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Superconductor—Insulator Transition in a Disordered Electronic System

Nandini Trivedi,! Richard T. Scalettar,® and Mohit Randerial
(1) pfaterials Science Division 223, Argonne National Laboratery, Argonne, IL 60439
and Theoretical Physics Group, Tata Institute of Fundamental Research, Bombay 400005, India®
{2} Department of Physica, University of California, Davis, CA 95616

We study an electranic model of a 2D s-wave superconductor in a random potential using Quantum Monte

Carlo simulations.

The superfluid density and the strength of the delta function in the optical conduc-

tivity are found to vanish beyond a critical disorder. We calculate, for the first time, the temperature
dependent resistivity pac(T) for a highly disordered interacting Fermi system. Using this we identify the

non-superconducting state as an insulator.

PACS numbers: 74.20.Mn 74.30.+h 74.20.-z 71.55.Jv

{December 29, 1995)

The problem of the effect of strong disorder on super-
conductivity and of the resulting superconductor(SC)-
insulator(l) transition in low dimensional systems has
been studied experimentally for a number of years {1].
Theoretically, the problem is challenging because of the
complicated interplay between interactions and disorder
[2]. Within mean-field theory (3] superconductivity per-
sists essentially all the way to the site localized limit due
to an inadequate description of the disorder-induced fluc-
tuations of the local order parameter. Much of the recent
theoretical effort has focused on the dirty boson problem
[4] which is expected to capture the essential physies of
these fluctuations. The boson models which are argued
to describe universal properties in the vicinity of the SC-I
transition are also more amenable to analytical [1] and
numerical [5,6] studies. ilowever, if one is interested in
characterizing the phases, and testing the universality of
the conductance at the transition, one has to go back toa
description in terms of the electronic degrees of freedom,

As a first step in this direction we use Quantum Monte
Carlo (QMC) simulations to study the simplest fermionic
problem - the attractive Hubbard model with onsite dis-
order - which can have superconducting, insulating, and
{possibly) metallic phases. Qur main results are:

1) At low temperatures, we calculate the superfluid stiff-
ness [,, a measure of the Meissner effect, and the charge
stiffiness D, related to the infinite conductivity. We find
that D, = D, and that both decrease with increasing
disorder V. Beyond a critical V. the system becomes
non-superconducting,

2) \We use a simple analytic continuation method to ex-
tract the T-dependent d.c. resistivity pac(T) from QMC
data for the first time. This method is argued to be valid
for Jisordered systems, and independent checks on its va-
lidity are presented,

3) We find that, for V > V, the system shows insulating
hehavior with dpac/dT < 0.

1) The resistivity as a [unction of T and V is also used
to independently estimate the eritical disarder V, which

is in good agreement with that obtained from D,.
5) Our results are consistent with a direct SC-I transition
in 2D, without an intervening metallic phase.

Qur model is defined by the Hamiltonian

H=-t Z(c‘t’c‘;, +c}oc.-,)

{éf)e
_Z(F_vi)ﬂia—JUiZﬂ,‘;nil. (1)

We set ¢t = | and measure al] energies in units of {. Here
¢is is a fermion destruction operator at site ¢ with spin
g, Nig = cf,c.-,, and the chemical potential u fixes the
average density (n). The site energies v; are indepen-
dent random variables with a uniform distribution over
[=V, V). The lattice sum (ij} is over near neighbor sites
on a two dimensional square lattice. Note that this model
focuses on the localization induced by the disorder; it
does not, however, incorporate the disorder-dependence
of the effective clectron-electron interaction (2].

QMC simulations have played an important role int the
study of model {1) in the absence of disorder (V = 0}
in elucidating its phase diagram [7] and its anomalous
normal state behavior [8]. Here we use the same QMC
technique {9]. to study the disordered case, which is still
free of the the fermion sign problem.

We shall focus on various quantities obtained from the
current-current correlation function A [10]. The (param-
agnetic piece of the) current operator is defined as

J=(1 ?') = CHr [“ z(cl!+i.acl.a - CI.4C1+£.0) C_Hr‘ (2)
The impurtly areraged A, is then given by
J .
Al in) =Z/ dr{je(1,7)j=(0,0))¢' e™=+", (3)
T Jo

where w, = 2nx/3. and {...) denotes a thermal average
at a temperature T = J™1 for a given realization of disor-
der and an average over an ensemble of such realizations.
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Gauge tnvariance requires that the tongitudinal part of

A satisfy the equality [10,11)

Al = limy, o0 Aez(gz, gy = 0itwn = N==-R, ()

where [, = (—t Zo(cf_'_f oCra + clr‘qcl_,_:‘_g)), the kinetic
energy in the z direction, represents the diamagnetic part
of the response. We have verified this equality as a non-

trivial check on our numerics; see Fig. 1(a).
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FIG. 1{a). The kinetic energy, —#’:, and transverse and
longitudinal current-current correlation functions, AT and
A*, are shown as a function of disorder V. A" tracks —A; as
required by gauge invariance. The difference between AT and
— K; signals a non-zero superfluid density (see eqn. (5}).
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_ FIG. 1(b). The superfluid density L. and charge stiffness
D'(a measure af infinite dc canductivity) as a [unction of

disorder V. D, = D for all V.

The superfluid stiffness D, is obtained [rom the trans-
verse current-current correlation function [10,11]

AT g, o Arrlir =0,y iwn = 0) (%

D, = a[-K, - x\T}.

Results [12] for AT, A% and =K are plotted in Fig, 1{a)
for f = —4, T = 0.10, and {n) = 0.875 as a function
of V. AT is estimated by using a linear extrapoclation
of the two smallest ¢, values. In Fig. 1{b) we plot D,,
which decreases monotonically with disorder. There is a
critical value V, beyond which D, = 0 and the system
becomes non-superconducting. Note that D, and D (to
be defined below) were measured at T low enough that
measurements of (c;lc;rc}rcjl) confirm that the pairing
correlations are well formed across the entire lattice.

We now turn to the conductivity Rec(w) = Dé(w) +
Oreg(w). The first term represents the infinite dc con-
ductivity of a superconductor, with the charge stiffness
(10] D = a[— K, — limy—oReA - (q = O;w + i0%)]. The
regular part of the conductivity is given by oregl{w} =
ImA(q = O;w)/w, where A(q;w + i0%) = ReA(q;w) +
iImA(q;w), omitting the zz subscripts for simplicity. To
study the dc limit we will use two independent methods.
We first use the Matsubara correlation function

D(un) = z[_[{: - Ar:(q =90, i“"ﬂ)]v‘ (6)

shown in Fig. 2. From the spectral representation for
A(iwn) and the sum rule fJ° dwReo(w) = (= N;)/2 we

get

D(wn) = D + 2} fomdwcrug(u)/[wzwi]- (7}
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FIG. 2. D{wn.)asafuactionofn =w,/2xT > 0. for fixed
The extrapolated

7 = 0.1 and various disorder strengths.
value D(wn — 0) is shown as a filled symbol at n = 0. For

small V this extrapolation yields a non-zero [ indicating a
SC. For the metallic system ¥V = 3.25 [~ 1.) we obtain oy
from the slope at small n: see text.
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It {ollows thal D{w,) increases monotonically with n
from D{w, — 0) = D to D{w, — oa) = a{—{) (not
shown in Fig. 2 but verified in the data).

From the extrapolation D{w, — 0) we get a nonvan-
ishing D, and hence infinite dec conductivity for low dis-
order (V' < V.) superconducting systems; see Fig. 2. The
V-dependence of D is shown in Fig. 1(b), and within
the accuracy of our numerics, we find that D = D, for
all disorder strengths. For V > V,, we find D = 0. Note
that, in contrast to non-random systerns [10], D at T =0
cannot be used to characterize the non-superconducting
state for V' > V. since neither dirty metals nor insulators
have a §-function in a(w). :

We must therefore find a way to extract the T-
dependent resistivity to distinguish a metal from an in-
sulator. From the fluctuation-dissipation theorem we get

T dw  exp(—wr)

Au(q;'f)=f_m 7 [1 - exp(—puw)]

for 0 € 7 € B. To obtain ImA from A(q; ), which is
computed in the QMC, requires a numerical inversion of
the Laplace transform. We instead use a technique [§]

ImA.-{qw), (8)

valid for T « {1, where (1 is the scale on which ImA |

deviates from its low frequency behavior (ImA ~ weyc).
Provided T < (2, eqn. (8) simplifies to

Ace(q = 0;7 = §/2) = 10ac/ B, 9)

which yields the de¢ conductivity. We note that this sim-
plification may not be valid for non-random systems: e.g.,
for a Fermi liquid the scale 2 = 1/re_e ~ N(0)T? so
one can never satisly T < @ at low T. However, for the
highly disordered state that we study, we expect the scale
2 to be set by the disorder V and to be T-independent,
so that eqn. (9) is valid. We will present below additional
consistency checks of this approximation.

In Fig. 3(a) we plot the dc¢ resistivity pye = 1/04c as a
function of temperature for various degrees of disorder.
We use units where > = A = 1 so that the quantum of
resistivity pg = h/(4e?) = /2. For small disorder we
see that py. decreases with lowering T, with increasing
disorder the T-dependence is altered qualitatively: for
large V we see that dpy./dT < 0, strongly suggestive of
insulating behavior (pac = o0 at T = 0). _

To see where this transition takes place it is useful
to replot the data of Fig. 3(a) as pgc as a function of
the disorder strength V for different temperatures. This
is done in Fig. 3(b): from the crossing point of the vari-
ous curves we estimate the critical disorder V, separating
the SC from the insulator. We note that our results for
“ p4c(T) (and D(w,) discussed below) for |U] = 3,4.6 are
consistent with a direct SC-I tramsition in 2D, without
an intermediate metallic phase [13].

The curves in Fig. 3 are remarkably similar to those
found in the experimental literature [1], and represent the

first QMC calculations of the T-dependent resistivity in
a disordered, interacting fermi system.
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FIG. 3(a). Dec resistivity, obtained from eqa. (9), as func-

tion of temperature, with disorder strength V = 1 (lowest
curve), 1.5,2,2.5,3,3.25,3.5,4,4.5, and 5 (top curve). The
point at T = 0.10, for V = 3.25 =~ V., is obtained from

D(wn); see Fig. 2.
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FIG. 3(b). pac as a function of disorder V [or various tem-
peratures T. Representative error bars are shown.

In the SC state the form of Rec{w) changes due to
the appearance of D4§{w) below T., and eqn. {9} is not
applicable. Thus it cannot be used to see that the low dis-
order systems in Fig. 3(a) do indeed go superconducting
at lower temperatures. To see the SC behavior explic-
itly, we recall the D(w,) analysis presented above, which
works best at low T since it involves an w, — 0 extrap-
olation. As seen (rom the results of Figs. 1(b) and 2 the
low disorder systems (V' < 1) c¢learly show a non-zero D
indicative of infinite dc conductivity.



As an independent check on the results of equ. (9) we
estimate the conductivity of the metal (with V. = V),
scparating the SC [rom the insulator, from the small w,
hehavior of D(w, ). The metal has a finite d.c. conductiv-
ity Reo(w — ) = g4c, which leads to D{ws) = 7ogc|wn|
for wy, — 0, using eqn. (7). Thus the slope of D(w,) at
small w, may be used to estimate the conductivity; see
FFig. 2 where the best linear fit to the pointsat n =1,2,3
is shown. The value of pgc = o-;_l obtained using this
method, at T = 0.10 for V = 3.25(~ V), is shown Iu
Fig. 3(a). This low T estimate is in excellent agreement
with the results of eqn. (9) at higher temperatures.

1t is also worth emphasizing the consistency of results
obtained from different observables. The critical V. may
be estimated in several independent ways. Low temper-
ature estimates of V. obtained from the vanishing of D,
[14] and of D are clearly identical (see Fig. 1{b)}. In ad-
dition, D(w,) is consistent with metallic behavior, i.e., a
linear approach to the origin, enly for V' = V,; the 5C
systems have a non-zero intercept D and the insulators
do not approach the origin linearly. Another estimate of
V. comes from the higher temperature crossing plots (see
Fig. 3(b)). On the 8x8 systems studied, we find excel-
lent agreement between these methods. For instance, for
U] = 3, V. = 3.5+ 0.7 (from D,) and V. = 3.8 05
(from pgc); while for [U] = 4, V; = 3.2£ 0.7 (from D)
and V., = 3.5 0.5 (from pqc).

We can also estimate the resistance at V. using eqn. (9}
and independently from the slope of D(ws), both of
which give very similar results. We find p(V.)/pq =
4.1 £ 1.3 (for |U| = 3); 5.2 1.5 {for [U| = 4); and
8.3£2.0 (for [U[ = 6). The finite lattice estimate of p(V:)
appears Lo depend on the strength of the attractive inter-
action [U/] {as a function of which cne expects a crossover
from a fermionic to a bosonic regime in this model; for
the non-random models, see [8]). The dirty boson model
predicts [15} that p(V.) is universal, while the experi-
ments [1] show sample and material dependence, with
some indications [1}(d) that the fermionic quasiparticles
are responsible for the non-universality of this quantity.

A finite size scaling analysis of QMC data can clearly
answer the question of universality of p(V.), and is cur-
rently being pursued. ¥hat we have shown here, for the
first time, is that reliable low temperature calculations
in a disordered, interacting fermion model are feasible in
the vicinity of a quantum critical point, and one can de-
termine experimentally interesting quantities such as the
superfluid density and T-dependent dc resistivity.
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Quantum Monte Carlo
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FIG. 3. (a): Estimaes for ¥, at intermediate couplings .
condrvg temb

U] = 3.4.6 from vamishing of D, (squares), and from gy
crossing (triangles), which have been offset for clarity. The
full circle at the origin is the I = 0 result V. = 0 for 2D nen-
interacting electrons. \We expect V. « /U at large couplings
and V. ~ texp(—#/IU]} at small U,

(I): Estimates for pg.(V.) for (U} = 3,4, 6 obtained {rom the
puc crossing plots.
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