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Chaos, Strange Attractors, and Fractal Basin
Boundaries in Nonlinear Dynamics

CeLsO GREBOGI, EDWARD OTT, JAMES A. YORKE

Recently research has shown that many simple nonlinear
deterministic systems can behave in an apparently unpre-
dictable and chaotic manner. This realization has broad
implications for many ficlds of science. Basic develop-
ments in the field of chaotic dynamics of dissipative
systems are reviewed in this article. Topics covered in-
clude strange attractors, how chaos comes about with
variation of a system parameter, universality, fractal basin
boundaries and their effect on predictability, and applica-
tions to physical systems.

N THIS ARTICLE WE PRESENT A REVIEW OF THE FIELD OF
chaoric dynamics of dissipanive systems including recent devel-
opments. The existence of chaoric dvnamics has been discussed

i the mathemarical literature for many decades with important

contributions by Pomncaré, Rirkhoff, Carrwright and Lirtlewood,

Levinson, Smale, and Kolmogorov and his students, among others.

Nevertheless, it is only recently that the wide-ranging impact ot

chaos has been recogmzed. Consequently, the field s now undergo-

ing explosive growth, and many applications have been made across

a broad specerum of scientific disciplines—ecology, CCONOMmICS,

phvsics, chemistry, engineening, fluid mechanics, to name several.

Specific examples of chaotic tme dependence include convection of

1 fluid heated from below, simple models for the vearly vanation of

nsect pupulations. stirred chemical reactor systems, and the deter-

mination of limits on the length of reliable weather forecasung. v 15

our belict that the number of these applications will continue to
grow.

We start with some basic definitions of terms used m the rest of
the article.

Dissipative svstem. In Hamiltonian (conservative] systems such as
rise 1n Newtonian mechanics of particles (without friction ), phase
space volumes are preserved by the ime evolution. {The phase space
is the space of varables that specify the state of the svstem.)
Consider. for example, a two-dimensional phase space (4. pi, where
g denotes a position variable and p a momentum vanable. Hamil-
ron’s equations of motion take the set of inital condinons at fime
¢ = o and evolve them in time to the setacume s = 1. Although the
shapes of the sets are different. their arcas are the same. Bv a
dissipative svstem we mean one thar does not have this property
¢ and cannot be made to have this property by a change of variabies’.
Arcas should oopically decrease (dissipate) in timwe so that the area of
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the final set would be less than the area of the jmitial set. As a
consequence of this, dissipative systems typically are characterized
by the presence of atrractors.

Astractor. If one considers a system and its phase spacc, then the
initial conditions mayv be artracted to some subset of the phase space
(the atrractor) as time r — *. For example, for a damped harmonic
oscillator (Fig. 1a) the artractor is the point at rest (in this casc th'e
origin). For a periodically driven oscillator in its limit cycle the limut
set 15 a closed curve in the phase space (Fig. 1b).

Strange attvactor. In the above two examples, the attractors Were
pomnt {Fig. 1a), which is a set of dimension zero, and a closed curve
(Fig. 1b). which 15 2 set of dimension one. For many other attractors
the artracting set can be much more irregular (some would sav
pathological) and, in fact. can have a dimension that 1s NOt an
integer. Such sets have been called “fractal” and, when they are
attractors, thev arc called strange attractors. {For a more precisc
definition see (1).] The existence of a strange attractor in a physically
interesting model was first demonstrated by Lorenz (2).

Dimension. There arc manv definitions of the dimension 4 (3).
The simplest is called the box-counting or vapacity dimension and is
defined as follows:

In N(e)

d:Iim (“

™ In(V/e)
where we imagine the attracting set in the phase space to be covered
by small D-dimensional cubes of edge length €, with D the
dimension of the phase space. N{e) is the minimum number of such
cubes needed to cover the set. For example, for a point attractor
(Fig. 1a). N(e) = | independent ot e, and Eq. 1 vields & = 0 (as it
should:. For a limit cycle attractor, as in Fig. 1b, we have that
Nie) ~ €lg, where € is the length of the closed curve i the figure
(dotred liney; hence, tor this case, 4 = 1, by Eq. 1. A less trivaal
example 1s iltustrated i Fig. 2, in the form of a Canror set. This setis

a b

dx:dt

Fig. 1. (a) Phasc-space diagram tor a damped harmonic osclator. {b) Phase-
space diagram tor a svstem that 15 approaching a lirmut cycle.
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Fig. 2. Construction o a Can- 0 1
tor set. b— —
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Fig. 3. Poncaré surface of Xy
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X

Fig. 4. The Hénon chaotic
artractor. (&) Full ser. (b)
Enlargement of region de-
fined bv the rectangle in
ia). (€) Enlargement of re-
gion defined by the rectan-
gle in (b).

formed by taking the linc interval from 0 to 1, dividing it in thirds,
then discarding the middle third, then dividing the two remaining
thirds into thirds and discarding their middle thirds, and so on ad
infinicum. The Cantor sct is the closed set of points that are left in
the limit of this repeated process. If we take € = 37" with » an
integer, then we see that N(e) = 2" an4 Eq. 1 (in which € — 0
corresponds to # — %) vields 4 = (In 2)/(In 33, a number berween 0
and 1. hence, a fractal. The topic of the dimension of strange
artractors 1s a large subject on which much research has been done.
One of the most interesting aspects concerning dimension anses
trom the fact that the distribution of points on a chaotic artractor
can be nonuniform in a very singular way. In particular, there can be
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an arbitrarly fine-scaled interwoven structure of regions where orbit
trajectorics are dense and sparse. Such amractors have been called
multitractals and can be characterized by subsidiary quantities that
essennially give the dimensions of the dense i sparse regions of the
Jecracror, In this review we shall not attempt to survey this work.
Several papers provide an introduction to recent work on the
Jdimension of chaotie attractors (3-5).

Chaotic astractor. By this term w mean that if we take two typical
points on the attractor thar are separated from each other by a small
distance A(0) at ¢ = 0, then for increasing ¢ they move apart
exponentially fast. That is, in some average sense A(t) ~ A{Qexp(he)
with & > 0 (where 4 is called the Lyapunov exponent). Thus a small
uncertainty in the imitial state of the system rapidly leads to inability
to forecast its future. [It is not surprising, therefore, that the
pioneering work of Lorenz (2) was in the context of meteorology. |
It is rypically the case that strange attractors are also chaotic
[although this is not always so; sce (1, 6)].

Dynamical system. This 1s a system of equations that allows one, in
principle, to predict the future given the past. One example is a
system of first-order ordinary differential equations in time, dax(t)/
dr = G(x,;z), where x(2) is a D-dimensional vector and G is a D-
dimensional vector function of x and £. Another example is a map.

Map. A map is an equation of the form x,,; = F(x;), where the
“rime” ¢ is discrete and integer valued. Thus, given Xo, the map gives
x;. Given x;, the map gives xa, and so on. Maps can arise in
continuous time physical systems in the form of a Poincaré surface
of section. Figure 3 illustrates this. The plane x; = constant is the
surface of section (S in the figure), and A denotes a trajectory of the
system. Every time A pierces § going downward (as at points A and
B in the figure), we record the coordinates {x),x;). Clearly the
coordinates of A uniquely determine those of B. Thus there exists a
map, B = F(A), and this map (if we knew ir) could be iterated to
find all subsequent piercings of S.

Chaotic Attractors

As an example of a strange attractor consider the map first srudied
bv Hénon (7):
xn+1:a—x%1+ﬂyn (2)

Yoe1 = Xn (3)

Figure 4a shows the result of plotting 10* successive points obrained
by iterating Eqs. 2 and 3 with parameters @ = 1.4and B = 0.3 (and
the initial transient is deleted). The result is essentially a picture of
the chaotic attractor. Figure 4, b and ¢, shows successive enlarge-
ments of the small square in the preceding figure. Scale invariant,
Cantor set—like structure transverse to the linear strructure is evident.
This suggests that we may regard the atractor in Fig. 4c, for
example, as being essentially a Cantor sct of approximately straight
paraliel lines. In fact, the dimension 4 in Eq. 1 can be estimated
aumerically (8) to be d = 1.26 so that the attractor is strange.
As another example consider a forced damped pendulum de-
scribed by the equarion
4208/de? + vd8/dr + wisin® = fros(wt) (4)
where 6 is the angle berween the pendulum arm and the rest
position, v is the coeflicient of fricuon, we is the frequency of natural
oscillation, and f is the strength of the forcing. In Eq. 4, the first
term represents the inertia of the pendulum, the second term
represents fricion at the pivor, the third represents the gravitational
force, and the right side represents an external sinusoidally varving

torque of strength fand frequency applied to the pendulum at the
pivot. In Fig. 5a, we plot the Poincaré surface of section of a strange
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Fig. 5. (@) Powncard sur-
face of section of a pendu-
lum strange anractor. b
Enlargement of region de-
fined by rectangle i (a.

du-dt

lf'lg. 6. Chaotic time series
for pendulum shown as 3
plot of angular velocity
VErSuUsS tme.
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attractor for the pendulum, where we choose v = 0.22, wq = 1.0,
w = 1.0,and f = 2.7 in Eq. 4. This surface of section is obtained by
plotting 50,000 dots, ane dot for every cvcle of the forang term,
that is, one dot at every time £ = t, = 2w# (where # is an integer).
The strange attractor shown in Fig. 5a exhibits a Cantor set-like
structure transverse to the linear structure. This is evident in Fig. 5b,
which shows an enlargement of the square region in Fig. 5a. The
dimension of this strange attractor in the surface of secrion 15
d =1.38. Figure 6 shows the angular velocity 46/dt as a function of £
for the parameters of Fig. 5. Note the apparently erraric nature of
this plot. '

In general, the form of chaotic attractors varies greatly from
system to system and even within the same system. This is indicated
bv the sequence of chaotic attractors shown in Fig. 7. All of these
artractors were generated from the same map (9,

'i‘y”] = ld’n + w €.P|(lil,,.9"}l mod 1
B0 = [9,, + ws + EP:NJ,,.B,,)} mod 1

(5)
(6)

where P, and P. are periodic with period one both their
arguments. The P, and P are the same in all of the cases shown in
Fig. 7. only the parameters wy, w, and € have been vaned. The
results show the great variety of torm and structure possible in
chaotic attractors as well as their aesthetic appeal. Since b and & may
be regarded as angles. Eqs. 5 and 6 arc a mapon a rwo-dimensional
toroidal surface. [This map is used n (9} to study the transition
from quasipeniodicity to chaos.|

Because of the exponennal divergence of nearby orbits on chaotic
attracrors, there is a question as to how much of the structure n
these pictures of chaortic attractors (Figs. 4. 3, and 73 is an arufact
due to chaos-amplified roundoff error. Although a numerical trajec-
torv will diverge rapidly trom the e trajecrory with the same
initial potne, it has been demonstrate. rigorously (10} in important
cases {including the Hénon map | {1)] that there exists a true
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trajectory with a slightly ditferent initial point that stays near the
noisy trajectory for a long time. [For example, for the Hénon map
for 4 tvpical numencal trajectory computed with 14-digit precision
there exists a frue trajectory that stavs within 1077 of the numerical
trajectory tor 107 iterates (11} Thus we believe that the apparently
fractal structure seen in pictures such as Figs. 4, 5. and 7 is real.

The Evolution of Chaotic Attractors

In dissipative dynamics it s common to find that for some value
of a system parameter only a nonchaotic attracting orbit (a limit
cvcle, tor example) occurs, wheteas at some other value of the
parameter a chaotic attractor occurs. It is therefore natural to ask
how the one comes about from the other as the system parameter is
varied continuously. This is a fundamental question that has elicited
a great deal of atrention (9, 12-19).

To understand the narure of this question and some of the
possible answers to it, we consider Fig. Ba, the so-called bifurcation
diagram for the map.

Xyt :c_xi (7)

where € is a constant. Figure 8a can be constructed as follows: take
O = —~0.4, set xp = —0.5, irerate the map 100 times (10 eliminate
transients), then plot the next 1000 values of x; increase C by asmall
amount, say 0.001, and repeat what was done for C = —0.4;
increase again, and repeat; and so on, until C = 2.1 1 reached. We
see from Fig. 8a that below a certain value, C = Cy = —0.25, there
is no atrractor in —2 < X < 2. In fact, in this case al! orbits go ©
+ — —x, hence the absence of points on the plot. This is also true
for ¢ above the “crisis value” C, = 2.0. Berween these two values
there is an attractor. As C is increased we have an artracting orbit of
“period one,” which, at C= 0.75, bifurcates to a period-two
attracting Orbit (Xq — Xg = %o > Xg 77 -, which then bifurcates
(at C=1125) to a pcriod~f0ur orbit (X, — Xp > Xe T Xa
Xy Xp P X TP Xy T K -). In fact, there are an infinite num-
ber of such bifurcations of period 2" to period 2" Uorbits, and these
accumulate as . — X at a finite value of C, which we denote C.
(trom Fig. 8a, C, =14 [The practical importance ot this phe-
nomenology was emphasized early on bv Mav (12).]

What is the situation for C.< C < C.> Numerically what one
sees is that for many C values in this range the orbits appear o be
chaotic, whereas for others there are pcriodic orbits. For example,
Fig. 8b shows an enlargement of Fig. 8a for C in the range
1.72 < C < 1.82. We see what appear t© be chaotic orbits below
¢ = G = 1.75. However, just above this value, a peniod-three
orbit appears, supplantng the chaos. The period-three orbit then
goes through a pcriod-doubling cascade. becomes chaotic, widens
into a1 three-piece chaotic  attracror, and then finally at
C = ¢ = 1.79 widens back into a single chaotic band. We call
the region CV «C<CMa period-three window. (Such win-
dows, but of higher peniod, appear throughout the region Cy

< C < C,, but arc not as discernible in Fig. 8a becausc they are
much narrower than the pcriod-thrcc window.)

An infinite period-doubling cascade is one way that a chaotic
artractor can come abour from a nonchaotic one {13). There are also
mwo other possiblc roures to chaos cxcmpliﬁcd in Fig. 8, a and b.
These are the intermirency route (14) and the crisis route {I15).

Intermittency. Consider Fig, 8b. For C just above Co' there is a
period-three orbit. For € just below Co'M there appears to be a
chaotic orbit. To understand the character of this transition it is
useful to examine the chaotic orbit for C just below Co*. The
character of this orbit is as tollows: The orbit appears o be a period-
three orbit for long stretches of time after which there 1s a short
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Fig. 7. Sequence of chaot- 10 .-
W amractors  for system
represented by Egs. 5 and
6. Plot shows irerared
mapping on a torus for
differenc values of w,, w,,
ad e (Top) w, = 0.54657,
w; = 0.36736, and € =
075 (Center) w, =
(.45922, w, = 0.53968,
and ¢ = 0.50. (Bottom}
w = 041500, w, =
0.73500, and € = 0.60.

burst (the “intermittent burst”) of chaotic-like behavior, followed by
another long stretch of almost period-three behavior, followed by a
chaotic burst, and so on. As C approaches C,™ from below, the
average duration of the long stretches berween the intermirrent
bursts becomes lon§cr and longer (14), approaching infinitv and
proportional to (Co™' — €) ™' as C — Co®). Thus the pure period-
three orbit appears at C = Co'”’. Alternatively we may say that the
attracting periodic attractor of period three is converted to a chaotic
artractor as the parameter C decreases through the critical value
Co(”._ I_[ should be emphasized tha, although our illustration of the
transition to chaos by way of intermittency is within the context of
the period-three window of the quadratic map given by Eq. 7, this
phenomenon (as well as period-doubling cascades and crises) is very
general; in other systems it occurs for other periods (period one, for
example) in easily observable form.

Crises. From Fig. 8a we sce that there is a chaotic artractor for
C < C; = 2, but no chaotic attractor for ¢ > C.. Thus, as C is
lowered through C., a chaotic attractor is born. How does this
occur? Naote that at C = C, the chaotic orbit occupies the mnterval
~—2 £ x = 2.1 C s just slightly larger than C,. an orbit with mutial
condition in the interval —2 << x < 2 will tvpically tollow a chaotic-
like path for a finite time, after which it finds its way out of the
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interval =2 = x < 2, and then rapidly begins to move to large
negative x values (that is, it begins to approach x = —=). This is
called a chaotic transient (15). The length of a chaotic transient will
depend on the particular initial condition chosen. One can define a
mean transient duration by averaging over, for example, a uniform
distribution of initial conditions in the interval —2 < x < 2. For the
quadranc map, this average duration is

T~ L(C - C) (8)

with the exponent vy given by y = 1/2. Thus as C approaches C.
from above, the lifetime of a chaotic transient goes 1o infinity and
the transient is converted to a chaotic atrractor for C < C,. Again,
this type of phenomenon occurs widely in chaotic systems. For
example, the model of Lorenz (2} for the nonlinear evolution of the
Rayleigh-Bénard instability of a fluid subjected to gravity and
heated from below has a chaotic onset of the crisis type and an
accompanying chaotic transient. In that case, y in Eq. 8 is v ~ 4
{20). In addition, a theory for determining the exponent vy for two-
dimensional maps and systems such as the forced damped pendulum
has recently been published (21). Thus we have seen that the period
doubling, intermittency, and crisis routes to chaos are illustrated by
the simple quadratic map (Eq. 7).

We emphasize that, although a map was used for illustrating these
routes, all of these phenomena are present in continuous-time
systems and have been observed in experiments. As an example of
chaotic transitions in a continuous tme system, we consider the set
of three autonomous ordinary differential equations studied by
Lorenz (2) as a model of the Rayleigh-Bénard instability,

dxidt = Py — Px 9
dyidt = —xz + »x - ¥ (10)
dzidr = xy — bz (1)

where P and & are adjustable paramcters. Fixing P = 10and & = 8/3
and varying the remaining parameter, », we obtain numerical
solutions that are clear examples of the intermittency and crisis types
of chaotic transitions discussed above. We illustrate these in Fig. 9, a
through d; the behavior of this system is as follows:

1) For r between 166.0 and 166.2 there is an intermittency
transition from a periodic attractor {r = 166.0, Fig. 9a) to a chaotic
artractor {r = 166.2, Fig. 9b) with intermirrent turbulent bursts.
Berween the bursts there are long stretches of time for which the
orbit oscillates in nearly the same way as for the periodic attractor
(14) (Fig. 9a).

2) For a range of r values below » = 24.06 there are two periodic
attractors, that represent clockwise and counterclockwise convec-
tions. For r slightly above 24.06, however, there are three attractors,
one that is chaotic (shown in the phase space trajectory in Fig. 9¢),
whereas the other two antractors are the previously mentioned
periodic artracrors. The chaotic attractor comes into existence as r
increases through r = 24.06 by conversion of a chaotic transient.
Figure 9d shows an orbit in phase space executing a chaotic
transient before settling down to its final resting place ar one of the
periodic attractors. Note the similarity of the chaotic transient
trajectory 1in Fig. 9d with the chaotic trajectory in Fig. 9¢.

The various routes to chaos have also received exhaustive experi-
mental support. For instance, period-doubling cascades have been
observed in the Ravleigh-Bénard convection (22, 23), in nonlinear
circuits (24), and in lasers (25); intermittency has been observed in
the Ravleigh-Bénard convection (26) and in the Belousov-Zhabo-
tinsky reaction (27); and crises have been observed in nonlinear
carcuits (28-303, in the Josephson junction (31), and in lasers (32).

Finally. we note thar period doubling, intermittency, and crises
do nor exhaust the possible list of routes to chaos, (Indeed, the
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Fig. 8. (Top) Buturcation
diagram for the quadrane
map. (Bottom) [Period-
three window tor the qua-
dratic map

0.4 -

routes are not all known.) In particular, chaotic onsets involving
quasiperiodicity have not been discussed here (9, 16, 18).

Universality

Universality refers to the fact thar systems behave in certain
quantitative ways that depend not on the detailed physics or model
description but rather only on some general properties of the
system. Universality has been examined by renormalization group
(33) rechniques developed for the study of critical phenomena n
condensed matter physics. In the context of dynamics, Feigenbaum
(13) was the first to apply these ideas, and he has extensively
developed them, particularly for period doubling for dissipative
systems. [See (I7) for a collection of papers on universality in
nonlinear dynamics.] For period doubling n dissipative systems,
results have been obrained on the scaling behavior of power spectra
for time series of the dynamical process (34), on the effect of noise
on period doubling (35). and on the dependence of the Lyapunov
exponent (36) on a system parameter. Applications of the renormali-
zation group have also been made to interruttency (19, 37), and the
breakdown of quasiperiodicity n dissipative (18) and conservative
i38) svstems.

As examples, two “universal” results can be stated within the
context of the biturcation diagrams (Fig. 8, a and b}. Ler C, denote
the value of C at which a period 2" cvcle period doubles ro become a
period 27! cvcle, Then, for the bifurcation diagram n Fig. 8a, one
obtains
Cn _ Cn*l
C..._C 4.669201 . ..
The result given in Eq. 12 is not restricted to the quadratic map. In
fact, 1t applies to a broad class of systems that undergo penod
doubling cascades (13, 39). In practice such cascades are verv
common, and the asseciated universal numbers are observed o be
well approxunated by means of fairly low order bifurcations (tor
example, n# = 2,3.4). This scaling behavior has been observed 1n

lim
n—x=

(12)
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many experiments, including ones on fluids, nonlinear circuits, laser
svstems, and so forth. Although unn..sality arguments do not
explain why cascades must exist, such explanations are available from
biturcanion theorv (40).

Figure 8b shows the period-three window within the chaotic
range of the quadratic map. As already mentioned, there are an
nfinite number of such periodic windows. [In fact, they are
generally believed to be dense in the chaotic range. For example, if &
is prime, there are (2% — 2)/(2k) period-k windows.] Let Co**' and
C.*" denote the upper and lower values of C bounding the period-&
window and let C¢*' denote the value of C at which the period-k
attractor bifurcates to period 2k Then we have that, for typical &
windows (41),

03] CCLU - Co(k’
ke Co — Cp®
In fact, even for the &£ = 3 window (Fig. 8b) the 9/4 value is closely
approximated (it is 9/4 ~ 0.074 .. .). This result is universal for

one-dimensional maps {and possibly more generally for any chaotic
dvnamical process) with windows.

— 9/4 (13)

Fractal Basin Boundaries

In addition to chaotic attractors, there can be sets in phase space
on which orbits are chaotic but for which points near the set move
away from the set. That is, they are repelled. Nevertheless, such
chaotic repellers can still have important macroscopically observable
effects, and we consider one such effect (42, 43) in this section.

Typical nonlinear dynamical systems may have more than onc
time-asvmptotic final state {atrractor), and it is important to consid-
er the extent to which uncertainty in initial conditions leads o
uncertaintv in the final state. Consider the simple two-dimensional
phase space diagram schematically depicted in Fig. 10. There are
two attractors denoted A and B. Initial conditions on one side of the
boundary, X, eventually asymptotically approach B; those on the
other side of ¥ eventually go to A. The region to the left or nght of
¥ is the basin of attraction for attractor A or B, respectively, and % is
the basin boundarv. If the initial conditions are uncertain by an
amount ¢, then for those initial conditions within € of the boundary
we cannot say a priori to which artractor the orbir eventually tends.

o

z(ty

-10t

Fig. 9. Intermirtency, crisis, and period doubling in continuous time
svstems. Intermittency in the Lorenz equations (&) r = 166.0; (b
¥ = 166.2. Crisis transition to a chaotic artractor in the Lorenz equatons:
(cyr =28, (dhy r =22
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Fig. 10. A region of phase <pace awvided by .
the basin boundary £ into basins ot attraction

for the two artractors A and B. Points 1 and 2 A
are ontial conditons with cerror e

For example, m Fig. 10, points | and 2 are initial conditions with an
uncertainty €. The orbit generated by initral condition | 15 attracted
to attractor B. Initial condition 2, however, is uncertain in the sense
that the orbit generated bv 2 may be attracted either to A or B. In
particular, consider the fraction of the uncertain phase space volume
within the rectangle shown and denote this fraction f. For the case
shown in Fig. 10, we clearly have £~ €. The main point we wish to
make in what follows is that, from the point of view of prediction,
much worse scalings of f with € frequently occur in nonlinear
dynamics. Namely, the fraction can scale as
[~ (14)
with the “uncertainty exponent” « satisfying o < 1 (42, 43). In fact,
a << 1 is fairly common. In such a case, a substantial reduction in
the initial condition uncertainty, €, yields only a relatively small
decrease in the uncertainty of the final state as measured by f.
Although « is equal to unity for simple basin boundaries, such as
that depicted in Fig. 10, boundaries with nominteger (fractal)
dimension also occur. We use here the capacitv definition of
dimension, Eq. 1. In general, since the basin boundarv divides the
phase space, its dimension 4 must satisty 4 = D — 1, where D is the
dimension of the phase space. It can be proven that the following
relation between the index « and the basin boundary dimension
holds (42, 43) '

a=D-d (15)

For a simple boundary, such as that depicted 1n Fig. 10, we have
d =D - 1,and Eq. 15 then gives a = 1, as expected. For a fractal
basin boundary, 4 > D — 1, and Eq. 15 gives a < 1.

We now illustrate the above with a concrete example. Consider
the forced damped pendulum as given by Eq. 4. For parameter
values v = 0.2, we = 1.0, w = 1.0, and £ = 2.0, we find numencally
thar the only attractors in the surface of section (9, A40/dt) are the
fixed points (—0.477, ~0.609) and (—0.471. 2.037). They repre-
sent solutions with average counterclockwise and clockwise rotation
at the period of the forcing. The cover shows a computer-generated
picture of the basins of attraction for the two fixed point attractors.
Each initial condition in a 1024 by 1024 point grid is integrated
until it 15 close to one of the two attractors (typically 100 cvcles). If
an orbit goes to the attractor ar § = ~0.477, a blue dot s plotred at
the corresponding initial condition. If the orbit goes to the other
attractor, a red dot is plotted. Thus the blue and red regions are
essentially pictures of the basins of artraction for the two attractors
to the accuracy of the gnd of the computer plotter. Fine-scale
structure 1n the basins of artraction 1s evident. This is a consequence
of the Cantor-set nature of the basin boundary. In fact. magnifica-
tions of the basin boundary show that, as we examine it on a smaller
and smaller scale, it continues to have strucrure.

We now wish to explore the consequences for predicrion of this
infinitely fine-scaled structure. To do this, consider an initial
condition (8, 48/dt). What is the effect of a small change € in the 6-
coordinate? Thus we integrate the forced pendulum equation with
the initial conditions (8, 46/d), (8, d8/dt + ), and (9, 48/dr — €
until thev approach one of the attractors. If cither or both of the
perturbed initial conditions vield orbits that do not approach the
same attractor as the unperturbed initial condition, we say that (8,
d0idey is uncertain. Now we randomly choose a large number of
initial condinons and let f Jdenote the traction of these that we And
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to be uncertain. As a result of these calculations, we find that f~e
where & = 0.275 = 0.005. It we assume tha £, determined in the
wav stated above, is approximately proportional to f[there 1s some
support tor this conjecrure from theoretical work (44)], then o = &,
Thus, from Eq. 15, the dimension ot the basin boundary s
d=1725~ 0.005. We conclude, trom Eg. 14. that in this case it
we are to gain a factor ot 2 in the ahility ra predict the asymprore
final state of the svstem, it is necessary 1o increase the accuracy in the
measurement of the immai conditions by a factor substantially
greater than 2 (namely bv 210375 = 10y, Hence, fractal basin
boundaries (o < 1} represent an obstruction to predictability in
nonlincar dyvnamics.

Some representative works on fractal basin boundaries, including
applications, are listed in {42—47). Notable basic questions that have
recently been answered are the following:

1) How does a nonfractal basin boundary become a fractal basin
boundary as a parameter of the system is varied (45)? This question
is similar, in spirit, to the question of how chaotic attractors come
about.

2) Can fractal basin boundaries have different dimension values in
different regions of the boundary, and what boundary structures
lead to this siruation? This question is addressed in (46) where it is
shown that regions of different dimension can be interrwined on an
arbitrarilv fine scale.

3) What are the effects of a fractal basin boundary when the
svstem is subject to noise? This has been addressed in the Josephson
junction experiments of (3.

Conclusion

Chaotic nonlinear dynamics is a vigorous, rapidly expanding ficid.
Many important future applications are to be expected in a vanety of
arcas. In addition to its practical aspects, the field also has funda-
mental implications. According to Laplace, determination of the
future depends only on the present state. Chaos adds a basic new
aspect to this rule: small errors in our knowledge can grow
exponentially with time, thus making the long-term prediction of
the furure impossible.

Although the field has advanced at a great rate in recent years,
there is still a wealth of challenging fundamental questions that have
ver to be adequately dealt with. For example, most concepts
developed so far have been discovered in what are effecuvely low-
dimensional systems; what undiscovered important phenomena will
appear only in higher dimensions? Why are cransienty chaotic
motions so prevalent in higher dimensions? In what ways 15 1t
possible 1o use the dimension ot a chaotic artractor to determine the
dimension of the phase space necessary to describe the dvnamics?
Can renormalization group techniques be extended past the border-
line of chaos into the strongly chaotic regime? These are only a few
questions. There are many more, and probably the most important
questions are those that have not yet been asked.
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Controlling Chaos
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It is shown that onc can convert a chaotic attractor 1o any onc of a large number of possible attracting
time-seriodic motions by making only smaf! time-dependent perturbations of an available system pa-
rameter. The method utilizes delay coordinate embedding, and so is applicable 1o experimental situa-
tions in which @ priori analytical knowledge of the system dynamics is not available. Important issues
include the length of the chaotic transient preceding the periodic motion, and the effect of noisc. These

are illustrated with a numerical example.

PACS numbers: 05.45.+b

The presence of chaos in physical systems has been ex-
tensively demonstrated and is very common. In practice,
however, it is often desired that chaos be avoided and/or
that the system performance be improved or changed in
some way. Given a chaotic attractor, one approach
might be to make some large and possibly costly altera-
tion in the system which completely changes its dynam-
ics in such a way as to achieve the desired behavior.
Here we assume that this avenue is not available. Thus,
we address the following question: Given a chaotic at-
tractor, how can one obtain improved performance and a
desired attracting time-periodic motion by making only
small time-dependent perturbations in an accessible sys-
tem parameter?

The key observation is that a chaotic attractor typical-
ly has embedded within it an infinite number of unstable
periodic orbits.' Since we wish to make only small per-
turbations to the system, we do not envision creating new
orbits with very different properties from the existing
ones. Thus, we seck to exploit the alrcady existing un-
stable periodic orbits. Our approach is as follows: We
first determine some of the unstable low-period periodic
orbits that are embedded in the chaotic attractor. We
then examine these orbits and choose one which yieids
improved system performance. Finally, we tailor our
small time-dependent paramecter perturbations so as to
stabilize this already existing orbit. In this Letter we de-
scribe how this can be done, and we illustrate the method
with a numerical example. The method is very general
and should be capable of yielding greatly improved per-
formance in a wide variety of situations.

It is interesting to note that if the situation is such that
the suggested method is practical, then the presence of
chaos can be a great advantage. The point is that any
one of a number of different orbits can be stabilized, and
the choice can be made to achieve the best system per-
formance among those orbits. If, on the other hand, the
attractor is not chaotic but is, say, periodic, then small
parameter perturbations can only change the orbit
slightly. Basically we are then stuck with whatever sys-
tem performance the stable periodic orbit gives, and we
have no option for substantial improvement, short of

making large alterations in the system.

Furthermore, one may want a system to be used for
different purposes or under different conditions at
different times. Thus, depending on the use, different re-
quirements are made of the system. If the system is
chaotic, this type of multiple-use situation might be ac-
commodated without alteration of the gross system
configuration. In particular, depending on the use
desired, the system behavior could be changed by switch-
ing the temporal programming of the small parameter
perturbations to stabilize different orbits. In contrast, in
the absence of chaos, completely separate systems might
be required for cach use. Thus, when designing a system
intended for multiple uses, purposely building chaotic
dynamics into the system may allow for the desired flexi-
bility. Such multipurpose flexibility is essential to higher
life forms, and we, therefore, speculate that chaos may
be a necessary ingredient in their regulation by the brain.

To simplify the analysis we consider continuous-time
dynamical systems which are three dimensional and de-
pend on one system parameter which we denote p [for
example, dx/dt =F(x,p), where x is three dimensionall.
We assume that the parameter p is available for external
adjustment, and we wish to temporally program our ad-
justments of p so as to achieve improved performance.
We emphasize that our restriction to a three-dimensional
system is mainly for case of presentation, and that the
case of higher-dimensional (including infinite-dimen-
sional) systems can be treated by similar methods.

We imagine that the dynamical equations describing
the system are not known, but that experimental time
series of some scalar-dependent variable z(s) can be
measured. Using delay coordinates®* with delay T one
can form a delay-coordinate vector,

X =lz(),z(t~T)zG—2T),...,2t—MT)].

We are interested in periodic orbits and their stability
properties, and we shall use X to obtain a surface of sec-
tion for this purpose. In the surface of section, a
continuous-time-periodic orbit appears as a discrete-time
orbit cycling through a finite sct of points. We require
the dynamical behavior of the surface of section map in

1196 © 1990 The American Physical Society
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neighborhoods of these points in order to study the sta-
bility of the periodic orbits. To embed a small neighbor-
hood of a point from x into X, we typically only require
as many dimensions as there are coordinates of the point.
Thus, for our purposes, M =D — 1 is generally sufficient.
(This is in contrast with® M +1=2D+1, typically re-
quired for global embedding of the original phase space
in the delay-coordinate space.) Hence, for the case con-
sidered (D=3), our surface of section is two dimension-
al.

We suppose that the parameter p can be varied in a
small range about some nominal value po. Henceforth,
without loss of generality, we set po=0. Let the range in
which we are allowed to vary p be pe > p > —Ps-

Using an experimental surface of section for the
embedding vector X, we imagine that we obtain many
experimental points in the surface of section for p==0.
We denote these points &1, ... .8k Where &a
denotes the coordinates in the surface of section at the
nth picrcing of the surface of section by the orbit X{z).
For cxample, a common choice of the surface of section
would be z(f = MT) equals a constant, and £, =[z(s,),
...2(ty —(M—=1)T)], where =1, denotcs the time at
the nth piercing. From such cxperimentaily detesmined
sequences it has been demonstrated that a large number
of distinct unstable periodic orbits on a chaotic attractor
can be determined.>® We then examine these unstable
periodic orbits and select the one which gives the best
performance. Again using an experimentally determined
sequence, we obtain the stability properties of the chosen
periodic orbit {cf. Refs. 5 and 6 for discussion of how
this can be done and for descriptions of its implementa-
tion in concrete cxperimental cases). For the purposes of
simplicity, let us assume in what follows that this orbit is
a fixed point of the surface of section map {i.c., period
one; the case of higher period is a straightforward exten-
sion). Let A, and A, be the experimentally determined
stable and unstable cigenvalues of the surface of section
map at the chosen fixed point of the map (Ja.l >1
~ {A,1). Let ¢, and e, be the experimentally deter-
mined unit vectors in the stable and unstable directions.
Let £=Er=0 be the desired fixed point. We then
change p slightly from p=0 to some other value p=p.
The fixed-point coordinates in the experimental surface
of section will shift from 0 to some nearby point Er(p)
and we determine this new position. For small p we ap-
proximate g=9&r(p)/3p | p=0=5 " '£c(p), which allows
an experimental determination of the vector g.

Thus, in the surface of section, near £=0, we can usc
a linear approximation for the map, &n+ —Ex(p)
=M- &, —Er(p)], where M is a 2x2 matrix. Using

Er(p)=xpg we have
€n+|Epns+lkueufu+l,e,f,1-h:,.—p,.gl. (1)

{In the lincarization (1), we have considered p. to be
small and of the same order as £,] We emphasize that

A0

g Cu, € Au, and A, are all experimentally accessible by
the embedding technique just discussed. 1In (1) f, and
f, are contravariant basis vectors defined by f;-e;
-, =1, e, =l ¢ =(. Note that we have writ-
ten the location of the fixed point as p.g because we im-
agine that we adjust p to a new value p, after cach pierc-
ing of the surface of section. That is, we observe §, and
then adjust p to the value pa. Thus p» depends on &n.
Further, we only envision making this adjustment when
the orbit falls near the desired fixed point for p=0.
Assume that §, falls near the desired fixed point at
& =0 so that (1) applies. We then attempt to pick p« 50
that &,+) falls on the stable manifold of §=0. That is,
we choose p, so that f,-&as1=0. If &q+1 falls on the
stable manifold of & =0, we can then set the parameter
perturbations to zero, and the orbit for subsequent time
will approach the fixed point at the geometrical rate A,.
Thus, for sufficiently smail ., we can dot (1) with f, to

obtain

Pn-lu(lu—l)-|(€.'fu)/(3'f.,), Q)

which we use when the magnitude of the right-hand side
of (2) is less than ps. When it is greater than pe, we sct
pn=0. We assume in (2) that the generic condition
g £, =0 is satisfied. Thus, the parameter perturbations
are activated {(i.c., p»=0) only if &, falls in a narrow
strip | &4} < &, where g4 m=f, &, and from (2) &
wpe|(1—2.")g f.|. Thus, for small pe, a typical ini-
tial condition will execute a chaotic orbit, unchanged
from the uncontrolled case, until &, falls in the strip.
Even then, because of nonlinearity not included in (1),
the control may not be able to bring the orbit to the fixed
point. In this case the orbit will leave the strip and con-
tinue to wander chaotically as if there was no control.
Since the orbit on the uncontrolled chaotic attractor is
ergodic, at some time it will eventually satisfy || <&e
and also be sufficiently close to the desired fixed point
that attraction to & =0 is achicved. [In rare cases apply-
ing Eq. (2} when the trajectory enters the strip, but is
still far from O, may result in stabilizing the wrong
periodic orbit which visits the strip.]

Thus, we create a stable orbit, but, for a typical initial
condition, it is preceded in time by a chaotic transient in
which the orbit is similar to orbits on the uncontrolled
chaotic attractor. The length 1 of such a chaotic tran-
sient depends sensitively on the initial condition, and, for
randomly chosen initial conditions, has an exponential
probability distribution’ P(1) ~expl — (z/{1))] for large
r. The average length of the chaotic transient () in-
creases with decreasing ps and follows a power-law rela-
tion? for small pe, (D ~ps .

We will now derive a formula for the exponent 7.
Dotting the linearized map for &a+1, Eq. (1), with f,, we
obtain £Y4;==0. In obtaining this result from (1)} we
have substituted p, appropriate for | 4| < . We note
that the result &1+ =01is a linearization, and typically
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has a lowest-order nonlinear correction that is quadratic.
In particular, &5 =1, &, is not restricted by |&x| <&,
and thus may not be small when the condition feu] < &
is satisfied. Hence the correction quadratic in &7 is
most significant. Including such a correction we have
E¥e 2=x(g:)%, where x is a constant. Thus, if
|x|(&5)2> &e, then |E¥4 | > Ea, and attraction to
£ =0 is not achieved, even though | £¥| < &s. Attraction
to £=0 is achicved when the orbit falls in the small
paralielogram P. given by [&¥| <&, [&5] < (&s/
|x|)2 For very small &, an initial condition will
bounce around on the set comprising the uncontrolled
chaotic attractor for a long time before it falls in the
parallelogram P.. At any given iterate the probability of
falling in P. is u(P.), the measure of the uncontrolled
attractor contained in P,. Thus, {r) "'=u(P.). The
scaling of u(P,) with & is

w(P )~ (E ) [0/ x| ) V2] %~ gt VD4

where d, and d, are the partial pointwise dimensions for
the uncontrolled chaotic attractor at £ =0 in the unstable
direction and the stable direction, respectively. Thus,
p(P) =g where y=d, +d,/2. Since we assume the
attractor to be effectively smooth in the unstable direc-
tion, 4,=1. The partial pointwise dimension in the
stable direction is given in terms of the cigenvalues’ at
§=0,d,=In|r, [/n|2,] 7', Thus,

y=1+ fin|a, |/in]|A, | 7", (3)

To study the effect of noise we add a term &8, to the
right-hand side of the linearized equations for §,+1, Eq.
(1), where &, is a random variable and ¢ is a small pa-
rameter specifying the intensity of the noise. The quan-
tities 8, are taken to have zero mean {(§,)=0), be in-
dependent ({5,8,,> =0 for m#n), and have a probability
density independent of n. Dotting (1) with noise includ-
ed with f, we obtain &Yy, =eb”, where §y=f, &,
Thus, if the noise is bounded, | 5} < dmax, then the sta-
bility of £=0 will not be affected by the noise if the
bound is small enough, €8max <& If this condition is
not satisfied, then the noise can kick an orbit which is in-
itially in the parallelogram P, into the region outside P..
We are particularly interested in the case where such
kickouts are caused by low-probability tails on the prob-
ability density and are thus rare. (If they are frequent,
then our procedure is ineffective.) In such a case the
average time to be kicked out (') will be long. Thus, an
orbit will typically alternatc between epochs of chaotic
motion of average duration (z) in which it is far from
&=0, and epochs of average length (r') in which the or-
bit lies in the parallelogram P.. For small enough noise
the orbit spends most of its time in P, (¢} (1), and one
might then regard the procedure as being effective.

We now consider a specific numerical example. Our
purpose is to illustrate and test our analyses of the aver-
age time ‘0 achieve control and the effect of noise. To do
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FIG. 1. {1} vs ps. Points were computed using 128 random-
ly selected initial conditions. Ao=1.4.

this we shall utilize the Henon map, Xa+i
=4 —x2+Byy, yn+1™=Xn, Where we take B=0.3. We
assume that the quantity 4 can be varied by a small
amount about some value Ap. Accordingly, we write A
as A=Ag+p, where p is the control parameter. For the
values of Ao which we investigate, the attractor for the
map is chaotic and contains an unstable period-one
(fixed-point) orbit. The coordinates (xf,yr) of the fixed
point which is in the attractor for p==0 along with the
associated parameters and vectors appearing in Eq. (1}
may be explicitly caiculated. The quantity §, appearing
in (1) is &y = (x, — x5 )xo+ {y» —yr)yo- To test our pre-
diction for the dependence of {r), the average time to ap-
proach £=0, on the maximum allowed size of the pa-
rameter perturbation ps, we proceed as follows. We
iterate the map with p=0 using a large number of ran-
domly chosen initial conditions until ail these initial con-
ditions are distributed over the attractor (500 itcrates
were typically used). We then turn on the parameter
perturbations and determine for each orbit how many
further iterates t are necessary before the orbit falls
within a circle of radius + &« centered at the fixed point.
We then calculate the average of these times. We do
this for many different values of pe and plot the results
as a function of pe. This is shown on the log-log plot in
Fig. 1 along with the theoretical straight line of slope
given by the exponent (3). We see that the agreement is
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FIG. 2. x, vs n for two cases with the same realization of
the random vector 8. ps =0.2 and Ao=1.29 for both cases.
(a) e=35%10"% (b) e=3.8x10"2

good although there are significant variations about the
general power-law trend. These are to be expected due
to the fractal nature of the attractor and have also been
seen in numerical calculations of the pointwise dimension
for points on chaotic attractors (cf. Grebogi, Ott, and
Yorke').

Next, we consider the issue of noise. We add terms
€8.n and €d,, to the right-hand sides of the Henon map
equations. The random quantities 8., and §,, are in-
dependent of each other, have mean value 0 and mean-
squared value | ((63)-(63)-1). and have a Gaussian
probability density. Figure 2 shows orbit plots, x, vs n
for 1500 iterates of the noisy map with parameter per-
turbations given by (2), for two different noise levels and
pPe held fixed at pa =0.2. As predicted the orbit stays

AL

near the fixed point with occasional bursts into the re-
gion far from £ =0, and these bursts are icss frequent for
small noise levels.

In conclusion, we have shown that there is great in-
herent flexibility in situations in which the dynamical
motion is on a chaotic attractor. In particular, by using
only small (carefully chosen) parameter perturbations it
is possible to create a large variety of attracting periodic
motions and to choose amongst thesc periodic motions
the one most desirable.®
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Using Chaos to Direct Trajectories to Targets
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A method is developed which uses the exponential sensitivity of a chaotic system to tiny perturbations
1o direct the system to a desired accessible state in a short time. This is done by applying a small, judi-
ciously chosen, perturbation to an available system parameter. An cxpression for the time required to
reach an accessibie state by applying such a perturbation is derived and confirmed by numerical experi-
ment. The method introduced is shown to be effective even in the presence of smail-amplitude noise or

small modeling errors.

PACS numbers: 05.45.+b

Chaotic systems exhibit extreme sensitivity to initial
conditions. This characteristic is often regarded as an
annoyance, yet it provides us with an extremely useful
capability without a counterpart in nonchaotic systems.
In particular, the future state of a chaotic system can be
substantially altered by a tiny perturbation. If we can
accurately sense the state of the system and intelligently
perturb it, this presents us with the possibility of rapidly
directing the system 1o a desired state. As we will show
below for a particular example, an initial condition for a
chaotic system which, if left on its own, would require
more than 6000 time steps to reach a small target region
can be directed with small perturbations to the desired
region in only 12 time steps. In this paper, we report a
method for achieving such targeting, and we show that
the method can be cffective cven in the presence of
small-amplitude noise and small modeting errors.

For simplicity, we consider a three-dimensional con-
tinuous-time dynamical system, dX/dt =F(X). The ex-
tension to higher dimensions is given at the end of the
paper. We assume that model equations describing the
system are known, although they need not be exact. We
now employ a surface of section, and denote the coordi-
nates in the surface of section by &, and the Poincare
map of § by

§n+l-r(§ma)- (I)

where the map [ is necessarily invertible and « is a sys-
tem parameter.' Suppose that we wish to go from a
source point X, to a small region about a target point,
X,. Following the trajectory from X, forward in time,
we find its first intersection with the surface of section
and denote this point £,. Following the trajectory
through X, backward in time, we similarly determine its
first intersection with the surface of section and denote
this point &,. Thus we have reduced our probiem to that
of a two-dimensional map in which we desire to go from
£, to the vicinity of &. We assume that the system pa-
rameter a is available for adjustment at cach iterate.
Thus we can replace a in the map (1) by a,. However,
we also suppose that only small adjustments of a are al-
jowed. That is, a, =a+45,, where & is a nominal value

of a and the deviation from &, denoted &,, is restricted to
be small.

If the process under study is ergodic, then in the ab-
sence of perturbations (i.e., for a, =a) the time required
to travel from a source point &, to a small neighborhood
g of linear size & about a target point & in the ergodic
set is typically 7o~ 1/u(&), where u denotes the natural
probability measure of the chaotic set. The measure
u(&) typically scales with the information dimension,’
D, so the time required obeys

ro~{1/&)2, (2)

for small &. Thus in the absence of perturbations, the
amount of time required to reach a desired target in-
creases according to a power law as the size of the target
region decreases. We will see that this power law can be
converted to a much weaker logarithmic increase by ap-
plying a carefuily chosen smail perturbation.

Now suppose that perturbations of a can be applied.
After one iteration of the return map, the change of the
state, 5€, relative to the point f(£,,a), due to a small
perturbation, &, is given by the Tayior expansion

o~ af(&,.a)
da -

Letting &, vary through a small interval, |3, <&, Eq.
(3) defines a small line segment through the point
f(&,,d@). We denote this line segment 5, and we denote
its length 8£. Since our system is chaotic, the length of
the image of this line segment will grow roughly geome-
trically with each successive iteration of the map f(5,d).
Let n, denote the number of itcrates required for the
small line segment to stretch to a fength of order 1. This
typically happens when 8&cxp{(mA )~ if 8§ is small,
where A, is the positive Lyapunov exponent obtained for
typical initial conditions on the attractor. Defining
1, =A; 'In(1/8¢), the length of the line segment be-
comes of order 1 after about 1, iterates (i.e,, mi~1) if
8¢ is small. Without loss of generality, we take the size
of the relevant ergodic region to be of the order of 1 so
that t, is approximately the number of iterates required
for the line segment to span the ergodic region. Like-

.74 & . (3)

© 1990 The American Physical Society 3215

73



VOLUME 65, NUMBER 26

PHYSICAL REVIEW LETTERS

24 DECEMBER 1990

wise, if we map the region & backward in time, we find
that its preimage spans the ergodic region after a num-
ber of preiterates which is typicaily of the order of
rs={is] ~'n(1/g ) if & is small, where A; is the negative
Lyapunov exponent for the map f for typical initiai con-
ditions on the attractor.

Thus we adopt the following procedure. We iterate
the segment 8 forward using a, = for n, iterates until
its iength becomes of order unity. We then iterate the
region & backward for n; iterates until it first intersects
the n, forward iteration of the line segment 5. Typicai-
ly for small 86 and & we have ay==ry and nm;=7;
Iterating a point in the middle of this intersection back-
ward nt times, we find a point on the line segment 8¢
which is mapped to the target region & in n +nm;
iterates. Knowing this point we can then determine the
required perturbation &, to be applied on the first iterate
from & by using Eq. (3). Note that, for the situation
considered so far, we assume no noise and no modeling
error, and consequently we can achieve targeting with
8, =0 for n = 2. For small §¢ and ¢ the total time to go
from &; to & by this method scales as

remr +13=A " In(1/68) + A2l " 'In(1/g,) . 4)

For example, for 5&~&, we have r~In(1/g) in contrast
to the power law (2).

_In practice, we cannot actually iterate either the line
8 or the region &. Rather, we iterate discrete approxi-
mations to them and make successive refinements until a
sufficiently accurate intersection is obtained. We do this
by putting_a fixed number N,>1 of equally spaced
points on &Z, iterating these points, and joining their im-
ages with straight-linc segments. Similarly, we iterate
N,» | points on the perimeter of & backward in time
and join their images with straight-line segments. Once
an intersection is detected, we refine its accuracy by re-
peatedly halving the intersecting forward and backward
line scgments and determining which of the halves actu-
ally contain the intersection. We must achieve accuracy
sufficient to strike the n; backward iterate of the target,
which is a long, thin region with width of order
&exp{—1Xn3). Since we have normalized the size of the
attractor to be of order !, the curvature of the line
5Z(n,) and the long sides of the n; backward iterate of &
are aiso of order 1. Thus, taking account of the curva-
ture, to resolve the intersection within a distance of
g exp{—Xn2), we require that the distance between
points on 5&(n,) and on the n; backward iterate of & be
of order [£ exp{—Ain7)1'"2. The square root results be-
cause the maximum distance between the curve and its
discrete straight-line approximation is quadratic in the
length of the straight-line segment. Each time we halve
our line scgments, we increase the resolution by a factor
of 2 at the expense of including three additional points
{one on 6E(n,) and one each on the two segments bound-
ing the backward itcrate of & near the intersection].

3216

Thus to resolve the intersection, we require a npmbcr of
points N’ additional to the original N =N, +N; points,
where N’ obeys

lg exp{—Am)]2> 27V, (5)

Using the relation eexp{|Aalny) ~ 1, this can be rewritten
as

N'Z :DIn(1/s), (6)

where D=1+4,/|A;| is the Lyapunov dimension of the
attractor. We stress that N is fixed (typically we took
N ~100) and does not depend on & or §§. Consequent-
ly, as & is reduced, the required computationai effort in-
creases logarithmically in & as shown in Eq. (6).

[n order to show why our method of using forward and
backward iterations was cmployed, we now contrast it
with another conceivable procedure. If one iterated the
line scgment Z forward until it first intersected the re-
gion &, it would do so on iterate ny+n; One could then
choose a point in this intersection, iterate the point back-
ward n,+n2 steps to find the corresponding point on the
original linc segment 5&, and then determine &, from Eq.
(3). While this works in principle, the numerical re-
quirements of this pure forward scheme are needlessly
more severe than when we determine an intersection by
iterating 8 forward n steps and & backward nj steps.
In the pure forward method, 1o detect an intersection be-
tween the target and the n, +n iterate of the source, we
require that the approximation of 35(n;+n2) obtained
by joining the N, points with straight-line segments in-
tersect the region &. Since the curvature of 8&(n +ny)
is typically of order 1, we thus require

SEGm +n)IN, <& M

The source line will have length unity after n; iterates,
and will then cxpand by roughly exp(n;A) during the
next 5 iterates, where A is the topological entropy.’ So
we require

N2 e explnii) (8)
or
N2 (1/g) M+ 9)

Thus the number of points required by the pure forward
method increases exponentially with 1/, but only in-
creases logarithmically with 1/g in the forward-back-
ward method.*

We now illustrate the method with a specific chaotic
system. In particular, we deal with the Hénon map’ in
the form x,+ =a+03y,—xi and p,+ =X, with
g=1.4. As an initial example, we choose the target re-
gion to be a small square centered on &, with edge length
& =0.0038. We find that for a representative pair of
source and target points, say, & =(0.4772, —1.188) and
£, =(0.1371, — 1.328), without applying a perturbation,
6062 iterations are required before the orbit from &,

A
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strikes within the target neighborhood, &. However, if
we are permitted to vary a by up to 1 part in 1000 about
its nominal value. we find that our targeting method
directs the trajectory to the target neighborhood in only
twelve iterations.

To confirm the predicted logarithmic behavior in (4},
the following numerical experiment was performed.
Source and target locations were chosen at random with
respect to the natural measure on the Hénon attractor.
Then we fix a target size &, and for each pair of source
and target points, our targeting aigorithm, described
above, was applied. The total number of iterations re-
quired to go from &, to & was determined for each pair,
and the results were then averaged over many source-
target pairs. This process was repeated for several values
of &. The neighborhood £ was chosen to be a smail
square of edge length & centered on §,. The resuit of
this experiment is shown in Fig. 1. The solid line of
slope A"'+{x;| 7', predicted by Eq. (4). is consistent
with the data. Also shown as a dashed linc is the
power-law dependence expected without control from
Eq. (2) with D =:1.26 (the information dimension for the
Hénon attractor). The logarithmic dependence of the
time to reach the target on & with control shows dramat-
ic improvement over the power-law dependence without
control.

The preceding discussion demonstrates that targeting
can be achieved for chaotic systems using only small con-
trols. It remains to be shown, however, that the method
discussed can be effective in the presence of noise or
modeling errors. Thus we suppose that the real system
obeys £,+ ) =g(&,,a)+4A, Here we imagine that our
model map f(&,,a) is slightly in error, and that, un-
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FI1G. 1. Average time required to reach typical target neigh-
borhood from typicai source with control vs neighborhood size,
& (88 =g ). Solid line has slope predicted from Eq. (4); dashed
line indicates expected behavior without control. Error bars
are standard error for 25-point means.
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known to us, the correct form is g(&,,a). We, further-
more, allow small-amplitude random noise to disturb the
system at each iteration as indicated by the term A,.

To investigate the effect of noise alone, we take f=g.
The following test was performed. Source and target lo-
cations were chosen at random on the Hénon attractor,
and a trajectory betveen the source and the target neigh-
borhood was found for the case without noise as previ-
ously described. As an exampie, the neighborhood size
& was chosen to be 0.01 and the time required to hit the
target in the absence of noise and with only & =0 was
ten iterations. Then for each of the ten iterations, a ran-
dom amount of noise was applied with A, distributed
uniformly in the interval |A,| <As. As shown in Fig. 2
for the case As=0.01, the noise displaced the tenth
iteration to a point (denoted &0 in the figure) far away
from £,. Since the noise was applied at every iteration,
we next compensated by recomputing the trajectory at
every iteration and adjusting the applied perturbation
correspondingly. That is, at each iterate we used the
map f to determine &, by calculating the intersection of
the forward iteration of the line determined from
5&r+1 ™8,4+0f/8a with the backward iteration of the
region &. The result of this procedure is shown in the in-
set of Fig. 2. The tenth iteration (denoted &0 in the
figure) now lies within the target region. Thus we have
shown that our method can be cffective in the presence
of smail-amplitude noise provided that we apply a
correction 8, at each iterate.

It can similarly be shown that targeting can also be
achieved even when the system is imperfectly modeled,
i.e., when f differs slightly from the true map, . After
cach iteration, we have to compensate for the difference
g—f. For example, lct us consider the Hénon map for
the case without noise, where f is the Hénon map with
ad=1.4, and g— f=0.014; ¢ is still 0.01, and we use the
same source and target as in our noise example (cf. Fig.
2). [f we apply our procedure only on the first iterate

FIG. 2. Source £, and target region & on the Hénon attrac-
tor. Inset: When the targeting procedure is appiied at cvery
iteration. the noise or modeling crror can be compensated for,
and &0 and &g both lie within the target region.
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from &, (as we would il f=g), then the trajectory again
ends at a point (denoted §io in Fig. 2) far from the tar-
get. As before, however, if our targeting algorithm is ap-
plied at every iteration, the tenth iterate (denoted &ig in
Fig. 2) arrives in the target neighborhood despite the
modeling error.

To gencralize our method to higher dimensions, con-
sider that the map I is V dimensional and the attractor
has k expanding and N — k contracting directions at typ-
ical points. We note that when a k-dimensional surface
and an (N — k)-dimensional surface intersect, generically
they do so at isolated points, and small smooth perturba-
tions will not destroy these intersections or create new
ones. Thus, for a typicai point and a typical small k-
dimensional disk D* centered at this point, the nth
iterate of the disk £*(D*) will be a k-dimensional sur-
face and its k-dimensional area will increase with a.
Similarly, if we take an (N — k)-dimensional disk, D™ 7%,
centered at a typical point, then £ ~"(D" %) will be an
{N —k)-dimensional surface whose arca will increase
with n. As these arcas increase, typically they will inter-
sect. We emphasize that targeting can typically be
achieved with any dimensionality N even if we only have
one available adjustable scalar parameter a. To see
this we note the following. Consider a trajectory
& =f'(&,a). If we perturb a from & by an infinitesimal
amount & at time i, then at time m > i, a perturbation
of &, given by v, .8 results, where v, is an N-
dimensional vector which is determined by the partial
derivatives of the map along the trajectory. For typical
&o and f, the vectors vo v &, . . . . Vi— .k are linearly in-
dependent and thus can be used to create the & disk D*.

In conclusion, we have demonstrated that it is possible
to rapidly reach a small, accessible target region in a
chaotic system by applying small perturbations to an
available parameter. The method used is robust against
small-amplitude noise and small modeling errors, mak-
ing it especially suited to practical applications. We em-
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phasize that the problem addressed in this Letter is a
very general one and can be expected to arise often.®
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The us: of chaos to transmit information is described. Chaotic dynamical systems, such as electrical
oscillators with very simple siructures, naturally produce complex wave forms. We show that the sym-
bolic dynamics of a chaotic oscillator can be made to follow a desired symbol sequence by using small
perturbations, thus allowing us to encode a message in the wave form. We itlustrate this using a simple

numerical electrical oscillator model.
PACS numbers: 05.45.+b

Much of the fundamental understanding of chaotic dy-
namics involves concepts from information theory, a field
developed primarily in the context of practical communi-
cation. Concepts from information theory used in chaos
include metric entropy, topological entropy, Markov par-
titions, and symbolic dynamics [1]. On the other hand,
because of their exponential sensitivity, chaotic systems
are often said to evolve randomly. This terminology is
partially justified if one regards the information obtained
by detailed observation of the chaotic orbit as being less
significant than the statistical properties of the orbits.
The object of this Letter is to show that we can use the
close connection between the theory of chaotic systems
and information theory in a way that is more than purely
formal. In particular, we show that the recent realization
that chaos can be controlled with small perturbations [2]
can be utilized to cause the symbolic dynamics of a
chaotic system to track a prescribed symbol sequence,
thus allowing us to encode any desired message in the sig-
nal from a chaotic oscillator. The natural complexity of
chaos thus provides a vehicle for information transmission
in the usual sense. Furthermore, we argue that this
method of communication will often have technological
advantages.

Specifically, assume that there is an electrical oscillator
producing a large amplitude chaotic signal that one
wishes 1o use for communication. The so-called double
scroll electrical oscillator [3] yields a chaotic signal con-
sisting of a seemingly random sequence of positive and
negative peaks. If we associate a positive peak with a I,
and a negative peak with a 0, the signal yields a binary
sequence. Furthermore, we can use smalf control pertur-
bations to cause the signal to follow an orbit whose binary
sequence represents the information we wish to communi-
cate. Hence the chaotic power stage that generates the
wave form for transmission can remain simple and
efficient (complex chaotic behavior occurs in simple sys-
tems), while ail the complex electronics controlling the
output remains at the low-power microelectronic level.

The basic strategy is as follows. First, examine the
free-running (i.e., uncontrolled) oscillator and extract
from it a symbolic dynamics that allows one o assign

Work of the U. S. Government

symbol sequences to the orbits on the attractor. Typical-
ly, some symbol sequences are never produced by the
free-running oscillator. The rules specifying allowed and
disailowed sequences are called the grammar. Methods
for determining the grammar (or an approximation to it}
of specific systems have been considered in several
theoretical [4} and experimental [5} works. (In the en-
gineering literature, a similar concept exists in the con-
text of constrained communication channels.) The next
step is to choose a code whereby any message that can be
emitted by the information source can be encoded using
symbol sequences that satisfy suitable constraints im-
posed by the dynamics in the presence of the control.
{The construction of codes with such constraints is a
standard problem in information theory [6], and will be
discussed in the context of communicating with chaos,
along with the required generalizations, in a longer paper
[7].) The code cannot deviate much from the grammar of
the free-running oscillator because we envision using only
tiny controls that cannot grossly alter the basic topologi-
cal structure of the orbits on the atiractor. Once the code
is selected, the next problem is to specify a control
method whereby the orbit can be made to follow the sym-
bol sequence of the information to be transmitted. Final-
ly, the transmitted signal must be detected and decoded.

We now present a simple numerical example illustrat-
ing how the preceding strategy is carried out. Figure
1(a) is a schematic diagram of the electrical circuit pro-
ducing the so-called double scroll chaotic attractor [3].
The nonlinearity comes from a nonlinear negative resis-
tance represented by the voltage eg in Fig. 1. (Different
realizations of the negative resistance are possible; we
have constructed one using an operational amplifier cir-
cuit, and are designing an experiment using this oscillator
to demonstrate information transmission using chaos.)
The differential equations describing the double scroll
system are

Cite, =G(l‘(‘2 - t'(‘.) —g(l‘cl) \
Cz!“(’z =G(1‘CI - l‘Cl) +l-f_ R

Lip = —ve,.
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FIG. 1. Double scroll oscillator: (a) electrical schematic and
{b) nonlinear negative-resistance i-c characteristic g.

The negative-resistance i-v characteristic g is shown in
Fig. 1(b). For our example, we use the normalized pa-
rameter values used by Matsumoto [31: Cy =75, C2=1,
L=%,G=0.7, mo=—0.5, m=—08, and B, =1. For
a Poincaré surface of section (see Fig. 2), we take the
surfaces iy = * GF, lvc,| < F, where F=B,(mo—m)/
(G +myp), so that these half planes intersect the attractor
with edges at the unstable fixed points at the center of the
attractor lobes. Figure 2 shows a trajectory of the double
scroll system with the two branches of the surface of sec-
tion labeled 0 and 1. (The plane surfaces are edge-on in
the picture.) The intersection of the strange attractor
with the surface of section is approximately a single
straight line segment on each of the two branches. Let x
denote the distance along this straight line segment from
the fixed point at the center of the respective lobe,
x=(F— |vcl|)coso+ |vC,| sin6, where 0 is the angle that
the line segment makes with the ir-vc, plane. Because
absolute values are used in defining x, we can use the
same x coordinate for both lobes of the attractor.

To construct a description of the symbolic dynamics of
the system, we run the computer simulation without con-
trol. When the free-running system state point passes
through the surface of section, we record the value of the
generalized coordinate x (restricted to 1000 discrete bins
for the computer simulation), and then record the symbol
sequence that is generated by the system after the state
point crosses through the surface. Suppose the system
generates the binary symbol sequence bibsby.... We
represent this by the real number 0.b1b2bs. .., so that
each symbol sequence corresponds to the real number
r=Y " b2 7" and symbols that occur at earlier times
are given greater weight. We refer to the number r,
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FIG. 2. Double scroll oscillator state-space trajectory pro-
jected on the i¢-ve, planc showing the two branches of the sur-

face of section.

specifying the future symbol sequence, as the symbolic
state of the system. This defines a function mapping the
state-space coordinate x on the surface of section to the

symbolic coordinate r. This function ri{x} (which we call

the coding function} is shown in Fig. 3. (The function

gives actual symbol sequences when referring to the 0
lobe, and the bitwise complement when referring to the |

lobe.) Because the oscillator is only approximately de-
scribed by a binary sequence, multiple values of x lead to
the same future symbol sequence. {We only need to
track one of them. More sophisticated techniques both
for symbol assignment and symbol sequence ordering are
discussed in the longer paper [71.) Because the intersec-
tion of the attractor with the surface of section is only ap-
proximately one dimensional, there is a slight uncertainty
in the symbolic state for some values of x; this uncertain-
ty is indicated by the shading in the regions between the
upper and lower bounds on the value of r in Fig. 3. Ob-
servations of the time wave form produced by the oscilla-
tor suggest that the grammar is simple: Any sequence of

1.0

¥ 0.5 |

0.0 5

0.1 0.7

0.3 0.5

FIG. 3. Binary coding function r(x) for the double scroll
system.
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binary symbols is allowed, except there can never be less
than two oscillations of the same polarity. (We do not
discuss the full grammar here, but instead adopt this sim-
ple grammar for simplicity of description.) This no-
single-oscillation rule leads 1o a very simple coding: In-
sert an extra 1 after every block of 1's in the binary
stream Lo be transmitted, and an extra 0 after every block
of 0%s. This altered data stream now satisfies the con-
straints of the grammar, and is uniquely decodable: Sim-
ply remove a I from every block of 1's upon reception,
and a 0 from every block of 0’s. Thus k oscillations of a
given polarity represent & — | information bits.

We now discuss how we control the system to follow a
desired binary symbol sequence. Say the system state
point passes through branch 0 of the surface of section
(shown in Fig. 2) at x =x,, and next crosses the surface
of section (on either branch 0 or 1) at x =x,. Because
we have previously determined the function r(x), we can
use the stored values to find the symbolic state r{x,).
We then convert the number r(x,) to its corresponding
binary sequence truncated at some chosen length N, and
store this finite-length symbol sequence in a code register.
As the system state point travels towards its next en-
counter with the surface of section at x = x,, we shift the
sequence in the code register left, discarding the most
significant bit (the leftmost bit), and insert the first
desired information code bit in the now empty least
significant slot (the rightmost slot} of the code register.
We then convert this new symbol sequence to its corre-
sponding symbolic state r5. Now, when the system state
point crosses the surface of section at x =x;, we use a
simple search algorithm to find the nearest value of the
coordinate x that corresponds to the desired symbolic
state rj; call this x5. By construction, |r(x;) —r(xs)|
<27M [If r(x) is continuous, as in the Lorenz system,
for example, this search can be replaced by a more
efficient local derivative projection to find the desired
value of x.] Now let dx =x, —x{. Because we have
chosen the branches of the surface of section at constant
values of the inductor current i;, the deviation 8x in the
generalized coordinate corresponds to a deviation in the
voltages cc, and vc, across the two capacitors in Fig. 1.
We thus apply a vector correction parallel to the surface
of section (at constant iy ) along the attractor cross sec-
tion to put the orbit at x =x,. This small correcting volt-
age perturbation is given by Svc, = * &xcos(8), Sec,
= + 8xsin(@), where the + signs are used for lobe 1 of
the attractor, and the - signs for lobe 0. We plan to do
this experimentally with current puise generators con-
nected in parallel with each capacitor. (Many methods
of applying control perturbations are possible, but this
one is particularly straightforward.) On each successive
pass through the surface of section, a new code bit is
shifted into the code register, and we repeat the pro-
cedure to correct the state-space coordinates, and thus
the symbolic state, of the system. The coded information
sequence, because it is shifted through the code register,

does not begin to appear in the output wave form until vV
iterations of the procedure, where N is the length of the
code register. If the symbol sequence is coming from a
properly coded discrete ergodic information source, the
process of shifting the information sequence through the
code register can be viewed as locking the symbolic dy-
namics of the oscillator to the information source. Thus,
there is a short transient phase during which the symbolic
dynamics of the oscillator is being locked to the informa-
tion source, and the symbolic dynamics of the oscillator is
always /¥ bits behind the information source.

Figure 4 shows an encoded wave form for the double
scroll system produced by the described technique. This
wave form corresponds to the voltage wave form vg (1)
across the passive conductance &. If the conductance G
is replaced by a transmission channel of the same im-
pedance, the signal produced can be transmitted through
the channel. We have represented each letter of the Ro-
man alphabet by the five-bit binary number for its loca-
tion in the alphabet, and added the extra bits to satisfy
the no-single-osciilation constraint to encode the word
“chaos.” We have applied the technique to first bring the
system to a periodic orbit about lobe 1 of the attractor,
then to execute the writing of the word, and then to bring
the system back to a periodic orbit about lobe 0. The tra-
Jjectory shown in Fig. 2 is actually the encoded trajectory,
but this is not apparent in the figure because the con-
trolled trajectory approximates a possible natural trajec-
tory. The root-mean-squared amplitude of the control
signal over the writing of the word was of order 10 ™3 in
the normalized units. The control probably cannot be
made much smaller using this simple technique, primarily
because the one-dimensional approximation in the surface
of section causes the coding function to be slightly inac-
curate. This control amplitude, though already very
small compared to the oscillator signal voltages, does not

hs 15“

30
periodic] 3 l h: 8

0, 001

POO,H, 0,1,000 F’Cﬂo,l,,ﬁ,llll
T

0 100 200
t

FIG. 4. Controlled v¢{r) signal for the double scroll system
encoded with “‘chaos.” Each letter is shown at the top of the
figure, along with its numerical position in the alphabet, Shown
at the bottom are the corresponding binary code words. Extra
bits (indicated by commas) are added to satisfy the constraints
imposed by the grammar.
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appear to be a fundamental limit, and we are developing
control technigues to reduce it.

We conclude with some comments concerning the
scope. application, and theoretical significance of our
technique.

(1) Since we envision the transmitted signal to be a
single scalar, its instantaneous value does not specify the
full system state of the chaotic oscillator. If more state
information is needed to extract the symbol sequence,
time delay embedding [8] can be used. As our example
using the double scroli equations shows, however, time
delay embedding is not always necessary.

{2) Because our control technique uses only small per-
turbations [9], the dynamical motion of the system is ap-
proximately described by the equations for the uncon-
trolled system. Knowing the equations of motion greatly
simplifies the task of removing noise [10] from a received
signal. The basic bipolar nature of the signal in Fig. 4
implies that the message can still be extracted for noise
amplitudes that are significant, but not too large com-
pared to the signal. We consider the effects of additive
noise on the detection of chaos signals quantitatively in
the longer paper (7).

(3) Signals that are generated by chaotic dynamical
systems and carry information in their symbolic dynamics
have an interesting and possibly useful property: More
than one encoded symbol can be extracted from a single
sample of the trajectory if time delay embedding is used.
This is done by using the state-space partition for a
higher order iterate of the return map [7} of the system.

(4) Much of the theory needed to understand informa-
tion transmission using the symbolic dynamics of chaotic
systems already exists [11]. For example, because the to-
pological entropy [12] of a dynamical system is the
asymptotic growth exponent of the number of finite sym-
bol sequences that the system can generate (given the
best state-space partition), the channel capacity of a
chaotic system used for information transmission is given
by the topological entropy. The types of channel con-
straints that arise with a chaotic system will be discussed
in a longer paper [7], along with other theoretical con-
siderations.

(5) We emphasize that the particular methods for con-
trol and coding used in our double scroll example were
chosen for simplicity, and that other more optimal
methods are possible. Also, the double scroll oscillator it-
self was chosen because it is simple, and a large body of
research is available about its dynamics. It is not intend-
ed as an example of a practical oscitlator for communica-
tion wave form synthesis. It may be possible to use a
higher-dimensional radio-frequency band-limited chaotic
system for improved performance (higher information
rate and better noise immunity). roughly analogous to the
use of complex signaling constellations in classical com-
munication systems. We are now developing more practi-
cal high-speed symbolic control techniques that could be
used at higher bit rates than an implementation of the
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straightforward example given here.

(6) There has been much discussion of the role of
chaos in biological systems, and we speculate that the
control of chaos with tiny perturbations may be impor-
tant for information transmission in nature.
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The use of chaos to transmit information is demonstrated experimentally. The symbolic dynamics
of a chaotic electrical oscillator is controlled 1o carry a prescribed message by use of extremely small

perturbing current pulses.

PACS numbers: 05.45.+b

It has been argued on theoretical grounds that it is pos-
sible to use the close connection between chaos and infor-
mation theory for communication [1]. The realization that
chaos can be controlled by small perturbations [2] leads to
the idea that chaotic systems can be caused to produce a
signal bearing desired information. In this Letter, we re-
port the first experimental verification that communicating
with chaos is indeed feasible, and that one can utilize the
naturally occurring chaotic orbits on the atiractor to carry
information. We demonstrate experimentally that we can
make the symbolic dynamics of a chaotic electrical oscil-
lator follow a prescribed symbol sequence: thus we can
encode and transmit any desired message [3].

To understand the ideas behind our expeniment, con-
sider a simple electrical oscillator working in a nonlinear
regime and producing a large-amplitude chaotic signal
consisting of a seemingly random sequence of peaks.
Now imagine that one can use small perturbing current
pulses to cause the peaks to fall above or below a preas-
signed threshold value in a desired order. The peaks that
fall above the threshold are assigned the binary symbol 1,
and those that fall below are assigned a 0. By control-
ling this symbol sequence. we can encode a desired mes-
sage in the signal. The message can thus be transmitted
through a signal transmission path. and 2 receiver can ex-
tract the message by observing the sequence of peaks rela-
tive to the threshold amplitude. From the practical point
of view. we envision that the power oscillator that gen-
erates the information-bearing signal can be simple and
efficient. while the smail controlling current pulses can be
produced by a low-power microelectronic circuit.

Figure 1(a) is a schematic diagram of the electrical
circuit used in our experiment [4]. The nonlineanty
comes from a nonlinear negative resistance represented by
the voltage vg. The negative resistance i-v charactenstic
g is shown in Fig. 1(b). The frequency of oscillation 1s
approximately S kHz. The capacitor C, is vanable so that
we can tune the circuit for various types of behavior. For
this experiment. we tuned the circuit to produce a Rossler
band. An uncontrolled experimental trajectory is shown
in Fig. 2.

The first step toward controlling symbol sequences is
to experimentally obtain a description of the symbolic dy-
namics of the uncontrolled oscillator. Because in prac-
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tice some symbol sequences are not produced by the free-
running oscillator, the rules specifying the allowed symbol
sequences (the grammar) need to be determined. Meth-
ods for determining the grammar of chaotic systems are
the topic of much current research in symbolic dynam-
ics [5). We first discuss our method for determining the
symbolic dynamics and allowed symbol sequences. To
determine the symbolic dynamics and to control the sys-
tem, we use a computer-assisted measurement system that
rapidly samples the circuit voltages and can perform all
the computations necessary for control. The system can
also provide current pulses to control the system. We will
henceforth refer to this system as the controller [6].

To characterize the dynamics, we take samples of vc,
on the Poincaré surface vc, = 0 as v, passes through
zero volts in a negative direction. The intersection of the
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FIG. 1. Double scroll oscillator: (a) Electrical circuit with
L =82 mH, C, = 00055 uF, C; =005 uF, and 1/G =
1.33 k2. Controlled current pulses are injected by the source

i,. (b) Negative resistance i-v charactenistic.
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FIG. 2. Measured trajectory on Rassler-rype antractor showing
Poincaré surface, symbolic partition, and iocus of control
pulses. Units are volts.

attractor with the surface v, = 0 is well approximated by
a single thin arc, and thus we can describe the dynamics
of vc, on the surface of section by one coordinate. Each
time the voltage v, (see Fig. 2) passes through zero in
the negative direction, the controller is triggered (using
the trigger circuit in an oscilloscope) to sample the value
of vc,. We call the value of vc, on the Poincaré surface
the siate point x = vc,|,,~o. The natural way to partition
the Poincaré surface into symbolic regions is to choose the
partition boundary at the point on the surface of section
which leads into the foid in the Rdssler band under the
action of the dynamics. (If the boundary is not taken at
the fold, then two different state points can generate the
same symbol sequence.) The symbol 0 is thus generated
when the state point is to the left of the boundary shown in
Fig. 2, and a 1 is generated when the state point is to the
nght of the boundary. The symbolic partition is shown
on the Poincaré surface with respect to the state point
that passes into the fold in Fig. 2. Hence, the voitages
x = v¢, |y, =0 that fall above the boundary correspond to
a | and the voltages that fall below the boundary 10 a 0,
and the dividing threshold is the partition boundary at the
point that leads into the fold in Fig. 2. [In practice, if the
transmitted signal is the scalar load voltage v (¢), one can
detect the symbols by observing the peaks in this signal
alone relative to a threshold voitage.]

Whenever the system state coordinate crosses the
Poincaré surface, the state point x = v, lyc. =0 is stored in
the controller. The controller then records the sequence
of symbols generated after the crossing by determining
whether the next ten crossings (including the present
crossing) of the Poincaré surface are to the left or right
of the partition boundary in Fig. 2. The ten-bit symbol
sequence stored in the symbol register can be viewed as
a binary number from 0 (all 0's) to 1023 (a]l 1's). We
denote this number by r. We define an inverse coding
function [1] s(r) for » ranging from O to 1023. where
s(r) is the average value of the state point producing
the symbol sequence specified by r. In practice, s(r) is
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computed by following a long orbit and taking a running
average of all x that produced the symbol seqrrence r.
If the symbol sequence 111111114} is produced by a
trajectory passing through the state point xr = —1.5 V,
for example, we set the variable s (1023} = —1.5, where
1023 is the binary value of 1111111111, When another
trajectory produces the same symbol sequence, perhaps
at a voltage x = —].502 V, we update the value to
5(1023) = —1.501, the average of the state points for the
two trajectories that produced this symbol sequence.

An experimental inverse coding function is shown in
Fig. 3. This finite approximation of the inverse coding
function represents a table with 2'° = 1024 entries stored
in controiler memory of the state points s that correspond
to each possible ten-bit symbol sequence r. Some of the
2'0 = 1024 ten-bit sequences are never produced by the
free-running oscillator. This is typical of the symbolic
dynamics of chaotic sysiems in general and is known
as a constraint on the grammar, or, in the context of
communication, it is known as a channel constraint.
The type of constraint that occurs for our oscillator is a
generalized type of run-length constraint [7]. (A simple
run-iength constraint piaces a maximum and minimum on
the allowed iength of strings of 1’s and the allowed length
of strings of 0's appearing in the code.)

To be able to control the system and hence produce a
signal carrying a desired message by use of small pertur-
bations, we must incorporate the effect of perturbations on
our description of the dynamics. We coupled a digital-to-
analog converter in our controller to the positive terminal
of capacitor C; shown in Fig. 1(a) in series with a large
buffer resistor. thus providing a simple method for inject-
ing smail current pulses. The current pulse generator is
represented schemaltically as dashed lines in Fig. 1. These
pulses had an approximate duration of 4 us as compared
to the typical cycle time of the chaotic oscillator of about
200 us.

In our expeniment we applicd controlling current pulses
BO us after each crossing of the surface of section. The

OF- ) 5
] ' . ™
- ¢ .
o 1 ..
5 1 bl -
= , -
2 { - .
o 1
. |
L 1] *
A
™
=
e -2+ . 9
1
. .
o] e 100 600 800 1000
Sinarsy value of 10-bil sequence, r
FIG. 3. Binary snverse coding function. The binary number

corresponding to cach binary sequence is given by its base-10
value.

oL

A e —




o e ——

VOLUME 73, NUMBER |3

PHYSICAL REVIEW LETTERS

26 SEPTEMBER 1994

distance around the attractor at which a pulse occurs
varies depending on the average velocity of the phase
space flow along a given orbit. The location on the
attractor at which pulses occur is indicated in Fig. 2
by the gray swath at the bottom of the attractor. The
key 1o our control procedure is the realization that the
appiication of a pulse affects a very small change in
the state point that produces a given symbol sequence.
Because the pulse amplitudes are very small, this change
Ax is approximately linear in the pulse amplitude p. That
is, p = dAx, where in general the proportionality constant
d depends on x, or, equivalently, on r. We calculate
d(r) as follows. After a state point x is sampled, the
pulse is applied using a small reference value p = p,, and
ten symbols (including the one corresponding to x) are
shifted into the symbol register in the same way as before.
Another reference pulse is not applied until this ten-bit
sequence has been accumulated. The procedure is then
repeated. In this way, we obtain the functional relationship
between x and r in the presence of the reference pulse
of amplitude p = p,. We denote this relationship by
w(r), where w is the value of x that produces symbol
sequence r in the presence of the reference perturbation.
The proportionality constant 4 {r) is then given by d(r) =
p./[wir) — s{r)). We can thus compute the reguired
pulse amplitude to affect a desired small change in the
value of the state point by p = d(r)[x - s(r)], where x
is the actual state potnt upon crossing the Poincaré surface
and r is the desired future symbol sequence, which will
be specified by the message bits. We thus compute the
required pulse amptlitude using only one subtract and one
multiply. a highly efficient algorithm that could be used in
a microelectronic controller at much higher speeds than in
the experiment described here.

We now discuss the procedure used 10 cause the
oscillator to track a prescribed binary symbol stream.
We now have, in controlier memory, the function s{r)
containing the state points that will produce each allowed
symbol sequence if no perturbation is applied and a
function d(r} that we use to compute the required
control pulse amplitude. We now switclr the controller
from the learn phase to the control phase. When the
sysiem coordinate passes through the Poincaré surface,
the controller samples v, and obmins the first state point
xg. The controller then loads the symbol register with the
symbol sequence that will naturally evolve if no control
perturbation is applied: that is, the value in the symbol
register is set 10 the value of r comresponding to the array
element 5 (r) = x¢. The symbol register now contains ten
bits that are determined not by our message, but by the
state point that happens to occur the first time. While
the trajectory travels toward its next encounter with the
Poincaré surface, the controller shifts the symbol register
left and inserts the first message bit into the rightmost
(least significant bit) slot. The lefimost (most significant)
bit is discarded; this bit corresponds 1o the symbol that
was just produced and is no longer needed. The symbol
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sequence now appearing in the symbol register is the one
that we want the oscillator to produce after the upcoming
encounter with the Poincaré surface. Corresponding to
this desired symbol sequence, r| is the desired state point
x; = s(ry) that will produce this sequence. It is unlikely,
however, that the state point x; will exactly correspond 1o
s(ry), so the controlier must apply a perturbation to correct
the trajectory. When the trajectory passes through the
Poincaré surface again, the error in the state point Ax; =
x, — s(r) is computed. The controtler then applies the
first control perturbation p; = Axyd(r). The controller
then shifts the symbot register left and places the next
message bit into the rightmost slot, discarding the leftmost
bit corresponding to the symbol just produced. As each
successive state point x, becomes available, the controller
looks up the target state point s(r,), where r, is the
desired symbaol sequence in the symbol register, computes
the error Ax, = x, — s(r,), applies a control pulse p, =
Ax,d(rs). and shifts one new message bit into the symbol
register. This procedure is repeated continuously as long
as the system is under control. Because we first load
the symbol register with the symbol sequence that will
naturally evolve without control, the first ten iterates of
the control procedure target the system from chaos into
the information transmission.

As previously mentioned, the constraint on the gram-
mar for our oscillator is a generalized run-length con-
straint, but we can satisfy the grammar with a simple run-

-length constraint such that no runs of more than one 0

occur. The grammar can be satisfied with this simple
constraint because the dynamics of the Rossler system
is well approximated by a one-dimensional single-hump
map [7]. We have encoded the message 8], “Yea, ver-
ily, I say unto you: A man must have chaos yet within
him to birth a dancing star. I say unto you: You have
yet chaos in you." We used the standard seven-bit ASCII
computer standard for the characters in the message and
then mapped the message bits to code bits according to
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FIG. 4. State-point sequence with encoded message showing
the Cantor-set structure produced by the constrained code
during control with two different encoded messages.
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the rule 0 — 01, 1 — 11, and thus no more than one 0 will
ever occur in a row. (One could also use the vanable-
length code @ — 01, 1 — | to improve the rate of in-
formation transmission.) To demonstrate the effect of the
control symbol sequence on the signal, we have also pro-
duced another “message” —a random sequence of 0's and
1's constrained to no more than one 0 in a row. A slale
point sequence corresponding 10 the repeated {9] trans-
mission of the Nietzsche quotation followed (starting at
cycle n = 3.3 x 10*) by transmission of the random bit
stream is shown in Fig. 4. Because of the overly restric-
tive simple run-length constraint. the state points x, fall
within bands on the Poincaré surface during transmission
of both messages. (The rms control current during the
whole sequence was 0.2 uA: compare this to circuit cur-
rents of a few milliamps.) Both binary streams cause the
sequence of state points to approximately lie on a Can-
tor set [10]). This occurs because an overly constrained
symbol sequence also constrains the state-point sequence.
Because the binary sequence representing the quotation is
movre restrictive than the random bit sequence (because the
code 0 — 01, 1 — 11 used to satisfy the run-length con-
straint is itself more restrictive than necessary), the signai
is confined 10 narrower bands during the quotation than
during the random bit sequence.

An important aspect of this type of signal is that more
than one information bit can be extracted from a single
state-point sample —the Cantor-set structure of the signal
consists of bands that represent sequences of symbols not
just single encoded binary symbols. One can visually
resoive bands corresponding to up to six-bit-long binary
sequences in our experimental signal, we have labeled
these sequences in Fig. 4. Only one new code bit becomes
available for each cycle of the system, but more than one
code bit can be extracted from one state point sample. A
signal such as this could thus be detected and decoded by
only sampling once every three cycles of the signal, for
example. which would give the observer three code bits
per sampled state point.

In conclusion. the experimental results reported support
the feasibility of communicating with chaos by controlling
the symbolic dynamics of a chaotic oscillator and demon-
strate some important features of this method of commu-
nication.
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Complex systems have the property that many competing behaviors are possible, and the system
tends to alternate among them. In fact, the ability of a complex system to access many different states,
combined with its sensitivity, offers great flexibility in manipulating the system’s dynamics to select
a desired behavior. By understanding dynamically how some of the complex features arise, we show
that it is indeed possible to control a complex system’s behavior. This is illustrated by using the noisy

double rotor map as a paradigm.

PACS numbers: 05.45.+b

Scientists have come to the realization that many natu-
rally occurring systems are neither completely ordered and
predictable nor completely random and unpredictable. In
fact, the behavior of many systems in nature fall between
these two opposite ends. The term “complexity” has
been coined to denote the study of “complex systems,”
that is, systems with complicated and intricate features
having both elements of order and elements of randomness.
They arise in fields as diverse as biology, chemistry,
computer science, geology, physics, and fluid mechanics.
Some systems that exhibit apparent complex behavior
are Rayleigh-Bernard convection [1], an extended optical
system [2], neuronal activity [3], and fluidized beds [4].

But what is a complex system? While there is no general
consensus on what constitutes a good quantitative mea-
sure of complexity, the following general traits are some
that most agree a complex system often exhibits [5]. (i) A
complex system is composed of many parts that are inter-
related in a complicated manner. Usually, these intricate
mutual relations result in some form of coherent structure.
(ii) A complex system possesses both “ordered” and “ran-
dom” behaviors. (iii) A compiex system often exhibits a
hierarchy of structures; that is, nontrivial structures exist
over a wide range of time and/or length scaies.

These complex features are generally, but not neces-
sarily, found in systems with many degrees of freedom.
Instead of evolving towards one dominating attracting set,
which is common in lower dimensional systems, the inter-
actions among the large number of attracting and unstable
sets often result 1n rich and varied dynamics where many
competing behaviors are possible. As a result, the dy-
namics of complex systems tend to alternate among these
different behaviors and which of them are observed at
a given time are often sensitive 10 minor perturbations.
These two key attributes, accessibility to many states and
sensitivity, present us with an opportunity to influence and
manipulate a complex system’s dynamics.

In this paper, we show how complexity can be realized
and how its dynamics can be manipulated using small
perturbations. Specifically, we use the double rotor system
as a paradigm of a relatively low-dimensional dynamical
system {as opposed to an extended system), which exhibits
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many characteristics typical of complex systems when it
is subjected to random external noise. We argue that the
three traits mentioned above are apparent in many of its
behaviors. Furthermore, we also show how to use small
amplitude feedback control to influence and manipulate
the behavior of the system such that its trajectories, which
formerly traversed the various attracting and unstable
chaotic sets, will now be confined to a neighborhood of
one of the attracting states of our choice.

The double rotor map is a rich dynamical system with
many complex features [6]. For a wide range of parame-
ters, the double rotor map has a multitude of periodic at-
tractors (the coexistence of tiny chaotic attractors is also
possible for some parameters). Moreover, only a small
portion of the basins of attraction for these periodic at-
tractors have “smooth” structure; that is, only initial con-
ditions within small balls centered at each component of
the periodic attractor unambiguously asymptote to their re-
spective attractors. With the exception of these small open
neighborhoods about the periodic attractors, the majority of
phase space is occupied by fractal basin boundaries whose
dimension (=3.998 for the parameters we study) is very
close to the dimension of the phase space,

The complicated basin structures of the double rotor sys-
tem plays an important role in the system’s complex dy-
namics. The presence of unstable invariant sets embedded
in the fractal basin boundaries has two appreciable effects
on the system: long chaotic transient behavior and final
state sensitivity {7]. Typical trajectories with initial con-
ditions near the boundaries (which is highly probable since
most of the phase space is dominated by basin boundaries)
will undergo chaotic motion for long times before settling
on one of the periodic attractors. The dynamics is then
characterized by a large number of periodic attractors “em-
bedded” in a sea of transient chaos. The fine scale inter-
mingling among the various basins makes it very difficult
to predict the future state of trajectories for arbitrary initial
conditions [7]. Thus, the system is extremely sensitive to
perturbations.

Because fractal basin boundaries permeate most of the
phase space, the addition of small amplitude noise pre-
vents the trajectories from settling into any of the stable

© 1995 The American Physical Society 4023
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periodic behavior. What happens instead is that a trajec-
tory will come close to one of the periodic attractors and
stay in its neighborhood for some time. For this period
of time, the trajectory’s behavior is governed by the pe-
riodic attractor, and it is, thereby, ordered. If one takes
a large number of trajectories near this periodic attractor
and then a snapshot is taken after the noisy system has
evolved for some time, one would see coherent structures
in phase space in the vicinity of the periodic attractor as
shown in Fig. 1. (Coherent structures are colored with
darker shades. What the picture represents and how it is
generated will be discussed shortly.) However, this or-
dered behavior, for a particular trajectory, is transitory,
and noise will eventually move the trajectory out of this
state into the fractal boundary region. The trajectory will
then spend some amount of time within the massive basin
boundary region executing an apparently chaotic motion
before approaching the same or another periodic attrac-
tor. The period of time in the fractal basin boundaries
corresponds to the trajectory’s “random” behavior. For
an ensemble of trajectories, these random structures are
represented by the lighter shades in Fig. 1. Hence, a typi-
cal noisy trajectory alternates between intervals of chaotic
motion and intervals of nearly periodic behavior as shown
in Fig. 2. A physical system that suggests the above be-
havior was observed by Bergé and Dubois in a Rayleigh-
Bernard convection experiment [1].

The dynamics we have just described correspond to
traits (1) and (ii) expected in complex systems. The fractal
basin boundaries with the embedded chaotic sets provide
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FIG. I(color). A blowup of a region that exhibits a combina-
tion of coherent and random structures. The picture is gener-
ated after 100 iterations of the noisy map. The apparent sharp
vertical boundaries in the picture is an artifact of projecting a
four-dimensional figure onto a two-dimensional space, namely,

(8),6:,2.24, - 3.65).
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the link among the various attractors. The presence of both
“ordered” and “random” behaviors mentioned in (i) is evi-
denced by the trajectories of our system cascading from the
random structures down to the coherent structures. Noise,
on the other hand, displaces trajectories from the coherent
structures back to the random structures. Therefore, dy-
namically there is such an interplay between random and
coherent structures that the system is neither completely
predictable nor completely random.

The coherent structures mentioned above and shown in
Fig. 1 are found by examining the dynamics of 2 group of
trajectories (10%) near one of the periodic orbits. We fol-
low the evaolution of an ensemble of initial conditions in
physical space (varying only 8, and ;) near one of the
periodic attractors while the system is subjected to random
noise with uniform distribution. In order to get an indica-
tion of whether a trajectory is evolving chaotically or has
settled into some sort of periodic behavior after a certain
number of iterates, say n, we compute the largest eigen-
value of the Jacobian matrix for each of the trajectories in
the ensemble at the next iterate, i.e., n + 1. The largest
eigenvalue is a measure of the local instability, and hence
it indicates the “jump” the trajectory will make from its
current location. We then assign a color to a point corre-
sponding to the trajectory’s initial condition according to
how large a trajectory “jumped” at the (n + 1)th iterate,
where the lighter the shade the bigger the jumps. Thus,
a trajectory point with the largest eigenvalue less than 1
would be various shades of brown, while a trajectory point
with the largest eigenvalue more than | would be various
shades of white. In Fig. 1, we see an intricate picture ex-
hibiting coherence and randomness. Thus, the combina-
tion of deterministic chaos and stochastic noise has resulted
in the emergence of coherent structures.

We can quantify order and randomness by encoding
the dynamics of the system into symbolic sequences. We
choose to encode the trajectory by the sequence in which
it visits the neighborhood of the attractors. Of course, the
trajectory visits the different attracting sets by traversing
through the chaotic sets in the boundaries. These chaotic
excursions are implicit in our choice of the alphabet, each
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FIG. 2. Time series of a typical noisy trajectory.
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symbol corresponding to an attractor. For the parameters
we study, eight symbols are needed in the alphabet {8].
We compute now the “transition” probabilities among the
various attracting sets. The complex dynamics can now be
characterized by the Kolmogorov-Sinai (KS) entropy [9]

H 1
kA =lim— = lim—| - p(S)In (S)).
= ( ISiZ=n g
where § = 515, -5, denotes a finite symbol sequence;
p(5), the relative frequency of §; and H,, block entropy
of block length ». Since 5; € {1,...,8}, sequences where
the letters are completely uncorrelated would have a KS
entropy value of In8 = 2.08, while a periodic sequence
would yield a value of 0. Our computation shows that
H, /n converges fairly rapidly to a value of h = 1.42, KS
entropy can be thought of as a measure of the coherence
of a trajectory as it evolves, 50 an intermediate value of &
means not only that the symbolic sequence is unpredictable
(since & > 0), but there is also structure in the set of all
possible symbol sequences. It should be noted that the
encoding scheme we have implemented does not take into
account the amount of time the trajectory spends in the

ordered as well as the chaotic regions.

A consequence of the complex interplay between the co-
herent and random structures, and the irregular switchings
among them, is the appearance of nontrivial length and/or
time scalings in the noisy doubie rotor system, a quality
[trait (iii)] that we expect in complex systems. First, there
is the length of the chaotic transients that is a measure of
how long a trajectory spends in the vicinity of each chaotic
saddle embedded in the fractal basin boundary. Itis known
that the average length of a chaotic transient is related to
the dimension and the Lyapunov exponents of the chaotic
saddle [10]. Each chaotic saddle, in general, contributes
a distinct time scale, and the overall chaotic transient {7)
would then be a conglomeration of all these different time
scales. Another relevant measure of time is the mean es-
cape time (T for a trajectory to leave the neighborhood of
an attracting set, and it will in general be different for the
different attractors as can be seen in Fig. 3.

After establishing the complex features of the double
rotor system, we proceed to show how this knowledge can
help us in manipuiating and controlling the behavior of this
complex system. Unlike low-dimensional chaotic systems
that are commonly controlled using the ideas introduced
in Ref. {11], complex systems are not characterized by
the existence of one large chaotic attractor but by the
coexistence of many attractors. While the existence of a
large chaotic attractor is critical to those control schemnes
[11], we argue that for a complex system, the unstable
chaotic sets in the boundaries provide us with the necessary
sensitivity and flexibility to gear the dynamics toward a
specific periodic behavior using small perturbations. We
can elect (o stabilize an unstable periodic orbit embedded
within a chaotic saddle in the boundary {12] or stabilize
one of the (metastable) attracting sets as we show next.

vAS
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FIG. 3. The mean escape times (7;) for some of the attractors

and the average length of the chaotic transient () as a function
of noise amplitude &.

In controlling a metastable state in the complex double
rotor map, we employ a simple feedback scheme. We de-
note the noiseless double rotor map as x —F(x) where
X is the four-dimensional phase space coordinate, and the
noisy double rotor map as F(x) = F(x) + &, where & is
the noise vector whose norm is bounded by 8. For sim-
plicity, we assume the periodic orbit to be controlled is a
fixed point (generalization to higher periodic orbit is fairly
straightforward). If we labeled this fixed point as x,, then
in a neighborhood of it, we have the following lineariza-
tion F(x. + &) = x, + DF(x,)e, where the eigenval-
ues of DF(x.) are inside the unit circle (since x. is
stable without noise). Suppose now that on the ith iterate,
the trajectory lands in a neighborhood of this fixed point,
S0 X; = X« + €. Without control, x; — x;.; = F(x;).
However, assuming the linearization holds approximately
for the noisy map near x., we can stabilize the fixed point
with the addition of a controlling term, or %, = Xiv] —
DF{x.)e = F(x;) — DF(x.)(x; — X,). Thus, the noisy
trajectory with the above perturbation approaches the fixed
point in due course. Since we want to achieve control us-
ing only small perturbations, the correction |DF(x,)e] is
scaled when necessary so it will not exceed some prede-
termined upper bound of our choice.

Applying the correction to the noisy double rotor map,
we control the dynamics of the system. In Fig. 4, we fol-
low a typical noisy trajectory until it lands in a neighbor-
hood of the desired metastable attractor we wish to control,
then we turn on the control and let the system evolve for an-
other thousand iterates in the neighborhood of the desired
attractor. Control is then turned off, and we let the trajec-
tory wander until it falls near the next desired metastable
attractor. In this fashion, we stabilize, say, cight of the
metastable attractors in the order we desire as demonstrated
in Fig. 4. Furthermore, if the trajectory is caught in the
vicinity of an aftracting set that is undesirable, we can
destabilize it by applying a small amount of noise. In fact,
this was done in a brain experiment to control epilepsy [13}]
and a fluidized bed experiment to control slugging [14].
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FIG. 4. Time series showing the result of applying the.simple
feedback control scheme to successively control eight different

metastable states.

These two experiments demonstrate the general result that
small perturbations, if chosen judiciously, not only can af—
fect a desired outcome in these systems, but it also vali-
dates and extends these ideas to other systems.

In conclusion, we see that the myriad of possible behav-
jors in a complex system is of great utility if we are able
to harness it. In fact, the ability of a complex system to
access many different states, combined with its sensi.tivit'y,
offers great flexibility in manipulating and controtling its
dynamics. In general, many complex systems’ behavior
can be modified to suit our needs using only small per-
turbation strategies provided we are able to exploit their
sensitivity, .
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Using small perturbations to control chaos

Troy Shinbrot, Celso Grebogi, Edward Ott & James A. Yorke

The extreme sensitivity of chaotic systems to tiny perturbations {the ‘butterfly effect’) can be used
both to stabilize regular dynamic behaviours and to direct chaotic trajectories rapidly to a desired
state. Incorporating chaos deliberately into practical systems therefore offers the possibility of

achieving greater flexibility in their performance.

CHAOTIC systems are characterized by extreme sensitivity to
tiny perturbations. This characteristic, known as the ‘butterfly
effect’, is often regarded as a troublesome property, and for
marny years it has been generaliy believed that chaotic motions
are neither predictable nor controllable. The first reference we
find to a differing view is due to John von Neumann, who is
reported' to have stated around 1950 that small, carefully
chosen, pre-planned atmospheric disturbances could lead after
some time to desired large-scale changes in the weather.
Although this specific application might be problematic, the
basic idea of using chaotic sensitivity seems to have been clearly
appreciated by von Neumann. Here we review recent work
which demonstrates that the butterfly effect permits the use of
tiny feedback perturbations to control trajectories in chaotic
systems-—a capability without a counterpart in nonchaotic sys-
tems. These considerations apply to cases in which the chaotic
dynamics can in principle be defined by only a few variables,
so systems where there are many active degrees of freedom (for
example, the weather, and high-Reynolds-number flows) may
not be tractable. However, we emphasize that cases of high {or
infinite) dimensional systems for which the *attractor’ (and hence
the dynamics) is low dimensional are common.

The research that we will review fits broadly into two
categories. First we will discuss how, as proposed in ref. 2, one
can select a desired behaviour from among the infinite variety
of behaviours naturally present in chaotic systems, and then
stabilize this behaviour by applying only tiny changes to an
accessible system parameter (related work appears in refs 3-32,
77, 78). Moreover, we will show how one can switch between
behaviours as circumstances change, again using only tiny per-
turbations. This means that chaotic systems can achieve great
flexibility in their ultimate performance. Second, we will show
how one can use the sensitivity of chaotic systems to direct
trajectories rapidiy to a desired state’**. For example, a few
years ago, NASA scientists used only small amounts of residual
hydrazine fuel to send the spacecraft ISEE-3/ICE more than
50 million miles across the Solar System, thereby achieving the
first scientific cometary encounter’®™**, This feat was made poss-
ible by the sensitivity of the three-body problem of celestial
mechanics to small perturbations, and would not have be
possible in a nonchaotic system, in which a large effect typicahy,
requires a large control**™*®.

Stabilizing unstable orbits

One of the fundamental aspects of chaos is that many different
passible motions are simultaneously present in the system. A
particular manifestation of this is the fact that there are typically
an infinite number of unstable periodic orbits that co-exist with
the chaotic motion*”**. By a periodic orbit, we mean an orbit
that repeats itself after some time (the period). If the system
were precisely on an unstable periodic orbit, it would remain
on that orbit forever. These orbits are unstable in the sense that
the smallest deviation from the periodic orbit (for example due
to noise) grows exponentially rapidly in time, and the system
orbit quickly moves away from the periodic orbit. Thus, although
these periodic orbits are present, they are not typically observed.
Rather, what one sees is a chaotic trajectory which bounces
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around in an erratic, seemingly random fashion. Very rarely,
the chaotic trajectory may, by chance, closely approach a par-
ticular unstable periodic orbit, in which case the chaotic trajec-
tory would approximately follow the periodic cycie for a few
periods, but it would then rapidly move away because of the
instability of the periodic orbit. In addition to periodic orbits,
it is common for continuous time dynamical systems to have
unstable steady states embedded in chaotic motion (see our
subsequent discussion of the Lorenz attractor). A ball placed
exactly at the top of a hill is an example of an unstable steady
state.

Although the existence of steady states and an infinity of
different unstable periodic orbits embedded in chaotic motion
is not usually obvious in free-running chaotic evolution, these
orbits offer a great potential advantage if one wants to control
a chaotic system. To demonstrate this, we adopt the following
strategy®. First we examine the unstable steady states and low-
period unstable periodic orbits embedded in the chaotic motion.
For each of those unstable orbits, we ask whether the system
performance would be improved if that orbit were actually
followed. We then select one of the unstable orbits that yields
improved performance. Assuming the motion of the free-running
chaotic orbit to be ergodic, eventually the chaotic wandering of
an orbit trajectory will bring it close to the chosen unstable
periodic orbit or steady state. When this occurs, we can apply
our small controlling perturbations to direct the orbit to the
desired periodic motion or steady state. Moreover, if a small
amount of noise is present, we can repeatedly apply the perturba-

FIG. 1 Hénon attractor, with period-1 point, A : period-2 points, By and B,;
and period-4 points, C;, C,, C3 and C,.
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tions 10 keep the trajectory on the desired orbit. Thus small,
carefully chosen perturbations are able to effect a large beneficial
change in the long-term system behaviour. [f, on the other hand,
the system dynamics were not chaotic but were, say, stable
periodic, then small controls could only change the orbit siightly.
We would then be closely restricted to whatever system perform-
ance the stable periodic orbit gave, and we would have no option
for improvement using small controls.

Furthermore, one may want a system to be used for different
purposes or under different conditions at different times. If the
system is chaotic, this requirement might be accommodated
vyithout altering the gross configuration of the system. In par-
ticular, depending on the use desired, the system could be
optimized by switching the temporal programming of the small
controls to stabilize different orbits. By contrast, in the absence
of chaos, completely separate systems might be required for
each use. Thus, when designing a system, it may be advantageous

to build chaos in, so as to achieve flexibility. For an experimental
example, see Box 1. This experiment couples a magnetic field
with a gravitationaily buckling ribbon. Other recent relevant
experiments have involved laser systems'®') electrical cir-
cuits'®, thermal convection'® and arhythmically oscillating car-
diac tissue (controlled using a small electrical stimulus)'®.

We will now consider examoles of dynamical processes that
we wish to contrel. A simple example might be a metre stick
balanced on one’s palm. This sy stem is not chaotic and, provided
that the stick does not stray too far from the vertical, it can be
stabilized in its normally unstable, vertical state by making small
motions of one's palm. This is an exampie of stabilizing an
unstable steady state.

As a simple illustrative example of controlling a chaotic system
we consider the ‘Hénon map'*. Here the word ‘map’ refers to
the fact that the time variable is discrete and integer-valued.
The Hénon map is also described as a ‘two-dimensional map’

BOX 1 Experimental confirmation

THe control of chaos by the application of tiny perturbations has been
experimentaily applied in several laboratories '*172% (3 mudification,
effective in stabilizing high-period orbits, appears in refs 10, 15). The
first such application® used a nonlinear, inverted, magneto-elastic ribbon.
This ribbon, sketched in Fig. B1, was clamped at its base but was
otherwise free to move. The stiffness of the material was nonlinearly
dependent on applied magnetic field, and in an oscillating field, applied
by external field coils (not shown), the ribbon alternately buckled and
stiffened in a complicated, chaotic pattern’®. The position of the ribbon,
X{t). was measured at a point near its base using an optical sensor. By
making small adjustments to the amplitude of the oscillating fietd
(variations were less than 9% of its nominal value), the ribbon could be
trapped in a variety of periodic mations. Figure B2 shows the ribbon
displacement sampied once evety oscillation of the applied magnetic
field as a function of the number of periods, n. The sampling of the orbit
at the drive period can be regarced as a “stroboscopic” surface of

FIG. B1 Chactic ribbon.
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FiG. B2 Experimental stabilization of chaotic ribbon {reprinted with per-
mission from ref. 9},

section. Initially no control was applied, leading to chaotic variation in
the range of ribbon displacements between 2.7 and 4.4 on the verticat
axis. Then, at about time n = 2,200, the control algorithm was activated
to attempt to stabilize a period-1 orbit in the stroboscopic surface of
section (compare this with Fig. 2b). After this orbit had been stabilized
for over 2,000 osciltations, the control algorithm was switched at time
n= 4,900 to try to stabilize a period-2 orbit (see Fig. 2¢), and was later
switched back to the period-1 orbit at n=7,100.

The nonlinear ribbon was subsequently used to show that chaotic
sensitivity can be used to actually direct trajectories in a chaotic system.
By making small adjustments to the applied magnetic field {less than
59 of its nominal value), any trajectory could be quickly directed to a
smali target state. Figure B3 shows several successive trajectories
which are rapidly brought from a variety of initial states, indicated by
grey circles, to the target neighbourhood, X =2.5 + 0.01. This target was
chosen because it is ordinarily seldom visited: without controd, the time
to reach the chosen target was once in 500 iterations on average. By
applying small perturbations, on the other hand, the target could typically
be reached in less than once every 20 iterations.

We reiterate that the control was accomplished in real time and in
the presence of experimental noise and modeiling errors {to accommo-
date this, the targeting algorithm must be periodically reapplied; see
refs 33, 35 for details). Additionally, the computational medels used
both for stabilization and for targeting were constructed entirely from
available experimental data and without an a priori analytic model.

Ribbon displacement, X,

o 20 \j\IOU 120 \j\zm 20 \J\auo 320

Irerations, n

FIG.B3 Several successive realizations of targeting of a small neighbour-
hood of X =2.5. Ribbon is allowed to wander chaotically between target-
INg attempts; targeting is initiated at n =0, 100, 200, 300. With targeting,
the neighbourhood of X =25 is reached within 20 iterations; without
targeting, the same neighbourhood is visited less than once every 500
iterations. The origin of the ordinate scale here differs from that of Fig.
B2 because the optical sensor was moved between the times of the
two experiments.
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because the state of the system at time n (where n=0,1,2,...
is given by two scalar variables, x, and y,. The map specifies
a rule for evolving the state of the system at time » to the state
at time i n + 1). For the Hénon map, this rule is

3

Xpo = p+03yv, - X5 (la)

(16}

where the parameter p is set to a nominal value of p,=1.4.
Thus, given an initial state (x,, ¥}, the map allows us to calculate
(x5, y;), which, when again inserted into the map, yields (x;, y;),
and so on. lterations of this map eventually converge to a strange
attractor, as shown in Fig. 1. This structure is called an attractor
because distant points are drawn toward it under successive
iterations of the map, and it is called strange because it is
infinitely intricate on every distance scale we might choose 10
examine. In the terminology of Mandetbrot, it is a fractal and
has a fractal dimension of ~1.3. In the figure, we show just a
few of the infinite number of embedded unstable periodic orbits;
a period-1 point, A,, which is revisited every map iteration,
period-2 points, B, and B,, each of which are revisited every
other map iteration (B, » B, ~ B, » B, .. .), and period-4 points,
C,...C,, which are cycled through every four map iterations.

Although the above example is a map (the time, », is discrete),
many problems in science and engineering involve continuous
time, such as a system of M first-order, autonomous ordinary
differential equations, d&/dt=G(£), where E(r) =(£"(1),
£, €30, ..., €M) is an M-vector, and the continuous
variable ¢ denotes time. In such a case, discrete time systems
are §till of interest, as the M-dimensional continuous time system
can be reduced to an M — | dimensional map by the Poincaré
surface-of-section technique illustrated in Fig. 2a for M =3.
Here we associate the continuous time trajectory with a discrete
time trajectory, Z,, Z,, . . ., where Z,, denotes an M — 1 coordin-
ate vector specifying the position on the surface of section of
the nth upward piercing of the surface. Given a Z,, we can
integrate the equation d&/d¢ = G(&) forward in time from that
point, until the next upward piercing of the surface of section,
at the surface coordinates Z,,,. Thus Z ., is uniquely deter-
mined by Z,,, and there must exist a map, Z,., =F(Z,), from
one trajectory point on the surface of section to the next.
Although we may not be able to write down F explicitly, the
knowledge that it exists is still useful. Figure 2b shows a periodic
orbit of the continuous time system which results in a period-1
orbit of the associated Poincaré surface of section map: Z, =
F(Z,). Figure 2¢ shows a periodic orbit of the continuous time
system resulting in a period-2 orbit of the map: Z,=F(Z,),
Z,=F(Z,).

Let us say that we have selected one of these unstable periodic
orbits as providing the best performance of some hypothetical
system. For simplicity, we consider the case where the desired
orbit is a period-1 orbit of some N-dimensional map

Z,..=FZ,p {2)

where Z is an N-dimensional vector, and p denotes a system
parameter. We first approximate the dynamics near the period-1
poini, denoted Z, {where Z,=F(Z,, p,}}, for values of the
parameter, p, close to the nominal value, py, by the lingar map

(Z,, —Z,)=A-(Z,-Z,)+B (p—py) {3)

o1 = X,

Here A is an N x N dimensional jacobian matrix and B is an
N-dimensional column vector, where A =6F/dZ, B=3F/3p, and
these partial derivatives are evaluated at Z=7Z, and p = p,. We
now assume that we can adjust the parameter p on each iteration.
That is, we determine Z,, and on that basis make an appropriate
small change in p from the nominal value p,. Thus we replace

p by p,. Taking the control law to be linear, we have
(Pn_Pu):_K"'Zu"Z*) (4)

Here K is a constant N-dimensicnal column vector and K' is
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its transpose. Choice of the vector K specifies the control law
specifying p, on each iteration. Substituting equation (4) into
equation (3), we obtain

3Z,., —(A—B-K")8Z, (5)

where 8Z,, = Z, — Z.,. Thus the period-1 point, Z,, will be stable
if one can choose K so that the matrix (A—~B-K") only has
eigenvalues with modulus smaller than unity. In this case, 8Z,
0 (that is, Z,»Z,} as n—->oo. The choice of K represents a
standard preblem in control theory (for example, see ref. 50).
(in fact, the matrix (A —B - K7 ) can be made to have any desired
set of N eigenvalues provided that B satisfies a certain condition
(called controllability®}.) This procedure gives the time-depen-
dent parameter values, p,, required to stabilize an unstable
period-1 point in a chaotic system. For the case of higher-period
orbits, see ref. 4, We imagine that, because of practical con-
straints, we cannot make the deviations of p, from p, too large.
Thus we imagine that |p, — po| is bounded by some allowed
maximum value, 8p,_... Hence by equation (4), 8pna.>
[KT-(Z,—Z,)i. If the system state is outside this region, we
apply no perturbation and wait until the state falls within the

3

m

/

FIG 2 a The Poincaré surface-of-section technique. The surface of section,
here shown for the case &,=constant, can, in principle, be chosen in any
converient way. b, Period-1 orbit: ¢, period-2 orbit.
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given region. Once this occurs, we trap the system near the
desired periodic state by appiying the appropriate small nudges
given by equation (4). Stabilization of the periodic points of the
Hénon map by small perturbations is similar to stabilizing a
vertical metre stick insofar as neither can be accomplished if
the current state is far from the desired unstable state. We will
discuss later how to direct a chaotic orbit to a neighbourhood
of a desired state.

To illustrate stabilization of an unstable period-1 orbit in a
more intuitive and geometrical manner, we consider the special
case of a two-dimensional map where the desired period-1 orbit
has one unstable and one stable direction. That is, there are two
curves through Z,,, called the stable manifold and the unstable
manifold, as shown_ in Fig. 3a. We consider a small neighbour-
hood of Z,,, so that the lines shown in Fig. 3 are roughly straight.
An orbit starting from a point on the stable manifold remains
on the stable manifold and moves exponentially toward Z,,
whereas orbits of points on the unstabie manifold move
exponentially away from Z,. This corresponds to the case in
which the matrix A has two real eigenvalues, one with magnitude
less than one (stable), and one with magnitude greater than one
(unstable). Also shown in Fig. 3a is a dashed line along which
Z, can be shifted by a change of the parameter p (this line is
paraliel to the vector B).

Imagine that the point Z, falls close to Z,(ps), as shown in
Fig. 3a. We now perturb the value of p from p, to py+8p, as
shown in Fig. 3b. On the next iteration, the orbit is attracted
towards Z,( p,+ 8p}, inadirection parallel to its stable manifold,
and, at the same time, is repelled from Z,{ p,+ 8p) in a direction
parallel to its unstable manifold. Thus if 8p is chosen properly,
we can cause Z,,, to fall precisely on the stable manifold of
Z.( p,). Thereafter, we can return the parameter to its nominal
value, p,, and the orbit will remain on the stable manifold of
Z,{ po) and will approach Z,( py). In terms of the more general
discussion leading to equations (5), the above corresponds to
a special choice of the control vector, K, such that one of the
eigenvalues of (A—-B- K') is zero and the other is the original
stable eigenvalue of A. As shown in ref. 4, this choice is optimal
in that it minimizes the average time during which the orbit
wanders chaotically before it can be stabilized.

As an example, in Fig. 4, we show the results of stabilizing
the periodic orbit, A,, on the Hénon attracter by adjusting p
by less than 1% of its nominal value. Starting at a random initial
point on the attractor, we see that for the first 86 iterations, the
trajectory moves chaotically on the attractor, never falling within
the desired small region abaut A,. Then, on the 87th iteration,
the state falls within the desired region, and thereafter is held

stable manifold

FIG. 3 a The penod-1 point, Z, (pg). its stable and unstable manifolds (Sohid
lines). and the line {dashed) along which Z,, can be shifted by perturbation
of the parameter p. b Result of perturbing p to Do + 8p; the stavle and
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near A,. In the presence of noise, the stabilization procedure
would have to be regularly reapplied (see ref, 3 for details).

The control strategy need not rely on an a priori analytical
model. Just as one can balance a metre stick on the palm without
knowing anything at all about Newton's equations of motion
for the stick, one can produce effective stabilization for more
complicated systems without an explicit set of differential
equations. By empirical study of the efects of small parameter
changes on orbits near a desired periodic state, an arbitrary
periodic state in a chaotic attractor can be stabilized using only
smalt controls (see Box 1). This is important because in experi-
mental situations one may often not have on hand an accurate
analytical model.

Figure 5 illustrates how knowledge of a periodic orbit, the
matrix A, and the vector B can all be extracted purely from
observations of the trajectory on the strange attractor. Imagine
that we collect a long data string of observed surface-of-section
piercings, Z,, Z, and so on. If two successive Zs are close to
each other, say Z,y, and Z,q,, then there will typically be a
period-1 orbit Z, nearby'’** (Fig. 5). Having observed a first
such close return, we then search the succeeding data for other
close-return paits (Z,, Z,.,) restricted to the small region of
the original close return (shown shaded in Fig. 5). Because orbits
on a strange attractor are ergodic, we will have many such pairs
if the data string is long enough. Assuming the shaded region
to be small, we then try to fit these close returning pairs with a
linear relation

Z,oo=A-Z,+C (6)

Generally, if there is noise in the data, we would want to us¢
as many pairs as possible and fit the matrix A and the vector C
using a least-squares fit to the data. Thus A, the least-squares
fit matrix, is an approximation to the jacobian matrix A of
equation (3), and the period-1 point, Z.(p), is approximated
by (1—A)~" - €. To find B of equation (3), we change p slightly,
p - p+ Ap, redetermine the period-1 point Z,(p+4Ap) as before,
and approximate B as (Z,{ p+Ap}—Z,(p)]1/ap. To find period-
2 orbits, we proceed in the same way, but for pairs (Z,, Z,.1)
that are close after two surface-of-section piercings (and
similarly for higher periods).

In experimental studies of chaotic dynamics, itis often helpful
to use ‘delay coordinate embedding™'*?. These allow one to
obtain information on the topological phase space structure of
an attractor even when one cannot directly measure the instan-
taneous system state vector, &, which we take to be M-
dimensional. As a typical example, the time history of only a
single scalar variable, say ¢(f), might be the only thing that one
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unstable manifolds of Z,( p, + 6p) are shown as grey lines through Z,(po +
ap).
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can measure experimentally. To proceed, one forms the Q-
dimensional "delay coordinate vector’

Dl =(dln), dit~ T, dlr=2T,, ..., dlt—(Q-1Tyn T

where T}, is some conveniently chosen delay time. Embedding
theorems™ ™ guarantee that for Q> 2M + 1, the vector ®(1} is
generically a global one-to-one representation of the system
state. (Actually, for our purposes we do not require a global
embedding; we only require a one-to-one correspondence in the
small region near the periodic orbit, and this can typically be
achieved with Q = M.) To obtain a discrete time series from
®(¢}, we can again use a Poincaré surface of section, but this
time in ®-space. Let Z, denote points in the ®-space surface
of section, and let the corresponding surface-of-section map for
a constant value of the parameter p be denoted Z,,,, = F(Z,, p).
As pointed out in ref. 7, in the presence of parameter variation
p—p.) d_elay coordinates lead to a map of a form other than
Z.,,=F(Z,, p,), which is the form assumed for equations {3}
and (4). As an example, say that the time interval 7, between
the surface-of-section piercing at Z, and at Z_ is such that

T, =(Q+1)Tp>(r—-1T, (8)
where r is an integer. Then the relevant map is of the form
Z,=FZopipuiseoPas). (9)

This foilows because ®(1,}, where 1, denotes the nth piercing
of the surface of section {corresponding to Z,)), has components
@), ..., ¢, ~(Q—-11Ty) and hence Z, must depend, not
anly on p,, but also on all the other parameter values in effect
during the time interval ¢, < r=<{t, —(Q — 1} Tp]. For discussion
of how the analysis of equations (3} to (5) can be extended to
the case of delay coordinates, see refs 4 and 7.

Although the approach just described provides a systematic
means of choosing a feedback algorithm, it will often be the
case (particularly when the dynamics are low-dimensional) that
a trial and error procedure will succeed'™'": simply choose some
feedback law (arbitrarily choose K in equation (4)) and vary it
until it is observed that the desired orbit stabilizes. (Knowledge
of the periodic orbit location in phase space is still required, so
a procedure such as that of Fig. 5 may still be necessary.)

Further discussion of stabilization

We now briefly discuss some other considerations relevant to
the stabilization of unstable periodic orbits and steady states
embedded in strange attractors. One issue is related to bifurca-
tions. The word bifurcation, when applied to a periedic orbit
ot steady state, refers to a change in the character of the orbit
from stable to unstable whiie the system is continuously changed.
Often the nset of chaos comes about as a result of bifurcations
of periodic orbits or steady states. Two well known cases are
the commonly observed cascade of period-doubling bifurcations
preceding chaos, and the onset of chaos when a steady state
bifurcates from stable to unstable. Thus one way of controlling
chaos is to prevent or change the character of these bifurcations.
This has been discussed in refs 18 and 19, where control methods
that are insensitive to errors in the knowledge of the system are
used. In this regard, we also mention the laser experiments of
refs 12 and 13.

Control can also be used as a means of tracking the location
of unstable orbits as the system is changed®"™. In a recent
experiment, this technigue was used to increase the stable steady
power output of a laser by an order of magnitude'”. Another
issue is that of prescribing controls that are assured of bringing
the trajectory to the desired periodic orbit or steady state. This
has been addressed using the Lyapunov function method'®*.

Other interesting work in this general area includes the use
of the describing function technique of control theory for finding
and controlling unstable periodic orbits™; control of unstable
chaotic sets (as opposed to chaotic attractors)™; the control of

homoclinic orbits®®; and control of aperiodic orbits™".
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Directing chaotic trajectories

Stabilizing a system by small perturbations is extremely effective
once the system at hand comes close to the desired state. But
if it starts far from the desired state, it might take an unacceptably
iong time before a typical orbit comes close enough to the
desired state ta be captured. We now discuss how small perturba-
tions, applied when the orbit is far from the desired state, can
be used to steer the system to this state. For example, chaotic
thythms in cardiac tissue can be stabilized as outlined above'”.
What if one wants to stabilize a regular rhythm in the heart
without having the luxury of simply waiting for the system to
fall near a desired state? It is, moreover, intrinsically desirable
to be able to steer a system to a general target in phase space
(not necessarily a periodic orbit). NASA’s mission specialists
demonstrated this when, as mentioned eariier, they achieved
the first scientific cometary encounter by steering the spacecraft
ISEE-3/ICE in a complex trajectory using only small nudges
from the spacecraft’s dwindling fuel supply’®™*.

The application of chaotic sensitivity to steer trajectories to
targets in chaotic systems using small controls is discussed in
refs 33-37; related work appears in refs 38 and 55. To understand
the idea in its simplest form, copsider the well known logistic
map (see for example ref. 56):

X, =pX,(1 - X,)

where we take a nominal value of 3.9 for p. This map is used
to describe the behaviour of a population of organisms after
successive years, where n denotes the year. In this case, X
represents the (normalized) population, and p defines its growth
rate per year when the population is small. For any X between
0 and 1, it is easy, using only a pocket calculator, to adjust the
growth rate slightly so that any given target, again between (
and 1, is quickly reached.

Suppose for example that the current state 1s X, = 0.4 and we
wanlt to reach the vicinity of X, =0.8. If we can adjust p during
the first year by a small amount, say between 3.8 and 4.0, then
after one year, the population can range between X, = 0.91 and
X,=096. We then return to the nominal parameter value,
p =39, and after a second year the range grows o cover from
X.=0.15to X;=0.31. After a third year, the range grows even
more to extend from X,=0.50 to X,=0.84. As our target,
X =0.8, is in this range, there must be some value of p, in the

(1M
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FIG. 4 Stabilization of the period-1 state for the Hénon map.
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range 3.8 =< p, =4.0 such that when p is shifted to that vajue in
the first year, X falls on the target in only three years. Indeed,
a little work with our pocket calculator reveals that we can reach
our target by setting p, =3.83189.... We emphasize that it is
possible to accomplish this only because the logistic system is
chaotic, and because chaotic systems are characterized by the
exponential growth of small disturbances. This exponential
growth implies that we can reach any accessible target extremely
quickly (that is, in a time of the order of the logarithm of the
maximum allowed size of the small parameter perturbation},
using only a small perturbation.
As another example, consider the equations

dX

—=g(Y-X

4 o } (11a)}
dY

E’—=—XY—Y+r+p(l) (11b)
9Z_ xy-»z (11
dr ©)

which (for p(¢) = 0) were introduced®’ by Lorenz as a simplified
model of chaotic Auid thermal convection. The Lorenz equations
provide a leading-order description of the dynamics of a fluid
contained in a thin vertically oriented torus with a heat source
applied at the bottom™. The equations with p(r)=0 have a
strange attractor for the parameter values o = 10, r=28, b =8/3,
and an orbit on this chaotic attractor is shown in blue in Fig.
6. The steady state, X(1) = Y(1)=Z(} =0, representing no fluid
convection, is a solution of the Lorenz equations. Furthermore,
this solution is contained in the chaotic attractor. Note from
Fig. 6 that the blue finite-duration orbit does not reach anywhere
near this steady state (the open circle in the figure). If the orbit
were followed long enough, it would eventually come arbitrarily
near the stationary state. We estimate that of the order of one
in 10" orbits around either of the lobes of the attractor ever
passes through a sphere of radius 0.1 centred at X =Y =Z=0.
(For comparison, the blue trajectory in Fig. 6 shows only about
20 orbits around either lobe of the attractor.) For the purpose
of demonstrating control of the Lorenz system we have added
the term p{!) to the right-hand side of equation (11b). For the
physical situation of a vertically oriented fluid-flled torus, the
term pit) represents a perturbation of the position of the heat
source slightly to the left or right in the plane of the torus (p=0
corresponds to heating exactly at the bottom of the torus).
Restricting the perturbations, p(1), to be small, |p(1)] <0.01, it
typically takes of the order of 10 orbits around a lobe to reach
the origin (as compared, again, with 10'* orbits to reach
X2+ Y1+ Z2<0.1 when no control is applied). Figure 6 shows
such an orbit in red. The method for programming the perturba-
tions is described in ref. 36 and is similar in principle to that
which we have described for the logistic map, equation (10).
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FIG. 5 Determining unstable periodic point, Z from data. 2100, Z1o1 - - -
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The preceding example illustrates the idea of targeting. More
detailed descriptions and methods can be found in refs 33-38.
One technique is to patch together different trajectories to reach
a desired target state. These trajectories can originate in a single
chaotic system with differing parameter valres’™®, or from a
systematic examination of small changes in the system state™**.
NASA’s manoeuvre of the spacecraft ISEE-3/ICE is such a
case. Five separate swings past the Moon were combined to
produce the final spacecraft trajectory. By inventive choices of
intermediate trajectories, rescarchers have shown this technique
to be effective in matching greatly differing initial and final state
vectors.

At this point, we must make two remarks. First, the sensitivity
of chaotic systems allows us to produce large changes in the
orbit of the system after some time using tiny perturbations, but
the same sensitivity makes the final state depend on ubiquitous
noise. The noise, if small enough, can be compensated for,
however, by periodically reapplying the targeting algorithm,
thercby obtaining mid-course corrections of the parameter per-
turbation (see Box 1 and refs 33 and 35). Second, one needs a
global model of the system in order to direct trajectories. This
differs from the stabilization of periodic orbits or steady states,
where one only needs local informatior, near the desired peri-
odic orbit. In general, this makes the use of experimental delay
coordinate techniques for application to targeting more difficult.
Nevertheless, in some cases it may be possible (Box 1).

The control of chaos by small perturbations has been
developed into a proposed application for communication™.
Consider the *double scroll’ electrical oscillator®®, which yields
a chaotic signal consisting of a seemingly random sequence of
positive and negative peaks. If we associate a positive peak with
a one and a negative peak with a zero, the signal yields a binary
sequence. With small control perturbations, we can cause the
signal to follow an orbit whose binary sequence represents the
information we wish to communicate. (Here our ‘target’ is a
particular binary sequence rather than a point in phase space.)
Hence the chaotic power stage that generates the waveform for
transmission can remain simple and efficient (complex chaotic
behaviour occurs in simple systems), while all the complex
electronics controlling the output can remain at the low-power
microelectronic level.

Other ways to alter chaotic dynamics
We have focused here on work using the sensitivity of chaotic
systems to stabilize existing chosen periodic orbits and steady
states and to steer trajectories with only small controls. Several
authors have developed other techniques to alter the dynamics
of chaotic systems without explicitly using this sensitivity, and
in this section, we summarize some of their key contributions.
One body of research®'~** seeks to control a nonlinear system
to follow a prescribed goal dynamics. If we denote the system by
L _rgy+uen (a2)
dt
where U{1) is an additive controlling term, then the object is to
choose U(1) so that |E(1) —g(t)}} -0 as 1>, where g(1) is the
goal dynamics. To accomplish this, the simple choice

_d8_
u(n =~ Flg() (13)

is made. Thus £(1) =g(!) is clearly a solution of the controiled
equations. What is not so clear is that convergence to this goal
will often occur (|E(7) —g(1)|~ 0 as ¢ o). Whether it does 50
depends on the particular F and the initial condition, £(0). The
regions of €-space such that controlled orbits originating in them
converge to the goal, g, are called entrainment regions®*~*°. This
method potentially works for nonlinear systems in general (not
necessarily chaotic) and has the advantage of not requiring
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FIG. 6 Targeting of steady state in Lorenz attractor. Blue; trajectory without
control; red: trajectory with control.

feedback. On the other hand, the applied controls are not
typically small and convergence to the goal is not assured.

Another body of research addresses the effects of periodic® "
and stochastic’™”® perturbations on chaotic systems. As one
might expect, the effects of such perturbations can be quite
difficult to predict in general, and indeed these studies are not
‘goal oriented’, in that a desired behaviour is not specified in
advance and a generic technique for achieving such a goal has
not been developed. Nevertheless, dramatic changes in the
dynamics of chaotic systems have been recorded using these
methods; for example, periodic or nearly periodic behaviour
can sometimes be produced from originally chaotic dynamical
systems.

The advantages of chaos

The presence of chaos may be a great advantage for control in
a variety of situations. In a nonchaotic system, small controls
typically can only change the system dynamics slightly. Short
of applying large controls or greatly modifying the system, we
are stuck with whatever system performance already exists. In
a chaotic system, on the other hand, we are free to choose
between a rich variety of dynamical behaviours. Thus we antici-
pate that it may be advantageous to design chaos into systems,
allowing such variety without requiring large controls or the
design of separate systems for each desired behaviour.

The general problem of controlling chaotic systems is very
rich, and may help solve technologically important problems in
widely diverse fields of study. In communications, it has been
proposed that chaotic fluctuations can be put to use to send
controlled, pre-pianned signals®, In physiology, applications
have been proposed for controlling chaos in the heart'” and in
neural information processing®’. In fluid mechanics, it has been
demonstrated in a simple configuration that chaotic convection'®
can be controlted. Chemical researchers have developed
mechanisms for controiling chaotic autocatalytic reactions®®.
Chaotic lasers'®'" have been controlled, as has the chaotic diode
circuit'®. The wealth of results such as these encourage us to
look forward to a fruitful future for the control of chaotic
systems. O

Troy Shinbrot is at the Department of Physics and Institute for Physical
Science and Technology, University of Maryland College Park, Maryland
20742, USA; present address for Troy Shinbrot is Laboratory for Fluid
Mechanics, Chaos and Mixing, Northwestern University, Evanston, Hlinois
80208, USA. Ceiso Grebogi and James A. Yorke are at the Department of
Mathematics and Institute for Physical Science and Technology, University
of Maryland, College Park, Maryfand 20742 USA. Edward Ott is at the
Department of Electrical Engineering, the Department of Physics and the
Institute for Systems Research, University of Maryland, College Park, Mary-
land 20742 USA.

1. Dyson, F. Infinite in Alf Directions, 183- 184 (Harper and Row, New York, 1988),
2. 0wt £, Grepogi, C. & Yorke J. A. Phys Rev. Lett 84, 1196-1199 (1990}
3. Ot E, Grebogi, C & Yorke, J. A in Chaos: Soviet-American Perspectives on Nonlinear Science
{ed. Campbell, O K.} 153-172 (Am. Inst. Phys.. New York, 1990}
4. Ott. E. Romeiras, F. ). Grebogi, C. & Dayawansa, W. P. Physica D 58, 165-192 (1992),
5. Auerbach, D.. Grebogl, C.. Ott. E. & Yorke, J. A. Phys. Rev. Lett. 89, 3479-3482 {1992).
6. Fowler, T. B EEE Trans Auto Control 34, 201-205 (1989}
7. Dressler, U & Nitsche, G. Phys. Rev. Lett 68, 1-4 (1992},
8. Pyragas, K. Phys. Lett ALT0, 421-428 (1992).
9. Ditta. W L Rausec, 5. N. & Spano. M. L. Phys. Rev. Lett 85, 3211-3214 {1990}
10. Roy, R Murphy, T W, Maxer, T, O, Gilts. A, & Hunt, E. R, Phys. Rev. Lelt 68, 1259-1262 (1992).
11. Gils, Z. twata, C Roy, R, Schwarlz, |. B. & Triandaf, |. Phys. Rev. Left 89, 3169-3172 (1992).
12. Bielawshi, 5. Bouazaoui, M., Derozier. D & Gloriewx, P. Proc. Nontinear Dynam. Optical Syst, Topical
Mtg Alpbach. Austria, June 22-26 (Optical Society of America, Washington, DC 1992),
13. Belawski, 5. Bouazaow. M., Derozier, D. & Glorieux, P. Stabitization and Charactenzation of
Unstable Steady States in g Laser (preprint, 1992}
14. Reyi C.. Pepp, L., Badii, R. & Brun, E. Control of NMR.laser Chaos in High-dimensional Embedding
Space [preprint, 1992).
15 Hunt. E. R. Pys. Rev. Lett 87, 1953-1955 (1991)
16. Singer, ), Wang, Y. Z. & Bau. H. H. Phys. Rev. Lett 68, 1123.1125 (1991).
17 Garfinkel, A, Spano, M. L. Ditto. W. L. & Weiss, J. N. Scrence 267, 1230-1235 {1992).
18. Abed E H. Wang H C. & Lee, H-C. Proc. 1992 Am. Conitrol Conf., 2236-2237 (Chicage, 1992)
19. Wang. H. 0. & Abed. E. H. Proc. 2nd IFAC Workshop Syst. Struet. Control, 494-497 (Prague, 1992),
2¢. wang H. O. & Abed. E. H. Proc. Znad IFAC Nomlinear Control Sys, Design Symp.. 57 -62 (Bordeaux.
France, June 1992).
21, Schwantz. | B & Trniandaf, | Phys Rev. A48, 7439-7444 {1992}
22, Carroll, T, Triandaf. | Schwartz, | B. & Pecora, L. Phys. Rev AMB, 6189-6192 {1992}
23 Chen, G. & Dong, X. A Cire. Syst Comput 3 (in the press).
24. Genesio, R, & Tesi, A. Aulomatica 28, 531-548 (1592)
25 Teél T 1 Phys. A4, L1359-11368 (1992).
26. Bloch. A. M. & Marsden, ). E. Theor. comput Flind Dynam. 1, 179-190 (1989).
27 Ding M_& ¥elsc. ). A. S in Measuring Chaos in he Human Brain (eds Duke. D & Pritchard, W)
17-31 (World Scientitic, Singapore. 1991},
28. Petrov, V. Gaspar, V. Masere. ; & Showalter, K. Nature 381, 240-243 (1093}
29, Hutinger. B.. Doerner. R. & Martienssen, W. Controling Chaotic Motion 1 Norsy Systems (prepant,
Phys. Inst. der J. W. Goethe Umversiat, Frankfurt-am-Main, 1992}
30 Vassiliadis. D Physica D (in the press).
31. Huberman. B. A. & Lumer. E. KEE Trans Cic Syst 37, 547-550 (1990)
32, Sinha. 5. & Ramaswamy. R Physica D43, 118-128 (1990)
33 Shindrot, T. Ot E.. Grebogl. C. & Yorke. ). A. Phys. Rev. Lett 65, 3215-3218 (1990).
34, Shinbrat. T Ot £, Grebog), © & Torke, J. A, Phys. Rev A45, 4165-4168 (1992)
35 Shinbrot. T Ott E, Grebog, C & Yarke, ). A. Phys. Rev. Lel!. 68, 2863-2866 {1992)
36 Shinbrot. T Grebogt, . OtL E_ & Yorke, ). A, Phys. Letl A169, 349-354 (1992}
37. Kostelch, E.. Grebogi. C.. Ott, E. & Yorke, J. A Phys. Rev. EAT, 305-31( (1983t
38. Bradley, E. in [eclure Nates Control and Information Scrences, No. 165 {eds Jacob, G &
Lamnabhi-LagarrigLe. F.) 307 325 (Springer, Bertin, 1991}
39. Farquhar, R, Mubonen, D & Church, L. C. J astronaut. Scr 33, 235-254 (1985)
40. Muhonen, D.. Davis, 5. & Dunham. D. I astronaut Sci 33, 255-273 (1985)

NATURE - VOL 363 - 3 JUNE 1993

o 3%

41. Dunham, D. W. & Davis, S. A. J astrondut Sci 33, 275288 (1985).

42. Muhoren, D. & Folta, D. J astronaut. Sci. 33, 289-300 (1985).

43. Efron, L., Yeomnans, O, K. & Schanzie, A. F. / astronaul Sci 33, 301-323 (1985),

44. S0, P, Ott, E & Dayawansa, W. P. Phys. Lett A (in the press).

45. Chen, G. & Dong. X. From Chaos to Order— Perspectives and Methoaologias in Controfting Chachic
Oynamical Systems Tech. Rep. 92.07 (Univ. Houston, Texas, 1992),

46. Vincent. T. L. & Yu, ). Dynam, Controf 1, 35-52 (1991).

47. Grebogi, C., Ott, £ & Yorke, J. A. Phys. Rev. AAT, 1711 [1988).

48. Auerbach, .. Cvitanovic, P. Eckmann, J.-P.. Gunaratne, G. & Procaccia, |. Phys. Rev. Lett 58, 2387
1987)

48. Heénon. M. Caomymun. Math Phys. BD, 69-77 (1976).

50. Ogata, K. Modern Conlrol Engineering 2nd Ed, 347 -889 {Prentice-Hall, Englewood Clitts. 1990).

51. Packard. N. H., Crutchfeid, J. P, Farmer, J. D. & Shaw, R. 5. Phys. Rev. Lett 45, T12-716 (1980).

52. Eckmann, ).-P. & Ruelle, 0. Rev. mod Phys. 87, 617-658 {1985).

53. Whitney, H. Ann. Math. 37, 645-671 (1936).

54 Takens. F. in Lecture Noles in Mathematics 898 (eds Rand, D. A & Yourg, L. 5.) 366 381
iSpringer. Herlin, 1881).

55. Mehta, N. ). & Henderson, R. M. Phys. Rev Ad4, AB61-4865 (1991).

56. Schuster, H. G. Determinisiic Chaos, 2nd ed., 37-38 (VCH, Weinheim, 1989)

57. Lorenz, E. 1 atmos. Sci 20, 130-141 (1963},

58. Yorke, ). A, Yorke, €. D. & Mallet-Paret. ). Pysacs D24, 279-291 (1987).

58 Hayes. 5. Gretogl, C. & Ott. €. Phys. Rew. Lefz 70, 3031-3034 (1993)

6G. Chua. L Q. Komura. M. & Matsumota, T. IEEE Trans, Circ. Syst 11, 1073-1118 (1986}

61, Hibler. A & Lischer, E. Naturwissenschalten 76, 67-69 (1985}

62, Hibler, A. W, Helv. phys. Acta 82, 343-346 (1989).

63. PMapp. B. B. & Hibler, A. W. Phys Rev. Lett 88, 2302-2305 (1990,

64. Jackson, E. A. & Hibter, A. W. Physica DA4, 407-420 (1990).

65. Jackson. E. A. Phys. Lett A151, A78-484 {1990},

66. Jackson £ A Phys. Rev. Ad4, 4839-4853 {1991).

67, Lischer. E. & Hubler, A. W. Helv, phys. Acta 82, 544-551 {1989).

68. Georgii. R, Eberl. W. & Lischer, E. Helv. phys. Acta 82, 290-293 (1989),

69. Alekseev, V. V. & Loskutav, A. Y. Sov. Phys. Doki. 32, 1346-1348 (1987).

70. Pettini, M. in Oynamics and Stochastic Processes (ed. Lima, R, Streit, L. & Vilela Mendes, R.
242-250 {Springer, Berlin, 1990).

71. Lima, R. & Pettini, M. Phys. Rev. AL, 726-733 (1990).

72 Braman, Y. & Goldhirsch. |. Phys. Rev. Left B8, 2545-2548 (1991).

73 Azevedo, A. & Rezenge. 5. M. Phys. Rev. Lett B8, 1342-1345 (1951}

74. Herzel, H. A Angew Math. Mech, 68, 11-12 (1988).

75. Fahy. 5. & Hamann, D. R. Phys. Rev Lett 89, 761-764 (19972)

76. Ditto. W. L. et al. Phys. Rev. Lett 83, 923966 (1989,

77 Lai ¥ -C. Ding M.-Z, & Grebopl. C. Phys. Rev. E4T, 86-972 (1992).

78. Abed E. H. Wanrg, H 0. & Chen, R, Physica D (in the press)

ACHNOWILEDGEMENTS This work was supported Dy the United States Department of Energy (Office
of Scientific Computing. Office of Energy Research). We thank D. Auerbach, G. R. Chen, A. Hibler and
K. Scarbrough for helpful comments. W. Ditto, 5. Rauseo and M. Spano are gratefully acknowledged
for providing data for this article.

417



}5&



-

Physica [ 58 (1992) 163-192
North-Holland

—————————————
— e}

PHYSICA

e,

Controlling chaotic dynamical systems

Filipe J. Romeiras*®, Celso Grebogi*“*, Edward Ott™*" and W.P. Dayawansa"®

*Laboratory for Plasma Research. University of Marviand, College Park. MD 20742, USA
“"Centro de Elecirodinamica (INIC) and Departamento de Matemdtica, Instituto Superior Técnico, 1096 Lisbon Codex,

Portugal

“‘Department of Mathematics, University of Maryland. College Park. MD 20742, USA

‘Institute for Physical Science and Technology. University of Maryland, College Park, MD 20742, USA
“Deparimeny of Physics. University of Maryland, College Park. MD 20742, USA

‘Department of Elecirical Engineering, University of Maryland, Coilege Park, MD 20742, USA
*Systerns Research Center. University of Maryland. College Park, MD 20742, USA

Received 18 November 1991
Revised manuscript received 16 January 1992
Accepted 16 January 1992

We describe a method that converts the motion on a chaotic attractor to a desired attracting time periodic motion by
making only small time dependent perturbations of a control parameter. The time periodic motion results from the
stabilization of one of the infinite number of previously unstable periodic orbits embedded in the attractor. The present

paper extends that of Ott, Grebogi and Yorke {Phys. R
feedback matrix and implementation to higher-dimensiona

ev. Lett. 64 (1990) 1196], allowing for a more general choice of the
1 systems. The method is illustrated by an application to the

control of a periodically impulsively kicked dissipative mechanical system with two degrees of freedom resulting in a
four-dimensional map (the “double rotor map”). A key issue addressed is that of the dependence of the average time 1o
achieve control on the size of the perturbations and on the choice of the feedback matrix.

1. Introduction

It is common for systems to evolve with time
in a chaotic way. In practice, however, it is ofien
desired that chaos be avoided and/or that the
system be optimized with respect to some per-
formance criterion. Given a system which be-
haves chaotically, one approach might be to
make some large (and possibly costly) alteration
in the system which completely changes its
dynamics in such a way as to achieve the desired
objectives. Here we assume that this avenue is
not available. Thus we address the following
question: Given a chaotic system, how can we
obtain improved performance and achieve a de-
sired attracting time-periodic motion by making
only small controlling temporal perturbations in
an accessible system parameter.

.

The key observation is that a chaotic attractor
typically has embedded densely within it an infi-
nite number of unstable periodic orbits {1-5}. In
addition. chaotic attractors can also sometimes
contain unstable steady states {e.g., the Lorenz
attractor has such an embedded steady state).
Since we wish to make only small controiling
perturbations to the system, we do not envision
creating new orbits with very different properties
from the already existing orbits. Thus we seek to
exploit the already existing unstable periodic or-
bits and unstable steady states. Our approach is
as follows: We first determine some of the un-
stable low-period periodic orbits and unstable
steady states that are embedded in the chaotic
attractor. We then examine these orbits and
choose one which yields improved system per-
formance. Finally, we apply small controls so as

UL67-2789/92/805.00 @ 1992 — Elsevier Science Publishers B.V. All nights reserved
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to stabilize this already existing orbit.

Some comments concerning this method are
the following:

(1) Before settling into the desired controlled
orbit the trajectory experiences a chaotic tran-
sient whose expected duration diverges as the
maximum allowed size of the control approaches
zero.

{2) Small noise can result in occasional bursts
in which the orbit wanders far from the con-
trolled orbit.

(3) Controlled chaotic systems offer an advan-
tage in flexibility in that any one of a number of
different orbits can be stabilized by the small
control. and the choice can be switched from one
to another depending on the current desired
system performance.

Although we describe the details only in the
case of discrete time systems, this method is
applicable in the continuous time case as well by
considering the discrete time system obtained
from the induced dynamics on a Poincaré
section.

In order to illustrate the method we apply it to
a periodically forced mechanical system (the
kicked double rotor), which tesults in a four-
dimensional map. Amongst the examples consid-
ered. we study cases where the unstable orbit of
the uncontrolled system has two unstable eigen-
values and two stable eigenvalues, and the
stabilization is achieved by variation of one con-
trol parameter characterizing the strength of the
periodic forcing. The present paper generalizes
our previous work [6] to the case of higher-
dimensional systems [7] and also includes new
material illustrating the effect of the choice of
stabilization on the length of the chaotic tran-
sient experienced by the orbit before control is
achieved. Other relevant references on the feed-
back stabilization of periodic or steady orbits
embedded in chaotic attractors are the experi-

ments of Ditto et al. [8]. Singer et al. [9], and the
paper of Fowler [10]. (Other works in the gener-
al field are listed in ref. {11].)

The plan of the paper is as follows. In section

3%

Controlling chaotc dvnamical systems

2, we give an implementation of the method,
initially developed in ref. [6]. by using the “pole
placement technique” [7,12]. In particular, we
address the problem of stabilization of periodic
orbits with more than on¢ unstable eigenvalue.
We also discuss experimental implementation in
the absence of an a priori mathematical system
model and generalization of the method to deal
with cases where delay coordinates embedding is
used. In section 3 we present some results for the
control of the Hénon map 13],a two-dimension-
al system that is used as a paradigm in the study
of dynamical systems; these results extend those
given in ref. [6] in directions relevant to our
present study. In section 4 we present results for
the control of the double rotor map [14], a
four-dimensional system that describes a particu-
lar impulsively periodically forced mechanical
system. Finally, in section 5 we present the main
conclusions of the work.

2. Description of the method
2.1. Formulation

For the sake of simplicity we consider a dis-
crete time dynamical system.

Z,.,=F(Z.p). (2.1}

where Z, ER", pERand F is sufficiently smooth
in both variables. Here, p is considered a real
parameter which is available for external adjust-
ment but is restricted to lie in some small in-
terval,

\p—pl<d. (2.2)

around a nominal value p. We assume that the
nominal system (i.e., for p= p) contains a cha-
otic attractor. Our objective is to vary the pa-
rameter p with time ¢ in such a way that for
almost all initial conditions in the basin of the
chaotic attractor. the dynamics of the system
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converge onto a desired time penodic orbit con-
tained in the attractor. The control strategy is
the following. We wiil find a stabilizing local
feedback control law which is defined on a neigh-
borhood of the desired periodic orbit. This is
done by considering the first order approxi-
mation of the system at the chosen unstable
periodic orbit. Here we assume that this approxi-
mation is stabilizable. Since stabilizability is a
generic property of linear systems, this assump-
tion is quite reasonable. The ergodic nature of
the chaotic dynamics ensures that the state tra-
jectory eventually enters into the neighborhood.
Once inside, we apply the stabilizing feedback
control law in order to steer the trajectory to-
wards the desired orbit.

For simplicity we shall describe the method as
applied to the stabilization of fixed points (i.e..
period one orbits) of the map F. The considera-
tion of periodic orbits of period larger than one
is straightforward and is discussed in section 2.5.
Let Z,( p) denote an unstable fixed point on the
attractor. For values of p close to p and in the
neighborhood of the fixed point Z,(p) the map
{2.1) can be approximated by the linear map

Zf+1 —Z.(ﬁ)=A[Z,-—Z,.(ﬁ)]-i-B(p—ﬁ),
(2.3)

where A is an n X n Jacobian matrix and B is an
n-dimensional column vector,

A=D,F(Z p), (2.4)
B=D,F(Z. p), (2.3)
and these partial denvatives are evaluated at
Z=Z.,p) and p=p. We now introduce the
time-dependence of the parameter p by assuming

that it is a linear function of the variable Z of the
form

p—p=-K'[Z -2.p)). (2.6)

The | x n matrix K' is to be determined so that
the fixed point Z ,{ p) becomes stable. Substitut-

ing (2.6) into {(2.3) we obtain
Z_,-Z.p)=(A-BKZ -Z.(p). 27

which shows that the fixed point will be stable
provided the matrix A— BK' is asymptotically
stable: that is, all its eigenvatues have modulus
smaller than unity.

The solution to the problem of the determina-
tion of K'. such that the eigenvalues of the
matrix A— BK' have specified values. is well
known from control systems theory and is called
“pole placement technique™ (see, for example,
Ogata [12|). We summarize the relevant results.

2.2. Review of the pole placement technique

The eigenvalues of the matrix A—BK' arc
called the “regulator poles”, and the problem of
placing these poles at the desired locations by
choosing K' with A and B given is the “‘pole
placement problem™.

Pole placement problem. Determine the matrix
K" in such a way that the eigenvalues of the
matrix A ~ BK' have specified (compiex) values

{nu'lw-..,l-"n}-

The following results [12] give a necessary and
sufficient condition for a unique solution of the
pole placement problem to exist. and also a
method for obtaining it (Ackermann’s method).

(1) The pole placement problem has a unique
solution if and only if the n X n matrix

C=(B:AB:AB:.. :A"'B),
is of rank n. (C is calied the controllability
matrix).

{2) The solution of the pole placement prob-
lem is given by

K'=(a,~a,.. .a-a)T".

where T =CW, and
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[ Baer Gy a, 1
a,_»2 n—3 1 0
W= : : P
a, 1 .. 00
'1 0 .. 00
Here {a,..... a,} are the coefficients of the

characteristic polynomial of A.

st—Al=s"+a;s" '+ +a

and {a,..... a,} are the coefficients of the de-
sired characteristic polynomial of A — BK T

. -t
M_(s—p)=s"+as" "+ +a

n -
2.3. Control parameter

Our considerations so far are based on the
linear eq. (2.7) and therefore only apply in the
local region near Z,{ p). On the other hand. the
limitation in the size of the parameter perturba-
tions given by (2.2). when combined with (2.6).
vields

KTz, -Z.(p)]I<3. (2.8)

This defines a slab of width 26/{K|. We choose
to activate the control according to (2.6) only for
values of Z, inside this slab. and we choose to
leave the control parameter at its nominal value
(i.e.. p=p) when Z_is outside this slab. Other
choices are possible.

In summary, the control is determined by

p—p=-K'[Z-Z.(p)]
x u(d—\K'Z, - Z.(p))- (2.9)

for arbitrary Z, [not necessarily close to Z,( p)},
where u is the unit step function defined by

B 0, a<0,
ula) = 1. a=>0,

At this stage it should be pointed out that the
matrix K" can be chosen in many different ways.

24

In principle. any choice of regulator poles inside
the unit circle serves our purpose. In ref. [6], the
authors made a very special. though quite natur-
al. choice of the gain matrix K': the resulting
value of p — p forces the orbit onto the (linear)
stable manifold of the fixed point at each itera-
tion. In terms of regulator poles this choice
corresponds to setting n, of these poles equal to
the n, stable eigenvalues of matrix A and the
remaining 1 — n_ to 0. In terms of the slab {2.8)
this choice corresponds not only to orientating it
parallel to the stable manifold but also taking an
appropriate width.

The choice of the matrix K" will be discussed
at some length in our applications of the method
in sections 3 and 4.

2.4. Time to achieve control

The control is activated (i.e., p# p) only if Z,
falls in the narrow slab (2.8). Thus, for smali 8, a
typical initial condition will execute a chaotic
orbit. unchanged from the uncontrolled case,
until Z, falls in this slab. Even then, because of
nonlinearity not included in the lincarized eq.
{2.7), the control may not be able to bring the
orbit to the fixed point. In this case the orbit will
leave the slab and continue to wander chaotically
as if there was no control. Since the orbit on the
uncontrolled chaotic attractor is ergodic. at some
time it will eventually satisty (2.8) and also be
sufficiently close to the desired fixed point so
that control is achieved.

Thus., we create a stable orbit, -which. for a
typical initial condition. is preceded by a chaotic
transient [15-18] in which the orbit is similar to
orbits on the uncontrolled chaotic attractor. The
length 7 of such chaotic transient depends sensi-
tively on the initia! condition of the particular
orbit. For initial conditions randomly chosen in
the basin of attraction the distribution of chaotic
transient lengths is exponential [15. 16].

o(r) = (_11_> expl - <—:;) . (2.10)

- ey
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for large 7. The quantity {r) is the charactenistic
length of the chaotic transient. called in the
present case the average time to achieve control.
Estimates of the scaling of {7) with & for small 5
are given in Appendix A for the case of two-
dimensional maps.

2.5. Control of periodic orbits of period greater
than one

The analysis of periodic orbits given in sec-
tions 2.1-2.3 can be extended to nontrivial
periodic orbits (i.e., orbits with period greater
than one). The most direct way is to take the Tth
iterate of the map, where T denotes the period
of the orbit to be stabilized. For the T times
iterated map, any point on the periodic orbit is a
fixed point, and we can then apply the discussion
sections 2.1-2.3. This method is, however, over-
ly sensitive to noise, especially when tong period
periodic orbits are involved. Next we outline
another method which we believe should, in
general. be better. In terms of the treatment of
section 2.2, the prescription we give below corre-
sponds to piacing the unstable eigenvalues of the
uncontrotled problem at zero, while leaving the
stable eigenvaiues unchanged. (This is only one
of many possibilities that could be given.)

We denote the periodic orbit by Z,,( p), where
Zi.rslp)=Z.,(p). In addition, we introduce
the set of T matrices A; which are n X n and the
set of T column vectors B, which are of dimen-
sion n, where

A=A . .=D,F(Z p).

It

B, =B, , =D F(Z p),

and the partial derivatives are evaluated at Z =
Z.(p)and p=p.
Linearizing as in eq. (2.3), we have

Z:*i - Z(,+1]*(ﬁ)
=A[Z - Z.p)+B(p,+p). (2.11)

2

Say that the periodic orbit has u unstable
cigenvalues (i.e.. « eigenvaiues with magnitude
greater than one) and s stable eigenvalues. where
uw+s=n. At each point Z,,(p) on the p=p
periodic orbit, determine vectors {v, ,, v, ,. . - . .
v, .} which span the linearized stable subspace.
Now let

‘bi., =AL AL "AH,'HAH, s
forj=1,2,...,(u—1) and

C=(b, B :id B, i id, B, ,iB.,

: U:+u.l : Ua‘+u.2 Pt Ur’+u.x)
{One choice of the vectors {v, |, v, -,... .0,
is the stabie eigenvectors of AA,_, ... A,_, )

The controllability condition (analogous te that
in section 2.2) is that C, be nonsingular. The
desired result for the control is then specified by

p.—p=-K/Z~-2.p), (2.12a)
where
K'=xkC'd,,, (2.12b)

and & denotes an n-dimensional row vector
whose first entry is one and all of whose remain-
ing entries are zZeros.

To derive egs. (2.12) we iterate (2.11} u times,

Z ..~ Z(r'+u)*(p-) = ‘b!.{)[zi - Zi*(ﬁ)}
+d, \B(p,—p)t+d B (p., —P)
+..l+B!+U*l(Pl+u—l_ﬁ)' (2133)

We then demand that Z, _, land on the linearized
stable manifold of the periodic orbit through the
point Z,, . ..( /). That is, we choose the p’s such
that there exists s coefficients a, . @, . . . , @, such

that

Zi+u - er‘+u1*(p) =gl T ol ,,,

+---+auv . (2.13b)

STy
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Regarding (2.13a) and (2.13b) as n = u + s equa-
tions in the n unknowns. p;, Pivys- -+ Pivu-1o
@, &, ...,a, we then solve for p, to obtain
(2.12).

[Note from the above that at time { we could.
once and for all, calculate all the control parame-
ter values to be applied in the next u iterates, p;,
Disis+ -+ Piva In the presence of noise, how-
ever, this is not a good idea (assuming u > 1),
since it does not take advantage of the oppor-
tunity to correct for the noise on each iterate.
Therefore, we believe that, in the presence of
noise, it is best to perform the calculation of p,
via eq. (2.12) on each iterate.]

2.6. Use of delay coordinates

In experimental studies of chaotic dynamical
systems, delay coordinates are often used to
represent the system state. This is sometimes
useful because it only requires measurement of
the time series of a single scalar state variable
which, we denote £(¢). A delay coordinate vector
can be formed as follows:

Z(t) = (&(r), &t = Tp), &(t = 2Tp). - - -
X &(t— MTy))

where T, is some conveniently chosen delay
time, and the time variable ¢ is assumed continu-
ous. Embedding theorems guarantee that for
M =2n, where n is the system dimensionality,
the vector Z is generically a global one-to-one
representation of the system state. (Actually, for
our purposes, we do not require a global embed-
ding; we only require Z to be one-to-one in the
small region near the periodic orbit, and this can
typically be achieved with M = n — 1.) To obtain
a map, one can take a Poincaré surface of sec-
tion. For the often encountered case of a system
which is periodically forced at a period Tg, one
can define a "‘stroboscopic surface of section™ by
sampling the state at discrete times [, = iTe + ¢,.
In this case we have the discrete state variable

4/

Z =Z(t).

As pointed out by Dressler and Nitsche [19],
in the presence of parameter variation, delay
coordinates lead to a map of a different form
than

Z,, =FZ,p).

which is the form assumed in sections 2.1-2.5.
For example, in the periodically forced case,
since the components of Z; are &(f; — mT,) for
m=0,1,..., M, the vector Z,,, must depend
not only on p,, but also on all previous values of
the parameter that were in effect during the time
interval ¢, =t=1t,— MT,. In particular, let r be
the smallest integer such that MTp, <rTe. Then
the relevant map is in general of the form

Zi+1 = G(Zjv Pi» Pi-1s-0 > pi—r) ¢ (2143)
For r =1 we have
Z..=GZ,p.p\)- (2.14b)

We now discuss how the technique of section
2.2 can be applied in the case of delay coordi-
nates, and, for simplicity, we limit the discussion
to r=1, eq. (2.14b). Linearizing as in eq. (2.3)
and again restricting our attention 10 the case of
a fixed point orbit, we have

Zi+1 - Z*(ﬁ):"A[Zt - Z*(ﬁ)]
+Ba(P.‘_ﬁ)+Bb(p;—1_ﬁ)v (2.15)

where A=D,G(Z.p, p"), B,=D,G(Z, p. P,
and B, =D, G(Z, p, p'}, and all partial deriva-
tives are evaluated at Z=Z,(p)andp=p=p"

Now define a new state variable with one extra
component by

- Z..
Z., =( ;,“), (2.16)

and introduce the linear controi law,

P
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p.—p= K'[Z -Z(p)—k(p, ,—P).
(2.17)

Combining these equations. we obtain

Z.,, —-Z(p)=(A-BK"[Z -Z.p).

(2.18)

Since (2.18) is now of the same form as (2.3),
the method of section 2.2 can be applied. (A
similar resuit for any r>1 also clearly holds.)

Another method of control for delay coordi-
nates is to reduce (2.14b) directly to the form
Z.,,=F(Z, p,) and then proceed as in sections
2.1 and 2.2. This reduction can be done by
setting p,=p for every other time step. For
example, say p, =0 for i odd, and j = 1i for even
i. Then making the replacements Z, — Z‘f., p.i— D,
for even i, and iterating (2.14b) twice we have

Z,.,=GIG(Z, . §). b, Pl

=F(Z,p,), (2.19)
which is of the required form. We believe, how-
ever, that the first method we have given [i.e.,
that based on eq. (2.18)] should usually be ca-
pable of yielding superior results to the method
based on (2.19) with respect to noise sensitivity
and time to achieve control. This is because our
second method does not take advantage of the
opportunity to control on each time iterate while
our first method does.

3. Controlling the Hénon map

In ref. [6], the authors used the Hénon map to
illustrate the control method and, in particular,

|24
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to test their theoretical predictions concerning
the average time to achieve control. As already

pointed out, their work is based on a particular
choice of the gain matrix K'. In this section we
consider how different choices of K' affect the
average time to achieve control for the Hénon
map.

The Hénon map [13] is the two-dimensional
map

Z—2Z' =F(Z),

defined by

D=0 =70 ")
¥ Y x ’
where (x, y) €R x R. We keep the parameter &
fixed throughout (b = 0.3) and allow the control
parameter a to vary around a nominal value a
(@ =1.4) for which the map has a chaotic at-
tractor.

For @a=a=1.4 there is an unstable saddle

fixed point contained in the chaotic attractor.
This fixed point is located at

z.(@)=x.@) ;).

x, (@)= —c+(c +a)m, c=31(1-b}).

for a = —¢’. Noting that the Jacobian matrix of
partial derivatives of the map is

]

and that the stability of the fixed point is de-
termined by the roots of the characteristic
equation

ID.F(Z,(@)] -5l =0,

one can easily check that the fixed point is stable
for —c’<a<3c’ and unstable for a>3c’.
(Hence the fixed point is unstable for b =0.3.
a=a=1.4 since ¢ =(0.35.)
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The quantities that appear in section 2.2 arc as
follows:

()8
1 —2@)
0 1 )

w=(" g). T=( o)

KT'—‘(CIl - a,

c=(B:AB)=(

ay — 43)
where

4, =20, = (A, +A). a=—b=AA.

and

ay == (1 t ), = by
Here x, = x (@), and A, and A, are the eigen-
values of matrix A,

A

,\‘]=—f*:(fi+b)”2,

The quantities g, and p, are the regulator poles
[i.e.. the eigenvalues of (A - BK")].

In order to better illustrate the different
choices of regulator poles or, equivalently, of the
matrix K', we have used the plane (o, @,) [cf.
fig. 1]. In this plane we have plotted the lines of
marginal stability p, =*1 (1x ay + ax = 0) and
iy = 1 (@, = 1); the bounded triangular region
delimited by these lines (shown shaded in the
figure) is the region where the regulator poles
are stable. In addition, we have plotted as
dashed lines the axes (k‘,k2)=KT which are
related to (a,, @,) by the transiations
ki=a, —a;, k:=a,~a.

The straight solid line in the figure going through
the origin of the (k;, k.) plane has slope — A, and
intersects the line a, =0 at the point Q with
coordinates (a,.a,)=(—4_.0). To this point

§3
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g A

-
L ~
o S D

Fig. 1. Hénon map: choice of regulator poies.

corresponds the regulator poles

m =0, By = Ags

and the matrix
KT=a1 -A)=Ky.

K (T? is the special choice of matrix K ' made in ref.
[6].

Before proceeding with the discussion. it is
convenient to express the vector K" in polar
coordinates

K" =K |(cos 6, sin §) .

We consider the following two ways of varying
the vector K' (inside the triangular region of
stability):

(1) @ fixed, |K'| varable.

(I1) |K"| fixed, @ variable.

In terms of the control siab defined by eq.
(2.8) we have that in situation (I) the slab is kept
orientated in a fixed direction while its width
w = 28/|K"| varies, whereas in situation (11) the
direction of the slab is rotated while its width is
kept fixed at w = 28/|Kp|. The choice of the K'
in ref. [6] has 6=BQEtan"(—-As) and.

as wce
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shall see. this choice is optimal from the point of
view of the time to achieve control. (To see that
the choice of ref. [6] corresponds to 6 = 6, we
note that with this choice one obtains a conver-
gence rate to the periodic orbit of g, as in ref.
(6].)

In the numerical experiments we caiculated
the average time to achieve control by the meth-
od described in Appendix B. We also allowed for
different values of the maximum amplitude of
the parameter perturbations, 8.

First we consider the case where 8 is fixed
{case 1) at the value

This case has a simple interpretation in terms of
regulator poles: w, = A_is kept fixed while u, is
atlowed to vary between —1 and +1. g, and |K N
are related by

K™=, = Al(1+ D"

Fig. 2 shows results for () for this case. We see
that the average time to achieve control in-
creases with g, although only moderately.

Fig. 3 shows results for (7) versus 8 for |K|”

6.0

aag, B

8210 ot =
W

5.0F

i §=10? Sopg™
o o q:uwuuuﬁdﬂu v
4 (oo™ " o

logy, (T

3.0f o 107 g
o MWW"S’" ot

-1.0 -6.5 0‘.0 0i5 1.0
Ky

Fig. 2. Hénon map: log,,{r) versus u,. with u, = A_, for (O)
§=10"" () 8=10"" (A) 6 =10"" The theoretical curve
was calculated using eq. (A.9) of appendix A. (a=1.4.
b =1.3).

24

7.0 ~ =
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6.0 2o %
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a”? a a,
—~ 5.0F 7o apd 2 g - muc
£ o a
= oo B
bo o o Qoo
o
2 4.0 uwo
Ca o £ o

30 B o
Bq
2.0 i 4 1
130 150 17 180 210
6 {degrees)

Fig. 3. Hénon map: log,,{r) versus 8. with (KT} == |KG|, for
(O)&=10"" (D) 8= 1070 (&)Y 8=10""(a=1.4. b=0.3).

held fixed (case II) at
K| =Kl =1A,1(1+ A0}

We see that the average time to achieve control
has a strong minimum at § = 8.

Fig. 4 shows (r) versus [K'| for three values
of 6, 86=8, 8 =4,, and 6 =0,, where 6, <6, <
8, and 8, and 8, are close to 6, (8, =170.4°
8, = 171.1°, 6, =172.0°). We observe that the
=6, result is always below the results for
# = g, and 0 = 8, indicating that the average time

5.0
5 .:.:"-
e
. L. .-._H
- o ®
< 4.5t -‘.u'““-l‘.’ - o
@ L - 00
D‘B " o °
=} I o
- Umu" a
° ﬂodmu.=
°u=.t)uu e
40r 0077
1.0 2.0 3.0
K"
Fig. 4. Hénon map: log,,{t} versus |K'| for (O} 8 =leu. ()
4=8,, (A) #=0 (8,<€,<6: 6§ =tan [-A S

(A, + A= 170.4°, 8, =tan "(=A)=170.1° 6, =172.0°).
and § = 1077
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to achieve control has a strong minimum at
8 = 8, not only for |KT| =K} but for all values
of |KT|. Thus the condition 8 = 6, is optimal.

In Appendix A we show how the average time
to achieve control can be obtained theoretically
in the case of two-dimensional maps and verify
that there is excellent agreement between the
theoretical and experimental results in the case
of the Hénon map.

4. Controlling the double rotor

In this section we apply the control method
described in section 2 to a dynamical system
known as the double rotor map. We start by
deriving the map (section 4.1 and Appendix B),
then study its fixed points (section 4.2) and its
attractors (section 4.3), including chaotic ones,
and finally proceed to control some of the fixed
points embedded in one of the chaotic attractors
(sections 4.4 and 4.5).

4.1. The double rotor map

The double rotor map is a four-dimensional
map which describes the time evolution of a
mechanical system known as the kicked double
rotor [14]. This system is a four-dimensional
extension of the kicked (single) rotor, a two-
dimensional system that is described by the well-
known dissipative standard map [201.

The double rotor is composed of two thin,
massless rods connected as shown in fig. 5. The
first rod, of length {,, pivots about P, (which is
fixed), and the second rod, of length 2{,, pivots
about P, (which moves). The angles 6,(1), 6,(¢)
specify the orientations at time ¢ of the first and
second rods, respectively. A mass m, is attached
at P,, and masses ! m, are attached to each end
of the second rod (P, and P,). Friction at P,
(with coefficient v, ) slows the first rod at a rate
proportional to its angular velocity 6,(¢) = df, (1) /
dt- friction at P, (with coefficient v,) slows the
second rod (and simultaneously accelerates the

Fig. 5. The double rotor.

first rod) at a rate proportional to 8,(1) — 6,(2)-
The end of the second rod marked P, receives
periodic impulse kicks at times t=T,2T,....
always from the same direction and with con-
stant strength f,. There is no gravity.

In Appendix C we write the differential equa-
tions that describe the kicked double rotor and
proceed to derive from them the double rotor
map relating the state of the system just after
consecutive kicks. We obtain the four-dimen-
sional map

Z—2'=F(2),

defined by

(ﬁ)”(ﬁ) - (r::();(x)) (4.1)
where

_ x; 1 1 _.y'l‘
e (T)esies ve()emem

and

GX') = (c,sin x',) . (4.2)

C, S0 X3

x,. X, are the angular positions of the rods at the
instant of the kth kick, x; = 8(kT). while ¥,, ¥,

L
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are the angular velocities of the rods immediate-
lv after the kth kick. y, = (kT 7). S is the circle
R(mod 2w). L and M are constant 2 x 2 matrices
defined by

- - 3 et -1
L= We' . M=2W
p= /= A,
b d —b
w, (Z d) w3:(vb a)

Finally. ¢, and c, are given by

c}:'%lj. =12,
where

hs
-

[=(m, + m )l =m.l3.

The following relation between matrices L and M
will be useful below:

L=1+A M. (4.3)
where
Ay=(‘(v,+u:) _u1 )

v, Le¥

{ A,. A, are precisely the eigenvalues of A ) Note
also that

ILl - eul«-,\])?’ .

\Mliealrgl eA;T__l
A A,
LA.‘l: by

From now on we assume that » = v.=v. This
leads to

In all the numerical work described in the rest of
this section the parameters v. T, [. m,, m, [,.
and [, were kept fixed at the values

v=T=l=m =m,=l=1,

=13 (@9

The only parameter which we shall vary is the
forcing f, used as the control parameter.

4.2. Fixed points of the double rotor map

The fixed points Z, =(X,,Y,) of the map
(4.1) are solutions of the system

X,=MY_+X,-2%N,
Y,=LY,+ G(X,),

(4.5)

where the components of the vector N = (n;, n.)
are integer and are the rotation numbers in the
x,. X, variables. The rotation numbers n,, n, are
defined as the multiples of 27 by which x,,. x.,
are increased in one iteration of the map before
being brought to the interval {0, 2m]. From egs.
(4.5) we obtain, using (4.3},

Y,=2rM"'N |

(4.6)

Using the definitions of the matrices G and A we
rewrite the second of the egs. (4.6) in the form

)= ()
Uit
:E (‘fn:) ) (4-7)
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where the identity on the right defines the two
new quantities f,, and f,,. These equations show
that for each pair of rotation numbers (n,, 1,) a
set of four possible solutions for {x,,, X,,) exists
if [ fol = 1 foel, where | fo.| = max(| foul, | foz]). The
four fixed points correspond to the four combi-
nations of values of (x,,, x,,) that have the same
pair of values of (sin x,,, sin x,,). When neces-
sary we will use the notation

Z{-N:cal - (X[‘N:ql‘ YINI)

or more simply [N;q], to identify the fixed
points, where the index g labels the four possible
solutions of (4.7) (¢ = 1,2, 3, 4) and, as shown
in fig. 6, corresponds to the ordering

[Vak) [(~.2] N3 N4
Xix =Xy, <‘t[h- ]_xllt ]*
M N3 N2 N
I[Z* I'x!_,. ‘<x‘2, = x[2*4l

Note that ¥!™ = (1% y1¥1) is the same for the

four fixed points (i.e., it does not depend on g).
Egs. (4.7) also show that for {f|=|ful,
(n,, n,) # (0, 0), another set of four fixed points

F.J. Romeiras et al. ¢ Controlling chaouc dynamical systems

exists with rotation numbers (—n,, —n;). It is
easy to see that to each point (X 40 Xaur Yinr Yax)
of the first set corresponds a point of the second
set given by (2 — x,,, 27 ~ X20, "Y1 —¥34)
This is a reflection of the fact that the double
rotor map (4.1} itself is invariant under the
change of varables (xy, X5, ¥ y; )= (2w —
xy,2m - Xy, = Y1 "Y2)

In table 1 we summarize the properties of the
five sets of fixed points (36 fixed points) with
smaller values of f,, (when the other parameters
of the map take the values specified by egs.
(4.4)), with rotation numbers N=(0,0),
*(1,2), 2(0, 1), (1,1}, =(2,3). Note that the
tast three sets have the same value of f;,. In fig. 7
we have plotted these fixed points in the plane
(x,, x,). Their (y,, ¥») coordinates are given by
the first of eqs. (4.6).

Let us now turn our attention to the stability
of the fixed points. The basic element of the
analysis is the Jacobian (4 X 4) matrix of partial
derivatives of the map (4.1),

It M
D.F(2)= (H(X') L+ H(X')M) ’

where

) , €, COS X 0
H(X') =D, G(X") = 0 c,co8 x5/’

*2 . . .

9=2) .q=4 and | denotes the n X n identity matnx. The

characteristic polynomial of D,F(Z,) is
=1 a3
— P(s) = ID,F(Z.) — sl
Fig. 6. Double rotor map: labeling of fixed points. = |sz|2 - s(1, + L+ HM) + Li, (4.8a)

Table 1
Double rotor map: fixed points. The only stable fixed points are: [(0.0):4] in the interval 0<f,<4.27....3 [(1.2):4] and
[(—1.—-2); 1] in the interval 2w < f <7.01 ... {the other parameters are given by eq. (4.4)].
(. n.) for for foe Ay Raze

(0.0} 1] 0 0 0 0
=(1.2) 0 2awlil, 2wpli, =2l /. 0
(0. 1) vl 2ulil, 2avlil, 0 2mu(l3i - 1)
=1L 2wl 0 2mvlil 0 *2mel
=(2.3) 2uwlil, 2aviil, 2avlil, 0 =2me(310] - 1)

5%
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7.0

L P+ | ] )
5.0F (-1,-2y  ©0-1) (-1,-2) (-2,-3)

[ ] >+ L ] +@
(-1-2) (0,-1) (-1.-2) {-2,-3)
| [ ] @+ »

2 30F @0 A1 ©® b

[ ] @+ ® ®
L 2 23 12 0.0

1.0 o e+ @ + @
(L2) (¢} (1,2) {0,1}
- ® 9+ [ ] +®
{0,0) (1,1) {0,0} (-1,-1}
_10 i 1 1 1 i 1 1
-1.0 1.0 3.0 5.0 7.0

Xy

Fig. 7. Double rotor map: fixed points with rotation numbers
{(n,,n.}. The symbol (+) denotes fixed points with one
unstable cigendirection, while the symbol & denotes fixed
points with two unstable eigendirections. [ f, = 9.0, other
parameters given by eq. (4.4}}.

where, for simplicity, we have set H=H(X,).
The characteristic equation

P(s)=0, {4.8b)

determines the stability of the fixed points: if ail
the four roots have modulus smaller than one,
the fixed point is stable. The stability of the fixed
points as determined from eqs. (4.8) is discussed
in appendix D.

For f,=9.0, the nominal value in the control
experiments of sections 4.4 and 4.5, all the fixed
points are unstable. We have indicated in fig. 7
the number of unstable eigendirections at each
fixed point.

We observe. from eq. (4.7), that as the forcing
[, increases, the number of fixed points increases
without bound. Not all these fixed points are
necessanly embedded in the chaotic attractor,
but those that are embedded in it are necessarily
unstable. Furthermore. we find that the fixed
points are roughly spread throughout the attrac-
tor, suggesting that there can be substantial fiex-
ibility to select among a variety of asymptotic
behaviors by selecting different fixed points for
control. (Even more flexibility can be achieved if

we also consider periodic orbits of period greater
than one.)

4.3. Bifurcation diagram

A bifurcation diagram shows how the attrac-
tors of a dynamical system change with a system
parameter.

In figs. 8a. 8b we present a bifurcation dia-
gram for the double rotor map, which was ob-
tained in the following way. For each value of
the parameter we took a large number of initial

6‘0 E l('a) T T T yr T T T T T T T 1

E " 1

a0f . L

x2 : -

. ]

2.0 L ‘_\‘_‘_‘).“ =
0.0

Xg

o_of bt
5.0 5.8

Fig. 8. (a). {b) Double rotor map: bifurcation diagram [pa-
rameters given by eq. (4.4): number of vaiues of f, in each
figure: 251; number of initial conditions for each f: 625.
snapshot taken after &0 iterations].
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angles {(x,, x,) with both x, and x, distributed
uniformiy in [0.2x%] and iterated them starting
with zero angular velocity [i.e., (y,, ¥,)=
(0,0)]. After iterating a sufficient number of
times so that the orbits are essentially on the
attractor, we plotied the x,-component of all the
orbits.

The diagram clearly exhibits a main branch
that develops continuously for all values of the
parameter. This main branch illustrates a period-
doubling bifurcation sequence to chaos: a
period-1 periodic orbit bifurcates (at f; =4.27) to
a period-2 periodic orbit which then bifurcates
(at f,=6.42) to a period-4 periodic orbit which
then bifurcates (at f,=6.67) to a period-8 per-
iodic orbit, and so on, with an accumuiation
point of pericd doublings at f,=6.75 beyond
which chaos appears. The period-2 periodic orbit
in the sequence results from the bifurcation of
the stable orbit Z!"%**) = (&, @, 0,0) discussed
in section 4.2 which exists for f;, = 0; at the value

{0941 4t which this orbit becomes unstable the
stable period-2 periodic orbit is born.

Although it cannot be seen in the diagram,
this period doubling sequence is peculiar in the
following sense: what appears to be a period-2"
periodic orbit, m=2, is in fact 2 period-2™"'
periodic orbits. This is a consequence of the
symmetry of the double rotor map that forces
the period-1 orbit to become unstable (at f, =
4.2) through an eigenvalue 1 instead through —1
as occurs in the normal period doubling bifurca-
tion (an cxample of which is the bifurcation of
the penod-1 periodic orbit).

Besides this main branch, there are other
period doubling sequences, one of which starts
with a period-4 periodic orbit (at f,=3.42) and
ends with a crisis (at f, =3.84). (A crisis is the
sudden disappearance of a chaotic attractor by
collision with an unstable periodic orbit [15, 16].)

It is convenient to have some quantitative
charactenization of the chaotic attractors re-
vealed by the bifurcation diagram. For this pur-
pose we introduce the spectrum of Lyapunov
exponents. defined as follows [21, 22].

75

Consider an n-dimensional map Z+~ F(Z) and
its Jacobian matrix of partial derivatives J(Z) =
D,F(Z). Consider also the sequence
{Z,,Z,,....Z, ,} generated by successive iter-
ation of the initial condition Z,. For this se-
quence introduce the matrix

J,=d(Z,  W(Z, ). JZ)O)HZ,) .
Now iet
k)= L(k) == (k)

denote the n eigenvalues of (J1J,)'"%, where J;
is the transpose of J,. The Lyapunov numbers of
the map are then defined by

m, = lim (00" j=1.....n.

where the positive real kth root is taken. They.
satisfy the same ordering as the (k). j=
1,....n The Lyapunov exponents are the
logarithms of the Lyapunov numbers.

L=log.m, j=1....n,
satisfying the same ordering

L=zl,=---=L_ .
Hence, for chaotic attractors of an n-dimensional
map there are n Lyapunov exponents. L. j=
1,....n. A chaotic attractor is defined to be
one which possesses a positive Lyapunov expo-
nent, L, > 0.

For typical dynamical systems the Lyvapunov
exponents are the same for almost all initial
conditions on the basin of attraction of the at-
tractor. (This is true in particular for the chaotic
atiractors of the double rotor map for which we
calculated Lyapunov exponents; these results are
reported below.) Thus the spectrum of Lyvapunov
exponents may be indeed considered to be a
property of the attractor. For maps such that the
determinant of the Jacobian matrix is indepen-

W T T W W WY ¥
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dent of the variable Z the Lyapunov exponents
satisfy the identity

> L, =log. Wl

=1

This is true in the case of the double rotor map
for which we have

4
3L =log, U= (A +4)T=-3v,

5=l

the last equality appiying when », = » = v and
T=1.

From the spectrum of Lyapunov exponents

define the Lyapunov dimension.
The L

= + _:.]_——’
b=k
where 1=k, =n -1 is the largest integer for
which £*t, L, = 0. If L, <0, we define d, =0;if
i L;=0. we define d, = n. (Note that d =n
is not possible in the case of dissipative systems
for which log, |[J}<0.) Kaplan and Yorke
{23.24] conjecture that d,, as given above in
terms of the Lyapunov exponents, is typically
equal to the fractal dimension of the support of
the measure of the attractor (the information
dimension).

We have numerically calculated the Lyapunov
exponents and the Lyapunov dimension of the
chaotic attractor in the main branch of the bifur-
cation diagram as a function of the forcing f,. We
used the method described in refs. [21.22] to
calculate the exponents of a large number of

Table 2

orbits in the basin of attraction and then took the
average of these values. The results of the caicu-
lation at evenly spaced values along the f, axis
are shown in fig. 9. The Lyapunov dimension
first becomes positive at the onset of chaos ( f,=
6.75). The attractor dimension goes through the
integer values d, =2 and 3 at f,=6.88 and 12.7.
respectively.

In the numerical experiments on controi that
we describe in sections 4.4 and 4.5 we 100k
f,=9.0 as the nominal value of the control pa-
rameter. In Table 2 we list the corresponding
values of the four Lyapunov exponents and the
Lyapunov dimension. In order to illustrate the
point made above regarding the fact that the
Lyapunov exponents are the same for almost all
initial conditions on the basin of attraction of the

3.0

2.0

1.0}

0.0

&
[
T

L

6.¢ 7.0 8.0 9.0 10.0

-3.0 L

fo

Fig. 9. Double rotor map: spectrum of Lyapunov exponents
and Lyapunov dimension of chaotic attractors versus f, [eq.

(4.4)].

Double rotor map: calcutation of Lyapunov exponents and Lyapunov dimesnsion of chaotic attractor | fo = 9.0, other parameters
given by eq. (4.4): number of initial conditions = N, = 256. number of iterations = 10000]. 4, =2+ (L, + L-y/|L,]=2.838.

f

1 2 3 4
L= (UN)TY LY 1.205 0.256 ~1.744 ~27n7
min, _, , L' 1.182 (0.228 ~1.771 -2.734
max,_ ., L} 1.229 1.284 -1.719 -2.693
(LN (LY - Lyl- 0.00816 (1.0102 0.00910 0.()724
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attractor, we also give some details on the nu-
merical calculation of these exponents.

We have now described in sufficient detail the
two ingredients necessary to the application of
the control method to the double rotor map:
chaotic attractors and fixed points. It remains to
be checked if the fixed points determined in
section 4.2 are embedded in the chaotic attrac-
tor. By this we mean that any neighborhood of
the fixed point contains an infinite number of
points of the chaotic attractor. In order to check
this, we consider the intersection of the attractor
in its four-dimensional phase space with a three-
dimensional hyperplane containing the fixed
points Z, that we wish to check. Numericaily we
approximate the hyperplane by a very narrow
stab through each fixed point of the form

K (Z-Z)|<w. (4.9)

Actually we took the slabs parallel to the piane
(x,. x,) which implies that each slab contains the
four fixed points with the same rotation number.
We then examine a very long orbit and plot only
those points satisfying (4.9). The intersection of
our 2.8-dimensional attractor with a three di-
mensional hyperplane is a 1.8-dimensional cross-
section. The small scale structure of this 1.8-
dimensional intersection is somewhat fuzzed out
due to the finite slab thickness. The results, for
£, = 9.0, are given in figs. 10a-10e. which refer to
the rotation numbers N =(0,0), (1,2), (0,1),
{1,1) and (2,3), respectively. In these figures
the relevant fixed points are denoted by a +
symbol. The results indicate, with different de-
grees of certitude, that the first four sets of fixed
points are indeed embedded in the attractor
while the fifth is not. Note that fig. 10a nicely
reveals the symmetry of the map with respect to
the point (. .0, 0). Note also the fractal-like
structure in this figure.

We conclude this discussion by mentioning
what seems to be an interesting issue: the loss of
hyperbolicity due to the existence of fixed points
embedded in the attractor that have a number of

5/
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unstable directions (that is. eigenvalues with
magnitude bigger than one) different from the
number of unstable directions of the attractor
(that is. positive Lyapunov exponents). In fact.
from the observation of fig. 7 and table 2, we see
that while the chaotic attractor for f, =9.0 has
two positive Lyapunov exponents some of the
unstable fixed points embedded in the attractor
have only one unstable cigenvalue.

4.4. Corurol

We now proceed to apply the method de-
veloped in section 2 to control the fixed points of
the double rotor map with control parameter fi-
Let us denote by Z, the fixed point to be con-
trolled at the nominal value f, of the parameter.
The quantities that were introduced in section 2
now take the following particular form:

“z(ﬂ(lizf,) L+H?X,.)M)'

o fo [licosx, 0 )
HX.)=7 0 lcos X,/ "
BT—(onl—'" l—l'f)

= Ismx” 1'sm R BN
C=(B:AB:A'B:A’B),

T=CW.
a, a, a, 1

e, g 1 0

W= a, 1 0 0
1 0 0 0

T -1
K'=(a,—a, a,—a, a,—a, o,—a)T .

One immediate conclusion that can be drawn
from these resuits is that the controllability ma-
trix C is identically zero in the case of the fixed
points with rotation numbers N=(0,0) for
which sin x,, =sin x,, = 0. Hence these points
are uncontrollable, at least when the control
parameter is f,. We will show in the next subsec-
tion that this set of fixed points can be controlled
if we modify the double rotor map to allow for

T — ——— ———— —

L 4 B ] TN 7Y T W w



xith
the
ctor
act,
see
has
the
ctor

s of
T fy.
2on-
ter.
m 2

rawn

ma-
fixed

for
oints
ntrol
bsec-
olled
w for

F.1. Romeiras et al. - Controlling chaoric dynamical systems 181

5.0

|
1
|
]

o
[=]
T

>
<o

T
i

X, 3.0 i
++

T

bo
<
T

++

0.0 1 1 : ] { L
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Fig. 10. Double rotor map: sections of chaotic attractor by slab KZ-Z ) <w K" =00.0.1.1), w= 1077, through the fixed

points ( +) with rotation numbers (a} ¥ = (0.0, (B N={L 2D N= 1L N=(L1) (e} ¥ = (2.3). The map was iterated
10" times (£, = 9.0, ¢q. (4.4)].
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kicks with variable direction and then take as
control parameter the angle the kicks make with
the vertical direction in fig. 5

The method is illustrated in figs. 11a. 11b. The
control of the first fixed point was turned on at
i =0 with switches to control other fixed points
occurring at later times. We plot the x; and x,
coordinates of an orbit as a function of (discrete)
time. The parameter perturbations were pro-

X3

DES L Bl . i
0.0 1.0 2.0 3.0 4.0
i x10%
Fig. 11. Double rotor map: successive control of fixed points
(1) [(0. 114 (2) 0. =1 1L ([0, 1) 1) (43 160, ~ 1) 4.
The arrows indicate the times of switching. The regulator

poles correspond to projection onto the stable manifold
[6=10.f,=90 eq. (4.4)].

grammed to control successively four different
fixed points of the set with rotation numbers
N = (0, 1). The times at which we switched the
control from stabilizing one fixed point to
stabilizing another are labeled by the arrows in
the figure. The figure clearly illustrates the flex-
ibility offered by the method in controlling dif-
ferent periodic motions embedded in the attrac-
tor. The figure also shows that the time to
achieve control is different from case to case.

We now report the results of several numerical
experiments that were carried out with the pur-
pose of understanding the behavior of the time
to achieve control.

The first experiment was intended to confirm
that the time to achieve control indeed follows
an exponential probability distribution as indi-
cated in section 2.4. We proceeded to control the
fixed point {(0, 1); 4] by starting at a large num-
ber of different points on the attractor and
measuring the time each orbit took to reach the
fixed point. We then obtained the distribution
function of the time to achieve control ¢(r) by
plotting a histogram of r using bins of constant

size. The results are presented as a semilog plot.

in fig, 12 and show excellent agreement with the
predicted fit to a straight line.

In our next experiment we looked at the de-
pendence of the average time to achieve control
on the size of the parameter perturbations. 8.
The results are shown in fig. 13, where we have
used logarithmic scales in both axes. The two
fixed points [(0,1};4] and [(0, 1}; 1} were con-
trolled. (The first of these points has two un-
stable eigenvalues while the second has only one
unstable eigenvalue.) We see that for the smaller
values of & the results closely follow straight lines
indicating a power law dependence,

{(ty~877,

in accord with the theoretical predictions of ref.
{6] for two-dimensional maps.

In the experiments described until this point
the choice of the regulator poles (eigenvalues of
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Fig. 12. Double rotor map: histogram of the time to achieve
control T of a sample of 8192 orbits. The fixed point con-
trolled was [(0.1);4|. The regulator poles correspond 10
projection onto the stable manifold. [8 =10, f,=9.0. eq.
(4.4)].

b
(=]
(=}

A — BK") corresponded to projection onto the
stable manifold of the fixed points. That is, the
stable cigenvalues of matrix A were left un-
changed, and the unstable gigenvalues were

shifted to zero.
In our next set of experiments we looked at

how different choices of regulator poles affect

7.0k
__ 60t
€
A
&
< s0b
4.0t oo,
i 1 1 1 D‘:ﬂn
2.0 1.0 0.0

logm d

Fig. 13. Double rotor map: log,. () versus log,, & for con-
trol of the fixed points (O) [{0, 1) 1], (&) {{0.1):4]. The
regulator poles correspond to projection onto the stable
manifold. The straight lines are least square fits to the data
[excluding the last nine data points in the case of (O,
[/, =90, eq (3.4)]
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the average time to achieve control. We consid-
ered the fixed peint [(0, 1); 4] with two unstable
eigendirections and kept two of the regulator
poles equal to the two stable eigenvalues of the
fixed point. As regards the other two regulator
poles, u, and p,, three cases were considered:

(I u.=0,
(D) =g -
(HI) g, = — g, -

u, was then allowed to vary in the interval
(—1,1). The results of the experiments are
shown in fig. 14. In cases (I) and (II) the average
time to achieve control essentially increases with
u,, indicating behavior similar to that found for
the Hénon map in fig. 2. In case (III) the
average time to achieve control passes through a
broad minimum. (Note that the point u, = u, =
0, which is common to the three cases, corre-
sponds to projection onto the stable manifold.)

4.5. f,-uncontrollable fixed points

We saw that the set of four fixed points with
rotation numbers N = (0,0) could not be con-

6.0
5 oF e -
=] - LY ao .8
o . S FY
= fasey a: .
4.0_ nouu:' a
8:99839“““
3.0 ; ‘ N .
1.0 -06 -02 02 0.6 1.0
My

Fig. 14. Double rotor map: log,,(r) versus u, for (M
=0, (0) fa = gy, (D) =y The other two regulator
poles were kept equal to the stable cigenvalues of the
uncontrolled map. The fixed point controted was [(0, 1); 4]
{8=10.f=90.¢eq. (4.3)]
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trolied by changes in the parameter f, because
the controllability matrix at these points is identi-
cally zero.

We show now that these fixed points can be
controlled by modifying the double rotor map to
allow for kicks with variable direction and then
taking the direction of the kicks to be the control
parameter, with the nominal value correspond-
ing to the previously fixed direction.

Let us assume that the direction of the kicks
makes an angle ¢ with the vertical downward
direction. Going back to the derivation of the
double rotor map in Appendix B, it is easy to
verify that the introduction of kicks with variable
direction can be taken into account by simply
replacing the function G used in the definition of
the map and given by eq. (4.2) by the new
function

% oo (€ sin(x, — dt))
“X*(Qﬁmﬁ—w)‘
Taking ¢ to be the control parameter with varia-
tions around the nominal value = 0, the appli-
cation of the method now involves the following
quantities:

“=(m}n L+$%nuy

ﬁ(j*)z-&(t‘ cosx,, 0 )

I 0 i, co8 Xy,
l - !
BT=(0 0 —f%cosxl* —j%cosfz,,).

The fixed points are now all controilable by small
perturbations of the parameter # around the
nominal vaiue ¢ = 0.

Figs. 15a, 15b illustrate the control of the fixed
points {(0, 0); 3] and [(0,0); 4] by kicks of vari-
able direction. The parameter perturbations
were programmed to control the first of these
points from i =0 to i = 10" and the second from
i=10"to i =2x10"

u ¥

S A ¢ VN S ) B
| (@)

[ 3 -

xy

0.0 04 08 12 16 20
x104

Fig. 15. Modified double rotor map: successive control of
fixed points (1) (0. 0); 3], (2) [(0.0); 4] by kicks of variable
direction. The arrows indicate the times of switching. The
regulator poles correspond to projection onto the stable
manifold {8 = 0.05, f, =9.0, eq. (4.4)].

5. Discussion

The transient phase where the orbit wanders
chaotically before locking in to a controlled orbit
can be greatly shortened by applying the tech-
nique discussed by Shinbrot et al. [25]. In the
latter paper it was pointed out that orbits can be
rapidly brought to a target region on the attrac-
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tor (in the present case the neighborhood of the
periodic orbit which we wish to stabilize) by
using small control perturbations when the orbit
is far from the neighborhood of the periodic
orbit to be stabilized. The idea was that, since
chaotic systems are exponentially sensitive 10
perturbations, careful choice of even small con-
trol perturbations can, after some time, have a
large effect on the orbit location and can be used
to guide it. Thus the time to achieve control can,
in principle, be greatly shortened by properly
applying small controls when the orbit is far from
the neighborhood of the desired periodic orbit.

One issue which we have not addressed is the
effect of noise. If the noise remains smail, it may
not be sufficient to kick the orbit out of the
neighborhood of the chosen pernodic orbit where
the control is activated. In this case, the orbit
remains near the desired periodic orbit indefi-
nitely. However, it may be that the random
noise is such that it may occasionally kick the
orbit far enough away from the periodic orbit
that the orbit falls outside the small controlled
phase space region. In this case, after the orbit is
kicked out of the controlled phase space region,
it wanders chaotically over the attractor until it
fails in the controlled region again. Thus there
are epochs where the orbit is kept near the
desired orbit interspersed with epochs wherein
the orbit wanders chaotically far from the de-
sired orbit. If the latter are, on average, relative-
ly much shorter than the former. then one might
still regard the control as being effective. See ref.
[6] for numerical experiments on this effect using
the Hénon map. We also remark that the proce-
dure discussed in the previous paragraph [25] can
be used to greatly reduce the duration of the
noise induced epochs where the orbit bursts out
of the controlled phase space region.

In this paper we have considered the case
where there is only a single control parameter
available for adjustment. While generically a
single parameter is sufficient for stabilization of a
desired periodic orbit. there may be some advan-
tage to utilizing several control variables. There-

84

fore. the single control parameter p becomes a
vector (e.g., ref. [26] discusses the case where
the number of control parameters is equal to the
number of unstable eigenvalues). In particular,
the added freedom in having several control
parameters might allow better means of choosing
the control so as to minimize the time to achieve
control, as well as the effects of noise.

Finally we wish to point out that full knowi-
edge of the system dynamics is nOt necessary in
order to apply our technique (see also ref. [6)).
In particular, we only require the location of the
desired periodic orbit, the linearized dynamics
about the periodic orbit, and the dependence of
the location of the periodic orbit on small vari-
ation of the control parameter. Recently, delay
coordinate embedding [19, 27} has been utilized
in several experimental studies (refs. [8, 28-31))
to extract such information purely from observa-
tions of experimental chaotic orbits on the at-
tractor without any a priori knowledge of the
system of equations governing the dynamics, and
such information has been utilized to control
periodic orbits [9]. Hence, application of our
method is pot limited to cases where a complete
knowledge of the system is available.

In conclusion, we have demonstrated that cha-
otic dynamics can often be converted, by using
only a small feedback control, to motion on a
desired periodic orbit. Furthermore, by switch-
ing the small control, onc can switch the time
asymptotic behavior from one periodic orbit to
another. In some situations, where the flexibility
offered by the ability to do such switching is
desirable, it may be advantageous (o design the
system so that it is chaotic. In other situations,
where one is presented with a chaotic system,
the method may allow one to eliminate the chaos
and achieve greatly improved behavior at rela-
tively low cost.
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Appendix A. Time to achieve control in the case
of two-dimensional maps

We assume that control is achieved if the orbit
remains in the siab (2.8) for two consecutive
iterations of the map. The two conditions

K (Z-Z(p)<8. |K'(Z -Z(PN<8,
(A.1)

define a control *‘parallelepiped” P, where Z' =
F(Z, p). For small 8, an initial condition will
bounce around on the set comprising the uncon-
trolled chaotic attractor for a long time before it
falls in the control parallelepiped P. At any
given iterate the probability of falling in P is
approximately the natural measure (see, for ex-
ample, (17, 18, 23]) of the uncontrolled chaotic
attractor contained in P.. If we follow many
orbits this probability w(P,) also gives the rate at
which these orbits fall into P,. Thus p(P.) is the
inverse of the average time for a typical orbit to
first fall in P,

()" = u(P). (A.2)

An estimate for g(P.) can be given in the two-
dimensional case [23]:

4! dy_du,, (A.3)

w(P)~ | oo lo,

P

«

where v, and v, denote linear coordinates in the
stable and unstable directions. In here d and 4,
are the pointwise dimensions [1] for the uncon-
trolled chaotic attractor at the fixed point in the
unstable and the stable directions, respectively; p
is a normalizing constant. Assuming that the

S¥

attractor is smooth in the unstable direction we
have d =1, while d_ is given in terms of the
eigenvalues at the fixed point [1, 17. 18] by

_ _log, A
* o log, (1/[A])

In order to determine the control parallelepiped,
we need to obtain Z' in the neighborhood of the
fixed point Z.(p) with a better approximation
than that provided by the linear map (2.3). We
therefore take

V' =AV+B(p—-p)+ Q. V)+ iD(p-p) .
(A4)

where
V=Z-Z.p). V'=Z' -Z.p),
A, B were defined by (2.4), (2.5) and Q, D are

two vectors with components q,, d, (k=1,2)
defined by

2 2
g.= S 2 oo
. v
= 8x 0xla e T
LT
kT3 s
ap” @ (5r.e

in here x,, f,. and v, (k=1,2) denote the
components of the vectors X, F and V. Using
(2.6) to eliminate p— p from eq. (A.4), we
obtain

V' =AV + 1Q(V.V)- B(K"V) + ID(KVY .
(A.5)

The control “parallelogram” P_ will therefore be
defined by the two equations

K'Vvi<s ., [K'V'|<5. (A.6)
In order to compare with the numerical ex-

perimental results described in section 3 we have
carried out the calculation of (A.3) in the case of
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the Hénon map. Writing this map in the form
(xl) (f](xrx:)) ‘a—xf-*bL)
> = T
X2 flxy. %) \ X

and taking a to be the control parameter while b
is kept fixed, we obtan

2%, b 1
a= (77 ) 2= (o)

0 —2u}
D;(O)' Q(V,V}:( 0‘-;'1)1
K'V=ku, + k..

KTV = —kvl+ (k,— ki ~ 20,k
+k(b— kv,

Also we note that for the Hénon map the vari-
ables (v,,v,) and (v, v,) are related by

vy AYe AYe(Us

(Uz)=(1@ Y, (v) (A7)
where

7§:(1+A§)—l!2- _Yu:(l_i_Ai)fUZ.
Letting

E=v,, n=v,+w,. =kik,.

and using (A.7) to change the variables of inte-
gration, eq. (A.3) can be written in the form

—-r

w(P.)~ o ﬁLll? J (£ — | dé dy,
" (A.8)

where

1l
+

N e
>-|....

and

11 ‘.
o pvutﬁul[n(f\g A

The integration in the variable in the direction
of the straight lines KV = =8 can be done exact-
ly. On the contrary, except in the case k, =0,
the integration in the other variable does not
seem to be possible in closed form. We have
therefore resorted to numerical integration to
obtain the results presented in fig. 16 (sec

below).

1.5
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K" 1=IKY

K" =1.0

0.0
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0
1.5
(b}
/,e=150.0'
1.0 /"'6=190.0_; 8=168.0°

/ T a1

e
o
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K
Fig. 16, Hénon map: (theoretical) curves of log,, ({7)/
{T),) vetsus g =arg(K") with |K"| fixed (a) and of
log,,({r)/{r},) versus IKT| with @ fixed (b). The x (+)
denotes the reference value.



i88 F.J. Romeiras er al. © Controlling chaotic dvnamical svstems

An accurate analytical approximation can be
obtained in the case t = —A, (slab parallel to the
stable manifold) in the limit 6 —0:

(P~ p,g(u,) 871 +0(8)], (A.9)

where g is the function defined by

— z (1+f-’-1)7_(1-ﬂ-1)y
glm) Y m([A )+ )

By < gty <O 0< gy <paypy

g(0)=4lA, |77,
and
y=4d +1
po |7 1 A
ST
— + i 1
= <14 Ty 85 06")

r
#1M=1—|T'l—+—15+0(52).

The dependence of w(P,) on 8 given by (A.9) is
precisely that predicted in ref. [6]. The depen-
dence of w(P.) on w, shows very good agree-
ment with the experimental results - see fig. 2.
Note that in plotting the theoretical curve we
used as normalizing constant p, that obtained by
least square fitting the theoretical curve to the
experimental points.

We have used eq. (A.8) to study the depen-
dence of (7) = 1/u(P,) on the gain vector K. In
fig. 16a we have plotted curves of (7) versus
8 = arg(K ") with |[K'} kept fixed and in fig. 16b
curves of (r) versus [K'| with 8 kept fixed. (1)
was normalized to its value at the point Q (see
section 3 and fig. 1). The results show that {r)
exhibits a strong minimum at § = 6, for all val-
ues of {K"| and increases slowly with |K | for all
values of 8, in agreement with the experimental
results of figs. 3 and 4.
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Appendix B. Numerical method for caiculating
(7

In this appendix we describe the procedure
used in sections 3 and 4 to numerically obtain the
average time to achieve control, (7).

From (2.10) we obtain the fraction of chaotic
transients with length smaller than some vaiue
r

max?

Tmax

T

P = f ¢(1’)d‘r=1—exp(— ﬁa—;),

and the average length of the chaotic transients
with iength smaller than 7

max?

Tmax

() = f rd{r)dr

Tmax
1

Tmax — TITIEX
= <’>[1‘(1+<_T>')e""( m)]'
Combining these two equations we obtain

~ () e
T I-(1-p, J1-log(1-p, )]’

{r)
(B.1)

which is the required formula. Note that p, =1,
(r).=(").

The numerical procedure to calculate the aver-
age time to achieve control is as follows. Take a
large number N, of randomly chosen initial con-
ditions and iterate each of them with the uncon-
trolled map [i.e., with Z— F(Z, p)] a sufficient
number of times until they are ail distributed
over the attractor according to its natural mea-
sure. Then switch on the control as specified by
(2.9) and determine how many further iterates
are necessary for N, = N, orbits to fall within a
circle of small radius centered at the fixed point.
Letting 7. be this number of iterates and {;}
with j=1...., N, be the times required for the
N, orbits to fall within the small circle, we have

[ 3 B2 L B 18 . 4 28] WEEE YEIEE W W W W Y N S —— v ———
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1 N 1 ]
lating i
o, =5 (7). :*ZT.
max IM” max 'Vf oy ;
ocedure Finally we use eq. (B.1) to obtain {7). In our
tain the numerical experiments described in sections 3
and 4, we took N, =192, N, =121, values that

chaotic led to a good compromise between accuracy and
e value computation time.

Appendix C. Derivation of the double rotor
map

The equations of motion of the kicked double

ansients rotor are

d aL) dL aF
-l === j=1,2, 1
w555 =t ()
where the Lagrangian function L is the differ-
ence between the kinetic energy,

K(él* 92 = 21'2119? + %Izég ,

n and the potential energy,
V(8,8 t)= (I cos 8 +1,cos 6)f(1),
(B.1) Le., L =T~ V, and Rayleigh’s dissipation func-
tion Fis
p. =1
F(8,,6,)=4v167+ 100,06, 6,).
1€ aver-
.Take a The sequence of forcing kicks is given by the
ial con- semi-infinite comb of delta functions of period T
uncon- and strength f;,
afficient
:ributed >
Al mea- oy =f, 2 8= kT). (C.2)
ified by )
iterates In here [, and I, are the moments of inertia.
vithin a
i point. L=(n, +m)l . L=mill,
nd {r}
for the and v,. v, are the coefficients of friction.
ve have Elimination of L and F from (C.1) yields

60

g(él _(—(vl+V313/11) vzlz,/[])(él)
dr él)_ ¥y Ty 6,

({,/1,)sin@
+ f(r)((lilli)sin 92)'

We now proceed to integrate eq. (C.3). For
simplicity we take [, =1, = 1.

Since the effect of the kicks is instantaneous
(ie.. A =0.fort=kT. k=1,2,.. )egs. (C.3)
are linear between successive kicks. In particu-
lar, for 0<¢t< T, eqgs. (C.3) reduce to

d {6\ _ 9;)
diay*(g'

A”___(—(V, +v) ) (C.4)

Py s

(C.3)

This system can be easily solved by the usual
methods for linear differential equations with
constant coefficients. Denoting by 6,(0), 6,(0)
the initial angular velocities this solution is

él(t)) (91(0))
. =Ll ; , C.5
(o) =050 (©2)
where
L) =2 We''.

=1
A, A, are the eigenvalues of matrix A,

Al}: — iy +2p, = A),
2
A=(v] +4v})"?,

and W,, W, are the constant matrices

w=(h g w5 )

where

Al _ (e n __n
d}‘ (1_A), b=-2.

The position of the rods is obtained by integra-

[t
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tion of eg. (C.5). Denoting by 6,(0), 6.(0) the
initial positions one obtains

(4) =m0 (50« (260

where

(C.6)

=1

2 A
M) = [Lisyae=2 W, S
0 =1 f
Eqs. (C.5}), (C.6) completely describe the mo-
tion of the rotor for 0 <t < T (before the first
kick).

At = T the kick instantaneously changes the
angular velocity of each rod but not its position:
that is, the angular velocity of each rod is discon-
tinuous at ¢ = T, while the position is continuous.
Denoting by 6(T "), 6(T~), j=1.2 the values

of 6,(1), 8,(¢) just before and just after the kick at
t=T, we therefore have
G(TT)=6(T")=6(T). (C.7)
Q(T*)—Q(T*)J—;ljsinq(r), (C.8)
forj=1,2.

The solution of egs. (C.3) for T <t<2T is
identical to the solution of the linear system eq.
(C.4) for 0 <¢< T except that the initial condi-
tions 6.(0), Q.(O), j=1,2 are replaced by 6(T),
8(T"), j=1.2.

The solution of eqs. {C.3) is a composition of
the solution of egs. (C.4) with the effect of the
kicks at t=T,2T, . ... To study the dynamics of
the rotor it is natural to consider only the state of
the system immediately after each kick. Thus we
obtain from (C.5)-(C.8) the double roior map,

gl b % i
(Gtkﬂl =M(T) 8‘“ (9(:&}) ,

gl 6N fy (1, sin @ "
(G =G )+ 2 (ool

(C.9b)

{C.9a)
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where
(ky L
9, —B,-(kT). j=1.2

are the positions of the rods at the instant of the

kth kick, and

Y _ g - =
8" =8T"), j=L2

are the angular velocities of the rods immediate-
ly after the kth kick.

Appendix D. Stability of fixed points for the
double rotor map

The coefficients of the characteristic equation
(4.8) depend on the fixed point and on the
forcing f, only through the two non-zero ele-
ments of the matrix H, which we are going to
denote by h,, and h,,. The discussion of the
stability of the fixed points is conveniently car-
ried out in the plane (h,,, h,,) by considering the
intersections between the lines of marginal
stability of the characteristic equation {where
one of the roots has modulus unity) and the
“orbits” described by the paths followed by the
fixed points as the forcing f; is varied.

The “orbits” of the fixed points can be ob-
tained by first eliminating x, (j =1, 2) between
the two equations
=fo. h;= f}‘l [ cosx,

fosinx,, i

with the result

! ) -
hu=t?’(f(2)_f(2]f)ll- ji=12,
and then eliminating f, between these two equa-
tions, with the result

(h!g;)l - (h!_ll‘): = '13 fm foz)

which is the equation of the hyperbola described

a4

o rr——————————
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by each fixed point in the plane (4. h.,) when
f, is varied. It should be pointed out that svm-
metric fixed points with respect 10 (X 4 X240 ¥
Vo ) (2m—x ., 1T Xl Vi —¥:.) de-
scribe the same “orbit.”” The lines of marginal
stability are defined by the equation (see eq.
(4.8bY)
P(e")=0, (D.1)
where « can take values in the interval [0, 27).
When « =0 or a =7 this equation simplifies
considerably. We obtain:
(i) P(1)=0=|HM| = |H||M|; as [M| #0

this implies

iy =0,

(i} P(-1)=0=[2(1+ L) + HM| = [H + R||M[,
where

R=2(A,+2M"};
writing R={r }, ., this leads to
Byhay +rahy s (rg i — rarn)=0.

When « #0. 7 it can be shown that the eq.
{D.1) has no solutions in the (real) plane
(h,,. h..); that is, there are no lines of marginal
stability with a # 0, 7.

In fig. 17 we have plotted in the plane
(h,,, hs) the lines of marginal stability P(1)=
P(—1) =0 (for the parameter values given by eq.
(4.4)). The bounded region between these lines.
which is the shaded region in the figure. is the
only region of the plane where all the roots of
the characteristic equation have modulus smaller
than unity. We have also plotted the “orbits™ of
the first five sets of fixed points. the arrows
indicating the direction the forcing increases: the
critical values of (h,,, h..)} at f, = f,, which
occur on the lines P(1) =0, are given in table 1.
We see that of all these orbits only two cross the
shaded region: one corresponds to the fixed

&L

10 \._L/
hzz/
0,0y (1,2}
EEVH BN h“h
As-l
-10
-10 10

Fig. 17. Double rotor map: stability diagram of the fixed
points with rotation numbers {n,. 7.) [fi =90, eq. (4.4)].

point [(0,0);4]; the other to the fixed points
[(1,2);4] and [(-1, —2);1]. These fixed points
are therefore stable while their “orbits” remain
in the shaded region and become unstable when
the “orbits” cross the line P(—1)=0; that is,
they are stable in a finite interval of values of f,
fo. < fo < f,.. The other fixed points are unstabte
for all values of f,. The values of f,, are also
given in table 2.

Fig. 17 only applies for the particular values of
the parameters given by egs. (4.4). For other
values the relative positions of the lines of margi-
nal stability and “orbits” of fixed points are
different. and fixed points with other rotation
numbers may be stable. In general, we can make
the following statements regarding the stability
of the fixed points: those with rotation numbers
(0,0) are stable over an interval 0<f, < flO,
all the others are either stable over an interval

fmen) o f o< f (! or are always unstable.
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Chaotic experimental systems are often investigated using delay coordinates. Estimated values of the
correlation dimension in delay coordinate space typically increase with the number of delays and cventu-

ally reach a plateau (on which the dimension estimate is relatively constant) whose value is commonly
taken as an cstimate of the correlation dimension Dz of the underlying chaotic attractor. We report a

rigorous resuit which implics that, for long enough data scts, the plateau begins when the number of de-
lay coordinates first exceeds D;. Numerical experiments are presented. We also discuss how lack of
sufficient data can produce results that seem to be inconsistent with the theoretical prediction.

PACS numbers: 05.45.+b

The estimation of the correlation dimension [1} of a
presumed chaotic time series has been widely used by
scientists to assess the nature of a variety of experimental
as well as model systems, ranging from simple circuits to
chemical reactions to the human brain. It is also known
that many factors, such as noise and a lack of data, can
hinder the successful application of the dimension extrac-
tion algorithm. In this paper, we address two issues relat-
ed to the understanding of these difficultics, namely, what
happens in an ideal situation (i.c., long data string with
low noise) and what could be expected when the data set
is small. In particular, we focus on the character of the
dependence of the estimated corrclation dimension on the
dimension of the delay coordinate reconstruction space.

Consider an n-dimensional dynamical sysiem that cx-
hibits a chaotic attractor. A correiation integral Cle) m
is defined to be the probability that a pair of points
chosen randomly on the attractor with respect to the nat-
ural measure p is separated by a distance less than € on
the attractor. The correlation dimension D; [1] of the at-
tractor is then defined as D;=lim,_ glogC(¢)/loge. As-
sume that we measure and record a trajectory of finite
duration L on the attractor at N cqually spaced discrete
times, {x,}/%,, where x; € R". The correlation integral
C(e) is then approximated by

’ N

N(N—l);z'u-g‘ﬂe(f Ixi—x;1), ()
where ©(x) =1 for x > 0 and 8(x) =0 for x <0. In the
limit L, N— o, C(N,¢)— Cle).

The dynamical information of a chaotic experimental
system is often contained in a time series, by =y (e 5,
obtained by measuring a single scalar function y =h(x)
where x € R" is the original phase space variable. From
{y /& one recounstructs an m-dimensional vector y; using
the delay coordinates [2,3]

C(N,e)=

yi=pl) @ =T, ... yli—m—=1DTH, (¥

3872

where T > 0 is the delay time and m is the dimension of
the reconstruction space. We call the mapping from {x}
in R* to ly} in R™ the “delay coordinate map.” Results
in Ref. [4] show that, for typical 7>0 and m > 2D, this
delay coordinate map is one to one. Here Dy is the box-
counting dimension of the original chaotic attractor.

Our main focus is to estimate correlation dimension
from a time serics using delay coordinates [Eq. (2)]. As
a point of departure for subsequent discussions, we first
report a theorem (5,61 which shows that, for estimating
the correlation dimension, m=D2 suffices. We em-
phasize that this result holds true irrespective of whether
the delay coordinate map is one o one of not. This is
contrary to the commonly accepted notion that an
embedding (one 10 onc and differentiable) is needed for
dimension estimation, leading to the false surmise that m
needs to be at least 2D3+ 1 to guarantee a correct dimen-
sion estimation (sec (7] for further discussion).

Consider an n-dimensional map G:R"— R". Let Abe
an attractor of G in R” with a natural probability mea-
sure p. For a function h:R"— R, define a delay coordi-
nate map Fi :R"— R™ as

Fy(x) =[r(x),2(G '), ... (G —m=1(x))}.

The projected image of the attractor A under Fj has an
induced natural probability measure Fa (p) in R™.
Furthermore, assume that G has only a finite number of
periodic points of period less than or equal to m in A.
The following result then applies.

Theorem.—1f D1(p) <m, then for almost every h,
D(Fx(p)) =D,(p).

The theorem says that the correlation dimension is
preserved under the delay coordinate map with m
= D,{p). Similar results hold for flows generated by or-
dinary differential equations. “Almost every” in the
statement is understood in the sense of prevalence defined
in Ref. [4]; roughly speaking, we can regard this “‘almost
every” as meaning that the functions h that do not give

0031-9007/93/70(25)/3872(4)$06.00
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the stated result are very scarce and are not expected to
occur in practice. The above dimension preservation re-
sult aiso holds for almost all general projection maps
meeting the condition in the theorem. To illustrate, con-
sider a closed curve with a uniform measure in R®. The
dimension of this curve is 1. The projected image of this
curve onto the plane still has a dimension of | but is gen-
erally self-intersecting. Thus the map is not one to one
but preserves dimension information. One can further
project the image to R' and obtain an interval, which
again has a dimension of 1 but bears little resemblance to
the original curve in R3.

In applications D, is commonly extracted from a time
series as follows (sce Refs. [8-11] for reviews). First, an
m-dimensional trajectory is constructed using Eq. (2).
Then, the correlation integral C(N,€) is computed ac-
cording to Eq. (1), where m indicates the dimensionality
of the reconstruction space. From the curve logCu (N, €)
vs loge one then locates a lincar scaling region for small ¢
and estimates the slope of the curve over the lincar re-
gion. This slope, denoted 5™, is then taken as an esti-
mate of the correlation dimension D™ of the projection
of the attractor to the m-dimensional reconstruction
space. If these estimates D, plotted as a function of
m, appear to reach a plateau for a range of large enough
m values, then we denote the plateaved value D; and take
Dj an estimate of the true correlation dimension D; for
the system. From the theorem it is clear that the on-

where Ceil(D;), standing for ceiling of D5, denotes the
smallest integer greater than or equal to Dj,

Our original interest in the current problem was
motivated by published reports (sce Refs. [12-17] for a
sample) where i} plateaus at m values that are consid-
crably greater than D;. A particular concern is that,
when this happens, what does it imply regarding the
correctness of the assertion that D; is an estimate of the
true correlation dimension D3 of the underlying chaotic
process? In an attempt to answer this question we have
obtained new results on the systematic behavior of the
correlation integrals. Based on these behaviors we are
able to explain how factors such as a lack of sufficient
data can produce results, resembling those seen in the ex-
perimental reports cited above, which seem to be incon-
sistent with the theorem. Furthermore, we find that even
in cases where the platcau onset of D™ occurs at m
values considerably greater than Ceil(D;), there are situ-
ations where the platcaved B, is a good estimate of the
true correlation dimension D3, See Refs. [18-25] for
other relevant works addressing the issuc of short data
sets and noise.

To study the numerical aspects of dimension estimation
we use chaotic time scrics gencrated by the Mackey-
Glass cquation [26] dy{(r)/di=ay(e— o)1+ [y
— )19 —by(s), where we fix a=0.2, b=0.1, c=10.0,
and r =100.0, and take as the initial condition y(r) =0.5
for ¢ € [—1,0). The numerical integration of this equa-

set of this plateau should ideally start at m=Ceil(D,), | tion is done by the following iterative scheme [1]):

2~ bét ay(t—1)

y(t+61)= y{t)+

St
2+ bét 2+bdt { 1+l ="

where 5t is the integration step size. We choose 5t =0.1.
Equation (3) is then a 1000-dimensional map, which,
aside from being an approximation to the original equa-
tion, is itself a dynamical system. The time scries, gen-
erated with a sampling time t, = 10.0, arc normalized to
the unit interval so that the reconstructed attractor lies in
the unit hypercube in the reconstruction space. The norm
we use to calculate distances in Eq. (1) is the max-norm
in which the distance between two points is the largest of
all the component differences. To reconstruct the attrac-
tor, we follow Eq. (2) and take the delay time 1o be
T =20.0 The dimension of the reconstruction space is
" varied from m =2 to m =23.

The first time series, used to illustrate the theorem,
consists of 50000 points. For each reconstructed attrac-
tor at a given m we calculate the correlation integral
Cm(N,¢) according to Eg. (1). In Fig. 1 we display
log2Cm(N,€) vs logze for m=2-8, 11, 15, 19, 23, For
each m we identify a scaling region for small ¢ and fit a
straight line through the region. The open circles in Fig.
2 show the values of Di™ so estimated as a function of
m. For m=<7, D" =m. For m=3, D™ plateaus at
D, which has a value of about 7.1. Identifying Dy with
the true correlation dimension D of the underlying at-

aylt—t+61) }' )

1+ [yG —c+50))"°

tractor, this result is consistent with the prediction by the
theorem that the onset of the plateau occurs at
m=Ceil(D,).

The second time secries, used to illustrate the cffect

logy Cp,(N€)

log, €
FIG. 1. Log-log plots of the correlation integrals Ca{N.¢)
for the data sct of 50000 points generated by Eq. (3).

3873

¢S

T O T W e w—w— W

WENAE 7T T T W W e w

TH AN T W W T v



VOLUME 70, NUMBER 25

PHYSICAL REVIEW LETTERS

21 JUNE 1993

10 T
8k
L oo
6 Q
L 0.
_ A
D(2m) L gb
4+ a
F 8
2r &
L
0 L 1 1 1
0 5 10 15 20 25

m

FIG. 2. D{™ vs m plotted as open circles for the long data
set (N =50000 and Fig. 1), Df™ vs m plotted as triangles for
the short data set (N =2000 and Fig. 3).

due 1o a lack of data, consists of 2000 points. The
logzCm{N,€) vs logze curves are shown in Fig. 3 for
m=2-6, 8, 11,15, 19, 23. The values of D™ in this case
are plotted using triangles as a function of m in Fig. 2.
This function attains an approximate plateau which be-
gins at m =16 and cxtends beyond m=25. The slope
averaged over the plateau is about 7.05 which is con-
sistent with the value of 7.1 obtained using the long data
set (N =50000) plotted as open circles in Fig. 2. But the
D; estimates for the short data set fall systematically un-
der that for the long data set for S<m=13. Thus the
plateau does not begin until m is substantially larger than
Ceil(D,). This behavior has also been seen in many ex-
perimental studies. In what follows we explain the origin
of this apparent inconsistency by exploring the systematic
behavior of correlation integrals.

Figure 4 is a schematic diagram of a set of correlation
integrals for m=2tom=13. A dashed line is fit through
the scaling region for each m. For m=35, 51("' =m.
For m= 6, D™ plateaus at Dy=5.7. This value is an
estimate of the true D; for the system. This figure exhib-
its several features that are typical of correlation inte-
grals for chaotic systems. The first feature we note is
that the horizontal distance between logCpm (V.e) and
logCm+1{N,€) for m = 6 in the scaling regions is roughly
a constant. This constant is predicted, for large m and
small ¢, to be Ah =Av/D;, where 8v=TK> with K3 the
correlation entropy (27] and T the detay time in Eq. (2).
Two other significant features exhibited by Fig. 4 are as
follows. For m <9, logaCm (N, €) increases with a gradu-
alty diminishing slope; while for m = 11, after exiting the
linear region, the log-log plots in Fig. 4 first increase with
a slope that is steeper than that in the linear scaling re-
gion and then level off to meet the point (0,0). These two
different trends give rise to an uneven distribution in the
extent of the scaling regions for different m with the most
extended scaling region occurring at m = 10.

In Refs, [8.28] arguments are prescnted to show that
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FIG. 3. logaCm (N, €} vs logae for the data st of 2000 points.

the trend obscrved for relatively small m is due to an
“edge effect” resulting from the finite extent to the recon-
structed attractor. Ding et al. [5] show that the steeper
slope observed for relatively large m is caused by foldings
occurring on the original attractor. This can be illustrat-
ed analytically {5] for the tent map [29]. For m=1, the
correlation integral for the reconstructed tent map attrac-
tor is Cile)=e(2—¢). For m™2, C2(e) is written as
Cile) =C\(e/2)+R{¢). The first term arises because a
pair of points y; and y; in the time series satis!:ying
ly;—wil < ef2 give rise to a pair of two-dimensional
points, y;+1={p+1p4 and yre o [y 41,91, satisfying
fy;+1 —¥r+1l <& The folding of the tent map at y = ¥
leads to situations in which ly; —yi| > /2, but Iyy+1
~ 141} < €. Thus the folding in the attractor underlies
the correction term R(¢) which is calculated [S] to be
R(e)=e?/2 for 0<e< { and R(e)=3e—7Te/a— 1 for
$<e<l. For 0=¢< , dlongz(c)/dlogze-l+e/
(2+¢). This derivative is | when e=0 (D=1 for the at-
tractor) and increases duc to the term &/(2+ ¢} whose
presence reflects the influence of R(e) which, in turn, is
caused by the foiding on the attractor.

From Eg. (1), the range of C(N,€) is logs2/N?

logg €
FIG. 4. Schematic diagram of cortelation integrals.



VOLUME 70, NUMBER 25

PHYSICAL REVIEW LETTERS

21 JUNE 1993

= logsC,.(N,e) = 0. Imagine a time series of N =2000
points gencrated by the system underlying Fig. 4. The
plots of logCm(N.€) vs logze for this data set roughly
correspond to the portion of Fig. 4 above the horizontal
line drawn at logaCm (N, ) =log2[2/(2000)%] = —20.
Since the upper boundary points of the scaling regions for
m =6 and 7 are under this horizontal line, the correct di-
mension is not obtained for m =6 and 7. In fact, if we fit
a straight line to an apparemt linear region above
log2Cm (V,€) = — 20 for m =6 we obtain a slope which is
markedly smaller than the actual dimension. However,
since the upper boundary points of the scaling regions for
m = 8 are above the horizontal line, we can still expect to
obtain the correct estimate of D3;=35.7 for m=28. Thus
the plateau onset is delayed due to a lack of data.

The same consideration applies to the short data sct
generated by Eq. (3). In particular, imagine that we re-
strict our attention to the region log:Cy(N,e) > =20 in
Fig. | and fit a line through an apparent lincar range for
the m =8 data in this region. The slope of this straight
line is about 5.9, which is roughly the same as that of 5.8
estimated using 2000 points. Thus, by knowing the corre-
lation integrals for a large data set, we can roughly pre-
dict the outcome of a dimension measurement based on a
smaller subset of this data.

We remark that if one extends the range of m values
beyond what is shown in Fig. 2, at large enough m, pim
will start to deviate from the plateau behavior and in-
crease monotonically with m. This is caused by the finite
length of the data set and can be understood from the
systematic behavior of correlation integrals seen in Fig. 4,
A lack of sufficient data will not only delay the plateau
onset, but also make the deviation from the platcau be-
havior occur at smaller values of m, thus shortening the
plateau length from both sides. This can again be under-
stood with reference to Fig. 4.
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