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LYAPUNOV CONTROL IN ROBOTIC SYSTEMS:
TRACKING REGULAR AND CHAOTIC DYNAMICS

HENK NIJMEIJER", HArRrY BERGHUIS*"

Lyapunov-type controllers for trajectory tracking of rigid robot manipulators are
described. The so-called passivity-based controllers exploit the desired physical
energy of the robot system. A discussion about tracking control in the absence of
complete state information and model knowledge then leads to practical stabil-
ity. It is shown that these Lyapunov-type controllers can also be used in other
mechanical systems as e.g. the controlled Duffing equation. In that case the
controller can be used as a tool for creation or annihilation of chactic dynamics.

1. Introduction

Over the last decade a lot of research has been done on designing sophisticated control
strategies for rigid robot manipuiators, see e.g. (Berghuis, 1993; Ortega and Spong,
1989; Spong and Vidyasagar, 1989) and references therein. In particular, for the
tracking control problem of a rigid robot manipulator one may distinguish several
controller schemes. Perhaps the best known method is the so-called computed torque
controller (see Spong and Vidyasagar, 1989), which is essentially based upon feedback
linearization of the robot model (cf. Nijmeijer and van der Schaft, 1990). Despite its
mathematical elegance and simplicity the computed torque controller in robotics does
not incorporate the physical nature of the manipulator involved. Therefore, more re-
cently tracking controllers that are using the robot’s physical structure, have been
developed. These so-called passtvsty-based controllers are constructed by the idea of
reshaping the energy of the manipulator in such a way so as to fulfil the control
objective, see (Ortega and Spong, 1989; Takegaki and Arimoto, 1981) and others.
Essentially, this energy-shaping philosophy induces a Lyapunov-type of controller de-
sign and in particular the stable tracking performance of the system in closed-loop is
shown via an often tedious but in itself direct Lyapunov-function analysis. An inter-
esting feature of these passivity-based schemes is that they are all built with a linear
state feedback {Proportional-Derivative (PD)-feedback in the manipulatot’s position)
which makes these schemes guite attractive in practice, see (Spong and Vidyasagar,
1989). In practical situations the inherent velocity-feedback — the derivative-feedback
of the manipulator’s position — may not be desirable because velocity-measurements
are impossible (or corrupted by noise). In that case the tracking controller needs to

* Dept. of Applied Mathematics, Univemity of Twente, P.O. Box 217, 7500 AE Enschede,
the Netherlands, e-meil: h.nijmeijer@math utwente.nl
** Hollandse Signaalapparaten B.V., Dept. RDT-RES-MFE-SER, P.O. Box 42, 7550 GD Hengelo,
the Netherlands, e-mait h.berghuis@hglsignaal.nl



374 H. Nijmeijer and H. Berghuis

be fed with a velocity-estimate obtained from a velocity-observer. This methodol-
ogy has been developed using Lyapunov-type arguments in (Berghuis and Nijmeijer,
1993) and will be described in Section 2. Since in practice there will always be un-
certainty in the dynamic model for the robot manipulator, a further question studied
in Section 2 is how our analysis would extend to the case where model uncertainties
are incorporated. A solution to this problem without using any model knowledge is
given that yields practical stability of the closed-loop system, see also (Berghuis and
Nijmeijer, 1994).

Given the physical basis for the aformentioned tracking controller (and the track-
ing controller-observer combination) it should not be surprising that this sort of con-
troller is of use in many other physical systems. In this paper we focuss on the Duffing
equation

Z +poz +p1Z + pax” = acos(wt) (1)

The above equation was introduced in 1918 by Duffing to describe a certain non-
linear oscillator with a cubic stiffness term. We note that we concentrate here on (1)
but we could have treated the well-know driven van der Pol equation in a similar
way. The interest of (1) ~ or the driven van der Pol equation - is that for certain
parameter values of ps, p1, p2, @ and w the dynamics (1) is complex and may
include chaotic motion, see e.g. (Guckenheimer and Holmes, 1983). Equation (1) in
itself is not controlled, but we will study its controlled version, in that we add in
the right-hand side of (1) a control function u (which in principle can be physically
realized in the system). The reason to do so is that in this way we are able to study the
tracking control of the Duffing equation. We will show in Section 3 that the tracking
controller-observer design for the controlled equation (1) parallels the developments
of Section 2. Even more, like we have seen for the manipulator dynamics, also in this
case we obtain practical stability of the closed-loop system without model knowledge
(and thus, for instance, with unknown parameters po,pi,p: and a). In particular,
the given tracking control strategies that are again of Lyapunov-type, enable us to
annihilate any complex or chaotic dynamics of (1) while tracking towards any desired
trajectory. The latter has recently been studied extensively by e.g. Chen and Dong
(1993a; 1993b) and Nijmeijer and Berghuis (1994).

It should be noted that the strong analogy between the tracking control schemes
in robot manipulators and the controlled Duffing equation is not very surprising from
a mathematical point of view since both systems are feedback equivalent to a second
order linear system (c¢f. Nijmeijer and van der Schaft, 1990). The surprising point
is that this also holds without using model knowledge. One consequence of what we
have done is that a robot system may track any trajectory of the Duffing eqn. (1)
and thus we may track periodic, complex and chaotic signals. In other words, the
Lyapunov-type controller methods used in the tracking control of robot maaipulators
can also be employed as “a route towards chacs” and conversely as a methodology in
“controlling chaos”. Both subjects have received a lot of attention in the literature,
see e.g. the survey-paper by Chen and Dong (1993b) and references therein, Ott el al.
(1990) and Singer et al. (1991). It is certainly not the purpose of the present paper
to repeat much on the control creation of chaos. It is remarkable in our opinion that

P -



Lyapunov control in robotic systems: tracking regular and chaotic dynamics 375

the physically motivated Lyapunov-type control schemes used in robotics are also of
relevance in the area of creation and annihilation of chaotic motion. In Section 4
we illustrate explicitly how chaotic motion tracking can be established by injecting a
chaotic trajectory of the Duffing equation as the desired robot trajectory. In fact, it
follows what kind of desired trajectory the overall system will follow (periodic, chaotic
...) depending on the initial condition of the Duffing equation. To illustrate our ideas
we give a few simulation examples where the Lyapunov-type controller-observer with
or without model knowledge is used to create a periodic, or chaotic motion for the
robot system. Of course, in the case when model knowledge is not used the creation
of petiodic or chaotic motion is again up to any prescribed degree of accuracy.

Ve conclude this paper with some concluding remarks in Section 5.

2. Motion Control of Rigid Robots

Consider the dynamics of an n degrees-of-freedom (DOF) revolute joint rigid robot
system

M(@)i+ C(a,4)§ +Glg) = 7 | (2)

where M(q) is the positive definite inertia matrix [nxn}, C(q,4)¢ is the Coriolis
and centripetal torques [n x 1), G(g) is the gravitational torque [nx1], and 7 is the
control input [r x 1]. The matrix C(q,§) is defined via the Christoffel symbols (see
Ortega and Spong, 1989), which implies that M (¢)—2C(q,q) is skew symmetric. For
the revolute joint system we have (e.g. Spong and Vidyasagar, 1989)

0< M <{IM()ll < My Yq€R" (3)
IC (g, 2)I| < Cullz|| Vq,z € R (4)
IG(g)ll < Gm YgeR® (5)

where in (3}, (4), (5) and in the sequel the norm of a vector z is defined as
lz|l = VzT= (6)

and the norm of a matrix A as

”A“ =V ’\mnx(ATA) {7)

With Amax(-) denoting the maximum eigenvalue. Moreover, similarly to (3), for any
symmetric positive definite matrix A(z) and for all £, A,, and Ap denote the
minimum and maximum eigenvalue of A(z), respectively, if they exist.

To let system (2) follow an arbitrary smooth reference trajectory, various model-
based control methods have been developed. Among many references we mention
(Craig, 1988; Kelly and Salgado, 1994; Khosla and Kanade, 1988; Koditschek, 1989;
Ortega and Spong, 1989; Paden and Panja, 1988; Sadegh and Horowitz, 1990; Siotine
and Li, 1987; Wen and Bayard, 1988). One of the most useful controllers is given by
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the Desired Compensation Control Law (DCCL). This controller beiongs to the class
of passivity-based controllers, and is described by (cf. Wen and Bayard, 1988)

T = M(qa)ia + C(qa, 4a)4d + G(ga) — Kaé — Kpe ‘ (8)

where g4(t) represents the desired motion, ¢ = ¢ — ¢4 Is the tracking error, and Ky
and K, are positive definite diagonal matrices [n xn}. The DCCL consists of two
parts: a linear state feedback part (also known as PD feedback) and a model-based
compensation part that is computed along the reference trajectory. This way of model
compensation is attractive for two reasons. Firstly, it permits off-line calculation of the
computationally expensive model-based components, and, consequently, it preserves
the simplicity of the PD controiler. Secondly, the use of clean reference signals instead
of noise-corrupted sensor data in the model compensation allows us to enhance the
tracking accuracy, as can be concluded from several experimental studies, see e.g.
{Leahy and Whalen, 1991; Whitcomb ef al., 1993; Berghuis, 1993).

Let us make the following assumption on the reference input.
Assumption 1. The desired trajectory signal is bounded, t.e.
Vir = suplda(0)]] < o0 (©)
Am = sup[[§a(t)fl < oo (10)
In addition, we assume

Assumption 2. The controller gains K, and K4 in (8) are relsted as
Ky, = AK4 (11)
where A is a posstive scalar.

In the sequel, we exploit the robot mode!l properties (e.g. Kelly and Salgado, 1994).

M (z)z — M(y)z|l < kmliz — vl l|z]] (12)
IC(z, v)w — Cly, z2)wli < kcllz = yllllzil {lwl| + Carliv — 2l flwlf  (13)
lG(z) — Gl < kcllz -l (14)

Then Proposition 1 can be proved (see also Kelly and Salgado, 1994).

Proposition 1. Consider the closed-loop system (2), (8) under Assumptions 1 and 2.
Define

T = [T, ()] (15)

and assume that ||z,(0)|| represents an upper bound on the initial error state z,(0).
Then under the condition

Kd,m > AMy + 200 Ve + Ql-lkl (16)

I LY
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where k) = kyAm + kcVi§ + kg, the closed-loop system (2), (8) is asympiotically
stable with guaranieed region of attraction

AM,, [Kd,,,,—,\MM_wMVM—n-'h]} (1)

— 2n
B - {zl € R f ”:1” < ISKd.M CM

Moreover, region (17) can be enlarged arbitrarily by increasing Kq; i.c. system (2),
(8) is semi-globally asympiotically stable.

Proof. The closed-loop dynamics (2), (8) are equal to
M(g)e + C(q,9)¢ + Kasy = AY (') (18)

where
AY() = (M(ga)is — M(@)da) + (C(ga, da)da
~C(3, 1)) + (Glas) - G(@))
sy =€+ Ae (20)
Using (3), (4), (5), (9), (10), (12), (13), (14) we obtain
HAY(H < (kaAm + kcVig + kg)llell + Cur Varllél|

(19)

(21)
= kllell + Cu Varllelt
Let us consider the candidate Lyapunov function
. 1 4 1 r 2
Vi(e, é) = 351 M(q)s + 2¢ (2AKq — A*M(q))e (22)
As shown in Appendix, V)(e,¢) satisfies
1 . 1
5 Prllzal® < Vale,é) < 5-”Mf|lﬂ=li|2 (23)
where P, = %Mm and Py = ﬁA'le,M.
The time-derivative of Vi(e,¢€) along (18) satisfies
Vi(e,é) = =éT (Kq = AM(9))é — (Ae)T Ka(de)
(24)

+(e + Ae)TAY () + €7 C(q, )(Ne)

where Assumption 2 and the skew symmetry of M (9) — 2C(g,9) has been used.
Employing (21) and using the sum of perfect squares, an upper bound on Vj(e, ) is
given by

. ) 1 .
Vile,e) < —(Kd,m —- AMp — 20V — 53"1‘-‘1 - Ci‘lfn)"3||)||"3”2 (25

3
"‘(Kd‘m - CuVu — *2-A_1k1)“ACHz
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This implies
Vie,€) < —(Kgm — AMy — 20 Vag — 227 k1)|21]1? + Caellza|® (26)

Hence, from (26) Vi(e,¢) is locally negative definite. This, together with the positive
definiteness of V)(e,¢), implies that the closed-loop system (2}, (8} is locally asymp-
totically stable (¢f. Khalil, 1992). Finally, because the region of attraction (17) can
be arbitrarily enlarged by increasing K4 we obtain semi-global asymptotic stability
(see (Teel and Praly, 1994) for a similar definition). [

The DCCL in (8) yields semi-global asymptotic stability. By introducing a non-
linear PD action - K||e|[*(¢ + Ae) in the control loop it is possible to establish global
asymptotic stability, see (Sadegh and Horowitz, 1990).

In practice, there will always be uncertainty iz the dynamical model (2). This
leads us to the natural question: what can be said about the stability issue in the
presence of model errors? To this end, consider a simple case in which the robot is
controlied by just linear PD feedback, i.e. (8) without model knowledge. So

T = —Kqé — Kpe (27)

Then the next proposition can be proven {(Qu and Dorsey,‘1991), which essentially
states that linear high-gain state-feedback guarantees the robot system to follow any
reference trajectory with bounded error.

Proposition 2. Consider the PD-feedback controller (27) under Assumptions 1
and 2. Then the closed-loop system (2), (27) is semi-globally uniformly ultimately
bounded or practically stable under some suitably selected (high-gain) conditidn on
the derivative controller gain Ky.

Proof (Main steps). The closed-loop dynamics {2), (27) are equal to those of (18)
except for an additional term at the right-hand side representing the model-based
feedforward component in (8), i.e.

AZ = M(qa)da + C(g4, §a)da + G(qa) (28)
According to (3), (4), {5), (9), (10} and (28) can be bounded as

|AZ|| < MMAM-FCMV,%-FGM (29)
= kz

Consequently, the bound on Ve, ¢) in (26) changes into
Vile, &) < 2ksljza| = (Kaom — AMar — 2Cu Ve — 237 k1|24 |I? + Caellz:|* (30)

Hence, the time-derivative of the Lyapunov function is negative definite in an annulus

of a certain width around the origin. Therefore, the closed-loop system is locally

uniformly ultimately bounded (cf. Chen and Leitmann, 1987; Qu and Dorsey, 1991).
B
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One characteristic feature of the above state-feedback controllers is that they
require both position end velocity measurements. In practice, however, this require-
ment is generally not fulfilled. Hence, it makes sense to develop a controller that
preserves the attractive implementation properties of the DCCL but which only em-
ploys position feedback. For this purpose, consider the following modification to (8)
(cf. Kaneko and Horowitz, 1994; Berghuis and Nijmeijer, 1993):

Controller {T = M(ga)da + Clga, 4a)da + G(qa) ~ Kaé — K,é (31)

é ' w‘:i- Li(e—é)
Observer (32)
W Ly(e —¢é)

T

. . . [ . -
where é represents the estimated tracking error, [e é ] is the estimated error state,

and L, and Ly are positive definite diagonal matrices [n x n]. The estimated error
state is generated by a linear observer, which only requires the position error e as
input. Next, the state estimate is injected in the control loop.

Let us make the following assumption on the structure of the observer gains:
Assumption 3. Ly and L, can be wrilten as
La=(a+ M) (33)
Lp = A8yl ' {34)

where £4 > 0 is a scalar and ) is as before (see (11)).
Then we have

Proposition 3. Consider the closed loop (2}, (31), (32) under Assumptions 1-3.
Define

o1 = [¢7,(Ae)T &, (28] (35)
where € = e ~ £, and assume that ||z3(0)| i3 an upper bound on z,(0}. If

Kgm > AMy +4CuVuy +323715 (36)

La>2M Kam (37)

then the closed loop system is semi-giobally asymptotically stable with guaranteed re-
gion of atéraclion

AMon Kigm— AMp —4C Ve — 30 1k
B={m6m“|hm< [¢ u — *OuVy ﬂ}(m)

450K 4 m Cwum

EETETR
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Proof. Introduce

S9= €+ AE (39)
then the closed-loop dynamics (2), (31), (32) are described by

M(q)é + C(g.9)é + Ka(s1 — s2) = AY (") (40)

M(q)s2+C(q, d)s2+€aM ()53 + Ka(s1—52) = AY (}+C(g, 4)(s2-¢€)(41)

where AY() is defined in (19). Consider a candidate Lyapunov function
V(e é,E,8) = Vife &) + Va(£,8) (42)

with Vi{e,é) as in (22), and V3(€,€) equal to
: 1
Vo, &) = -;—s{M(q)Sg + 58T (MK (43)
As before, V(e é,é,¢é) satisfies
1 5 P | .
5 Pmlizall® < V(e,€,€.€) < 3 Pulizal (44)

where P = i1Mn and Py = 6A 1K g6

Evaluating the time-derivative of V(-) along (40), {41}, using bound (21) on
AY(-), and employing the sum of perfect squares, the proof can be completed along
the lines of the proof of Proposition 1. [}

As can be seen by comparing Propositions 1 and 3, both the state- and output-
feedback solution to DCCL can be treated in a unified way. Using the same math-
ematical machinery essentially the same stability result is established. As a natural
consequence, we also obtain the next proposition, in analogy to Proposition 2. For
the proof we refer to Berghuis and Nijmeijer (1994).

Proposition 4. Consider the linear estimated state-feedback controller
r= K46 — Kpé (45)

where the error state is deiermined with the linear observer proposed in (32). Suppose
Assumptions 1-3 are satisfied. Then the closed-loop system (2), (45) is semi-globally
uniformly ultimately bounded under suilably selected (high-gain) conditions on Kg
and £4.

Remark 1. Proposition 4 was given under the condition that both Assumption 2
and Assumption 3 hold, which in particular implies that in (11} and (33) the same
parameter A appears. This is in fact not at all necessary in that we inay replace (11)
and (33} as Kp = M K4, La=(la+ X)) and L, = A4l for different parameters
A; and Aq, and the resuit of Proposition 4 is still true, but the proof becomes shightly

5
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more involved. This extra freedom of selecting the controller-observer gains will be
used in the simulations of Section 4.

Hence, the highly non-linear robot dynamics can be stabilized around any
bounded reference trajectory by a linear output-feedback controller. In the next
section it is shown that the presented results in robot control can also be used in
other physical systems, in particular the Duffing dynamics.

3. Feedback Control of Duffing Equation

The Duffing equation describes a spetific non-linear circuit or a pendulum moving in
a viscous medium, and is given as (see (1))

T+por+piz+pard= a cos{wt) (46)

where pg > 0, p1 > 0, p2, 2 and w are known constants. Depending on the choice
of these constants it is known that solutions of (46) exhibit periodic, almost periodic

and chaotic¢ behaviour cf. (Chen and Dong, 1993a; 1993b; Guckenheimer and Holmes,
1983).

It is our purpose to discuss a controlled version of (46). For this we consider
i+ poi+piz+paz® = u+ acos(wt) {47)

where u(-) is the physical control input. The general problem that we want to study
is whether we are able to find a suitable feedback controller

u=k(r, x r4,1) (48)

such that for the closed-loop system (47), (48) the solution 2{t) asymptotically
converges to a desired trajectory z4(t),t > 0. Here z4(t) may represent any smooth
and bounded time-function, including fixed points or periodic orbits,

The crucial observation is that from a control point of view the dynamies of the
controlled Duffing equation (47) is essentially the same as that of a one-DOF robot
system. The main difference are the linear and cubic term in z, but these terms do
not cause any problems in both the control design and the stability analysis, as will
be shown below.

Assume we want the system to follow the reference z4(t). For this purpose, we
define in analogy with (8) the control input as

u = 4+ pokqd + p1Td + p273 — acos(wt) — Kgé¢ — Kpe + v (49)
v =3pzr4e (50)

with ¢ = z—2z4, and K4 > 0, K, > 0 scalar. The compensation term v is introduced
in order to deal with the cubic term in (47). As before, let us take (cf. (11))

K,, = MKy (51)

and X > 0 scalar. Then we can prove:
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Proposition 5. Let K, satisfy (31). Then under the condition

K4 > max(), —=p1A~ 1} (52)
the closed-loop system (47), (49), (50) is globally asymptotically stable.
Proof. The closed-loop system (47), (49), (50) is described by

é+ (po+ Ka)é + (p1+ Fp)e + pae® = 0. (53)
in correspondence to (22), consider the candidate Lyapunov function

1

Vl(e,é) = 5

1 1
st + 5((p1+AKq) + Mpo + Kq) — A%)e? + sze“ (54)
Because of (52) and pg > 0, Vi(e, €) is positive definite. Along (53), Vi(e, é) equals
Vi(e,é) = —(po + Ka — A)é® — A(p1 + AKaq)e? — Apyet (55)

Under (52) we have V;(e,¢) globally negative definite in (e,€). Consequently, the
closed-loop system (53) is globally asymptotically stable (cf. Khalil, 1992). [ ]

Controller (49), (50) allows us to steer the Duffing equation towards an arbitrary
reference trajectory z4(t). Hence, the chaotic behaviour the uncontrolled Duffing
dynamics may display is completely annihilated by feedback control. Now, suppose
that z4(t) represents a (stable or unstable) equilibrium motion of the uncontrolled
dynamics, i.e.

£4+ pofa+ p124 + p2zy = acos(wt) (56)
Then by combining (49), (50} and (56) we have:
Corollary 1. If the desired motion z4(t) satisfies (56), then the coniroller
u=—Kgé — Kpe + Ipaz z4e (57)

guaraniees that the Duffing equation asymptotically converges under assumption (51)
and condition (52) towards (58) in a global sense.

It is rather straightforward to show that PD-feedback (27) allows the controlled
Duffing dynamics (47) to follow any bounded reference trajectory with bounded er-
ror. In particular, under high-gain PD-control semi-global stability of the closed-loop
can be shown, in analogy to Proposition 2. As discussed in (Nijmeijer and Berghuis,
1994), for (47) also output-feedback type of controllers can be developed that yield
global asymptotic stability. Here we will concentrate on the model-independent linear
estimated state-feedback controller (45), and analyze its stability properties when it
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1s used to control the Duffing equation. In particular, consider
Controller {u = —Kdé - K,é

[

w+ QK.{(E - é)

Observer {

w

2Kp(e—¢)

(58)

(59)

Since measuring # in the controlled Duffing equation (47) might be difficult and
noise-sensitive, the controller-obserugr combination {58), (59) seems very attractive.

We can prove the following result.

Proposition 6. Consider Duffing equation (47) under robust linear outpui-feedback
control (51}, (58), (59). Then the closed-loop dynamics is locally uniformly ultimately

bounded for K4 sufficiently large.
Proof. The error dynamics (47, (51), (58), (59) is given by

€+ poé + pre + pae® + Kys) = Kg59 + AW — 3pazzge
é+ Kisg = ~Kasy + AW — 3pazzge — poé — pre — pye®
where
AW() = acos(wt) — 4 — poZg ~ p1zq — pgzi
Take the Lyapunov function candidate
V(e é,8€) = Vi(e, é) + Va(é, &)

where Vi{e,€) as in (54) and

o1
Va(é,€) = 533 + %(QAKd —a%)e?

The time-derivative of V(-) along (60), (61) equals to
V(e,6,8,8) = —(po+Ka—A)é? — (A~1p1 + Ka)(Ae)? — Apae®
—(Ka = NE = K4(2é)?
+(é + de + & + AE) (AW — 3pyzie — 3pazqe?)
—(€ + A&)(paé + pre + p2e®)
For the bounded reference trajectory we define

Pu =supllze(®l, Vi =supliza®)ll,  Awm = supllZa(t)|

(60)

(61)

(62)

(63)

(64)

(65)

(66)

L
Rk

.
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Then a bound on V/(-) is given by

V() L aillz2ll - (Ka = a2)llz2ll* + aafjes|[* (67)

where z; as in (35), and the constants a,, i = 1,2,4, are given by

ar =4(| a [ +Am +poVae+ | p1 | Pas + p2Piy) (68)
az = max(}, ~A7'p1) + 2po + 2071 | py | +18A7 Vi pa) (89)
a4 = BA_apz (70)

Thus, V(-} is negative definite in an annulus around the crigin, whose width can
be enlarged with K4. As shown in (Chen and Leitmann, 1987) (see also Qu and
Dorsey, 1991), this implies that the closed-loop system is locally uniformly ultimately
bounded. This completes the proof. n

4, A Route to Chaos

To generate chaos in robot systems, we consider the simplest case, the dynamics of a
one-DOF robot, i.e.

mé*§ + mglsin(g) = T (71)

where m > 0 and £ > 0 scalar. Let us take the robust linear output-feedback
controller (cf. (32), {45))

Controller {r = —K4é — Kyé (72)
é = w+ Lgle—é)

Observer (73)
w = Ly{e—é)

The reference trajectory is assumed to satisfy the Duffing characteristics

§d + Podd + P194 + p2q3 = a cos(wt) (74)

Now, by selecting different sets of parameters in (74) and initial conditions for (74) the
controlled robot system can be forced to display periodic, almoet periodic and chaotic
behavior. Because we consider the robust controller, the actual state trajectory of the
robot system follows the prespecified reference with bounded error. This error bound
can be arbitrarily decreased by enlarging the controller gains K .

To illustrate our results we simulated the one-DOF robot (71) to track a periodic
and chaotic trajectory of the Duffing equation (74). This was done by using the
controller-observer combination (72), (73). The robot characteristics were chosen as

m=_0.1kg, £=2m (75)

AR .:',--r\_)‘;-"?
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The Duffing parameters from (74) were selected either as

po=04, pp=-11, pp=10, w=18, a=10.62 (76)
for generating a periodic orbit or

pa=04, p=-11, pp=10, w=18, a=18 (77)

for generating a chaotic trajectory (cf. Chen and Dong, 1993}. The controller-observer
gains in (72), (73) were chosen in both cases as (see Remark 1)

Kg=10, A=5 - (78)
L:=30, X =03 (79)
Reference state trajectory Ermor state trajectory
1 - 10 - v -
= 051
°
£
= 0
8i
Boaosh. . NG S
-1 . _ . .
0.5 1.5 -3.6 04 -02 0 0.2

1
qd (rad) @ (rad)
Fig. 1. Results for period-one solution of Duffing equation (74).

The resulting Duffing trajectories in the (g4, ¢s)-plane are given in Figs. 1 and 2.
Additionally we visualize in these figures the error-trajectories of the closed-loop sys-
tem (71), (72), (73), (74) with the above parameter selections {75), (76, (77).

Reference state trajectory Error state trajectory

4 . v 10 T
) %
° 5t
g 2
3 g ]
B ®

_f2 -1 0 1 2 33.6 04 -0.2 0 0.2

qd (rad) e {rad)

Fig. 2. Results for chaotic solution of Duffing equation (74).
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The error-trajectories in closed loop were initialized at, respectively, (e(to),é(to}) =
(—0.5909,0) for the periodic orbit (Fig. 1) and (e(to), e(to)) = (—0.5,0) for the
chaotic trajectory (Fig. 2). Notice that in order to eliminate the transient effects we
have initialized the error-trajectories at some time tq > 0. Inspection of both simu-
lations clearly shows that the error trajectories readily converge to a neighbourhood
of (0,0) despite the fact that our controller-observer combination (72), (73) does
not use model information nor velocity measurements. By increasing the gains this
neighborhood of stability can be made smaller, cf. Proposition 6.

e

5. Conclusions

We have shown in this paper how physically based controllers and controller-observer
. combinations can be designed for solving the tracking control problem for rigid robot
manipulators. These so-called passivity-based techniques centre around the idea of
reshaping the energy of the manipulator in such a way so as to fulfil the control ob-
jective, see (Takegaki and Arimoto, 1981). The modified energy is then used as a
Lyapunov-function for the closed-loop system. We show that this type of Lyapunov
control can also be used when no model information is used; in this case the closed-
loop system is shown to be practically stable (instead of asymptotically stable). The
Lyapunov control we use in robot manipulators can also be used in other physical
control systems. In particular we illustrate this fact here for the controiled Duff-
ing equation. The nice feature of our techniques is that, no matter how the initial
dynamical system behaves (stable, periodic, chaotic .....}, the controlled system can
follow any desired trajectory with any degree of accuracy. In this way this work .om-

plements ongoing research on the control of chaotic dynamics, cf. (Chen and Dong,
1993a; 1993b).

Appendix

Function (22) can be written as

Vi) = %yTR(q)y (A1)
where

¥ = [sT, (Ae)T] (A2)
and

M(q) 0
R{g) = A3
(@) [ 0 2A1K4— M(q) ] (A3)

According to {16), we have

Kim > MMy (A4)

el

[ SO, PR S SR Bl DL L L

PR Lr
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Hence, we obtain

3 Bl < Vi) < £ Rl (A5)
where

Rn=Mmn, Ry=2"'K,p (A6)
By definition,

¥y= TII (AT)
with

Note from (A7)

1 ' .
Seall® < loll® < 3zl (49)

Together with (A5) and (A6) this implies (23).
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replacing the nonlinear load by a 1  resistor. The dominant impulse

response poles and residues of the circuit are then calculated using
AWE technique. For this circuit, two sets of poles and residues are
required: from input 1o output and from a current source connected
parallel 1o load (o output. The first order response is then obtained
using the first set of pole-residue by exciting the circuit with the actual
input. Subsequently, the input is killed and the higher order responses
are calculated by exciting the circuit with a current source connected

parallel to load and using the second set of pole-residue. The order
ts increased until the algorithm converges. The output waveforms,
obtained with the proposed method and HSPICE, are given in Fig. 2
for comparison. The first, third, fifth, and cleventh order outputs are
shown in Fig. 3.

Example 2: The second example, which is shown in Fig. 4, has
been taken from (16]. The nonlinear elemnents are defined as: [, =
0.001V3, Iy = V,/750 + 0002V}, and I,,, — 0.0011%,, The
applied input voltage waveform for this circuit is 4.5 ns pulse with
1.5 ns rise and fall times. The amplitude of the inpur pulse is 5
volts. The output waveform obtained using the proposed method is
compared with HSPICE result in Fig. 5,

IV. ConcrLusion

A new method has been proposed for the transient analysis of
circuits with relatively few and mildly nonlinear terminations. In
this approach, the method of Volterra-series analysis of the nonlinear
elements is combined with AWE-based techniques for the linear part
of the circuit. The method is noniterative and corresponds 1o recursive
analysis of a linear circuit with different excitations. Therefore, it has
no convergence problem. Since it is based on AWE technique, it
uses a very small number of LU decompositions with respect to the
traditional methods.
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On Lyapunov Control of the Duffing Equation

Henk Nijmeijer and Harry Berghuis

Abstract—In this brief, we develop feedback controi strategies for a
chaotic dynamic system such as the Duffing equation. Our controllers are
of the so-called Lyapunov-type and are inspired by robot manipulator
feedback controis. The different controllers we propese include observer-
based controllers that even can tope with parametric uncertainties of
the original system. Some simulation examples support the developed
methods.

I INTRODUCTION

Recently. an increasing interest has been developed in controling
chaotic nonlinear systems as arising in physics and engineering; from
the various relevant references we mention (4)-[8], [12), [13], {15].
and references therein, A very essential element in the control of
chaos is that, in many cases, the ultimate goal of control is to decrease
random effects and to stabilize the system at an equilibrium point, or
more general, about a given reference trajectory. in such cases, one is
in fact naturally led to reduce or even more completely annihilate the
chaotic dynamics that an unconirolled system may exhibit. Depending
on the specific desired behavior of the system, several methods for
controiling chaotic systems have been proposed, see. e.g., (6], {13].
Among the methods given there, a prominent role is played by the so-
called Lyapunov-type methods. At the same time and earlier, various
authors have investigated stabtlizing control schemes for second-order
mechanical systems, as in particular robot manipulators. Let ys give
a sample of relevant references (1), 1), 1144, 117, [19], noting
that aiso this field is strongly progressing at the moment. It should
be noted that also in this context Lyapunov-type methods are very
popular and usefui.

The purpose of this paper is essentially to develop a controlter-
observer scheme for controlling a chaotic second-order system such as
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the Duffing equation; see also [5] where a controller without observer
has been derived. Our controller-observer analysis is inspired by
the aforementioned papers on robot control. Recall that Duffing’s
equation describes a specific noalinear circuit or a pendulum moving
in a viscous medium and is in controlled form given by

.E+p.i'+p.:r+pg:r3=u(t)+qc05(;.ut) (1.1)

or, sefting ry = r, rz = I, as

{"" =T (1.2)
Py = —pry — pi2y — p2xi + ult) + gcos{ut) '

where p. p1. pz2. g. and w are constants, and «{-) is the physical
control input. Depending on the choice of these constants, it is known
that selutions of (1.2) exhibit periodic, almost periodic, and chaotic
behavior; see [5]. The general problem that we will study throughout
this note is whether we are able to find a suitable output-feedback
controiler

u:O(Il.i'z..rd.f) “3)

such that for the closed loop (1.2). (1.3) the solution r(t) = r(t)
asymptotically converges to a desired trajectory rq(t).¢ > 0. Here,
i'; is obtained via an observer for the “velocity™ rz, and ry(¢) may
represent any smooth time-function, including fixed points or periodic
orbits.

The manuscript is organized as follows: In Section II, we briefly
recall some results on feedback control of second-order {mechanical)
systems. Next, in the third section, we translate these results to the
control of the Duffing equation (1.2). In Section IV, we discuss
wome related issues. Section V provides simulations that suppor our
indings. Finally. Section VI contains the conclusions.

[I. FEEDBACK CONTROL OF SECOND-ORDER SYSTEMS

Consider the second-order dynamics
Ji+ Fg=1+Tit) (2.1

shere J > 0. F > 0. 7 is the control, and T(t) is a (known)
listurbance. Note that this is exactly the dynamics of a one degree-
f-freedom robot system [17), where in that case ¢ represents the
ingular position. Our control objective is to let the system (2.1) follow
in arbitrary smooth reference trajectory gq4(t}. For this purpose. we
.elect the control input as

r=Jfs+ Fgsa—T(t) — Kqé — Rpe 2.2y

vhere ¢ = g — ¢4 represents the tracking error. and Ay > 0. A, > 0.
This controller consists of three components, namely

I} a position error feedback part - pe

2) a velocity error feedback pan -K ¢

3y a feedforward pant Jqq + Fgq - T(#)
he feedback terms are required to guarantee that the robot system
onverges towards q(t}. Once on this trajectory. the feedforward
omponent keeps the robot moving along it

The closed-loop consisting of (2.11 and (2.2} is descnibed by the
econd-order dynamics

,]}'+LF+I\',M'+[\VI.( = 1. (2.3

\~ can be seen from (2.3). the transient behavior of the error
iy namics can be influenced by a suitable choice of the proportional
nd derivative gain I\, and K’y respectively. For this system. we
.ave the following resuh (cf [1970

Proposition 2.1: The feedback controller (2.2) guarantecs that
(2.1) asymptotically converges towards any smooth and bounded
reference trajectory qq(t), ic.,

'lim e(t)=0 and tlim é(t)y=0. 2.4
ol ol

Proof: Consider the candidate Lyapunov function
Vile.é) = %J(é + el + %(K,, + MF + Rq) - 220)e* (25)

with A > 0 constant. A sufficient condition for V1{-) to be positive
definite in (e, €) is

0<a<J 'R 2.6)

Along the closed-loop error dynamics (2.3), the time-derivative of
Vi(e.¢) becomes

Vile.e) = —(F + Rq — AJ)e? — AR’ 2.7

Because X satisfies (2.6), we have that Vi(-) is negative definite in
the error state (e. ). Consequently. the closed-loop system (2.3) is
asymptotically stable (cf. {9]). O

The Lyapunov function (2.5) is very familiar in robotics literature.
e.g.. [19]. This function originates from and closely resembles the
natural energy contents of the open-loop (robot} dynamics (Z.1): see,
for instance, [10], [11], [18].

The controller (2.2} requires full-state information, i.e., “position”
q and “velocity” § measurements are necessary in its actual im-
plementation. However. in practice, velocity sensoring equipment
is generally not available. To overcome this velocity measurement
problem. we modify the controller (2.2) as follows [1]:

Controller{r = Jia+ Fga— T() — Kaé — Kpé  (2.83)

é=uw+2J "Ryle—¢é)—J ' Fe

i = 207 Kple — €) (2.8b)

Observer{

This output-feedback controller (i.e., it only requires knowledge of
the position ¢} consists of two parts; a linear observer part (2.8b} that
generales an estimated error state (€. ¢} from the position error ¢ and
a controller part {2.8a) that utilizes this estimated error state in the
feedback toop. Lel us assume that

[\-p = M4 (2.9

where A > 0 scalar. Then we can prove
Proposition 2.2: Let K, satisfy (2.9). Under condition (2.6}, the
closed-loop dynamics (2.1, B) is asymptotically stable.
Proof: The closed-loop system (2.1, 8) can be written as

JE+ (F+ Na1é + Kpe = Raé + Kpé (2.10a)

Jé 4+ Raé + Kpé = = Kgé — Kpe (2.10b)
where ¢ = ¢ — é. Define the Lyapunov function as
Vie.b.e.6) = Vile.é) + Vaté.€)

with V17e.¢1 as in {2.5) and in analogy with this

1od a1 = %.Hé‘ + e+ %II\',J + AR =N et a2
Condition (2.6} guarantees that } () is positive definite in ¢/ . <.+ oy
The time-derivative of 1711 along (2.10) equals
Viev= =o' Qu (212
where »' = (A ¢ A ¢} and
(Q = dingt Ny  F + Ky — MR K, - A 1213

Condition (2.61 1~ sufficient for ¢ > (1. This completes the proot. —
We stress that Propositions 2.1 and 2.2 are valid for arbitrary bounded
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reference trajectories gq(f). This is due to the presence of the
feedforward term in the controller. In the next section, it is shown that

the previous results can be employed in the context of controlling the
Duffing equation.

Ill. FEEDBACK CONTROL OF DUFFING'S EQUATION

In [5]. the (modified) Duffing equation in controlled form is
introduced as

.F+p.i'+p;r+.r3=u+qcos(.¢r) (3.1)

where p. pi. g. and . are constant. In contrast to (5], we do not
assume beforehand that p > 0. The dynamics of this system is
similar to that of (2.1) by putting J = L.F = p. 7 = u. and
T(t) = gcos(wt). The only differences are the linear and cubic term
in £, but these terms do not cause any problems in both the conirol
design and the stability analysis, as will be shown below.

As before, assume we want the system to follow any smooth

desired trajectory r4(t}. For this purpose, we define the control input
as

u =iy +pi’d+p1xd+xd3

—geos{wt) — Ry4é -~ Rpe + v (3.2a)

(3.2b)

v = 3rrqe

with ¢ = r—rq and &4 > 0. A, > 0. Essentially, one recognizes in
(3.2a) the three parts as in (2.2), namely, proportional and derivative
feedback and a feedforward term. Note that » is introduced in order
to deal with the cubic term in (3.1),

Proposition 3.1: The closed-loop system (3.1), (3.2) is asymptot-
ically stable, so

lim e(t)=0 and lim ¢it)=10
t—

t—

3.3

Ki>—p. K, > —p;. (3.4)

Proposition 3.1 demonstrates that the Duffing equation (3.1) can be
forced asymptotically towards arbitrary smooth reference trajectories
+4(1). This is achieved by incorporating in the controlier a suitably
selected feedforward compensation. A special situation thal might be
of general interest, see [S), [7), occurs when the desired trajectory
rq({t) represents a (stable or unstable) equilibrium motion of the
uncontrolled dynamics (3.1}, Hence

-‘f.'d +prd +P1-rd+fd3 ZQCOS(a.‘f']- (35)

As a consequence, the feedforward component in (3.2a) reduces 1o
zero. Then we have

Corollary 3.1; 1f (3.5) is satisfied, then the controller

u=-—RKge - f\—pf' + Jrage (3.6)

guarantees that the Duffing equation asymptotically converges to-
wards the equilibrium metion (3.5).

Corollary 3.1 relates our work 10 that of [5]. In [5]. the problem
of controlling the Duffing equation (3.1) with p > 0§ to one of its
periodic motions (3.5) is considered. For this purpose, the authors
propose controllers of the form

u=—hpe+drrqe 3N

and prove that these yield asymptotic convergence towards (3.5) when
K, > —pi. If we assume p > 0, we may select K’y = (; see (3.4),
and consequently, (3.6) reduces to (3.7). However, this means that
the error convergence of (3.1, 5, 6) stands or falls with the presence
of damping (the physical meaning of p > ) in the open-loop system

(3.1). More importantly. this open-loop damping plays a major role
in the transient performance of the error dynamics. which can hardly
be influenced in this way. Hence, it is attractive 1o inject additional
damping in the system via velocity feedback, which motivates the
velocity error component - A4é in the controilers {3.2} and (3.6).
Consequently, under condition {3.4a) on Ay asymptotic stability of
the conrrolied Duffing equation is guaranteed even when p < 0.
Furthermore. transient characteristics like overshoot and rise-time can
naturatly be setected by tuning L'y. In addition. via the inclusion
of the feedforward term in (3.2), we do not necessanly require the
desired motion to be a periedic solution of the Duffing dynamics. in
contrast to [5].

Proof of Proposition 3.1 and Coroflary 3.1: The  closed-loop
(3.1} (3.2) is described by
E+ip+ R+ (ps+ Nole+¢” =0 (18

In correspondence to (2.5). consider the candidate Lyapunov function

. . 1 . ; i .

Vale.é) = 5S¢ + e 4 sUpc+ Ry
) ) s 1
+/\Ur+1\4l-—z\°lr"+1¢' (3.9)

with A > 0 satisfying

O<A<p+ Aa (3.10)
Together with (3.4). this implies that 13(-) is positive definite. Along
(3.8). V3ie.é) becomes
'['Txft.-‘:) =—(p+ Ny- Ae? - Alpr + Il'p)t: - Ac? (311
which is negative definite if (3.4, 10) are satisfied. Then the proot
can be completed along the lines of Section 11 -
In order to inject additional damping in the loop. comrpllcrs
(3.2) and (3.6) require .I. as opposed to (3.7). The need for + can
be eliminated by a simple observer, without affecting the stabiliy
properties of the closed loop. In particular. the output-feedback
controller

Controller{u =F4+ pia+prdat rat - geos{at
— Raé = Rpé + 3reqe i3.12a)
6 =w + 2R qle —¢) —~ pe
(312
Obse""er{a- = 2R, e = F) = e — €’
can be employed, where
K, = AR, (3.13)

and A > 0 scalar. Since measuring & in the controlied Duffing
equation (3.1) might be difficult and noise-sensitive, the controller-
observer combination (3.12. 13) seems very attractive.

Proposition 3.2: The closed-loop system (3.1, 12, 13) is asymp-
totically stabie under the conditions (3.4, 13) and

D< A<mnthep+ Ay (3.1

Coroilary 3.2: Assume that (3.4, 13, 14) are satisfied. and that
rg(t) sausfies (3.5). Then
u=—Kat — Kpé + 3raqe (3.15)

where (. ¢) as in (3.12b). provides asymplotic error convergence.
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Proof: Take the Lyapunov function candidate
Ve, 4,&,€) = Va(e,€) + Va(é, ) (3.16)
where Vi(e,é) as in (3.9) and

Vi(é,e) = %(é +2é)? + %(K, + Ak — A%)és. 3.17)

The function V(-) is positive definite under (3.14). This condition
:ogether with (3.4) are also sufficient for V(-) 1o be negative definite
ong (3.1, 12, 13). This completes the proof. O
“roposition 3.2 demonstrates that even in the absence of open-loop
iamping, i.e., p < 0, for the Duffing equation asymptotic convergence
owards any desired trajectory r4(t) can be guaranteed with an
wtput-feedback type of controller, i.e., by only using z.

V. DiscussioN

An important issue is that of robustness of the proposed controllers
> parametric uncertaintics and bounded disturbances. From Propo-
ition 3.1, it follows that for asymptotic tracking of an arbitrary
zference rq(t} exact knowledge of the system parameters p. p).
. and . is required, cf. (3.2). In practice, however, it may be
ifficult to determine cxactly the parameters of a (chaotic) system
see also {7] about a related point on model uncertainties). So, it
ould be attractive to implement (3.6) instead of (3.2), even if
«(t) does not belong to the set of periodic motions (3.5). It is
ueresting to know that despite this simplification the boundedness
f the tracking errors can still be guaranteed under some high-gain
ondition on A'y. In panicular, the tracking errors can be shown 10
2 ultimately uniformly bounded (UUB) or practically stable, which
npties that the error state tends in final time towards a closed region
‘ound zero. The proof is a straightforward extension of the UUB-
sults for the robot dynamics as given in [16]. By analogy, also the
‘stem-parameter-independent output-feedback controller

Controller{u = —[\'dé — k¢ (4.1a)
é=w+ 2K e - ¢)
Observer{w = 2K (e — ¢) (4.1b}

elds practical stability of the tracking errors for arbitrary smooth
vd bounded reference motions under a high-gain assumption; see
]. Notice, however, that high-gain feedback may have practical
nitations because of, for instance, noise amplification.

V. SIMULATIONS

To suppont our results, we simulated with MATLAB™™ Duffing’s
uation (3.1) under output-feedback control (3.12, 13). The Duffing
rameters were selectedas p = 0.4, py = —1.1, ¢ = 2.100, and . =
3. in which case the Duffing equation displays chaotic behavior [5].
1 illustrate that feedback control enables us to completely annihilate
2 chaotic dynamics and force the system towards an arbitrary
sired trajectory. we define the reference motion as

rqlty =sinif). >0, 50

< satisfy (3.4, 14), the controller parameters were chosen o be
¢+ =125 and A = 4.0. This choice yields a proportional feedback
m A, = ARy = 50.0. which corresponds to A, in [S]. The
-uitmg control performance is depicted in Fig. 1, where Fig. l(a)
d 1tb) shows the time-trajectories of e(f} and £(¢), respectively.
J Fig. lic) comains the state error trajectory : e. ¢ . To clearly show
* effect of feedback control. the controller 1s only applied for ¢ >

4 -
g|
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Fig. 1. Duffing’s dynamics under output-feedback control (3.12, 13).
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Fig. 2. Duffing’s dynamics under robust output-feedback control (4.1).

25. After a short transient, the position tracking error e and velocity
tracking error ¢ converge 10 zero, and the control objective is attained.
This can particularly be seen in Fig. 1(d}, which contains the latter
part of the state error trajectory.

As discussed in Section IV, when knowledge of p. p\. q. and
is lacking, the system-parameter-independent controller (4.1) can be
employed. The error-state performance of this controller is shown in
Fig. 2, where all gains were selected as before. The results in Fig. 2
indicate that the error state does no longer converge to zero, but that
it approaches a bounded region around zero as implied by UUB-
stability; see Fig. 2(b). Note that the size of the ultimate error region
is small relative to the amplitude of the reference motion (5.1). This
implies that the state (x..r) of the Duffing equation closely foilows
the reference trajectory {r4. I4). S0, even in the absence of parameier
knowledge, we can largely suppress chaotic dynamics by (output)
feedback control!

In a third simulation. we select p = —0.1, so we have negative
damping in the open-loop system. For this choice, the Duffing
dynamics grows unstable without feedback contrel. To stabilize the
dynamics (3.1}, we need to inject (positive) damping in the system,
which can be done with both the controllers (3.2) and (3.12). Fig. 3
gives the tracking error data obtained with the output-feedback
controller (3.12), where the controller gain settings were as given
above. Before control the phenomenon of instability can clearly
be observed. whereas for # > 25, asympiotic error convergence is
attained. as proved in Proposition 3.2. Note that controller (3.7) of [5]
does not yield a stable closed-loop system in the absence of apen-loop
damping. i.e.. when p < ().
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Fig. 3. Duffing's dynamics with negative damping under control (3.12, 13).

V1. CONCLUSION

In this paper, we have described how to design Lyapunov-type
controllers to steer a chaotic dynamic system as the Duffing equation
towards a given desired trajectory. Our methods are inspired by
Lyapunov-type controllers that were recently developed for tracking
control of rigid robots. The class of controllers thar are discussed
include observer-based controliers that may cope with parametric un-
certainties and bounded disturbances in the to-be-controlled system.
Some simulations illustrate the newly proposed feedback controllers.
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Shift-Variant m-D Systems and Singularities
on T™: Implications for Robust Stability

Sandra A. Yost and Peter H. Bauer

Abstract— This brief addresses the robust asymptotic and BIBO
(bounded-input bouaded-output) stability of a class of linear shift-
variant multidimensional systems. Using a shift-invariant Comparisen
system, necessary and sufficient conditions for the stability of the entire
family of systems are derived.

NOMENCLATURE
AT The first m-D hyperquadrant.
rm The closed unit polydisk: {(z} : |z, < 1.7 = 1.-. m ).
rm The open unit polydisk: {(z) : [zl < Li=1.-.m}
rm The distinguished boundary of unit polydisk: {(:)
[zl =1,) = 1....m}.
n.ij The spatial vectors (n,.---.n,,). (i im ). and
(Jl "-jm)»
yin) The output of the m-D system.
rin The input of the m.D system.
@i{n)  The shift-varving coefficient of a shifted output in a m-

D difference equation. (For exampie, in a 2-D difference
equation, a3 5(n;.n2) is the coefficient of yin, -
3. Ny — 2 ))

b,(r)  The shift-varying coefficient of a shifted input in a m-D

B difference equation.

X, The order of the m.D system in the n, direction, j =
1.---.m.

I {Gir iy 2 0 e € N, b= 1., m, and
(ti.-iim) # 0).

g {(j;.---.jm):()gj;, < Nev ok = 1., m, and
{J‘l-"'n.}.m) # Q}

I INTRODUCTION

Results addressing the robust stability problem for -D discrete
interval polynomials have generated interest in analogous resuits for
the m-D case. Yet even in the work on shift-invariant m-D systemis,
only a few results address the m > 2 case {1]. 12). As for |-
D systems, conditions for the robust stability of shift-variant m.D
Systems are more restrictive than for the shift-invariant case. Some
recent results concerning the robus stability of shift-variant m-D
systems can be found in [31-[5].
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1 Introduction

In recent years there has been considerable interest in the dynamics and control
of systems exhibiting complex behavior. The number of papers related to this
subject seems to grow at an almost exponential rate {1]. For an admittedly
already ‘dated’ review of some of the prevailing research problems the reader
may consult the seminal papers in [2].

The purpose of the present paper is to revisit the concept of synchronisation
from a mathematical control theoretic perspective. More specifically we want
to explore how the observer notion from nonlinear control theory links in with
synchronisation. For an introduction to nonlinear control theory we refer to
[4, 5, 6].

Synchronisation, as introduced by Pecora and Carroll [8, 7] has been studied
from various angles, and it appears that the concept remains still somewhat fluid
in that no formal definition seems to be coined. Often a master-slave formal-
ism is taken eg [8, 7, 9, 10, 11] and [12]. Given a particular dynamical system,
the master, together with an identical (sub)system, the aim is to synchronise
to the master system the complete response of the slave system, by driving
the latter with a (scalar) signal derived from the master system. In this con-
text synchronisation is often considered to be a remarkable property when the
master dynamics are chaotic and thus sensitive to initial condition variations.
A promising application in secure communication suggested in [9] uses such a
chaotic master dynamics to mask a message and a synchronised slave system to
recover the message.

The above master-slave viewpoint leaves some ambiguity as to what the
actual slave system should be, given the master system. A naive, but often
realistic approach, would be to consider the master dynamics (transmitter) as
transmitting a signal to the slave dynamics (receiver) and the receiver is re-
quested to recover the full state trajectory of the transmitter. The problem is
of course only interesting if the signal received is not equal to the full state. In
this situation the receiver has in principle the freedom to build any dynamical
system, it could be a copy of the master system, but it need not be, which
driven by the received signal will synchronise to the transmitters’ dynamics. In
thus allowing the receiver the freedom of which dynamical system to implement,
we enlarge the class of master/slave systems that allow synchronisation. Note
that at this point we do not consider the actual physical realisation of the new
receiver’s dynamical system. In certain applications this may be crucial, but
this aspect lies beyond the scope of the present paper.

The problem just described is closely related to the observer problem from
control theory. For linear dynamical systems a complete solution to the problem
is well known {13], [14]. For nonlinear systems a few partial results exist [15, 16,
26, 27, 28]. This observation is at the core of the paper. Another point that will
transpire from the exposition is that the complexity of the dynamics involved
is of little concern in the observer design or synchronisation problem.

Besides the master-slave perspective on synchronisation another viewpoint
is expressed in [3] and references therein. Synchronisation is seen as the design



of a mechanism for the receiver, using the transmitted signal, so as to ensure
that the controlled receiver synchronises with the transmitter. This approach
to synchronisation is in essence a centrel problem, which we do not discuss in
this paper.

A standard approach in solving the observer problem in control theory is to
use as receiver a copy of the transmitter (of course with unknown initial state)
modified with a term depending on the difference between the received signal
and its prediction derived from the observer. The additional term aims at at-
tenuating the difference between the state of the transmitter and the state of
the observer system. This procedure may be shown to be successful in many
instances, but certainly no global validity can be claimed. Moreover as stated
the synchronisation problem requires one to establish global asymptotic stabil-
ity for the error dynamics, the dynamics governing the difference between the
transmitter state and observer state. Rigorous proofs often rely on Lyapunov
arguments [22, 23] and [24]. Most of the existing results concerning synchroni-
sation also rely on Lyapunov based arguments [9, 12)and [10].

That a solution to the above synchronisation problem, or observer prob-
lem, may be feasible under certain conditions may be deduced from the Takens
embedding theorem [17], which is closely related to the observability property
for nonlinear dynamical systems [18, 19]. In essence the observability property
states that the history of the transmitted signal contains all the information to
reconstruct a state variable for the master dynamics. However this falls short of
implying the existence of an observer or receiver that synchronises. In the case
of linear systems the link between observability (or better detectability) and
the existence of an observer can be made explicitly. However in the nonlinear
context the situation is not that clear, and apart from some local results, cited
before, few results are available.

The observer complexity can be reduced by noting that with the given trans-
mitter signal one only needs to reconstruct the complementary part of the trans-
mitter state, that part which is not explicitly contained in the transmitted signal.
This leads naturally to the concept of a reduced observer.

The presentation in the paper is kept as simple as possible. No attempt
1s made at stating the most general results available from {non)linear control
theory. Appropriate references are provided. Also in order to avoid (sometimes
nontrivial) complications, we assume throughout that all dynamical systems
are defined on an open subset of an Euclidean space and have sufficient regu-
larity such as to guarantee the existence of unique solutions. In this paper only
dynamical systems described in continuous time are considered. A completely
similar treatment for dynamical systems defined via maps is possible.

The observer perspective in approaching synchronisation is to the best of
our knowledge new.

The paper is organised as follows. In the next section we define the problem
of synchronisation in some detail and state clearly the standing assumptions.
Sections 3 to § each revisit the observer problem for a specific subclass of sys-
tems. In section 6 we make some observations about the general problem.



2 Problem statement

We state two particular problems in the area of observer design, which are
closely linked to synchronisation. First we introduce the full observer, next the

reduced observer problem. This section is then concluded with a fairly general
but negative result.

Let us consider dynamics governed by:

2(t) = f(z(t),t) z(0)==zo 20 (1)

We assume throughout that 2(¢f) € IR" and that the vectorfield f is such
that the system (1) has a unique solution z(¢,z,) passing through the initial
state £(0,z¢) = zo defined on some interval (—T-,Ty ), with T_, T} > 0. We
will consider systems for which T, = +co.

The state z(t,zo) is not directly available, only an output variable is mea-
sured, say:

y = h(z(t),?) (2)
The signal y will be referred to as the output, typically y € IR with p < n.

2.1 Full observer problem

A natural question in the context of the system (1) with (2) is ‘When is it
possible to reconstruct the state z from measurements of the output y?’ This is
the so called observability problem. Notice that this question is clearly aligned
with the synchronisation problem discussed in the introduction ‘Given the signal
y(t) when can we synchronise the state of another dynamical system to z(t),
the state of (1)

A full observer for the system (1) with (2) is defined as:
$t) = f@O,u1,0) #H0) =2 t20

¥t) = (1))

where £ € R" and f is a smooth vectorfield, parametrized by y and t, such that
the error

(3)

e(t) = z(t) — £(t) (4)

asymptotically converges to zero as ¢ — oo for all initial conditions o and zq
and moreover if e(to) = 0 then e(t) = 0 for all t > t.

2.2 Reduced observer

In a sense if we reconstruct the state via equation (3), we are reconstructing
more information than necessary. (In synchronisation terms, we synchronise
more than is required, seeing we already have a copy of the output.) Indeed the




output y already contains some information about the state which we need not
reconstruct. To discuss this point further let us specialise to the case where the
output equation does not depend explicitly on time, y(t) = h(z(t)). The time
dependence in the output equation (2) leads to some complications we prefer to
avoid.

More precisely let us assume that there exists a diffeomorphism ¢ : IR* —
IR" such that:

h(z) y
é(:) = =
‘ v(z) 2 (5)
z = ¢ y,z)

Given the output measurements y it suffices to reconstruct z in order to
know z. Now z is governed by the differential equation:

2(t) = fe(2(t), y(t),2) 2(0) = v{zg) t>0 (6)

The vector field f; is defined as fi(z,9,t) = Dv(¢7(y,2))f(¢~ (v, 2),1).
This expression follows from (5) together with (1).
Let 7 be defined by:

1) = fr(2(t), (1)) 2(0)=4% t>0 (7)

If the diffeomorphism ¢ can be chosen such that the error e,(t) = 2(t) — 2(t)
converges to zero asymptotically as t — co and moreover if e,(¢y) = 0 implies
that e,(t) = 0 for all £ > to then we call the system (7) a reduced observer for
the nonlinear system (1).

Of course once a reduced observer is found the full state is asymptotically

recovered via z(t) = ¢~ {y(t), £(1)).

Remark 1 In general it appears quite hopeless to find conditions under which
the existence/construction of either a full or reduced observer may be resolved.
Some specific instances are discussed in the following sections.

Remark 2 In formulating the observer problem above, the links with synchro-
nisation are obvious. We emphasise the importance of the state space transfor-
mations allowed for in the reduced observer problem and the freedom to choose
the vector field f in the full observer problem. This additional freedom, which
appears to be largely lacking in the discussions on synchronisation, enlarges con-
siderably the class of systems for which the observer/synchronisation problem
can be addressed successfully.

Remark 3 Notice also that the observer (synchronisation) problem, both for
the full and reduced observer, is but well posed provided the solutions to (1)
are defined on (¢g, +00}.



Remark 4 We observe that the input-to-state stability [29] for the system (6)
with y viewed as its input and z as its state is at the heart of the observer

property.

Remark 5 In the above only full or reduced observers are defined of dimension
n respectively n—p. Obviously, there are further variants possible. In particular,
the stable modes of the dynamics (1) need not be reconstructed at all. For
linear time-invariant systems this will be described in the next section. In the
nonlinear case, this observation is sometimes very relevant, and leads to further
simplifications as in the linear case, but we will not elaborate this point.

2.3 Observability

Before presenting some positive results about the construction of observer sys-
tems, we present the notion of observability which can be used to decide on the
non existence of observers.

Consider the time invariant system:

z(t) = f(z(t)) =z(0)=zo t>0
(8)
y(t) = h(z(t)
Denote by z(t,zq) a solution to (8); ie. z(0,zq) = zo and (t,zp) =
flz(t, z0)).

The system (8) is called locally observable at z, if for all initial conditions
£1,%> in some neighborhood U of z, if h(z(t,z1)) = h(z(t,z2) for all t such
that z(t,z1},z(t,z2) € U implies that z; = z,. The system (8) is called locally
observable if it is locally observable at any z, € R™.

The observation space O is the linear space over IR of the functions L;h;(:::)
Tfori=1,...,pand k=0,1,2,....

A sufficient, and almost necessary, condition for local observability is that
the codistribution

d0(z) = span{DLjhi(z),i=1,....pk=0,1,...} (9)

satisfies

dimdO(z) = n (10)

for all z € IR". See [5] Chapter 3 for details. The observability codistribution
is involutive as it is generated by exact one-forms.

In case dimdQ(x) < n, then the vectorfield leaves the kernel of the observ-
ability codistribution invariant (ie. (f, kerdQ] C kerdQ). !(Notice that the

*Given a vectorfield f(z) (see (8)) and a scalar valued function h{z) (see (B)) define the
{iterated) directional derivative of k in the direction of f as: L’;“ h(z) = Ly{LXA(z}), with
L?h(z:} = hiz) and L h(z) = Z.(D;h(a:))f.'(a:).

'[X,Y] denotes the Lie bracket of two vector fields, it is defined as [X,¥Y](z) =
(DY (z)}X (=) - (DX (z)}Y (z).



kerdQ is an involutive distribution.) A necessary condition for the existence
of a valid observer becomes that the dynamics of f restricted to ker{(dQ) are
asymptotically stable. In this case we say that the system is defectable.

3 Linear time invariant systems

In the case of linear time invariant dynamics the problem of constructing a full
or reduced observer is solved completely [14].
The relevant equations (1) and (2) or (8) now simplify to:
z(t) = Az(t) z(0)=zy Ae€R"*"

(11)
y(t) = Cz(t) € eRP*"

For any transition matrix A the solutions of (11) are defined on (—o0, + o0}, the
observer problem is hence always well posed.

3.1 Full observer

For the linear system (11) an observer system (3) takes on the form

2(t) = A#(t)+ K(#(t) - w(t)) #(0) = o
(12)
y(t) = Ci(t)
Here K € IR"*” is an output injection matrix.
The error e{t) = z(t) — z(f) dynamics are then governed by
é(t) = (A+ KC)e(t) (13)

In order for these dynamics to represent a valid observer it is necessary that
a gain matrix K can be found such that the matrix A+ KC has eigenvalues with
negative real part. This control problem has been completely solved. Necessary
and sufficient for the existence of a real gain matrix K such that A + KC
is asymptotically stable is that the matrix pair (A,C) be detectable which is
equivalent to

Al— A

if rank ( C

) < n then Real(d) <0 (14)

In case that the matrix

( ,\IEA ) (15)

has rank n for all complex A we say that the system is observable. It can be
verified that this condition for observability can equally be expressed by the
more geometrically appealing condition:



c
CA
ker O := ker X = {0} (16)

car-t
This condition (16) is nothing but the expression of the condition (10) as
apphed to a linear system (11).

Remark 6 The necessity of the condition (16) for observability is obvious from
considering a point zy such that Czy = 0 and Cz(t,z0) = 0 for all ¢.

We refer the reader to [14] for further details.

3.2 Reduced observer

Clearly when measuring y = Crz, it appears that we only need to reconstruct
z = Hz where H is chosen such that (CTHT)T has full column rank. Let us
assume that C has full row rank p. This amounts to stating that there are no
redundant measurements in the output y. We can then find & € R(n-p)xn,

(2)-(5) m 2=t ()

The partial state z satisfies the differential equation:

i(t) = HAT2(t) + HASy(1) (17)

It can be shown that under the assumption that the matrix pair (A,C) be
detectable that H can be chosen such that HAT is asymptotically stable. A
reduced order observer is then given by:

Ht) = HAT:(t)+ HASy(t)
(18)
z(t) Tz(t) + Sy(t)
Notice that if the matrix pair (A4,C) is not observable, but detectable, it
may be that a reduced observer of lower dimension than n — p exists; eg. in the

case that A is asymptotically stable, one could use as reduced observer #(t}) = 0.
An example may serve to illustrate the ideas.

Example 1 Consider the two dimensional system:

a 1
z(t) = ( )z(t)
b 0 (19)

y(t) (1 0)z(2)




The system (19) need not be stable, and indeed will not be stable if a or b are

positive.
The above state space realization is often referred to as being in observer

canonical form. The terminology stems from the fact that this state space

structure makes observer design obvious.
It is easily verified that the matrix pair

a 1
( ) (1 0)) (20)
b 0

is observable for all a,b. Hence both full and reduced observer problems are
solvable, regardless of the stability of the system (19).
A full observer is eg. given by:

i a 1 -1-a
) = ( )i(t)+ ( ((t} - y(¥))
b 0 -1-% {21
g(t) = (1 0)z(1)
This leads to asymptotically stable error dynamics given by:
-1 1
é(t) = ( ) e(t) (22)
-1 0

A reduced observer can be obtained as follows. Let z be defined via:

()-(0)

Here k is a scalar which we need to choose judiciously. By construction for
any scalar k the above (23) defines a diffeomorphism between the coordinates

z and (y,z).
Clearly, with the above definition (23), and using the system description (19)

z obeys the differential equation:

3(t) = k2(t) + (b + ka — k2)y(t) (24)

A reduced observer is thus obtained for any & < 0. In particular, the reduced
observer takes the form:

(1)

Ez(t) + (b+ ka — k%)y(t)

1 0 y(t) {25)
o)

z(t)



Let us finalise this section on observer design/ synchronisation for linear sys-
tems with the observation that the above ideas may be applied in the nonlinear
context when we are interested in the neighborhood of an hyperbolic and stable
fixed point to yield local results in observer/synchronisation theory. However
this is of limited value. Stability is essential as otherwise we are not guaranteed
that the solutions will remain in a small neighborhood of the fixed point. Hy-
perbolicity is needed in order that the linearization captures the local behavior.
This leads to a trivial observer problem, as the system is trivially detectable,
setting the state estimate equal to the fixed point is an allowable observer strat-
egy! This situation is unsatisfactory, and hence the need to have a more global
point of view. This will be considered in the following sections. In the case
control can be applied the linear perspective may be sufficient, however control
aspects will not be discussed in this paper.

4 Linear time varying systems

Apart from non trivial technical details, the situation for observer design in
the case of linear time varying systems resembles strongly the theory for linear
time invariant systems. We refer the interested reader to [20] and to [21] for an
application of a time varying linear system observer in the context of controlling
chaos. In particular we want to alert the reader to the fact that the definition
of detectability in the context of time varying linear systems is normally defined
via the existence of a full observer. We limit ourselves to discussing an example.

Example 2 Let us illustrate the concepts for the class of second order systems
described by:

—a(t) 1
£(t) = z(t)
—b(t) +aft) 0 (26)
yt) = (1 0)z(2)
Equivalently described by the differential equation:
d? d
ZFV(B) + at)Zy(t) + b(e)y(t) = 0 (27)

Throughout this example assume that ¢ : IR — IR is a continuously differ-
entiable function of time and that b : IR — IR is continuous. This ensures the
existence and uniqueness of solutions on IR and hence the well posedness of the
observer problem.

Again the state space realization (26) for the differential equation (27) is
referred to as being inobserver canonical form.

Fotlowing Example 1 we find that a full order observer may be given by:
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_ —af(t) 1
#(t) ) #(t)+
-b(t)+a(t) 0

~1+a(t) (28)
( ) (3(8) — y(®))
~1+4b(t) — a(t)

gty = (1 0)z(2)
This leads to asymptotically stable error dynamics given by (22).
A reduced observer can be obtained as for the linear time invariant example.
Let z be defined via (23). With the definition {23), and using the system
description {26) z obeys the differential equation:

4(8) = k2(8) + (=b(t) + a(2) — ka(t) — E)y(0) (29)

A reduced observer, with associated time invariant error dynamics, may thus
obtained for any constant k < 0.:

(1) = k3(t) 4 (—b(t) + a(t) — ka(t) — k2)y(t)
190 y(t) (30)
-k 1 3(t)

Observe that the class of systems (27) considered in the Example 2 contains
the so called Hill equations (set a(tf) = 0). The problem of deciding stability
for the Hill equation is notoriously difficult, see eg. [22], yet the observer design
as outlined above is straightforward and indeed independent of the stability
properties of the Hill equation.

5 Systems with linearizable error dynamics

iFrom the previous examples a straightforward, yet nontrivial extension towards
nonlinear systems transpires. The idea is to consider systems that may give rise
to linear error dynamics maybe via an appropriate change of coordinates and/or
rescaling of the output variables. We first present an example, a direct extension
of the observer forms considered so far. Then we introduce the general idea,
which we illustrate with a number of typical examples and then present some
fairly complete results which allow one to decide if a given system may give
rise to linear error dynamics after suitable coordinate transformation. Again we
treat the full observer case first, then the reduced observer.

11



5.1 Full observer

Example 3 Consider the nth order nonlinear, time dependent differential equa-
ticn in the scalar output variable y:

-1
T+ S AGO.0+ 4 00+ AG0.0=0 G

Assume that the functions f; have sufficient regularity to guarantee the ex-
istence of unique solutions on IR.

A particular state space realization for this differential equation (31) is ob-
viously:

#t) = Ez(t)+ f(Cz(1),¢)
y(t) = Cz(t)
010 0
0 0 1 0
E = : € IR"x" (32)
00 1
0 0 .. 0

C = (10..0)eR*n

fwt) = (=fily,t) = folwt) ... — fuly,t))T

Because the matrix pair (£, C) is observable, and due to the specific struc-
ture of the state equation (32), it is obvious how to construct a full observer
yielding asymptotically stable linear error dynamics:

2(t) = E(t)+ f(y(t),t) + K(§(t) — y(t))

(33)
) = Ci(y)
It suffices to choose K such that E + K C is asymptotically stable.
Starting from systems of the form
£(t) = flz(t)t) z(0)=zp t20
(34)

y(t) h(z(t))

the general idea is to find a coordinate transformation £ = ¢{z) and output
transformation 7 = ¥(y) such that in the new coordinates we have a system
description of the form:

It

12



£(t) ALY +g(n(t),t) E0) =& t>0
n(t) C¢(t)

Provided the matrix pair {4, C) is detectable we can construct an observer
which gives rise to linear error dynamics in the usual way.

Notice that although we may obtain error dynamics which are seemingly
defined on IR, this does not imply that the observer problem is well defined.
The solutions to (35) have to be defined on (0, +o0) before it makes sense to
discuss the error dynamics.

Some examples may serve to illustrate the basic idea.

(35)

Example 4 Consider the Duffing equation with periodic driving term.

.1."1 (t) = xg(t)
Z(t) = —p1za(t) — paz1(t) — pazd(t) + ¢ cos(wt) (36)
y(t) = =zi(t)

The solutions of (36) are well defined on (0, +o0) for any initial condition,
provided py, pa, ps > 0. (This can easily be verified by considering the derivative
of the comparison function V = 23 + 82z} + p,z? along the solutions of (36).)
It is well known that the solutions may exhibit chaos for particular parameter
combinations.

This equation (36) is in the form of the equation (35) with £ = (z, z)T,
n=y=1z = and

A= ( _3)2 —;: ) C=(10) g(yt)= ( —pay® +0qcos(wi) )

Clearly the matrix pair (A, C) is observable, hence an observer may be con-
structed as follows:

(1)
W) = Cit)

The ensuing error e(t) = z{t) — £(¢t) dynamics are hence linear and governed
by:

AZ(t) + K{5(t) — y(t)) + o(y(t),1)
(37)

. ky 1
t) = t 38
€ (kz—Pz —Pl)e() (38)
By appropriate selection of the gain K = (k1 k2)T the error dynamics {38)
can be made asymptotically stable.
This example illustrates that any simple second order mechanical system
with position measurements is in fact observable.
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Example 5 Chua’s circuit [11] can be described by the following state equa-
tions:

z1(t) ~& &€ 0\ [ =0
Gl =0 = | § % &[] =0
z(t) 0 -1 o0/ \ =z
—&f(z1()) ) (39)
+ 0
o/
y(t) = (10 0)z(t)

The nonlinearity f in (39} is given by f(y} = Qiy+ 1/2(Q2 — Gh)(lv+ E| —

ly — E|) which is non smooth, but this does not affect the discussion. Because
{f(y}| € 7|y| for some v > ( it is easily shown that the solutions for all inttial
conditions are well defined on IR.

Clearly the linear part of the system equations (3%) is observable. An ob-
server may thus be constructed as before:

21(t) ¢ & 0 £1(t)
il | =] & -§ & || =0
23(t) 0 -} 0 £a(t)
- & (y() ky (40)
+ 0 +| k|G - )
0 ka
#ty = (10 0)()

In this case the choice k; = ko = k3 = 0 will yield asymptotically stable
linear error dynamics {11]. Using different gains allows us to select a faster error
response,

Example 6 Let us consider the Rossler system:

14



i (f) —xza(t) — x3(t)

Ed? xg(t) = z1(t) + axg(t)
(41)
z3(t) ¢+ z3(t(z1(t) ~ b)
y = (00 1=

In the above (41) the coefficients a,b,c > 0. Assume also that z3(0) > 0,
then z3(t) = y(t) > O for all ¢t > 0. Keeping this restriction in mind we may use
the comparison function V = 22 + 2 + 23 > 0. Taking the derivative along the
solutions of (41) V = az? + ¢ - bry < aV + ¢ which implies that the solutions
{with z3(0) > 0) are well defined on (0, +00). The observer problem is hence
well posed.

We introduce now the following coordinates:

(&2 &2 &)= (71 z2 In(z3)) n=Iny (42)
In the new coordinates the system equations are then given by:

§i(t) 0 -1 0 £1(t) —es(®)
#| &0 (1 a 0)(62(t))+( 0
10 1 0 0 £a(t) —b + ce~ (3} (43)

n(t) = (0 0 1)&(t)

The linear part of (43) is again observable and hence an observer with linear,
asymptotically stable dynamics may be constructed as before.

We now present for time invariant systems of the form (8) with scalar output
y conditions that allow one to transform via appropriate coordinate changes the
system (8) into a systern of the form (35). The more general case of multiple
outputs has also been treated in [15, 14, 28).

To state the result we need some more notation. Given a vectorfield f(x)
(see (8)) and a scalar valued function h(z) (see (8)) denote by [X,¥] the Lie
bracket of the vector fields X and Y. The Lie bracket is defined as [X,Y](z) =
(DY (z))X (z) — (DX (z))Y(z). Moreover the operation ad% Y is defined via
adyY =Y, adxY = [X,Y] and adtH'y = (X, ad% ).

We consider the situation where the transformation from (8} to (35) only
involves a state space coordinate change § = ¢(z). This result is discussed in
detail in [4]. Let n be the state dimension of (34). The conditions under which
the transformation may be achieved are given by:

1. Local observability at x (see also (10)

dim (Span{Dh(z), DLsh(z),... DL} 'h(z)}) =nVe  (44)
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2. The mapping defined as

T
£ = é(z) = (h(:r) Lyh(z)... L,-lh(x)) (45)
is a global diffeomorphism on IR".

3. The unique vectorfield r on IR"™ that satisfies

Lib(z) = LeLgh(2)=...= L L} *h(z) =0
- (46)
LI} 'h(z) = 1
is such that
[r,edsr] =0 Vk=1,3,5,...,2n -1 (47)

A necessary and sufficient result which involves both a state space transfor-
mation £ = ¢(z) as well as an output transformation n = y¥(y) is discussed in
[15]. See also [26, 27, 28].

Remark 7 Observe that condition (45} trivially implies (44).

5.2 Reduced observer

The above result(s) are clearly relevant for the full observer problem. If a full
observer with linear error dynamics may be found, a reduced observer with
linear error dynamics can also be constructed. The reverse may not be the case.
As far as we are aware, no results are available that provide conditions, under
which via a state transformation and output transformation, a reduced observer
with linear error dynamics may be found.

The Examples 4, 5 and 8 readily allow for reduced observers to be found that
yield linear error dynamics. After the coordinate transformation the methods
valid for linear systems apply immediately.

Let us give an example for which the conditions (44),(45), (46) and (47) are
not all satisfied, yet the system is such that we are still able to solve the reduced
observer problem with error dynamics which are linear.

Example 7 Consider the van der Pol equation with driving term.

i‘l(t) = 1:2(1)
(1) = u(l—z3(t))za(t) — 21(t) + q cos{wt) (48)
Y1) = =)

The parameter u > 0. It is well known that the solutions of (48) are well
defined on IR* and that they may exhibit chaotic behavior for certain parameter
selections (p, ¢ and w).
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It is easily verified that (44) is satisfied, that the constant vectorfield r(z) =
(0 1)T satisfies (46) but fails to satisfy (47). Hence it is not possible to pro-
duce via a state coordinate transformation alone linear error dynamics for an

observer.
However a reduced order observer with linear error dynamics can be found.
Consider the new variable z = z2 + k1y + k2y®. It satisfies the differential

equation:

2(t) = (p + k1) za(t) + (3ko ~ )zd(t)za(t) — 21(t) + g cos(wt) (49)
Selecting k; +p = —1 and 3ky — u = 0 we get

i) = —2(t) + (=2 = Wy(t) + £4°(0) + g cos(wt) (50)
This suggest the reduced observer:
H) = —3(0)+ (-2~ Wt} + 53(2) + gcos(wt)
22(t) = #(t)+(1+p)u(t) - %) (51)
Zi(e) = (1)
The corresponding error dynamics are €,.(t) = —e,(t), where e, = z — £.

5.3 Linear timevarying error dynamics

In the above examples we were lead to time invariant error dynamics. This may
not always be achievable, but it may be possible to attain linear time varying
error dynamics. For a more complete discussion we refer to [30].

Example 8 Let us reconsider the van der Pol equation with driving term {48),
but this time we want to obtain a full observer.
Design the observer to be of the form:

21(t) = &)+ e (u(®)er(t)
2a(t) = p(l—&}(1)a(t) — 21(t) + ca(y(t))er(t) + g cos(wt)
(52)
gty = #1(¢)
e(t) = z(t)— 2(¢)
This gives rise to the following error dynamics
1(t) = ea(t) + or(y(t)er(t)
(53)
€2(t) = —ex(t) +p(l — y*(t))ez(t) + az(y(t))er(t)
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The error dynamics, considering y(t) as given, are linear time varying. In order
to select the functions a; and as we proceed with a Lyapunov analysis. As
candidate Lyapunov function we propose ¥ (e;, e2) = L(ey — a5¢2) + del. For
its derivative along the solutions of (53) we find:

V() = —A(L+P)ed)
+H2ea (1)) — S aa(u(0)))e2(t)

+ (G + 320 - Faru(®) + hraa(u(®)) ex(eat)

The following selection of a; and a3 will make V < 0, which implies asymp-
totic stability for the error dynamics,

afy) = ~#(3+y2+2—:;:)
ar(y) = —1-4u*@3+y?)

The method followed in solving the above example appears misleadingly
straightforward, in general it is extremely hard to establish stability properties
for linear time varying systems. Finding suitable Lyapunov functions is difficult,
nevertheless Lyapunov theory is a very useful tool.

Another example in the same vein is given by the Lorentz equations, as
discussed eg. [9].

6 General systems

As stated before providing conditions under which the general observer problem
as stated in Section 2 may be solved, is very difficult. However, under the
reasonable restriction that the dynamics are constrained to a compact domain,
which is in particular the case when the system dynamics evolve on some strange
attractor, a positive result using a high gain observer can be derived.

6.1 High gain observer

If we limit ourselves to dynamics defined on some compact set, then the following
result is available [16].

Consider a time invariant system of the form (8). Let the state x(t) be an
n-dimensional signal and the output ¥(t) = h(z(t)) be a scalar signal. Assume

that 2 C IR™ is a compact and a positively invariant set for the dynamics (8)
Assume that

T
¢ = ¢(2) = (h(z) Lyh(z). .. L;-lh(z))

is a global diffeornorphism on Q. Let the system equation (8) in the new coor-
dinates £ be given by:
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Et) = F(E®)
(59)
y(t) = &i(1)
Consider also the system
€ = FE®)+ Ko(i(t) - w(2))
_ (55)
w(t) = &(1)
where the constant gain Ky € IR" is defined via:
Ky = -S;'cT

where S = .Sf > 0 solves
0 = 08S,+ATS, +S5A-CTC
where
C = (10...0)e Rixn

and

( On—lxl In-—l

0 len—l

The system (55) is an observer for the system (54) for all sufficiently large
# > 0, in that for all £, and all & in ¢(Q), the error e(t) = £(t) — £(t) decreases
exponentialily.

The equation 0 = 0S5y + AT Sy + S4A — CTC to be solved for Sy is known
as an algebraic Ricatti equation. The observability of (A, C) guarantees the
existence of a positive definite solution with the property that A + K4C is an
asymptotically stable matrix.

The error dynamics are in general nonlinear, but due to the large gain K, the
error dynamics on ¢(Q) are essentially dominated by the stability of A + K,C.

A

Remark 8 Although a positive result, its usefulness in applications is limited.
High gain observers are very sensitive to small measurement errors.

6.2 Nonlinear error dynamics

We conclude this section with one more example inspired by the Lorentz equa-
tions and which gives rise to a nonlinear observer with nonlinear error dynarnics.
We again exploit Lyapunov arguments [23], [24] to establish global asymptotic
stability for the nonlinear error dynamics.
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Example 9 Consider the nonlinear dynamical system:

21(t) = o(za(t) - 23(1))

£2) = pas(t) — 23(t) - ma(D)za(t)za(t)

(56)
i3(t) = z(t)z3(t) - Bra(t)
W) = =)

This system is not observable, but detectable for § > 0 and o,p # 0 . Indeed
computing the observability codistribution we obtain:

d0(z) = span{(1,0,0); (*,0,0); (+,*,02122);
(*,%,—02z} — poz} + oz1229(2));. ..}

Clearly if either £, # 0 or z; # 0 we have that dimdO(z) = 3. It can be seen
that if z; = 0 and 2 = 0 then dimd0Q(z)} = 2 and the kerdO(z) = {(0,0,z3)}.
Moreover this ker is invariant. Indeed z;(0) = 0 and z2(0) = 0 imply that
z1(t,0) = 0, £2(¢,0) = 0 for all ¢ and also that z3(t) = ~B8z3(t). The system is
thus detectable, but not observable.

Consider the situation where the parameters p, o, > 0. In this case the
orlgm isa saddle point for the system (56). Using the comparison function V =
23422+ z2 it can be shown that the solutions are well defined on IR*, and that
the solutions are ultimately bounded. Indeed V = —ozt—2i+(p+0)x 27— Bzl
It follows that V < 0 outside some compact domain Q, let M? denote the
maximum value that V attains on £2. €2 is positively invariant.

We look for a reduced observer. Introduce the variable z:

5(0) = m2l0) — Su(t) 2(0) = 25(0)

z is governed by the differential equation:

A(t) = —k(21(t) + ky(t) — (21 + ky(D))°
—y(t)(z1 + ky(t))za(t) — ky*(t) + py(t) (57)
() = y(t)(za() + ky(t))* — Bza(t)
Choosing k > M? + 3 leads to an exponentially stable observer, given by:
a(t) = —k(a() + ky(1) - (2a(0) + ky(1))?
—y(£)(21(t) + ky())22(2) — ky®(t) + py(t) (58)

B(t) = y(tUE() + ky(1))? = Ba(t)
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The error dynamics with ey = 2, — zy and ez = z5 — 73 are governed by the
nonlinear and timevarying differential equation:

e1(t) = —ker(t) — e1(t){323() — 3za(t)es(t) + e2(2)]
~y(t)za(t)eq(t) - y(t)zz(t)ey(t) + y(t)ei(t)ea(t) (59)
e2(t) = —Pex(t) — y(t)el(t) + 2y(t)za(t)ey ()

Using the comparison function W = e + e2 we can now establish that
the error dynamics (59} have a uniformly asymptotically stable trivial solution

provided k > M? + 4.

7 Conclusion

We have drawn attention to the fact that the problem of synchronisation as
introduced in the control of chaos literature can be viewed as a special case of
the observer design problem, which is well known in the nonlinear control theory
literature. The formalism offered via the observer theory allows us to provide
a reasonable comprehensive framework for synchronisation issues. Some open
research problems have been identified.

This paper was preoccupied with the existence question. In a companion
paper we will focus attention on the control problem formulation of synchroni-
sation and in particular consider issues relating to sensitivity with respect to
measurement errors and/or errors in the representation of the system dynam-
ics. These are of great importance when considering observer/synchronisation
problems in a practical setting.
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