0 at the region gug B >> kgT, (i} n{B,T) ~ n for
[ > & and ~ (n€] 17! for I < & at the region kpd >> gup B + F;, and is sinoothiy interpo-
fating between the two regions. As temperature T — O, n( 8, T)‘—> {0 and the contribution
to magnetic susceptibility from impurities is of order 6y ~ 45%nin({/a,).

Our theory can be extended to three dimension in a straightforward way. We find that in
the weak-field limit. no magnetic moment is formed even in the limit o1 one single impurity
at zero temperature because of absence of infra-red divergence,associated with Coulomb
potential in 30, However, bound states of bosons can be formed at T > gpy DB as in two
dimensional case, and can still result in Curie-type hehaviour in magnetic susceptibility for
[ >> & ~ {e/gugB)'. As concentration ol impurities increases further, the boson bound
states turn into impurity band and the effective number of “free’ magnetic moments n{ #2, 7'

L]
decreases when temperature is lower than the boson impurity band bandwidth as in two

dimension.
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Summarizing, in this paper we have carried out an analysis of the effects of replac-
ing spins by non-magnetic impurities in Heisenberg antiferromagnets in magnetic field in
two- and three- dimensions in a semi-classical 1/5 expansion. We find within a continuum
approximation that magnetic moments will form around non—ma,ghnetic impurities once mag-
netic field is put on thé system, resulting in Curie-type behaviour in magnetic susceptibility
when concentration of impurities is not too high, and temperature is not too low. Notice
that similar continuum theories have been sucessfully applied to explain behaviours of clean
two-dimensional quantum Heisenberg antiferromagnets at low temperature [11}, and to the
effect of non-magnetic impurities in one dimensional spin chains (edge states) [12,13] Our
theory is able to explain observation of Curie-type hehaviour in magnetic susceptibility in
La,Cuy_,Zn.04 compounds at temperature well below Neel temperature. In particular.

the vanishing of local moments at 7' < gup B is a theoretical prediction which can be tested
-~

experimentally.
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