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ABSTRACT

[t is well known that in a linearized analysis the in-plane oscillation of a
tethered satellite system about the radial earth pointing position decouples from
the out-of-plane oscillation. By tension control, therefore, only the in-plane but
not the out-of-plane oscillation can be affected. Hence, using tension control
linearization of the equations of motion cannot be used and a nonlinear problem
must be treated. For a simple mechanical model of a tethered satellite system
we show by means of center manifold theory that for the nonlinear system the
out-of-plane oscillations can be stabilized by tension control.

1. INTRODUCTION

[n [1] Bainum and Kumar study the control problem of a simple tethered
satellite system consisting of a space shuttle moving on a prescribed circular
orbit and a subsatellite modeled by a pointmass and connected to the
shuttle by a massless always straight tether as in Figure 1.

The nominal operating position of the subsatellite is the stable radial
earth pointing equilibrium position. An important technical question now
is how to regain this radial position as fast as possible if perturbations of
the radial position lead to oscillations about this state.

There are several ways to control the position of the subsatellite, for
example, by means of the use of rockets mounted at the subsatellite. How-
ever, the simnplest control strategy would be to try to control the motion
of the subsatellite by tension control of the tether [2]. Tension control can
be easily realized by controlling the torque at the reeling drum.
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Fre 1 System geometry showing the shuttle on a prescribed cicenlar orbit and the

im-plane angle v and out-of-plane angle v of the straight tether of length { connecting
the subsatellite to the shuttle.

However, perforiuing a linearized analysis of the control problem it turns
out that only the oscillations in the orbital plane can be controlled, whereas
the out-of-plane oscillations in the linearized problem cannot be controlled
by tension control as shown in the analysis given below.

In [1] it is conjectured that in o nonlinear analysis the nonlinear coupling
Lietween the in-plane and out-of-plane motion could result in the possibility
to control also the out-of-plane motion by tension control.

‘The aim of this paper is to give such a nonlinear analysis.

2. MECHANICAL MODEL AND EQUATIONS OF MOTION

We use exactly the same model as in [1]. We assume that the motion
of the shuttle is prescribed on a circular orbit with angular velocity w and
further that it will not be affected by the maotion of the subsateilite. The
subsatellite 15 given by a point mass which is connected to the shuttle by
a straight mossless inextensible tether. Hence, the problem has three de-
grees of freedom, namely, the two angles 9 and ¢ which are so-called Tait—
Brayant angles describing the system’s pitch motion in the orbital plane
and roll motion out of the orbital plane, respectively, and the length | of
the tether as in Figure 1.

As external forces we only include the gravitational effect of the spher-
jeal earth and neglect all other influences which, for example, could be air
drag, the earth’s magnetic field, or effects following from the nonsphericity
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In the equations of motion of the subsatellite we obtain duc to the action
of the cable the generalized forces @), Qo, @,. However, hiere only ¢ is of
relevance because the other two vanish for the straight cable configuration
because no moments can be transferred by the cable.

The equations of motion in the variables 1, ¢, and [ can be taken from
[1}. In dimensionless form they are

L
M,
27y %sin?ﬂ =200 - 1) tanyp + 2% (V-1 =0 {1)

7 €+ (- 1) 4 3ens? ) cos®p — 1] =

o+ %((t)’ —1)% + 3cos? @) sin2g + 2%—@' =

Here £ = /1., where I is the nominal lengti of the cable in the station
keeping operating condition. M denotes the mass of the subsatellite. (1)
designates the derivative with respect to a dimensionless time 7 = wt.

We study now the problem with constant tether length. In case we
would study the control problem for variable tether length, for example, for
the operations of deployment or retrieval of the subsatellite then . would
be time dependent and a much more complicated mathematical problem
would be obtained.

From the equations of motion follows that the radial equilibrium posi-
tion g = 0,9 = 0,1 = I (respectively, £ = 1) is a solution resulting into
the static tether tension (3*** = —3Mw?l.. For the further analysis we
introditce a new variable £ defined hy £ =1 + =

3. LINEARIZED CONTROL PROBLIM

We perform now the linearization of (1} about the radial state. This
results in

@

N Mw?i,

0430 -2 = 0 (2)
¢ dp =0

e’ — 3420 = 3

We see that only the in-plane angle J can be affected by variation of the
cable tension (3, whereas the out of plane motion  compietely decouples
in the linearized case and. hence. by tension control will not be affected
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Frei. 2. Control system for the components 9,7 e, and €’ by means of a linear
controller.

Introducing the vector
XT = (5v5r|ﬂa19]?(p!‘pf) :(II,ILI:],Iq,Is,Iﬁ) (3)

we can write {2) as a system of equations of first order in the form

x' = Ax + bu, {4)
where _
01 0 0 0 0}
3 0 n -2 0 0
0 0 0 i 0 0
- 5
A 0 2 -3 0 ¢ 0 ( )
0 0 0 0 01
(00 0 0 -4 0]

The control quantity u will be the variation of the cable force @ from its
static value @' and is given by

Q- _ @
Mol Muw?l,

w=AQ = +3 (6)

and is introduced into the system by the vector bT = {0,1,0,0,0,0}.
Following the analysis given in [1] we realize a feedback control system
as in Figure 2 by stipulating a simple linear controller in the form
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Introducing (7) into (14) we obtain the linear closed loop control system
in the form

x' = (A — bk")x = Dx. (8)
Since we ounly are able to affect the first four components of x we set
k" = K|, K2, K3, K4,0,0}. The linear operator D = A — bk" then reads

q

0 i 0 0 00
3_K, -Ky K3 -2-Kq 0 0
0 0 0 1 6 0

D= 0 2 -3 0 0 0 9
0 0 0 0 0 1
L 0 0 0 0 -4 0

in preview of the treatment of the nonlinear system we decouple the linear
system into two parts by introducing the following notation

(10)

Here x is partitioned into the vector xT = (x4, 12,23,24) = (g,€", 9,9} of

L]

the so-called noncritical variables and into a vector x] = (x35,z6) = {p,¢")

of the eritical variables. The corresponding matrices are

0 10 0
3—1\’1 —K2 *Kg —2—K4 0 1
Ja = 0 o 0 1 Jc:(—d. 0)' ()
0 2 -3 0

" Following (1] the control parameters K; are selected in such a way that the

eigenvalues of J, are located in the left half plane. According to Routh’s
criterion the necessary and sufficient conditions for the stability od the
closed loop, that is, of the components of x,, are

K, > 3
Ky > 0

K K
K4>—3 1'!"1_

K; 2
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The eigenvadnes of Jo are purely hmaginary and cannot be influenced hy
the controller. The corresponding variables are the components of x,. and
their stability depends on the nonlinear system.

If we consider the How of the linear vectorfield given by (10) in the
six-dinensional phase space we note that there is a contraction of the flow
(the variables iy, ., £q) to the plane spanned by the two coordinates xx
and e This shows that the thine evolution of the lincarized svstem s
such that after some tiime only a two-dimensional flow is obtained. Hence,
quiite paturally the syatemn redncees its dimension from six to two  However,
the two dinensional system is not structurally stable [3] beeanse s phase
portraits are o finily of cireles which depend on the initial coneditions and
the siightest perturbation due to nonlinear terms will change the qualitative
type of behavior,

It fuet if we look at the problem from the point of view of hifureation
theory 3] a Hopf bifureation is given which allows us to judge the stalility
of the oug of plane oscillation from the nontinear system equations. “Center
manifold theory™ [3, 4} will allow us to perform the reduction process, which
quite naturally was obtained above for the linear problemn, as well as for
the nonlinear problen.

40 CENTER MANIFGLD REDUCTION TO A TWO-DIMENSIONAL
SYSTEM

We intraduee tow & = 1 + £ and the following expressions up to third
order in the variables

~3 2
. & S ¥ SR
R T + O™y cosyg =1 - o + O{sY)
3
tany = ¢+ % + Ofp”) £/ =¢" —e'e+e'e? 4 O

into (1), This results in the nonlinear system up to third-order nonlinear
terins

)]

ot e 3w 20+ (407 1397 % -0t 2

—20' % b dep? 4 et - g™ — £0"?)
0 = 9" 439 - 2" + (26’ + 200 + 250 — 20° —20''p
-2’ 2V

0 = " +dp+ (279" = 2000 — B — 30% + 9y - 22570
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Transforming to the variables r, according to (11} we obtain the nonlinear
dynamic system

x"=Ax + N(x) + bu, (14)

where A, b, and ware given as above and the noolinear terin N(x) is given
lyy

N(x)
1}
- 1:;: dry i 1:;"; t 1"; 2ryry + 2.1‘,;.1::31 —dred - li.r'lf;‘i
-+ .r|.1';'; ¢ .1'1.::‘;
= {
- Rrymy - 2rgrg — 2rpag -k 21§ b 2agrsae £ 2riey 42,y
{
—2raxg + Zrgrg £ %_Lrj + :S‘I'il‘s J,‘:’i.’]’f}g Frroary,
(15)
The equations correspending to (8) and (10) are
x" = (A - bkT)x + N(x) = Dx + N{x) (16)

aned

X, = J.ixq + Ns(xr.:x!)

!
o (17}
x. = Jox. + No(xo x40

As already mentioned in the previous section also for the nonlinear system
{17) a reduction to a two-dimensional system in the two eritical variables
re, . is possibie. However, this cannot be dene as for the linear system
of equations by simply neglecting the so-called stable components because
due to nonlinear couplings the stable components can influence the critical
ones. However, by applying center manifckl theory the stable components
can be eliminated in a correct way supplying a reduced system which locally
Lias the same stability properties as the original fulldimensional systern,
that is. we must express the stable components by the critical ones in the
form

x, = hix,). {18)

Inserting (18) into the critical part of (17) we obtain

x! = J.x. + Nu(x., h{x.)), (19)
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Tl main task to be performed is the calculation of h. This is explained
in detail in [3] or in 4]. Hence without much explanation we perform the
calculations. The basic equation to calculate h is

hf(xc)(-]cxc + Nc(xm h(xc)) = Jsh{xc) + Ns(xc!h{xc)} (20)

with the couditions at zero: h(0) = (0) and h’(0) = (0). An exact solu-
tion of (20} is equivalent of solving the original problem and hence hardly
possible. However, as it is shown in [3, 4] it is possible to satisfy (20) up to
any desired order by a power series expansion. Since we are only treating
a noulinear problem up to third-order terms a power series expansion of
h up to second-order terms in the critical variables will be sufficient [3].
Henee we set

hix) = 3 HY(x,), (21)

i=2

wlhere the H(x,) designate terms of i-th order. Restricting to the secoud-
order terius we have

hix.) = H® (x.) + O(1x}*). (22)
The cocthicients of H'?) taking into account of (20) follow from
H J x, = J,H® + NE(x.). (23)

Here N* (x.) designates all the nonlinear terms in the critical variables of
second order of N,. For the treated problem we have

o . T
HY = (H%(Is,za).Hg(IS,IGLHf(rs,Ie),Hf(Is,Ie}) (24)
H? = a0t + 01256 + 0274,
yielding that we have to determine 12 coefficients.
Moreover, we have
NP(x.) = (0, —dx? + 23,0, -2z515)7, (25)
JH? OH}? Hi H?
94y OH{ _40HE | o
81'5 aIG 61'6 C)-'ITE.
S H®' I x, = : (26)
oH? OH? JOHD | OH}
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and
H?
J.H? = (3 - K\)HE - KoH} — K3HF — (24 Ky)H]
s H? . (27)
2H3 - 3H}

The four cotnponents in (23) yield four relations

aH? aH?

Y ettt AP Lo g2
f2s T5 + . xg = H;
a8 2 2

—4 H2 5 + 6H2

oo Tt LT = (3 - K\)H? — KyH? - Ky H?

—(2+ K)H} - 422 + 2

(28)
aHZ aH}
-4 3 3 — K2
EXS Ts + Maxs I6 H4
oH} OH?
—4 aIG s+ B_IE,IG = 2H22 - 3H§ - 21.'515,

from which after substitution from (24) and comparing coefficients the
following linear algebraic system

Mo = L (29)

for the coefficients a;;x(J + k = 2) follows. For notational simplicity the
coefficients have been collected in the vector

T _
(84 —(0120,0111.0;02.0220.0211,0'202’0320.0311,030210420.0411,0402)-
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The wmatrix M is given by

0 -4 o -1 0 0 0 0 0 0 0 0
2 0 “R g -1 0 0 0 0 0 0 0
6 1 0 0 N -1 0 0 0 v 0 N
K3 0 0 K, -4 0 K3 0 0 2+Kg 0 0
0 K,=3 0 2Ky -8 0 Ky 00 24RO
N - 0 0 RN, -3 0 LK, 0 0Ky 0 U 24 Iy
T 0 0 00 0D 0 -4 0 ! 0 0
i 0 0 N VI N R | U S U -1 N
0 ¢ i 0 o0 00 1 0 0 0 1
0" 0 0 -2 0 03 0 00 -1 0
0 0 n G -2 0 0 3 2 0 -5
0 0 0 00 -2 0 U a4 1 0
(31)

The right-hand side of (29) is

LY ={0,0,0,-4,0,1,0,0,0,0,-2,0). (32)
Inserting x, = H®(x,) into the critical part of (17) we obtain the bifur-
cation equation (19}, Up to third-order terms in the bifurcation equations

we have

o
'J'Fl = I

. . 33
. o= —4.r.=,—2Hg:r.-.+2Hf1:5+%rjé+()(\xcld). (33)

Woe note that there are no quadratic nonlinearities in the bifurcation equa-
tions which determine the nonlinear stability of the out of plane oscillations.

. NONLINEAR STABILITY ANALYSIS

Iutroducing the linear transformation zs = z; and g = —222 in (33)
we obtain equatious in the linear normal form for a Hopf hifurcation

-v’ — -

5 = -2z (34)
R 3 Lo b @iz 2l 3

zy = 221 + Q303 azyzizz + ajpnzy + apay

with the coeflicients
4 -
agy = -3 = 0, az1 = 2(aq1 — a20),
tt1g = 4((!211 - (l.;g-_w), apy = —80:202. (35)

Equations (34} present still a complicated stability problem for z) = 2; = 0,
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simplification of (34) is possible without changing the qualitative stability
properties of the equilibrium. This can be done by “normal form theory”
as it is explained in detail in [3, 5]. However, here the simpler approach
by means of the “averaging principle” will be applied as it is explained in
14, Chap. 6.1].

For the application of the averaging principle we transform (34} to pelar
coordinates zp = Jurcosyg, 2y = (Jursing where pois a small scaling
factor. (34) then reads

=S e) (36)

E

w =24 pT(r )
Here S(r,¢) and 1'(r, 2} are 2r-periodic functions in g given by
Slr,p) = 1'3{(13,] cos? @ sing + ag) cos? @sin @
+ @z cos@sin® @ + apy sin? @)
Tir,g) = 7'2((130 cos? v + ay, cos” @ sing
+ayp cos?ipsin® @ + agg cos @ sin® )

The averaging principle now states that the behavior of the How of system
{36) and the “averaged system”

{

7 = uS(F) = pAF
@ 2+ 1T (F) = 2 + uBr?

is qualitatively the same [6). Here the right-hand sides are calculated as
the averaged values of § and T given by

2
S‘ = -1— S(?,@)(ik,_o = 31(3&{]3 + (IZI)FS = A7t
27 Jy
" 1 2m
= — 1 TJ,_D)(f(,—D = é(:}d:;o -+ (llg)FQ = BFQ.
27 fo

Hence, the stability analysis of the out-of-plane motion has been reduced
to the question of whether the coefficient A = (3agz + a21}/8 is negative.
Of course, we are especially interested to know how the control parameters
Ky, K, Ky, K4 influence A. With (35) we obtain

A = -3 + %(0411 — am). (37)

The coefficients gy, tear1, and ooz follow from (29). The solution of (29)

b ¥ 1 12 S "
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Ke

bble region

- (K, +1)/2

Fi. 3. Stability boundary in K3, K4 control parameter space for K > 3 and
K3 > 1. The whole area above the hyperbola is the stable dornain of the linear system
[olluwing from the conditions (12). The restriction below the straight line follows from
the nonlinear condition {38).

Hence we are able to obtain an explicit stability condition in the form

L K (=1045C; + (K - 3)K; + 16K3(2 + K4))
T OR((32K, + 13K, — 208)2 + (52K, — BK3)? + 2082)

<0. (38

Since the denominator (the determinant of M given by (31)) after canceling
of I, is positive for all control parameters the inequality reduces to

— 104K + (K[ - 3) (3 + 161{2(2 + ]{4) < 0. (39)

Condition (39) in addition to conditions (12) following from the linearized
stability analysis define now the stability region for the control parameters.
We follow now the representation given in {1}. There, for fixed values
K =3 and K, > 0 the stability conditions (12) are plotted in the K3, K4
parameter plane. The result is shown in Figure 3 where the stable region
for the linear problem is above the hyperbola. However, the nonlinear
stability condition in addition reduces the domain from an unlimited one
to a finite one. This is a very important result from a practical point of
view because it shows that too large values K3, K4 to effect ¢ and 9’ in
the lincarized control problem will have a destabilizing effect on the out of

nlane motion.

———— e — e -
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(vii) The determinacy of bifurcation equations in several variables, for

example, equations (4.15) and (4.18) is not always easy to decide if
some of the coefficients of third order are zero {Section 6.3).

4.2 Loss of stability of periodic motions:
an example from robotics

In this section, we explain an important step in the stability analysis
of periodic molions, namely, the explicit calculation of the lowest order
nonlinear terms of the corresponding Poincaré mapping.

Y

Figute 4.12. Mechanical model of a simple planar two bar robot under the

action of two drive moments M,, My yielding a prescribed circular maolion of
the endpoint &G

We perform these calculations when investigating the dynamics of
the simple robot sketched in Fig. 4.12. For example, such robots are
used in the automobile manufacturing industry for painting. During
such operations, the automobile is passing along the robot endpoint (7
with constant speed, while the robot endpoint ¢ perforins a prescribed
motion. Al the robot endpoint a painting device {spray pistol) may be
mounted. For such a painting process, stability problems can become
important, especially when parameters are varied. First, if the speed of
the assemnbly line is increased, the endpoint of the robot muost move faster
and, hence, a loss of stability of the basic, periodic motion can occur if
the parameters of the controller are kept fixed. Second, a change of the
spray pistol to one with different mass can also result in a loss of stability
of the prescribed motion.
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4.2.1 Mechanical model and equations of motion

The mechanical model is a double pendulum with two drive moments

M, and M, acting at its hinges. The motion of the endpoint G is as-
sumed to follow a circle with canstant angular velocity wo. Making use
of Lagrange's equations we obtain (|87])

=) (2):

1 - . . .
ki O @1 ) 12 — 241 ) sin 2 )
+ 5 | + 4.2
( 0 Kk ) ( Y2 %‘Pf sin g { 7}

(24 ) cosgpr +jeoslpz—e1) Y (M,

—4 cos(pz — 1)

friroome -(3
+

Lalms wolmet

where the following dimensionless quantities (Fig. 4.12)

™, M. K.' 9
L Mi=———, k= ke =
e my’ T, mafewl T gy wlt

are used.

Fhe components @y, @2 of the vector w = {1, )7 are the two degrees
of freedom and M = (M, M3)7 is the vector of the drive moments, acting
at the hinges of the robot. k; are the viscous friction coefficients in the
joints and kg is a gravitational constant.

To obtain the prescribed circular motion of the endpoint &, the first
thing to do is the calculation of the moment M(t) = Mo(t). This requires
the solution of the so-called inverse problem of robotics and is done in [87}
for this special problem. More generally it is treated in [34]. The goal of
this analysis is to express the left-hand side of {4.25) by the coordinates

g = L—rcosf (4.26)
yo = rsinf
and their derivatives under the condition
,(:J == wyp = const. {4.27)
One starts with z5(t) and yg{t) in the form
zg = {(cosyy + cos(pr —¢r1)) (4.28)

il

#sinipy — sinfypz — 1)),

Y¥e
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which follow from Fig. 4.12. The dependence of all quantities (@1, P2, ¢1,
P2, CO8 1, COS 3, cOs(ipg — 1), 3in ;) appearing on the left-hand side of
(4.25) on (TG, ¥a.¥G. V. g and §g) can be calculated by lengthy, but
straightforward calculations ([87], (34]). For example, one obtains for ¢,
the following expression

9 Tgtg + yeva
(2% + yE)40 — % —vd)

if we introduce these quantities into the left-hand side of (4.25), the two
components of Mo(t) are obtained in their dependence on the motion
of the endpoint G. These give rise to a periodic motion py(t), which is
the basic state to be investigated for its stability. In order to formulate
the stability problem, a control loop (Fig.4.13) must be superposed to

@2 = (4.29)

-1 Ms M @
process o
computer
=

Figure 4.13. Control loop for the robot

the system. The task of the controller is to correct deviations from the
prescribed motion. Mathematically this can be dene by introducing new
coordinates ¥ = (3, %)7 in the form

!p,=l.pg,+l,[7. 1:1,2 (430)

These new coordinates can be interpreted as deviations or perturbations
from the fundamental motion. To force the robot back Lo ils required
motion the drive moment Mg must be corrected. We express this in the
following way

M, = Mo + OM,  i=1,2. (4.31)
Now we transform to a system of first order equations by setting
T =y, ea=vy, Ta=s,  Ie=tn (4.32)
The resulting equations of motion can be written in the form
& =A{,XT +CtA)u +f(t,z,z,A) (4.33)

where 2,f € R, A is a 4 x 4 matrix, u = {(AM;, AM;)T and Cis a
4 % 2 matrix. The vector f contains terms up to third order which have
been obtained from a series expansion of the nonlinear terms in (4.25).

4.2 Periodic solutions of finite-dimensional systems 91

To eliminate the vector 4 from (4.33), a control law must be introduced.
A simple compensation of the deviation from the prescribed motion is
stipulated. Hence, the following relations are introduced:

1
1797 :AM] Z}?J’.‘]1 UQZAM';:ng:; . (434)

To keep the number of parameters as small as possible, only one controller
constant R is used which, of course, must have a negative value. To
obtain a first order system, we substitute (4.34) into (4.33) and express
the terms containing z in f in (4.33) by means of its linear and quadratic
terms, as it is explained in Appendix O.2. This yields

&= At Az + Biit, 2, A) + (L, T, A) + O(Jz|*) (4.35)

where A(t, A), fa(t,z, A} and fih(t, «, A} are periodic in ¢ with the period
T of the given fundamental motion of the robot and the vectors f; and
f; contain nonlinear functions of the variables of second and third order,
respectively. The parameter vector A is two-dimensicnal and given by

A= ( R ) (4.36}

with wp defined by (4.27) and R by (4.34).

4.2.2 Calculation of the power series expansion of
* the Poincaré mapping

The stability analysis of the prescribed periodic motion @g(t) = @t +7T)
reduces in the formulation of (4.35) to the investigation of the trivial
solution

zp(t) = 0. (4.37)
For a linearized stability analysis of #¢ Floguet theory ([103]) could be
used. However, we will soon see that the investigation of the Poincaré
mapping includes the linear stability analysis supplied by Floquet’s the-
ory ({7} p.282). In the case under investigation, the calculation of the
Poincaré mapping, that is, the calculation of the points of intersec-
tion with a transversal surface is not very difficult. Because of the
T-periodicity of (4.33) we only have to calculate the solution at time
T.2T,... and so on. The result of these calculations is sometimes called
a time-T mapping. From Fig.4.14 follows that the trajectory =(z;,t}
leaving z,, in the neighborhood of the periodic solution zg, hits the sur-
face again al x;. Hence, the following equation results

T = P(Z]) = Z(ZI,T)‘ (4}8}
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Figure 4.14. Poincaré mapping in
the neighborhood of the periodic so
lution xp

where in the notation of Section 2.1, Pr instead of P should have Leen
used. However, since T is fixed, we omit the index.

To calculate the Poincaré mapping in the neighborhoad of the periodic
solution, which is given by the fixed point @ in the surface of section,
the following formal power series expansion

P(xq+ £) = P(zo) + P'(xo) + %P"(wo)(&f) + %,P”’(mn)(&.e. ..

(4.39) ,

is introduced, where P{zy) = 2q, because z(zy, T) = k0. P'{xy), P'(20),
P"(2),... are obtained from the solution of a serics of initial value
problems. This is easy to understand if (4.38) is written in the form

Pwo+£%==uu+&T)xmme%¥Qimmeq (4.10)

dxy
1 8%z | Pz ,
3 E TGO + = ISR A

where 2y = xo + £ is used. Comparing {4.39) and (4.40) yiells
dz §x
Pz} = —(x0, T), P'{zo) = — (=0, T), 4.41
(20} azg( 0T) {z0) 3::3( o) (4.4
To caleulate 8i/2a, the differential equation (4.35) is written in the form
£ = Flz,t). (4.42)

“Taking the derivative of both sides of (4.42) with respect ta zo, we oltain
a differential equation for 8z 0z in the form

( 8z ) JdF 8z (4.43)

Bzo) Oz dzg
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To obtaln_the ﬁrs_t term ir} (4.41}, the system (4.43) of 4 x 4 linear homo-
gg?!(:o-us_: Fi:ﬂ'erent_jetl equations must be integrated from ¢ = 0 until ¢ = T°
:rall lmtltla}l] conditions Qz/@zg (0) = E, where E is the unit matrix. TO'

culate the next term in (4.41), the derivative of (4.43) with respect to
@ s taken, resulting in

(aﬂz)' _IF&x  FF {9z \?
Az} ~ Ox dx? + dx? Oxu) ’ (4.44)
Thlst slystsem of 4 x 4 x 4 linear inhomogeneous differential equations
r;]zus a)‘; integrated from t = 0 until t = T, with initial conditions
¢ ..";/h.a:}o (0} = 0. Proceeding in this way, the coefficients of the thicd
and higher Ordm" terms can be calculated. Of course, this process of nu-
merical Talculat.lon of the higher order terms becomes computationally
ntense, if the dimension of (4.35) is large. -
Introduci i = j
from (4 39)(:}5 t:]?el no:at}:on x3= %0 + & an(.l T, = & + £, we obtain
. § result of these calculations the discrete dynamical system

Cor = LA+ Qul€, 60 N + Qa6 6,6, A) + hoot, {4.45)

in the form (3.34), where £ € R and X € R Q..Qs,... € B are
:CCL()FS.;! the components of which are quadratic, cubic and higher order
erms in the variables, respectively. For example, the first component of

Q: istof the form: Z:.;:l a1 (AL,

4.2.3 Stability boundary in parameter space

In order to investigate the stability of the fixed point &, = 0 which
rorresponds to the periodic solution (1) given hy (4.37), we study the
linear part of {4.45). The corresponding matrix

L) = Plza) = 25 (. 7) (4.46)

is ('xa:rt]y the matrix also obtained using Floquet’s theory. For a qua-
sistatic variation of the distinguished parameter wy {given by (4.27)) with
}.hte second parameter R (given by (4.34)} kept_at a fixed value, we calcu-
ate the eigenvalues of (4.46). From the conditions given in Section 3.1.2
we know that the critical sigenvalues are those with modulus equal tr;
one. Hrr‘me, we pick a parameter value of X according to (1.36} such
that lall eigenvalues have modutus smaller than one. Now wy 15 increased
quasistatically until the first time an eigenvalue ;¢ with m’odulus equal to
one is reached. Typically, in one parameter families only three different
cases can occur ([7] p. 284 and Fig. 4.15): .
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Figure 4.15. The typical cases of
loss of stability in one parame-
ter families of mappings are the
three cases: u = b, g = -k
p=wxin =1

(1) po=1
(3) po= vii =1

(1), (2) and (3) are called saddle-node, flip and Heopf bifurcation, re-
Sp(;ctively. These names will become clear from the .analysns of th(.: non-
linear cases in Section 6.6.3. In Fig.4.16, the stahility boundary in the

Wg
15}

10]

stable

-120 -100 -80 ~60 -40 R

Figure 4.16. Stability boundary wo. in wo, R parameter space. Different types of
loss of stability occur according to the critical eigenvalues 1, -1 and Jvxin| =1

(wo, R} parameter plane is shown. In the range of R.shnwn'in Fig._4.16
(—120 < R < —30), the first instability obtained by increasing wo is al-
most always due to a flip bifurcation (4 = —1). However, saddie node
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bifurcations can also occur. If the system is operated at values of wy
bigger than those leading to the first instability region also Hopi bifur-
cations can occur. Above the first instability region parameter domains
exist where the original periodic motion is again stable. This behav-
ior can be explained from the fact that these bifurcations result from
resonance phenomenona {parametric resonances).

4.2.4 Center manifold reduction

By the transformation of coordinates (3.40), the discrete dynamical sys
ten (4.45) takes the form (3.41) and after a proper rearrangement the
form of (3.42).

We give now the explicit calculations of one and two dimensional
hifurcation equations for the cases p = 1 and = v £ in.

ity = 1: Saddle-node bifurcation

In this case, n. = 1 and (3.42) takes the form

4
Viorn = Yea + @Yo i) = wea + Z Ayyk¥e ;Y +
J.k=1

4
+ Z Qe Yeulire + ...

Tk =1

Vers = iy + 9il(von v, =234

where for simplicity it has been assumed that the remaining eigenvalucs
#i {1 =2,3,4) are distinct and real. From (3.43) follows

Yiu = hi(y!,l) 1=12,3,4.
For the calculation, we use the approximation H of h in the form
yei = Hi(ya) = oigyly +eaavdy + .. (4.49}

which starts with at least quadratic terms considering the general prop-
erty (3.18). To calculate the coefficients a; ;, we substitute (4.49) accord-
ing to (3.45) into (4.48); where use is made of (4.48), to find

aiafyr + o1 (v, Hilye N + aaslyer + gilver, Hilya ) + ...

—mileiayiy + sy o) = gy, Hdwe)) = O(lyea|*)4.50)

We calculate the approximation H in {4.50) only up to quadratic terms.
This approximation will give us bifurcation equations, correct up to and
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including third order terms as is explained in detail in Section 3.1.1. The
quadratic terms follow from (4.50) to

QigYiy — MgVl — giayl, =0, (4.51}

where g,2 are the coefficients of the quadratic terms in the series expan-
sion of the nonlinear function g;. From (4.51), we obtain the coefficients

gi2

gy =
2T

i=234. (4.52)

Inserting (4.52) into {4.48); gives the one-dimensional, third order bifur-
cation equation

e = ym+a1nyf_1+(ﬂn11+t11uam+a11303_2+r:”m.._,)1,:f.| cooL (4.53)

it12 = v +1n, |jy 2] = I: Hopf bifurcation

Now, n, = 2. The most convenienl way to handle this case is to use
complex variables. Then system (3.41) takes the form

Wiprr = gy + gy, Wy, w10, )

(4.54)

Wipy,; = -U’Ju}‘»f+g}'(t‘”!.lvﬁ!.lvu't‘pﬁl.))

where in the robot example j = 2. In order to keep the treatment more
general, 7 = 2,..., N can be assumed. Here

Wer = Y+ iz and Wet = Yei — T2
are complex conjugate. Analogous to before, we set

— 2 — —2
W ; = H(wl.lv wt‘l) = 0y, W + g 0 Wy + ey ;1 4 (455)

where from the outset, we look only for bifurcation equalions (1.54), of
third order in w;,,1,,. First, we write {4.55) for (£ + 1)

2 2 —1
Wepry = Oy Wiy oy legn |t + g ity )
and substitute for each w411 from (4.54); to find
tt — 1,.,2 - = —2—7 ¢ | T i'ﬂ} (4.56)
tely = O wy y F oag B W0+ ag g, + O e T ). (4.56)

Second, we consider {4.54); where we substitute (4.55) on Lhe right-hand
side to obtain

2 — —12
Wepry = py{o gy g w Wy + e e, ) +
J ] SR | AN

+ gn'_,wf‘, + Qra W Ty + g2, + Oun|’). (4.57)
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The gie.m are the coefficients of the quadratic terms in the series expansion
of gm, (m = 1,2,...,N). Comparing the second order coeflicients of
(4.56) and (4.57), which corresponds to relation {3.45) with q¢ = 3, we
find

wyy o, (0 = ) = gny;
We 1 We,y - a2, (i, — 15) = iz, (4.58)
ﬁ{l : oraz; (B — 1) = a2 -

Inserting the coefficients ay; j, o135, app ; oblained {rom {4.58) into (4..55}
and then (4.35) into {4.54), results in third order bifurcation equations
for the robot (7 = 2} in the form

- -2
Weprn = ey 4 grawi + Graaweiio + gaalh, +

3

3-k_k

+ E Qa_kk1 Wy Wy,
k=0

ar
. 2
Wepr = gy + azow;2 + anw v, + agriw; +

3 4y (4.59)
+ a‘ww? + anwfﬁ + ay0Br 4 agw + Ofw,, )
where we have omitted the index one.

The calculation of the coefficients of third order is straightforward.
W¢ do not write down their explicit form because in the further treatment
of (4.59) it will turn out that in general not all coefficients are needed.
In fact only one will be needed which follows from the application of the
normal form theorem. This is explained in Section 6.1.

4.3 Loss of stability of finite- and
infinite-dimensional statical systems

4.3.1 Buckling of a rod: discrete model

To explain the method of Ljapunov-Schmidt, we start with the double
pendulum of Fig. 2.5a. This is one of the simplest examples of a mgdel
problem for buckling with more than one degree of freodon_\. If, 15 a
conservatively loaded system and if the load is applied quasnstat.fcally,
the equilibrium equations can be derivéd from the potential fun.ctlon Vv
(2.17). The hars are assumed to be massless. The torsional St.lﬂ-]I'IESS(’S
are ¢; = ¢ = ¢ and we divide V by ¢. Then from {2.17), we oblain the
potential
Vv _ i

Vi =— hi R 1(;[;2 — ﬂsl)z — F{2 — cosy — cos i) (4.60)
c 2 2
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This results in two equations

LA i i e e
- B 5o g

Fo= eAP

¢ = wteBi?,

where the brackets in the following integrals for A and B are those from
(6.47). llence, we obtain

1 .
A = — laiao cost @ + ... + @y sin® pldyp
27 Jo
3 1
= *8“(0130 + fize3) + E(ﬂm + ayn)

1 f*

B = — [agwcos‘\p—{—...—almsin‘ wlde
2m Jo

3 1
= g(agm - q) + S (6212 — ) .

3
The expressions for A and B are identical 1o bf and b, in (6.41).

This example shows that not only a strong reduction of the complexity
of the problem is possible by means of the averaging method, but also
the close connection to normal form theory which is elaborated in [128].

A complete listing of the different normal forms for cases of codimen-
sion one and two together with the dependence of the coefficients in the
normal form on the coefficients in the bifurcation equations which are
obtained from the reduction process is given in Section 6.5.1. We give
this listing in Section 6.5.1 because there we also include the unfolding
parameters.

6.1.2 Time-discrete dynamical systems

We discuss the three cases of codimension one mentioned in Section 4.2.4,

We start with g real. We can deal with the cases ¢ = 41 (transcrit-
ical bifurcation) and 1 = —1 (flip bifurcation)} simultaneously because
after the center manifold reduction both are given by a one-dimensional
bifurcation equation similar to (4.53). We write this equation following
the notation of Section 6.1.1 in the form

Yo = 2y + a2y +aay] + O(lul") - (6.55)
Similar to (6.2} the change of variables

yo= 2z + (=) (6.56)
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is intrt?duced. First, we try to eliminate the second order term in {6.55).
For this purpose, we assume

h{z)) = a2} . {6.57)
Considering (6.57) and inserting (6.56) into (6.55) we find

o gzl = E{z o+ agzl)+
+ 02(2‘ + 022?)2 + 6323 + O(]Z!I‘)
or
Ziy = (o + 0223)—
—aq[tz & ag2? + az22 — apzfP+
+ az(ze 4 a2z + aaz? + O(|z,|1)
and finally

Zeyy = tz 4 (ta;—ap+ 02)2,2+
+[~202 F 200, £ 203 4 2000, + as)zd+ 6.58
JoahT J=i (6.58)

From (6.58) follows immediately that for u = +1, that is for the upper

signs, the se.cond order term cannot be removed, Hence, the normal form
in this case is

2o = 20+ Auzp + Oz %) (6.59)

where A; = a;. However, if u = —1, that is for the lower signs in (6.5%),

ll:he ]quadrahc term can be removed for oy = a,/2 and the normal form
eads

2 = =2+ Azzd + O(|z]Y) . (6.60)

che coefficient 4, is obtained from (6.58) by taking the lower signs and
inserting the value o = a;/2 to

A3 = —4aj +403a; + a3 = a¥ + a; . (6.61)

Secon.d, we treat the Hopf bifurcation, that is, j;; = 1 + ip ity e = 1.
Ir} this case alter the center manifold reduction, the two-dimensional
bifurcation system (4.59) is obtained which reads

Wepr = pwe + glur, @e) (6.62)
where

glwe, W) = aw! + apwis + amﬁf-f-
(6.63)

3 - — -
+ ayow] + an Wi + @120 W7 + agyiH 4. ..

We give the result for (6.62) in form of a theorem ([35) p. 242):
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Theorem 6.1 (Hopf bifurcation of mappings) If g(w,, %) is given
by (6.63) and u is not a k-th root of unity for k = 1,....5 then there
ezisis a smooth change of coordinates

wy = v + h(v, By} (6.64)

that transforms (6.62) inlo

B = vy + An v+ O(ju | + [5,)°) . (6.65)

Similar to the time-continuous case a very simple normal forin (6.65) is
abtained. There are no quadratic and fourth order terms, and only one
cubic term.

In order io prove the theorem we begin by eliminating the seconed
order terms in {6.63). We assume (6.64) to be given as

2 - — -
W= v+ ool + ap v, + gt {6.66)

[nserting (6.66) into (6.62), we find

U1+ amfo + oo v ey + no-ﬁfﬂ
= (v + anv! + ayod, + VTl ) 4 (ﬁ‘ﬁ?)
+ @0v; + ay v,y + o + ’
+ Iﬂu + 2aggevyy + ﬂ![](ﬂgo + ﬁn) + 2(1(;2302]1'35! +o.
Similarly as it was done for the time continuous case the coeflicient of

the third order term 227, is also calculated. Inserting on the left-hand
sile of {6.67) for v}, | from the difference equation we oblain

2 - w2
My = g+ plagn] + e, + gy )+
2 = —2
+ azpvy + apv, + yzv, —
[ — 2 i SN}
— azoplvl — o EY T, — o EUEE 4 Os ]’ + [+

and a similar expression for T,1. Writing out only the quadratic terms
this expression becomes

wr = pvy 4 {—ptage 4 poog + aaodrf +
+ (—pgon 4 g+ oag e, + (ti.fig)
+ (=T ag + pag + ay )ﬁ,2 .
The second order terms in (6.68) can be anniliilated by setting
a [LI8] nz .
gy = ——0 , == — . gy = — " {6.69)
it j? jt = pji =i

417,
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However, u —7i? = (13 - 1)/u? vanishes if y3 — 1 = 0. Hence, in this case

of thir_d order resonance the quadratic term %% cannot be removed. The
coefficient Ay, of the third order term »3%,, after the second order terins
had been eliminated, follows from (6.67) to

Az = agy + 2ay1a90 + (@ + agp)ay; + Zagyags . (6.70)

Thus, we can write the difference equation with third order terms as

Weyy = pwy + Aaowf + Azlwf‘ﬂ"i + Anw(m? + Agaiz; (6.71)
Here, the precise expressions for the coefficients Ao,
given since they can be removed from
forward. We ingert

Ayz, Aos must not be
{(6.71). The calculation is straight-

— 3 2= - -
Wy = v+ azory + ool + (rlgvtnf + (1031!;’

into (6.71) and find

Vg1 = uv + (ﬁpaam + peavag + Aao)l’? +

+{—p oy + Hog 4+ Ay ol +
+ (~upiteang + jreey, + Ap)o @t +
+ (—ogs + ftags + Aga )T + O([v.]‘ + oty .

(6.72)

tl‘n remove the third order terms, we have to set 1o zero the coefficients
in ('6.72). This results in

Azp Az Aoz

m 1 Ny = —————

uf{l -7

However, we do not obtain a solution for a;; because the denominator
k(1 ~ piE) vanishes for any g on the unit circle, which is exactly the
situation under study. We also note that TR =t - R ot =
the term Ay cannot be removed as well. Continuing in this manner
the remaining assertions of the theorem can also be proved.

Finally, we note that many of the transformation procedures of normal
form and averaging theory can be performed automated using symbolic

manipulation packages such as REDUCE, MACSYMA or SMP ({114]).

Q3p = — gy = ———

w-p

6.1.3 Statical systems

We have already mentioned in the Introduction that for statical systeing
described by a potential in one critical variable, transformation to nor
mal form is trivial, because the lowest order nonvanishing nonlinear term
18 also the term appearing in the normal form, when the main (distin-

Baished) parameters take their critical vahie. However, we shall see in
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For a physical interpretation, we proceed as we did in the cases be-
fore. We start by drawing the axes system of the physical parameters
U and ¢ in the bifurcation diagram of Fig.6.37. Next, we recall from
Section 4.1.3 and Fig. 4.6 the physical meaning of the two parameters. U/
is the velocity of the fluid Aow acting at m which is responsible for a gal-
lopping instability. ¢ = ¢; is the stiffness of the torsional spring located
at the support of the pendulum. The system has two eigenmodes with
amplitudes r; and ry. They are depicted in Fig. 6.38. They show that

Figure 6.38. Figenmodes ¢ and ¢ for {a) ¢ < ¢z and (b) ¢ > o corre-
sponding to domains (6} and (2) of Fig.6.37

fow a spring constant less than critical (e; < ¢3) the amplitude ¢ > ¢
and for a spring constant greater than critical {c; > ¢z} the amplitude
¢2 > ¢1. In these cases, both angles osciflate either with frequency w
or wy, respectively. For loading paths as the one shown in Fig. 6.37 by
the broken line, nothing special happens since the motion on the torus
is unstable. Hence, only motions with one frequency are found for this
example.

An application of this bifurcation case Lo a technical system is given
in [66] where the loss of stability of the motion of a truck-trailer system
18 investigated.

in [50], it is shown that the complete classification of (6.114) contains
twelve diflerent cases.

6.6.3 Time-discrete dynamical systems

For time-discrete dynamical systems, exists a complete classitication for
codimension one ([7]). These are the three cases (6.121)-(6.123). We
recali that (6.121)-(6.123) are the unfolded bifurcation equations which
follow from application of center manifold reduction and normal form
theory to the different types of loss of stabilty of the periodic motion of
a robot. Hence, we shall discuss their physical significance by means of
the robot examiple presented in Section 4.2,
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1) s = +1: Saddle-node bifurcation (6.121)

The discussion of {(6.121) is similar to that of (6.108) on p. 246. The de-
tails present no problems and will not be repeated here, because for the
physical problem of the robot a different type of bifurcation called trans-
critical bifurcation applies. 1t is a bifurcation from the trivial solution as
long as the perfect system is considered. Inclusion of imperfections leads
to a higher degenerate (codimension two) case ([48]). The bifurcation
equation for the perfect system is

Uy = (1 + a)ue+ Azuf + O(Ju]) . (6.215)

The coefficient A; follows from the reduction process. The unfolding
parameter a is given by

oy
A,

a = (wg — woe) (6.216)

=wipe

Hlere wy is the parameter whose quasistatic increase leads to the loss of
stability of the basic periodic motion at wo,.
The fixed points of the mapping (6.215) follow from inserting ey =
u into (6.215) to
a
U = 0 N Upg = —— . ((1217)
Az
In Fig. 6.39, these solutions are shown for Az < 0. The stahility of the
solutions in Fig. 6.39 can be determined from a lincarized stability ana-

Figure 6.39. “lranscritical bifurcation
according to (6.215)

lysis. That is, one has to check whether the eigenvalues of the linearized
map arte smaller or larger than one. From {6.215} we obtain

) = 1+ a+ 243u . (6.218)

The eigenvalues of the two solutions (6.217} follow from (6.218Y .0

fi=1+4a, f'(—%):]—-a.

PR et
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Figure 6.40. The full tine gives the mo-
tion of the endpoint of the robot after a
transcritical bifurcation in comparison
to the motion before bifurcation given
by the dotted line

Hence, the trivial solution (6.217); is stable for a < 0 and unstable for
a > (. The bifurcated solution (6.217); is stable for a > 0 and unstable
for « < 0. To understand the behavior of the rabot afier loss of stahility,
the motion of the endpoint is depicted in Fig. 6.40. It can be seen that
the hifurcated solution is still periodic moving along a closed curve which
is similar to a circle but shifted away from the prescribed original circular
path.

2) u = —1: Flip bifurcation (6.122)

The unfalding parameter a is as in (6.216). In Fig. 6.41, ueyy 1s depicted
as function of u, for Ay > 0. We observe that there are no non-trivial

Ui
N
\'\
™ e
Uy [V
Uy
-
~§o>0
0=0 Lioure6.41. One-dimensional map (6.122)
0<0 for three different values of a, possessing
. a Lwo-periodic cycle uy for a < 0

fixed points bifurcating off #, = 0 at a = 0 for @ # 0 and a small {(compare
this figure with Fig. 2.4 which corresponds to the case j = +1). However,
we notice that if for a < 0 an initial value %, # 0 is iterated, the orbit

approaches a two-periodic cycle u,. Hence, it is natural to calculate the
second iterate 1.y, to obtain
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uyy = flugn) = (1 +@ug + Asugy,
= (1 = 2a)u, — 2450} + O(ju,*) .
Inserting ;42 = u, into {6.219}, the fixed points

Uy = 0 . U = :t‘ ,' ——[-;—l; (6220)

of the second iterate are obtained. That is, at @« = 0 a hifurcation to
a two-periodic motion ocears. In Fig. 6.42, the graph w2 is depicted

(6.219)

$Upya

a<0

a=0

a>0

U Uy
‘

Figure 6.42. Second iterate wmeg Figure 6.43. Flip bifurcation at @ =
over 1, for the map (6.122) D to an orbit of perind two, for a

variation of a from positive to neg-
ative values

as function of u,. For a < 0, twe nontrivial fixed points exist which
correspond to period-two points of the original mapping. The bifurcation
graph is shown in Fig.6.43. Contrary o Fig.6.39, we vary now a from
positive to negative values. This is because as usually we start from a
locally stable trivial solution, for which the modulus of the eigenvalue
of the linear map must be smaller than one. The result of decreasing
a is that the eigenvalue crosses the unit circle (Fig. 4.15) from inside
to outside. In the theory of nonlinear oscillations the period doubling
bifurcation is called subharmenic bifurcation. This is well understood
from Fig. 6.44. The stability of the solutions in Fig. 6.43 can be similarly
determined as it was done for the transcritical bifurcation. Finally, the
motion of the endpoint of the robot is shown in Fig. 6.45. It is of the
same Lype as depicted in Fig. 6.44.

3) g3 =Ly, lina| =1 : Hopf bifurcation (6.123)

In this case the bifurcation equations take their simplest forim in complex
variables w, = u, + iv,. First, we intreduce polar coordinates both for
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Figure 6.44. Transition [rom a periodic orbit to a twe-periodic orbit due to a
flip bifurcation

Figure 6.45. As in Fig.6.40 but after a fiip
bifurcation

the variables and the coeflicients
Wep1 = T':+l€‘.v'“s Wy = r:eiw', p=e? c= ﬂehw Cy= Age'®. (6.221}
Inserting (6.221) into (6.123) yields
Tepre P = [(1 + aei(“'f“]) e+ Ageiﬂrf] e
i(1-a) {-a), 2] . erta) (6.222)
= [l+ae + Ajze r,]r,e .

Setting x = v — a and ¥ = J — o and taking the absolute value of each
side of (6.222), we obtain

Tigl = ll + a(cos x + tsin-x) + Az(cosy + isin \1’)1’” .

\/(l + acosy + Ascosyr?)? + (asin x + Azsinyr)ir,  (6.223)
= (1 +acosx + Agcosypriir, + O|r|* + |arf| + |a|*) .

il

Here, the square root has been expanded into its power series. From
{6.223) and setting riy1 = r, to obtain the steady state solutions follows

{acosx + Azcosyri)r, =0

274 6 Discussion of the bifurcation equations

Faw

with the steady state amplitudes

[Tacosx
= = _ 6.
ro=0, T A cos {6.224)

where

d d
@ = (o —um)x(m‘)\ and 7 = (un — (30
o wo =, u wp =g,
The nontrivial solution (6.224) represents the motion on a torus. As
before the stability can be determined from a linearized analysis. If we
have

fro) =1+acosx + 3Azcosprl) < |

(6.225)

then the solution is stable. Inserting (6.224) into (6.225} yiclds the sta-
bility behavior giving one or the other case shown in Fig. 6.46.
Finally, we describe the motion of the robot after the prescribed pe-

i

'y

Figure 6.46. Hopf bifurcation of the mapping (6.123): {(a) supercritical, (b) sub-
critical

riodic motion loses stability by a Hopf bifurcation. For this case, the
scenario of Fig.4.14 applies. The onginal motion is given by a closed

curve and corresponds to the fixed point xy = 0. After a supercritical ﬁ
Hopf bifurcation we obtain the motion on a torus which is represented

by an asymptotically stable limit cycle in the Poincaré map. The cross-
section of the torus is depicted in Fig. 6.47, where several iterated paths
(transients) are marked. The motion of the endpoint of the robot is de-
picted in Fig.6.48 and is shown to stay within two limiting circles. The
motion on the torus can be either periodic or quasiperiodic depending
whether the ratio of the frequency wy of the basic periodic motion and
the frequency n obtained from the Hopf bifurcation are rational or not.
The orbit of the periodic motion is closed whereas Lthe orbit of the quasi-
periodic motion densly {(uniformly) covers the whole torus ([5] p. 287).
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e 11

Figure 6.47. Poincaré section of the
torus and nearby orbits afier a Hopf
bifurcation. The motion shown s
quasiperiodic

Figure 648, Asin Fig. 6.40
but after a Hopl bifurca
tion. The motion is con
fined by twe lindting circles

6.6.4 Symmetric dynamical systems

In this section, we discuss briefly the simple losses of stability of the trivial
equilibrinm position for the spherical double pendulum with the follower
foree loading described described in Section 5.1 and the fluid-carrying
tihe discussed in Section 5.3. Both systems are O(2)-symmetric, that
is, they are equivariant both under a rotation and a reflection, Stady
g these systems will allow us (o gain insight into the interesting phe-
nomenon of symmetry breaking. Furthermore, we are able to {reat Botly
problems simultaneously hecanse the structure of the bifurcation egia
lions depends only on the matrix J. given by (5.30)777(5.33}. Partly they

coincide for both cases, We will treat only the two sitnplest cases given
by (5.30).

1} Two zero roots

in the

corresponding bifurcation equations (5.40), the cocflicient Ay re-
sults fr

ot the center manifold reduction. The unfolding parameter n is
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MANEUVERABILITY OF A TRUCK-TRAILER

COMBINATION AFTER LOSS OF LATERAL STABILITY

V Kagani, A. Stribersky and H. Troger

Institut fiir Mechanijk. Technische Universitat Wien,
A-1040 Viernna, Austna

SUMMARY

4 nonlinear atabillty analysis o the 3teady 3tate horizontal and
downnill stralight line antion of a centrolled truck-traller system
i3 glven. Speclal emphasis is given to the modelling of the control-
lar simnlating the steering ac%ions of the driver. Two diffarent
type3 of controllers both including the effect of the reactlon time
of the driver are used, The basic gquestion to be anawered i3 whether
the truck-traller aystem after los3 of stabllity of the steady state
s3till 13 controlable by the driver or not, I.e. whether after losa
af atabllity nearby 3table atates exist or not. A question which can
only be anawered by a nonlinear analyals., The anawer i3 given for
tne variation of a number of parametera.

1. INTRODUCTION

Road safaty i3 very much influenced by the behavior of neavy ar<icu-
lated trucks at high speed, especially in downhill motion. This, far
axample, has been demonstirated dramatically in July 1937 in the
amall clty of Herborn in Hessen Iin West Germany, whers a truck-tral-
lar combination loaded with gasolin ln downhill motion got out of
contral of the driver due %o a failure of the brake3s, crashed
agalinst a house and blew up in a devastating explosion killing more
than five parsans,

A major queatlon in relation to such accidents which occur
presty frequently® is whether the driver of 3such an articulated
venlcle 13 able to control his vehicle by steering corrections after
a2 lo3a of stability of the straight lline motion had occured,

Basically, thias is a questlon of nonlinear stability theory,
because it requires the knowledge of “he behavior of the syaten
after loas of stability. Hence it L8 necessary to study a nonlinear
machanical model of the truck-trailer ayatem. Furthermore it i3 of

! One accldent of a similar way ¢ccured in Austria alsc in July

1987. Again a driver lost contrel over his truck-trailer system

in downhill motion, It crashed against a car killing two women,

one belng the wife of the former Austrian minister of traffic.
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41gnifizant influence that a proper model for the steering actlions
af the driver 13 used. In order toc have a comparison coacernlng the
influence of the driver's model on the obtalned results we 3hall uase
two diffarent modela For a control system simulating the driver.
Mathematically a positive anawer to the question posed above whether
the syatem can be controlled after loss of stabllity of the ateady
state 13 given 1if it can be shown that nearby atiractors exist. Such
attractors are generically either stable steady statens or stable
limit cycles cor In more complicated situations, which in practical
driving aituations do not occur too often, coupled motlons between
tWwo Tlutter modes, l.e. for example motion on a torus. We shall ex-
plain thia aituation further 1in 3ection 1.

The methoda of bifurcatidn theory as they are developed in [1-3]
and applled to some provlems concerning the motion ¢f tractor-
semitrallar vehicles In (U-6) will be used to treat the nonlinear
dtanilisy problem.

2. MECHANITAL MODEL AND ECGUATIONS OF MOTION

Thanga a truck or a Srailer are flexible elastic structurea, for a
3tability analysis a rigid body model seems to be quite appropriate.
Hence our model has enly the four degrees of freedom v,v,»; and P
{Fiz. 1}, The motion of the truck-trailer system {3 anzumed to take
place on a flat road which ia inclined by an angle y. derodynamic
farces will not be taken into account.

1
Mechanical model of
the controlled truck=-
trailer with the four
degreea of [reedom v,
Yy41 and ¢2 on an in-
clined (angle x) road
{data: m1 = 13500 kg,
By + m3 = 20500 k).

With the notations given in Fig. the following equaticna of mottion
are obtained for the truck (T3 =Ty =T, v =20l

m](-v;) : - (S1+Sz)sin6 - 2T - K, + m g3ingcosy (n
mI(v+Vy) = (S1+52)c086 + (S3+Su) + Kc -m1g31nxsinv (2)
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0=« (QI+02+03+QH) - Kz + m,geoax (1)

- ¥ 3 - t
Tegzyv = ) 31(S1+52)c036 - e1(53+su) - 3 (01-02) + "
- - -
7 (03 Q)+ (g, 2K
-I ;2 - -
xyzy7 g (5 +5,)alns a(Q+q,) - d1(Q3+Qu) - sy
2
- 2e. T t -a -
RS . °1)Kd ek
Ly = a(3,+5,)c0%8 + 5 (5,-3,)31ns - 405,43, - Nk (5}
for the droily:
mE[-v{ +« hy? » cf?+51)31n¢1 +c(§*51)‘30301] = -
= Kd - Pd - (554—56)31no1 + magsinxcosv
32[5 v VY - BT - e(§+$1)cos¢1 - c({+&1)’sine1] =
(8}
= - Kc + Pc + (55455)cos¢1 - m,g3lny3iny
J = X - - +
Kz Pz (Q5 QG) + m,EC03Y (3}
. oy )
Tkoz, TR = (e2 11)(dein¢1+choae1) - (o)
. 1
- (92—12)(Pdsln¢1+Pcc03¢1) - e2(35+36) - 3 (JS-QB)
“leozyire )t o= (82-11)(ch°5¢1-Kc31n°1) -
(1)
- le =01 3, - T - - - diQ_ .
e, 2)\Pdcow1 Pcsiqol) CKZ sz d~35 16\
I e , .
Lo lres ) = c((dsln¢l+chos¢1) - d(Pdsin¢1+Pcccs¢1) - d{S 50
(123
ard for the trailer:
ma[-vw + s (c+d)(;¢$])51n¢1 - {c+d)(;+{1)‘cos¢1 +
+CﬁV42hhw2+cﬁrw2wa2}= (13}
=7, -
P (ST+SB)sin¢2 + m3331nxc031

188

mB[G + ¥Y - 0¥ - (erd}(ed Jeons, + (e+d)(}+é1)'sim1 -

e e )
- ,1(¥»¢2)c0302 + c1(7+¢2) 31n¢2} = ()
=-F, (S7+Sa)coaw2 - mjgainxsinT
6=°r - (Q7+Q8) + 3agceax (15)
~Ix325(¥+$2) = (e3-12)(Pd31n¢2+Pocosa2) - eB(ST«SB) o (97-Q8)
¢ (16)
‘Ix313(’*’2)1 = (esale)(Pdcoaea-Pcsin¢2) - cle - de(Q7+Os) (173
113ir+32) = - c](?dain¢2+PCcosb2} - d2(37+38) (18)
Together with (see (6]}
(01-02‘ = ‘(QB'QR) 3 (19)

which allows to calculate the wheelloads of the truck (x characteri-
zes the alastic deformability of the truck frume), we have 19 partly
nonlinear ordinary differential equaticns for the 19 unknowns
Yo% 8y, 29,y ,000,Q8,Kg:Ke Kz Pg Pe Py and T. 2T 13 the resultant
tangent{al tire force at the rear axle of the truck, which 3 neces-
zary %0 maintain the prescribed steady state speed of the aystem,
both on a horizontal road and on an inclined road in downhill mo-
tion, This latter case (3 very imporant in practical driving condi-
tion3 because for longer lasting downhill motions the driver shifts
intc a lower gear and the engine makes the job of braking.

Depending ¢n the used model for the driver an additional szet of
equaticna i3 obtalined, A3 already mentioned we uze two different
driver models:

fa} Compensation of the yaw angle v of the truck

Y ] 6
o1 koe‘rs — —35'
—_ ;v
u
[ A

I+, . | frs

Fig. 2: Block diagram of the model of the active driver with reac-
tion time t for case (a), (dasa: kq=0.1, k1=0.11, kp=0.14,
k3=0.1, ky4=1.0, k5=1.7)
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Making use of the modal in [7] the block dlagram ol Flg., 2 l3
cbtained, from which the relationship

by {20}

_ k
§ = - ke R I fkya ( Lt ,k,)
3 1+k23 4

ralating the yaw angle vy and the steering angle § can be obtained.
Ia (20) a delay term 13 present which enables us also to Sake care
of the reaction time of the driver. {20) correaponda to the follow-
ing syatem of functlonal equations

1+k3$

§ = = (kgkor(tet) « W) (21)
kG v 2k e 4 = KoK.v(tet) 1223

2 2 0 qTE )
'1(3H + W oz U o+ kﬁkuY(:-T) (23)

{(b) Zompensatlon of the lateral displacement y of the truck

y I Ke-f."a‘ 6
1+ s = TeTos —e——
Fig, 3: Block diagram of the model of the active driver with reac-

tion time 1 for case {(b). (data: T3z50/V, Tpz0.2, K=-2.0)

Now use i3 made of the model used in [8]. The block dliagram of the

control model is shown in Fig. 3, from which the following relation-
ship

-18 (1+T38)

5 = Ke _—y il
(1+Tr5) (24)

relating the lateral displacement y to the steering angle § 13
given, From Fig. 1 the simple relationship between v and y can be
sean. (24} correaponds to the functional differential equation

T+ & = R(y(t=1) + T_y(t-1)) . (25)

In [8] a parameter study i3 given to fit the constanta appearing in
(25) to practical driving situations. We ahall plck such values of
the parameters in both models which will allow ua to compare the
resulis,

in the further treatment of the equations of motion we express
the tire alde forces §,..,5g by the following expressions
L (a .
—_—c T +a_ vi)tanh b -
P 1171351 (o) + agymya b M=Cugy Muppay ) (26)
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where the a,;,..,b; are tlre parameters, Poi 13 a reference wheel-
1oad, Ty = Qi/Pnl and

v+Ya
a = § - argtg —— (27)
1,2 8 Veye/2
v-;d1
= - 2tg ——— (28)
3,k arete VEye/2

—Vainm1+(v—§h)ces¢1—(;+51)(C¢d)
56 % - arctg - — T (29)
, Veossg+(v-Th)aind t{y+d)t/2

-Vsin92+(v-;h)cos¢2—(c+d)(;+$1 c03(02-¢1)—(;+$2)(c1+d2)

a = «aratg
Veosd o+ (v-vh)ainep-(ced ) {veby)atnlss-94)* (T+dp)t/2
(301

are the tire slip angles. The aquare root in (26) accounta for the
influence cf the tangential tire force on the tire side force. uqgy
and Wppo, are the actual and maximal tangential fricticon coefrfi-
clents,

Introducing for 01,52,7 and u respectively y new varlables we
form two vectors x and g, where for the controller model (a)

* 1
T = (v,¥, v é 2 2,6 u,u, W) ] R1 (11

and for the controller model {b)

T . . . -
U= (1Y, T, 0,8,,0,,8,,6) en (32)
whereas in both cases
q = (4,,Q Qe K. % KPP P_,T] 5R° (33)
- PRt aNg I R Rt e g T T 2

Wwill be obtained.

Adding the trivial equations x2 =X xg=Xyg Lo (31)
and xzxg, X =Xy, xs-xs, Xp=Xg % (3%) respectiver we obtain the
following set of firat order di‘ferential equations

wix)x = tlx,x{t=7),q(x)) (34)
Vixix = hix,q(x)) {35)

where W(x) is a non-degenerate 11x11 matrix ia case (a) and 9x9
watrix in case (b) and V(x) i3 a 11x15 or 9x15 matrix respectively,
From {34) and (35) the variables q given by (33} have to be elimina-
ted, This can be done in the following way. First we obtain from



(34)
X = w(x)-lf(x,x(tuY),q(x)) (36)

here -
:u::;:i‘f::l;eumyatrai; ;lrfl)t) ‘tiup t(o 6the required arder can be calculated
] . serting (36) Into (35) we can PR
x(t-t}) and after introducing it into (34} we obtain eatentae gt

X = W“F(x(t).x(t-r).q(x(t),x(t-r)),l) (373
which we write in the form

X = Gix(t),x(t-t), 4}

{38) ia the dealred farm af the equationn of moti i L
glven by (21) or (32) and 1T=(v d ; he pAramarer vesae,
BLien by 3 1dysd) {3 the parameter vactor
in. ;n i3 the conahgn: driving apeed, 41 and d; are parameters gtv:

g t ? loading condition of the truck and the traller respectivel);
by designating the peaition of the correaponding center ;'7 ) ;‘f
and x 1z ?he angle of inclination of the reoad. dpqi ;;*p-A“Sraf:~!
delay coming from %the reaction time of “he drivarlk EraTm wan e
It 13 obvious that the atra{ght line motion of thé aystem

Xy 20
for arbltrary X results in

G09,0,4) = 0

and hence (39) {35 *he % i :
ey > solutien which we want to atudy with reapret

3. STABILITY BOUNDARY AND NONLINEAR STABILITY ANALYSIS

A?D:??ésiﬂn of the methods of bifurcation thanry (L 1-3]) %o the
Zf:;;{f@f,ﬁf?b;em of (39) results in a strong reduction Af the
two.dirrer;nt3mgd:?ic2‘ish:ﬁ;2:fr;11or 9 depending on whinh af the
ach}evad by application of Centre Mani}oiz %;:2LQY?EZ]SEd:§:;:n L:
g7 into detail here as the analysis for the caie where ho ;im; gsd
13 present has peen ayxplained already in [ 6], Houn;né i*mmu"‘ Hg
emprhasized that the treatment of {38) ia more compii;a:ﬂduih Sh*xe
one in [?]. because (38) {3 a functional diffsrential eé&at‘;:n e
e i:r[;?e 11?i;??nal differential equation we use the aode p;esen‘
stabilitiés (ﬁé r12_€9mplef?ly appropriata because only flutter in-
iy g pf-bifurcations) can occur in cantrollad ayshLems
stan120i11um:éa?ni—tnis is quite reasonable from an =ngineering
v ll: " at low apeaed V the aquilibrium poaftion (39) ia

ieally stable, How we increase the speed of the ayatem qua-
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jistatically until the ateady state looses its atability, i.e. until
the firat eigenvalue of the linear part crosses the imaginary axls.
Expanding (38) into a power 3erias with respect £o the equilibrium
pasiticon xD:O resulta in

x(t) = A O0x(8) + A 00xlE-T) + glx(t) ,x(t-1),1) {40)
where
3G
s | — (a1
Xy [x=0
G.
Alar = | (42}
2 ax(t=1ly jx=0

and gix(%},x{==-7),2) doer3 not contain linear terms.

V.. m/s

b
J
|

ity
40

{a)

Fig. 4: GStabllity voundary in V,d,,ds space for x =0 and v = 0 for
the two differant centroller medels fa) and {bl.

the stability boundary obtained from the linear part in (40) is
ahown In Fig. 4 for the two dirfarent types of the controller, Aa
parameters we have selected dy and d2 which designate the laoading
condition of the system. Two other quantities, l.e. the time lag v
and the lnclinatlon anlge y are both sat equal to zer? for the
resulta in Fig. U4, but we give the Inlluence of these two parameters
on the atability boundary below. From Flg. % follows that fTor both
controllars a qualitatively similar stability boundary 13 obtained.
We see that two surfaces Intersect. For both asurfaces we obtaina
Hopf-blfurcation, l.e. we obtain an oscillating losa of atabllity
which occurs generically either with freguency wy or up- The corres-
ponding cseillation modes are shown in Fig. 5. The line of interaec-
tion of the two surfaces glvea rilse to a nongeneric Loss of stabili-
ty and leada to a coupling of two oscillatory metions.
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Croassing the stabllity
boundary wa can alk nowWw the
queation wnether adjacent
stable motliona exiat. LY ag
the syatem would be ateerab-
le {n a practical sense, [f
not, then the driver az it
i3 given by cne of the TwWwo
controllers could not handle
the syatem. To anawer thiz
queatinn we have o treat 3
nonlinear problem.

The nanlinear anzlyals

proceeds in sevaral nateps.
7l : Firat a reducticn %o a bi-
Modes of ecacillation of the Lrick- furcatlan system, the dimen-
trailer correspoading to the Tra- slon of which 13 egual o
quences wy and wz of Fig. 4.

the number of aigenvaluas
With zero realpart, i3 done
by means of Center Manifold
Theory ([2]). For the ayatem with controller either a two-dimensio-
nal system correspending to a pure lzaginary palir of eigenvalues
{(FLg. 4} or a four~dimenslonal syatez zorreaponding to thne coupling
af two asclllatory states 13 obtained. The former occura generically
and sorreipends to the surfaces in Fig. 4 whereas the latter only
for npecial loading sltuations (intersecticn of the two surfaces) 13
found. It should be poilnted out that by varying d1 thia mere compli-
cated coupled gacillation state ia the one which corresponda to the
maxinum value of =he critical apeed VC.

Having obtained the bifurcation eguations we introduce pelar
cnordinates. A3 limit cyclea are obtained only the amplitudes r af
shese limit cycles are important. Therefore we obtain in the generic

case ([33)

Fozovr o+ cor? o+ (ir]%) . {42)

3

v i3 tne mathematical un®olding parzmeter. The connectlicn between v
and the physical parameter Ay = V-VC is given by

3a1
v — A .

LERE PN

oy 13 the realpart of the critical rcota, For the coupled case and
without time delay (r=0) we obtain

-

- 3 2 3
Y T TR Pt {rl*)

» _ 2 3 s
r, = v2r2 + c21r1r‘2 + Couly w (|rl?)

(4u)

Here the cig are coefficients which are fixed for a given system and
the v; are the mathematical unfolding parameters.
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4, DISCUSSION OF SOME NUMERICAL RESULTS

Baslcally we want to 3tudy the influence of an inclined road axpres-
aed by the angle x and secondly also the influence of the reaction
time of the driver expressed by the time lag t on the abllity of the
driver to con*rol the truck-trailer comblination, Further also the
loading condition haa an impertant influence.

fa) Influance of the inclination of the road

For a fixed value of d; we cul a glice out 0f the three-dimenslinal
diagram of Fig. Ya. The reaction time 1 13 assumed %o be zero. In
Flg. & the influence of the inclination angle yx on the 3tability
baoundary 19 glven. OF course a strong reductleon of the domain ol
atability {3 obtained., But L%t fs interesting to see that only the
mnae af instability eorrespeonding to oy is affacted, The correapond-
iag nonlinear behavior of the syateo for the paint3 1,2,3,4 of whe
atability boundary is shown in Fig. 7. As an example the amplitudes
lls,1l 2f the limit cycle ascillaticns corresponding to 1 and 4 are
drawn for a flat horizontal road with no reaction time of the dri-
var. Point 1 shows a atable limit cycle whlch means that the system
af-ar loas of stability remains in an osclllatory state of small
amplitude. But already Tor xz1° corresponding to point 2 an unatable
limit cyele L3 obtalned which shows that the used controller will
not be able to handle the system. The same alsc applies for the
other points shown. Flnally we aliac comment on the nongeneric case
given by point 0 in Fig. 6 which gives a coupling between the two
nsclllatory modea of freguences uy and wy, where u, relates to a
stablz and w5 %o an unstable limi% cyele., In the center of Fig. 8
the bifurcation diagram which 1s a partition of the parameter space
inta domains of qualitatively similar vehavior 13 given. The mathe-
matical unfolding parameters v; and v, are related to the physical
parameters e, and €5 (Fig. 6) by
30y dap
W = E ' v = —_— €

! dey 34=0 ¢ 3y a0 2

Where o, are the realparts of the critical rocts.

The behavior of the truek 3ystem can be understood “rom tne
phase plane diagrams shown in Fig. 8, On the axes the amplitudes of
the two oscillatory motions described above are drawn. It can be
seen that except the trivial state only in the fourtn quadrant a
noantrivial stable state exists, which corresponds to an oscillation
with frequency and the corresponding mode, The broker-dotted line
in the bifurecation diagram of Fig. 8 gives the direction of increas-
ing V by keeping d, fixed. Proceeding on this line to the right we
obtain the bifurcation solutions 1n Fig. 9. Crossing the v, axis the
trivial state becomes unstable and the stable limit cycle bifurcates
of*. In the naext sectlon an unstable torus, i.e. a motion which
depends on two frequencies simultaneously, exiats which extinguishes
at tne barder of this domain the limit cycle, Physically speaking
this means that the system becomes uncontrolable, because the limit
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d1 sl

Fig, b:

Influence of *he inclina-
“ion y of the road on the
stabllity boundary.

Fig, A:

Bifurcation diagram and
phase plane diagrams For
the coupled motion of tweo
oacillatory inatabllitiesn

0.2

T~

dreconstant 2
0

02 n

correaponding to point C in Fig. 6 {yq ~ V-Veg, up =~ dy=dyg).

@/\ 194 rad

I“:’,-"Qd
@ for
——
f— ",[yr ]
' /11 Jm/s
—  sigble
——unstabie

i, T

amplitudes of stable and
nnatable limit cyclea
corresponding <o the num-
bers in Fig. 6 (l]:V—Vc).
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190, rad

_ stable
—— ynstadie

Filz, 3:
Eifurcation solutions correspond-
ing o the broken-dotted line in

Fig. 8, giving two limit cyclas
and one tarys (-.-.- )

cycle losas ita atability. In Fig. 9 the aigna denote the stabllity
behavior. A plus denotes a positive eligenvalue and hence means that
the solution 13 unstable. Only twn minus signa refer to a stable
solution,

{p) Influence of the reactlon time *

For a horizontal road the strong influence of the time lag L3 given
in Fig. 10. Agaln we see that only one mode i3 affected. Correspond-
{ng to the polints -4 in Fig. 10 in Fig. 11 the limit cycles are
given and {t can be 3een that for the pointa 1-3 unstable 1imit cy-
cles are obtained whilch means that after loss of stability the sy-
stem cannot be controlled,
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Influence of the reaction
time r on the 3tablility

1
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cycles corresponding to

boundary. the numbers in Fig. 10.
NOTATICNS
aij'bi tire parameters
2 poaltion of c.g. of the “ruck
d, poaition of c.g. of the “railer
I;Z,Iz componants of Inertia-tensor of the truck reap. dolly or
trailer
Ky Ko K, Pq,Po Py Jolnt forces
oy masses of truck, dolly and trailer
Pay nerm load at wheel 1
Q load at wheel {
ry amplitudes of the limit cycles
5y aide force at wheel 1
4 time
T, tangential force at wheel i
u:w variable of the ccntroller
v truck side-slip
v driving apeed
X n-vector of physical variables
¥ lateral displacement
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alip angle at tire 1

yaw angle

staering angle

physlcal unfolding parameters

expresslon depending on the elaatic deformabdility of the
truck

yactor of physlcal parameter3

41 M Tnax tangential tire coefficienta

mathematical parameters ln the bifurcatlion equation
real parta of critical values

time delay {reactlon time}

angle between truck axia and dolly axis

angle between truck axia and trailer axia
inclination of the rocad

truck yaw angular velocity

imaginary parta of critical eigenvalues
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STABILIZATION OF ARTICULATED VEHICLES
BY SEMI-ACTIVE CONTROL METHOD

Ichiro Kageyama') and Yasushi Saito?)

1) College of Industial Technology, Nihon University, Japan
2} Saitama Institute of Technology, Japan

SUMMARY

This paper describes the stabilization of articulated
vehicles at high speeds by a steering system set up on the
trailer.

Firat, the equations of motion of the articulated
vehicles with a ateering aystem on the trailer were
obtained. Furthermore, the ateering angle of the trailer
in the presence of disturbances was studied by solving
these equations through the application of modern control
theory. From such analysis, the magnitude of the optimal
feedback coefficients of each state variable was obtained.
It was found that the stability of articulated vehicles at
high speedas was aignificantly improved by the active
control method for the trailer steering system.

However, the active control asaystem needs a power
supply , and it is difficult to apply it to articulated
vehicles at present, especially for passenger car-trailer
combinations. Thus, a new trailer ateering system with
viseous coupling arms to be aet between the tractor and
trailer was proposed. Furthermore, the semi-active control
method which controls the damping factor of viscous
coupling arms on the trailer was studied by applying the
optimal control theory. It was found that this method was
quite effective for achieving stability of articulated
vehicles at high apeeds.

1. INTRCODUCTION

In articulated vehicles, it is well known that low damping
oscillation occurs at high speed, and once the critical
velocity for atability is exceeded, their behavior becomes
unstable. Thus, many studies have been done in this
field £1,2].

A3 the first step of these studies, the principal
consideration was given to the relation between their
behavior and their design parameters. From these studies,
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conditicns is negligibla, "-v - symbol of estimate or appraximate
value foung\ experimantally or analytically.

Knowing | from the second ®quation 9 we similarly find astimace of
wheel equivalant conicity paramater

- T T
- . -1
Ao foxy xa ae [ getae)7t,
to to
wherae:. . s PR - <,
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o= -f vargThiAgMeAL").

So, to identify creep coefficients and wheel equivalent conicity
parameter by means the above described method, one should know truck
parameters m,, I, ky, Ko . ﬁy, ﬂx, a., by, b; and have experimental
records of the processes y, yi, ¥, ¥, Ap. AL
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NONLINEAR STABILITY ANALYSIS OF A BOGIE OF
A LOW-PLATFORM WAGON

Gaofeng Xu, Alois Steind} and Hans Troger

Technische Universitdit Wien. Institut fiir Mechan'ik.
Wiedner HauptstraBe 8-10. A-1040 Wien, Austria

Summary

The nonlinear stability behavior of a special railway bogie is. in.vesmgated
making use of the methods of bifurcation theory. By an artiﬁ.cla.l mr.rea.sebc])l'
the degeneracy of the stability problem of the steady state motion we are able
to calculate a turning point in the amplitude curve of the hunting motlon
of the bogie by investigating still the steady state proble'rr}. T.he. loc?.tlou. of
this turning point is important because it gives the sta_blL!t.y ]:lnut Vi whu}:lh
practically is more important than the linear stability lu:_mt V.. Further the
influence of design measures like the application of special dampers on the
location of the turning point is studied.

1 Introductien

Road transportation by heavy trucks cause health probl.ems for the populaFlon and
damage to the environment. Hence a steadily increasing demand arose mh ma.:-11y
European countries to shift the transportation of goods f-rom the road to the rail.
This is especially true for Austria where one of the most important tran§portallti:on
routes between Northern and Southern Europe passes through narrow Alpine va evs
where the burden due to noise and pollution became unbeareable for the population
and the environment in the last few years.

In order that such a shift from the road to the rail may be also accepted economw;lly
by the transportation business a main requirement is that tl.le overall traqsporta.t:on
time must not increase considerably. A combined road-rail tra.nqurtatlon s_v.sv.em
which fuifils this requitement best is to load full size trucks and trailers on railway
cars. This has the advantage that the truck can be drive:-J on the car, ax.ld hen.ce,
loading and unioading can be done very fast and after arr.ivmg t.he final train statltc;n
the truck-trailer vebicle can proceed its tour on the road immediately. Howev§r, this
system requires the design of low-piatform wagons. This is becau-se gf the helght’ of
a full size truck the existing tunnel profiles prescribe severe restrictions concerning



the heighn of the ratlway cars. Usual railway cars cannot he used. and hence. o

reduction of the height of the railway car is necessary. This can he achieved by
apecial designs of the bogies where the radius of the wheels must be consuderahiv
reduced. In fact the radius of the wheels of these fow-platform wagons is about ooly
one third of the cadin of an ordinary railway wheel, Due to the smaller wheel the
+ressure in the wheel rail contact area is strongly increased, and hence, the number

of axles must be increased as well. This leads to a cesign of low-platform wagons

with two bogies where each bogie consists of two frames and possesses fuur axles.

Fig 2 shows a mechanical model of such a hogie with 14 degrees of [reedom.

Figure 1: Experimentally obtained
limit cycle amplitudes of

£d 2a the hunting motion of a

railway bogie from [9]

A

L
ﬂf
-

Figure 2: Mechanical model of a
special railway bogie with
two frames and four axles
with 14 degrees of free-
dom

Ride experiences of the Austrian Railway Company with low-platform cars pussess-
ing bogies with siall wheels as just mensioned showed that the stability behavior is
considerably deteriorated in comparison to cars with regular wheels and already at
moderate speeds hunting oscillations occur. [n fact such self sustained oscillations

were observed at velocities V far below the speed limit V. predicted by the linear
stability analysis.

The ocrurrence of hunting oscillations is generally well known from experimental
investigations with railway systems {[9]) and is, qualitatively, depicted in Fig.
where the amplitudes of the existing limit cycles are drawn in the neighborhood of
the linear stability limit V,. We see that a quite complex behavior is obtained which
can only be explained by a nonlinear stability analysis since at loss of stability of
the straight motion of a railway vehicle, in general, a subcritical Hopf-hifurcation {a
flutter instability in engineering terminology) eccurs which leads to an oscillatory
instability with an limit cycle oscillation of large amplitude (branch {II in Fig. 1}
at V' = V.. Because of the small amplitude of the unstable limit cycle (branch [I)
the demain of attraction of the stable straight motion (branch [ for V, < V < Vo)
15 insufficiently small. and therefore, the practically important stability liinit s not
given by V. where the straight motion becomes linearly unstable but rather by V),
where the amplitude curve has a turning point. Hence the problem arises to calculate
V.. There are at least three possibilities which come in mind to perform this task,

The simplest but computationally mast expensive method would be by pure nu-
merical simulation. That is by integrating the equations of motion numerically for
varying initial conditions and checking to which attractor the trajectories converge.
This procedure allows to find V, and also to determine the domain of attraction.
However for a system with many degrees of freedom and several conlinear com-
ponents such as rail-wheel contact, friction, spring and damper chazacteristics and
geometry, numerical simulation probably will not be the best way te handle such a
problem. Especially the influnce of parameters will be difficult to study.

A second way to calculate ¥, could be by means of a path following methad ([10]).
But this is a computationally complicated problem because a periedic solution of
a high-dimensional nonlinear problem must be studied which most of the avaliable
program packiges are not able to handle.

In fact the case under investigation has 14 degrees of freedom. [n addition the wheei-
rail contact, the proper modelling of which is most important for the applicability of
the analysis to the real problem, even if it is modelied by a simplified Kalker theory
(i8], [7]) will lead to nonlinear relations. Hence the equations of motion derived by
means of Lagrange’s method are a system of nonlinear ordinary differential equations
which can be transformed into a system of first order. Hence the application of a
path following method as it is, for example, described in [10], if applicable at all,
requires large scale computers and is very time consuming.

However there is still a third very elegant but yet simple way to compute the location
of the turning point in the amplitude curve in Fig. 1 without having to analyse a
periedic solution of a high-dimensional nonlinear system. We note that in the graph
depicted in Fig. | two local bifurcations occur if we vary the parameter V. The first
at V' = V; where the steady state motion loses its stability due to a Hop{ bifurcation.
The second bifurcation occurs at V = V, where the unstable limit cycle, that is, the
unstable periodic solution changes into a stable one. Obviously the calculation of the
turning point requires the solution of a stability problem where the considered state
is a periodic solution. This is not an easy problem because already the determination



of the {unstable) periodic solution is a nontcivial task.

However following an idea of M. Golubitsky

lated still studying the steady state solution
speed)

([4]) the turning point V, can be calcu-
(the straight line motion with constant
as the basic motion if the probiem is considered as a two parameter system
instead of a one parameter (V) one. In this case the two
at V. and V, can be incorporated in one “global” stabi
is of higher degeneracy. As second parameter besides t

ity é of the wheels can be used. Studying the problem at those parameter values
where not only the linear but also the third order terms vanish in the equation on
the center manifold an unfolding of this codimension two case yields
the turning point shown in the Fig. 1.

local bifurcation problems
lity problem which, however,
he driving speed V the conic-

the curve with

Hence, we proceed in the following way. First, we give a mechanical formulation
of the problem and derive the equations of motion. Second. we |
tions of motion about the steady state and solve the corresponding linear eigenvalue

problem. Then we appiv center manifold theory ([4], (11, [5], (2], [11]) to reduce
the full set of nonlinear equations of motion into a two-

ineanze the equa-

dimensional bifurcation sys-
temn corresponding to the pure imaginary pair of eigenvalues which appear at loss of
stability at the critical parameter valye V.. We note that this two-dimensional bifur-
cation system has exactly the same stability behavior as the original n-dimensional
svstem if the deviations of the parameter values from the critical value are small.
Introducing polar coordinates we can write this bifurcation svstem in the form

ﬁ=A5r5+br3+ar+O{r'7) (1.1

where in {1.1) only the amplitude equation is given. Here terms up to fifth order have
to be included in order to obtain both bifurcations at V, and at V, fr

om one global
equation. The coeficient A,

follows from the reduction process and is determined by
the parameters of the problem. The two parameters @ and b are the two unfoldiag
parameters and depend on the speed V and the conicity of the wheel §, respectively.
a and b vamsh for § = 6, and V = V.. The relation between a. b and V. § is given in
Section 3.3. Fixing § and varying V one obtains as solution the curve in Fig. 1.

We study the influence of special dampers (marked K} in Fig. 2 on the ride behavior
a d further we show how the four different axles move relatively to the frame.

Uur results allow also to estimate the change in the stability behavior of a bogie
during the lifetime of its wheelsets because due to the change of the conicity in the
wheel-rail contact due to wear also the stability behavior changes.

2 Mechanical model and equations of motion
2.1 Degrees of freedom

The bogie of Fig. 2 consists of two frames {LI1) which are coupled by a balancier
{III). Each of the frames has three degrees of freedom expressed by their transversal

motions uf; in y-direction and the rotatory motions @i, ¥, about the z- and 1-

axis, respectively. The angle v is the yaw angie and  is the roll angle. In addition

each axle has two degrees of freedom u,, o, which resuits in 14 degrees of freedom
for the whole bogie.

The motion of the balancier is determined by the motion of the two frames and
follows to (Fig.2)

uF + ugs _UF1 T UR1
U-B = n * !r’B - 26 -

The balancier is fitted to the frames by two pins anc.l .frict_ion plates A., &. The
car body rests on the friction plates ', D and its position is fixed relative to the
balancier by the pin E.

2.2 Suspension and friction forces

The friction force R at the contact plate is given by

Riv,) = —uP >

(2.1)

v

where u is the friction coefficient, £ the vertical load and v- Lh.e relative velocity.
We approximate (2.1) by a fifth order polynomial in the form (Fig. 3)

]
13

R(v,) = ¢1v. + cavlv, + csvlv, (2.

where the coefficients ¢; depend on u and P.

The caracteristics of the springs and dampers are assumed to be linf:a.r. exccPt those
springs acting in vertical direction. They have nonlinear characteristics being pro-
gressive or hard springs.

2.3 Wheel-rail contact forces

One of the most important components in the mechanical modelling process is th:e
proper description of the forces and moments resulting fron‘n the wheel ra.:l contact.
Here we follow [6], [7] where the accurate Kalker theory whlci_l, ho_wever, is nat et:lasg
to implement in an analytical analysis, is approximated by a simplified theorth ic
for a stability analysis of the overall motion seems to be still accurate enough.

For the application of this theory the following simplifying assumptions are made:
(1) The geometry of the wheel is a cone with angle § and that of the rail in

the neighborhood of the contact area a circular cylinder with its axis in the
direction of the track.

-



(2) The contact area of the wheel rail contact is an ellipse. The axes a. b of the

ellipse can be calculated Irom the geometry and material constants describing
the wheel and rail material.

{3) There is no wheel lift and the wheels are always in contact with the rails. Hence
the vertical and roll displacement (rotation about the z-axis) are related to the
lateral (y) and yaw {¥) displacement. Moreaver the assumption is made that
the dependence of the vertical and roll displacements on the yaw displacement
is of second order, and therefore, they are considered to be functions of the
lateral displacement, only. Hence we obtain z = z(y) and ¢ = @(y).

Under these assumptions we are able to calculate creep coefficients f,, given by

fu = G0y, fa = G0y = -fn
fo = JFGCn fu = dGCxn
where ¢ 15 the average radius of the contact ellipse and
_ WwGa
" Gw +Gg

is a combined shear modulus consisting of the shear moduli Gw, Gz of the two
materials.

The coefficients C,; have been computed by Kaiker ([8]) as a function of the semiaxis
ratio a/b of the contact ellipse and the combined Poisson's number
Y= G{Gwvr + Gavw)
2GwGr )

Detailed informaticn about the computation of ¢ and the socalled Kalker coefficients
C,; can be obtained from {8].

Now we may write down the following approximate nonlinear relationships

T;: = --,uN,ta.nh (}{_‘;\l{:fn)
2.3)
) o, o f (
Tu = —uiianh (2, 4 S )

where the £ and {, are the longitudinal and lateral creepages (the indices | and

2 designate the right and left wheel, respectively) and ¢, is the rotational creepage.
The creepages are defined as ([3])

&L = -—5—&-;%y=—€u
b= Ty
. 1+Vrol"._¢‘
b = =t

£e0

where 28 is the width, rp the nominal rol! radius of the wheel and

0
Bv—*l’g&‘

In addition we must check that the forces calculated from {2.3) must fulfill the

constraiet 1 2
(G- ) =
aN ulN

which means that the absolute value of the friction forces is limited by Coloumb’s
law. Further the validity of (2.3) is only given if ¢/b £ 2.

=

2.4 Equations of motion

In the derivation of the equations of motion we follow (7], [3] and [12] where they are
given in detail. Concerning the limitation of space we cannot go into much detail,
however, we want to point out one special feature of the equations of motion of such
a railway vehicle by looking at cne axle. Basically we obtain for the two degrees
of freedom two second order nonlinear differential equations in the two vanables u,
and v of the form

Mg, = fige, TelMN)) (2.4)

where g, = (uy, ¥:)T, M, is the mass tensor and f, a function of the variables and
the contact forces. The contact forces themselves, according to (2.3) depend on the
normal forces Ny which themselves are depending on the Ty, That means that for
one axle in addition to (2.4) also a system of constraint equations

Ne = g,(9., Te(Ne)) {2.5)

is obtained. Hence, to eliminate N, in (2.4), that is, to express it by the variables
q,, is not a completely trivial task since T, appears in (2.5) which is an implicit
equation for N;. We solve it by a series expansion in the variables g, up to the
required order we need to obtain fifth order terms in (1.1). That is, we obtain

Ny = Neo + z Neyqe; + Z: Nejeqeqoe + - -
H 2.k

which we substitute into (2.4). This results in a set of equations of moticn of the
form

Mg +Q(q.4) =0 (2.6)

where Q(q,q) contains terms up to fifth order in the variables q and ¢. For the
whole bogie the equations of motion have also the form (2.6) but now the dimension
of q is equal to 14. The introduction of new variabies in the form z; = ury, 71 = tF1,
...allows, in a straight forward calculation, since M is constant, to transform (2.6)
into a system of first order in time of the form

2 = F(z, \) = Fy(A)z + F3(A)2" + F5(A)z* (2.7)



where F (A} Fa(A) and Fi(A} are the matrices of the coefficients of the terms of
first, third and 6fth order. The parameter vector A is given by

(1)

The dimension of x is 28 By the notation 2® we mean a vector containing all
possible monomials of third order in the 28 variables. To make this point clear
we consider only two variables Z1,Z;. Then there exist four monomials of third
order: rf. Ifrg. xirg, r% and the matrix Fy would be 2 2 « 4 matrix. The number

four can be calculated from the following formula which supplies the number v
of different objects where repeatedly oc

curring objects like z,z,7, = .z, are
already excluder

n+r -1 (n+r-1)
."V: _ ()3
( r ) rin = 1! )

[n (2.8) is n the number of elements and r the order. For example forn =2, r = 3
we obtain NV = 1. If we turn to our problem we have for n = 28, r = 3. NV = 3060
and for n = 28, r = 5: N = 201376 That is the matrix Fy is 28 « 4060 and the
matrix Fs 15 28 x 201376, However many of these terms are equal to zera and for the
cornputaticns by means of a special algorithm only the nonzero terms are stored.

We note that no terms of quadratic and fourth order appear in the equations of

motion. This fact expresses the reflectional symmetry of the problem with respect
to the z, z-plane.

3 Bifurcation analysis

3.1 Critical speed and stability boundary in parameter
space

The steady state motion of the bogie is given by 24 = 0, which is a solution of
{2.7). The first step in the bifurcation analysis is the calculation of the linear
stability limit, that is the critical speed V.. Mathematically we have to calculate
the eigenvalues of the linear operator Fyi(A) for quasistaticaily increased values of
the speed V which is the distinguished component of A. The second component of
A the angle & is kept at, a fixed value. For low speed all eigenvalues of F,{\) have
a negative real part, and therefore, the steady state xg is asymptotically stable.
The critical speed will be reached when for the first time one or several eigenvalues
cross the imaginary axis. In the simplest (generic) cases this happens either due
to a simple zero eigenvalue or due to a pair of purely imaginary eigenvalues. For
the bogie always a purely imaginary pair of eigenvalues occurs at the stability limit
Ve. This is easy to understand physically because to a zeto eigenvalue corresponds
a divergent instability and to a purely imaginary pair of eigenvalues corresponds a

flutter instability. Obviously for a rail vehicle divergent type of.inst,a.balmes are not
to be expected whereas flutter instabilities lead to hunting mgtlons.

If in addition we vary the conicity angle § we obtain the stability boundary in V, §
parameter space as depicted in Fig. 4.

R
o=
v
A"l
a3, ]
Figure 3: Approximation of the friction Figure 4: Linear speed limit VC- i-n its de-
force (2.1} by the fifth order pendence on the conicity angle
polynomial (2.2) é of the wheel

Having calculated V. we want to know how the system behaves if V' is increased
through V.. This requires the treatment of the nonlinear problem.

3.2 Center manifold reduction to a two-dimensional bifur-
cation system

Center manifold theory serves to reduce the 28-dimensio_nal system of equations of
motion (2.7) to a system of bifurcation equations the dimension of whu%h ls“f/zquda
to the number of eigenvalues with real part zero at A = .z\ﬂ = (VE,J) . A e do
not explain this reduction in detail because it is w_ell exp].:;uned in [11] in ¢ exl.Pters
3 and 4. We only mention the necessary calcuiations. First we_perform a linear
transformation of coordinates = — By which transforms the matrix F, .mto Jordan
form. The two variables y,, y» which correspond to the two eigenvalues \Imth ze.robrleal
part are denoted as active variables and the y3,...,y1s are cailed passive variables.
Hence (2.7} can be written in the form

o= ~wyr + qalvnvnv,) + oslvn v v) 1
Y2 = win + guiviyn y,) ¥ gsive v v,) (3.1)
!‘1, = J:y, +g,3(y1!y21y:) +9’.s(yluy2-y,)

where y, = {ys,...,y2)7, 1, is a 26 26 matrix whose eigenvalues have all a ne.ga.tive
real par:. g3 and g, contain nenlinear terms of third and fifth order, respectively.



[ntuitively one can expect that in a local neighborhood of the bifurcation point,
that is, for |V — V. { small, the passive variables y, will decay to zero because the
correspending eigenvalues have ali a negative realpart, and hence, in (3.1} only
the two equations in the active variables will be relevant. However this reasoning
can lead to incorrect results if the passive variables are simple set to zero in (3.1).
Instead they must be eliminated by means of center manifold theory. This is done
by expressing the passive variables by the active variables in the form

v, = Hiy, y2} {(3.2)
from (3.1)3. From the general theory ([2], [11]) follows that
H(y,32) = O{ln [ + 1l (3.3}

[f we only intended to derive third order bifurcation equations we could set y, = 0
in (3.1)1;. This follows from the fact that because of {3.3) at least fourth order
terms would be obtained from the substitution of (3.2) into (3.1); ;. However, since
we derive the equations of motion up to and including fifth order terms in any case
the influence of the passive variables on the fifth order terms is given and we must
calculate H{y;,y2) at least up to third order terms. The practical calculation is
performed by series expansion and equating coeficients. Again also in (3.2) enly
odd order terms are present. After inserting (3.2) into (3.1), ; we obtain

o= —wy+ ra{yn ve) + sy, ) + Oyl

' o 3.4)
¥r = wyi+ raalyn ) + raslng) + Oyl . (

3.3 Normal form and unfolding

The bifurcation equations (3.4) still can be considerably simplified. This can be done
by applying normal form theory which allows to reduce the number of nonlinear
terms in (3.4) without changing the qualitative behavior of the fiow in the two-
dimensional phase space spanned by yi,y2. The idea is to annihilate by a nonlinear
change of vanables y — z as many nonlinear terms as possible. If the linear
part in (3.4} were not degenerate all nonlinear terms from {3.4) could be removed.
However, due to the degeneracy of the linear part resonant terms occur that cannot
be eliminated. Despite of this fact still a strong simplification can be achieved ([11]).
If we further introduce polar coordinates z; = reos 9, 2z = rsind we find

F

)

Kar® + Kor® + O(|[")
w+ Kar? + Kot + O([r]®)

(3.5)

where in general i3 # 0. In this case the third order terms in {3.5) determine the
local stability behavior of the bogie. However, if we want to calculate V, from a
steady state analysis we must use the second parameter § to make K to vanish. In

=

Fig. 3 Iy 15 plotted as a function of §. To anaiyze this higher degenerate system
terms of filth order must be considered as they are already included in {3.3).

For § = §, we obtain K5 = 0 and the amplitude equation (3.4); becomes
F= Agr® (3.6

The next step is a universal unfolding of (3.6), that is, an embedding of (3.6) in
a parametrized family which includes all qualitative possible solutions of eguations
of the type of {3.6). The unfelding is given by (1.1). The mathematical unfolding
parameters are

_ B
= (9,11. Hy o

b =ug=0

3K

b= -
Dyt

oa

12

by =g =0

where o is the real part of the critical eigenvalue. The coefficient A; = W4(4,)
The linear relationship between the mathematical unfolding parameters jy, gy and
the physical Ay =V ~ V. and A; = § — § can be seen from Fig. 4.

4 Numerical results

For the data taken for a bogie used by the Austrian Railway Company we obtained
the results plotted in Fig.6. Two things are remarkable from Fig. 6. First, a small

& u,z[mm]
®
: TN 51 g = 00206
0 5 ) = 00209
-.001 | 4]
-.802 ] . I NOA
1 | NN
-.003 ] 1 I N
| |
. . . . 0 L | —_————
0.0 0015 002 0025 & s5.0 932 117.3 v [km/n)

Figure 5: Coefficient K5 in (3.3), in its Figure 6; Stability Limits V, given by the
dependence on the conicity an- turning points for some values
gle § of §

variation of § does not have  significant influeace on the eritical speed ¥, but has
a very significant influence on the location of the turning point. This figure also
allows to estimate the change in the stability behavior of a bogie or a whole car
due to the change of & during the life time of a wheel set. Since already for quite



low speeds hunting oscillations are predicted by Fig. f and have also been ohserved
in practical operation, for example after passing a switch of these dampers certain
design measures have been taken. One which proved to be very effective is the use
of linear dampers between the frames of the bogie and the car body denated by
K in Fig. 2. There are four of these dampers for each bogie.
constants we obtain the graphs in Fig. 7
of damping no

Depending on their
which show that above a certain amount
turning points in the amplitude curve of the hunting motion occur,

and hence. the linear stability limit V, is the practically important critical speed.

From theoretical and experimental studjes with bogies with two axles {[7]) it is well
known that the front and rear axle oscillate with different amplitude.
be interesting to see how the different axles of a 4-axle bogie behave
are given in Fig. 8 for the bogie 2 oI Flg. 7.
has the maximum ampiitude.

Hence it may
. The results
For example we see that the rear axle

Finally we note that from the results of Fig.6 and Fig. 7, which basically are
two-dimensional bifurcation system (1.1} and (3.5)
quantities r, by performing all necessary steps in the derivation of the bifurcation
system in backward direction {[11]). The result are the different motions depicted

in Fig.8. Hence we may conclude thas after a hunting instability al
oscillate with the same frequency given by (3.5)

for the
2, we can return to the physical

| components
2 but different amplitudes.
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Figure 7: Influence of the dampers K of Figure 8: Amplitudes of the four different
Fig. 2 on the amplitude of axle axles (front {1) - rear (4)) for
1 for five different damping con- d; of Fig.7
stants: d, = 5104, d, = [0S,
dy = 15-10% 4, = 2. 10%,
dy = 2.5-10° [V sec/m]
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Abstract, The toss of stability of the trivial downhanging equilibrium position of a slender circular tube convey ing
incompressible fluid flow is studied. The tube is clamped at its upper end and free at its lower end. fnbetween the
three-dimensional transversal motion is constrained by an elastic support which is coasidered tw be Dy-symmetric,
that is. has the symmetry of the square {Figure 1), Kirchhoff's rod theory and the Kelvin-Voigt viscoclastic Liw
are used 1o derive the tube eguations under the assumption of large dispiacement but small strain.

The stability analysis is performed making use of the methods of equivariant bifurcation theory, that is, making
use of the symmetry properties of the original system in deriving the amplitude equations of the critical mudes.
All cases of loss of stability which are possible for generic one-parameter bifurcations and the coincident case ol
a zero root and a purely imaginary pair of roots are investigated.

Key words: Filuid conveying tube, Kirchhoff rod theory, coincident eigenvalues, Da-symmetry. equivariant bitur-
cation theory, heteroclinic cycles,

1. Introduction

In the fundamental papers {1] and [2] it is shown that for loss of stabiluy of the vertically
downhanging position of a rotationally symmetric tube a number of interesting motions occur.
Extensions of the investigation presenled in [2] in various respects are given in [3, 8, 10 16].
In this paper we consider a tube with an intermediate elastic support consisting of four springs
at midspan that is at £ = 0.5 (Figure 1). Since the tube itself is considered o be rowationally
symmetric the whole system has the symmetry of the square or the Dy-symmetry.

By variation of the stiffness ¢, of the springs we are able 1o create qualitatively difterent
types of loss of stability [ 18]. Generically we have either a divergent {c, large) or a flutter (¢
small) type of instability. However, for a special value of the stiffness of the elastic suppont
we also obtain a codimension two bifurcation resulting in a coupled divergence and Hutter
nstability, The eigenvalue structure of this coupled case is given by a zero eigenvalue and a
purely imaginary pair. These three cases will be treated in this paper. We note that depending
on the location of the elastic support expressed by £ in Figure | for the coupled instability,
besides the case, just mentioned, also a nilpotent double zero root eigenvalue structure is
possible [18].

For the description of the motion of the tube we use Kirchhoff’s rod theery {4, 9] which

results in a large displacement but small strain mode! allowing in a straight-forward way to
include internal damping into the model.
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Fig. I. Mechanical model of the fluict carrying tube with intermediate Da-symmetric elastic suppor.

To derive the amplitude equations of the critical modes (bifurcation equations) after loss of
stability of the trivial downhanging state of the tube we make extensively use of the methods
of equivariant bifurcation theory [6].

2. Equations of Motion and Reduction to Bifurcation Equations

2.1. MECHANICAL MODEL AND ITS SYMMETRY

A detailed description of the mechanical model and the derivation of the equations of motion
15 given in [13] and with less detail in [16]. We only indicate here some important points.
Two quantities describe the deformation of the tube which is assumed to be an inextensible
thin viscoelastic rod of uniform circular annular cross-section. First the radius vector r{s. f)
defining the location of a point of the axis of the tube and second the rotation matrix B{s, 1) €
SO(3) defining the orientation of the cross-section of the tube given by the vectors ty, ty, t3
with respect to a space fixed triad e, ez, e3 (Figure 2). In the following { ) = &/ds and
() =a/ot.
From the rotation matrix B we can calculate a skew symmetric matrix §2 in the form

] 0 - O
et1=B B = @ 0 - ], 3

0 Q0

where the guantities (2 and {}; measure bending of the rod about the axes t; and t; and (13
measures the twist about t;. By £2 avector 12 = {91,525, 047 is defined. The use of Eulerian
angles to represent the rotation matrix results in singular situations at the trivial configuration,
Hence, we follow (2] and use the coordinates xy, x; and an angle describing the twist as
variables. From the linear and angular momentum principles and the constitutive law we
obtain the following set of nonlinear partial differential equations of motion in dimensionless
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\s
Fig. 2. The deformation of the tube is described by the position of the centerline ris, f) and the orientation of the
tripod [ty 12, ta).

variables
r = Be;
B' = Bf?
T = Tx§2-Fxes
F' = Fx Q+BT(-723+(tei'+i+2\/3[)l'"+gzr") (2)

where F is the tesultant force in the cross-section. Due to the inextersibility consFrainl and
the neglection of shear deformation there exists no constitutive relationship involving F and
only one between the moment vector T = {75, T2, 73)7 and the deformation vector {2 in the
form

T o= — (8 + 8y,
T = -+ (l]f"lz).
Ty = =718 + oafh), 3

where 3 = G.Jr/E.J is the quotient between the torsional and bending stiffnesses and the a;
are material damping coefficients. 3 gives a ratio between the masses of the tub_e and the ﬂ_md.
@ is proportional to the velocity U of the fluid flow and o is an external damping coefficient.
Further we have now the boundary conditions at s = O and s = 1

r(0)=0, B(O)=E F{l)=0 T{I)=0, (4
and the jump condition for F at the location £ of the elastic support
F(4) ~ F(¢_) = - BT &), )

where f, is the restoring force of the spring. For the Dy-symmetric problem f; is given up to
third order terms by

T+ .t + E%('ﬂz-(:l‘% - 4r2) + enf(x? - 3y — 2ryraisl)
fo= —c| rytagiy + 2B - drd) - aaf(ad - 23)dy + 20700 (6)
0
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where ¢ = t*c,/(2EJ) is the dimensionless spring stiffness. a, a damping constant and
£, = /£, where £ is the length of a spring. f, becomes rotationally symmetric for £, — .
Due to the circular cross-section of the tube and the arrangement of four springs, we have
a Dy-symumetric system, that is a system possessing the symmetry of the square.
If we designate the corresponding transformation D € Dy, then it is either 4 rotation

cos( —sin 0
Dy =By = | sin¢ cos¢ O )]
0 Y, !

about an angle ¢ = 2k /4 or a reflection Dg expressed by
D_ﬁ' - B’.(L.) : lJ::

where I,. = diag(t,—1,1). All the expressions in {2), (4} and (5) are equivariant {see [18])
under the following operations

B - DBD7
F — DF

r-- Dr.

(8)
T — {det D)DT,

which can be checked by inserting (8) into {2), {4) and {5).

Since two of the conditions in (8) are not completely obvious we give short explanations.

The transformation B — DBD7 contains two rotations. The first is a rotation of the tube
by an angle of 7/2 about the z3-axis. However, since the tube is clamped at s = 0 the rotated
position violates the boundary conditions. Hence, the tube must be rotated by the same angle
around the tangent to its deformed centerline in the opposite direction.

The relation T = {det DYDT can be derived in the following way. From B’ = — B2
according to (1) and B = DBDT follows

8 — DB'D" = DBfID" = Bf? = DBD 12. 9)
Equating the third and fifth term results in
f2=nnD". (10

Catculating this expression for Dg and Dg we obtain 7= -Dy 12 and £2 =Dy, respec-
tively. These two expressions can be summed up into: N = det (D)DL2.

2.2. STABILITY BOUNDARY AND CENTER MANIFOLD REDUCTION

In order to calculate the stability boundary [18] in the { g, ¢} parameter space, we perform the
linearization of the equations of motion about the trivial downhanging equilibrium position

=se;, B=E, T=0 F=(1-s)e; (1)

which is a solution to (2) for all values of g and c. The state (11) is invariant under all
transformations D € Dy,

Due to the symmetry properties of the system we obtain two identical linearized bending
equations (see [18]) which, in the dependent variables 1y, ry and y where v is the twisting
angle [4], can be written in the form

Fot bic+ 2Vt 0!V 4+ 2yF pit + 0Pl <[00 - s =0 (12)

b AV 4
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for i = 1, 2. Further one equation
i+ =0 (13)

for \ is obtained which is decoupled from (12). Also the boundary and jump conditions
decouple 10

ri{0) =0, 1‘:(0) =
(1) + 2 (1) =

x(0) =0,

N+ e () =0, (1) +asx(1) =

e+ o E (80 — @V (ED) + o (6.)) = —elm(€) + anki(E))- (14)

The trivial state (11) is asymptotically stable for zero flow rate p = 0. This is obvious from
an engineering point of view. Now we increase the flow rate g quasistatically unul the trivial
downhanging state of the ube becomes unstable. The parameter value for which this is the
case will be denoted by g.. In order to determine g, we have to solve an inverse eigenvalue
problem {18]. This can be done by the usual separation of variables technique, resulting i
nontinear boundary value problems for systems of ordinary differential equations. Since the
solution of (13) is exponentially stable and the equations (12} for x) and 73 are identical, only
one equation of (12) must be solved. Of course, each eigenvalue obtained for this equation
must be doubled. Hence the multiplicity of the critical eigenvalues is twice the value of the
planar system. As it is described in [18] in a one parameter family (o) both zero eigenvalues
and purely imaginary pairs of eigenvalues occur generically depending on the stuffness ¢ of
the elastic support. For special values of ¢ coincident eigenvalue cases occur, the structure
of which depends on the location of the elastic support expressed by £ as it is explained in
[18]. For the case £ = 0.5 considered here one purely imaginary pair and one zero root,
both with multiplicity two, are found. This can be seen from the stability boundary shown n
Figure 3. Here the curve denoted by the 0 is the boundary for the divergent instability and the
curves denoted by *iw are the boundaries for the flutter instability for two different values
of internal damping «;. The divergent curve is not affected by different damping values. The
stable domain is below the bold curve. It is interesting to note that for small values of ¢, when
a flutter instability is found, the internally damped tube has a smaller critical flow rate than
the undamped tube. Thus small internal damping may have a destabilizing effect for the flow
conveying tubes in case of a flutter instability for a weakly supported tube.

In the derivation of the bifurcation equations for the problem under study we will obtain
three different sets of bifurcation equations which are either a set of two, four or six nonlinear
first order ordinary differential equations depending on the value of ¢. These sets of bifurcation
equations which are the amplitude equations of the critical modes are derived by center
manifold theory {5, 18].

The key condition for the possibility of the reduction of the infinite system governed
by partial differential equations to a low dimensional bifurcation system governed by ordi-
nary differential equations is that besides the critical eigenvalues, which are located on the
imaginary axis, all other eigenvalues must be strictly negative, Hence, not only the critical
eigenvalues, but also the whole spectrum must be calculated [12]. We only shortly indicate the
result of this calculation. The limiting behavior of the spectrum of the modes of higher spatial
order is as follows: There exist two families of eigenvalues one of which converges rapidly to
—n0, whereas the second one accumulates at A = —1/a, due to the appearance of material
damping in the highest order derivatives. The location of the remaining eigenvalues must be



166 A Steindl and H. Troger

Fig. 1 Stability boundary in g, ¢ parameter space for £ = 0.5 and two values of internat damping o = 0 and
v = G018, The stable domain is below the bold curve and the unstable domain above it

calculated numerically. It can be shown that besides the critical eigenvalues all eigenvalues
have strictly negative real parts which guarantees the contraction property of the low towards
the Center Manifold. Hence the requirements for the application of Center Manifold theary
are satisfed,

For the calculation of the nonlinear terms in the bifurcation equations we have to note that
though the bending and twisting motions decouple in the linearized case [(12) and (133]. there
is a nonlinear coupling between bending and twisting in the nenlinear case, which must not
be neglected.

Making use of {3) the differential equation for the twisting moment 7y follows from (21},
to

T T8 = Ta8l = —ag (0 ~ 0 (15)

with the condition T3{1) = 0, [t has to be integrated for every distinct pair of functions. Now
the material law can be regarded as an ordinary differential equation for {13

B+ k) = =Ty (16)

which is solved as usual by a power series expansion.

2.3, SYMMETRY OF THE BIFURCATION EQUATIONS

The bifurcation equations inherit the symmetry properties of the original system. It 1s conve-
nient to write the bifurcation equations in complex variables 2, 22, =3 introduced in [12] or

[[8}. Then the action of the rotation is expressed by (7);
I o (*'L:m e !(:2. = F’”:

3. (17)

The mirror reflection is expressed by:

I 22

Iy I3 (18}

2R
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The normal form reduction introduces the additional phase shift symmetry §' into the equations
of motion:

S8 (222,230 — (€2, 6P 23). sy
The actual caiculation of the bifurcation equations is a nontrivial task due to the nonlinear
coupling between bending and twisting.

3. Bifureation Equations and Diagrams

3.1. ONE ZERO ROOT WITH MULTIPLICITY TWQ

If ¢ is large a divergent instability occurs and the bifurcation equation is one scalar equation
if we use the complex variable z3 [18). Up to third order terms it takes the form

| : 20
== Z ”ﬂ':i:; = gal{z3. %3] (209
dk 3

The equivariance condition requires
) 2
g3(Dgrz} = Dagi(z) (20

where [y = I),,f-z according to (7). Hence we obtain from (21)

Pn.'u A);‘Z:% Ei( — /in/Z:{Ei’r (22a}
yielding

i%u—&:):r%-i—zkm (22b)
or

J—k=1 (mod4). (22¢)

The solutions of {22) at third order (7 + & = 3) are
() j=2k=1. () j=0k=3 (23)

Hence we obtain the one-parameter (;:) unfolded bifurcation equation, where the parameter
is proportional to the flow rate p — p.

: - 23
= ;123+Ac)2%:1 + A, (24)

The reflectional symmetry implies that ail coefficients, that is p, Ag — g + idg and A2 =
13 + id2, must be real.
There are three different steady state solutions:
(a) Trivial state z3 = 0. 1t is stable for ¢ < © and unstable for g > (.
(b) Buckled state in the direction of a spring. For z3 = b, where b is real, we have

"
b+ cob’ + 027 = 0. (25
/

The stability of the buckled state is determined by the eigenvalues: —depah® and 2{rq +
C]g)bz which must be both negative for a stable state.
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vz

Fig. 4. Planar statically buckled tube corresponding to a stable postbifurcarion state.

_———— -

Fig. 5. Bifurcation diagram for the divergence bifurcation showing buckled solutions in directions of the springs
(0% and diagonal directions (45°}. Full lines designate stable solutions and dashed lines unstable ones.

(¢) Buckled state in diagonal (45°) direction. For 23 = £/ we obtain

et 4 cobleim/ZeTin 4 4 cre~ R =0 (26)
or
b+ (cg — ez} =0. (27)

The stability is determined by the eigenvalues: 4¢125% and 2(ey — ¢12)8%.
The form of the planar buckled tube is shown in Figure 4. The representation of the various
solutions in a bifurcation diagram is given in Figure 5. The basic difference to the system
with rotationally symmetric support treated in [18), where the position of the plane in which

2¢
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the tube buckles remains undetermined, is that here the positions of the plane (in the direction
of the spring or diagonal) in which the tube buckles are determined by the parameters of the
problem, which enter in cg and 3.

3.2, ONE PURELY IMAGINARY PAIR WITH MULTIPLICITY TWO

Tf  is small a Aurter instability occurs and in complex coordinates the bifurcation equations
are a two-dimensional system of the form
Se=lpti)n +eln i), =12 (28)

where the third order terms are of the following form

go= D

gkt Frm o3

Lk € o
S kfm3) Sy 2222 29)

Application of the equivariance condition, 1aking the relations

y_;(DHZJ = 44 k—Frmyj(z)
.(f)(DHZ‘] = !};(52~52~3]=jl)
g}(RLfZ) — [,:(j—k-i-Ffm)ﬂgj(z)‘ (30

into account results in the following set of equations for ¢y (for g2 we obtain —1 on the right
hand side of the first equation to follow}

j—k-f+m =1 (modd)
J—hk+{ o=
JHE+ 4+ m =3 1ih

Their solution yields three terms in each equation
o= p+r)ny+ (A n + Az + A35|2§
= Ap F i+ (A + Arxnzza 4 A]Zz?’.lz (32)

with A, = ¢, + «,. We look for periodic solutions of (32) which, following [6], we represent

2= Ipet (33)

Inserting (33) into (32) we obtain

(4 iw — i) + (A B 3+ Ax5yE)E) + 43332
L = {u4iw— i) + (Aldd + Aghd) 5 + As3E (34)

There exist four different symmetric steady state solutions of (34):
(a) Trivial state: 2, = %; = 0. It is stable for u < 0 and unstable for 4 > 0.
(b) Planar oscillation in the direction of the spring (SWy): Z) = Z; = a where a is real. From

(it i~ 032 + (A + A2+ A3)a® =0 (35)
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follows the nontrivial solution

_—
=-ufler+ o ta), v=w+(d +dy+di)al (36)

The stability of this solution is determined by the sign of (¢, + 3 + 4] the following
two quantities, the calculation of which is explained in Appendix A:

trace: 2(e; - ¢a —303)a2. det; 8a4{|A3\2 —Re{(4; - 4)4;3}). (37}

For a siable state the trace must be negative and the determinant positive.
{c} Planar oscillation in diagonal (45°) direction (SWys): 3| = a, 33 = ia. From

(4w —wla+(Ay + Ay — 400> =0 (38)

foellows

o= \/—ﬂ/(r'l +ry—), r=w+{dy +dy - duadd

trace: 20¢ = e3 + 3m)al,  det: 8ati|As]? + Re{(A; ~ 42)45}). (39)
(d) Rotating wave solution (TW) [18): 2| = a, 33 = ). From

(pr+ ot~ )a + 410 =0 (din)

follows

a = \Jff—y/m. Vo= w+ dal.

trace: 2(cp ~ rja?,  det: da*(|4; — A;|2 — 4377y, {41)

In Figure 6 the bifurcation diagram showing the different domains of existence of the
symmetric sofutions is given. The correspending selutions are shown in Figure 7. It is shown
that 12 different domains exist. In domains 6 and 8 two stable solutions can exist 61, In these
cases the initial conditions decide which solution is attained,

in [17] itis shown that besides the above mentioned symmetric solutions also nonsymmet-
ric solutions might exist, depending on the special nonlinearities appearing in the bifurcation
equations. They. for example, could be periodic solutions which trace out approximate ellipses
or be planar oscillations of the tube in a plane which is neither in the direction of a spring nor
i diagonal direction. Additionally quasiperiodic oscillations are possible which are super-
positions of two basic oscillating motions. We only indicate here that the elliptica solution

exists for the tube problem, however, this solution is unstable [14] whereas the quasiperiodic
motion could also be stable,

1.3, ONE ZERO ROOT AND ONE PURELY IMAGINARY PAIR WITH MULTIPLICITY TwO

For ¢ = v, at the loss of stability coupling of divergence and flutter occurs. In complex

coondinates the bifurcation equations are a three-dimensional system of the form

L= i) +gde. 3L e ). i=1.2

Sv= Asn a2, T2 5, 2. B3) (42)

L0
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Fig. 6. The bifurcation diagram for the Dy-Hopf bifurcation is partitioned into 12 qualitatively different dOrll;ijrls
inthe (¢, 7 )-plane for ¢4 < 0. Fully drawn lines form the boundary of domains where stable solutions can exist,

™ Wy r ™

g ~ SWas S L2 SWy
Sl d:— . S“’o \\\ z°
E——y ——e b — i

Fig. 7. Amplitudes of the periodic solutions corresponding 1o the domains in Figure 6. There are planar oscillations
of the tbe in direction of the sprimgs {5175) and in diagonal direction {54 and rotating tube motions (7117,

where the third order terms are of the following form

= 5. (43)

= Roakbmra s

JAk+I+mr+s=3

Application of the equivariance conditions given by (17), (18} and (19} results in the following
set of third order two parameter (A, ) unfolded equivariant bifurcation equations [12]

o= (p—d)n 4+ (Ao 3 + Agada + Aa iy
+ Aa:z:% + A5§|Z§ + Aﬁlzfg‘

o= (A4 iw —ap )z + (Asn 3+ Az + AjnyZa)o
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Table §. Solutions of (44) and their isotropy subgroups. The solulion‘(l 1} corresponds (o dcge_nerate
stutionary bifurcations and (12) describes either a spatial oscillation along an elliptic orbil or a
standing wave in a plane, which is not a mirror-refiection plane.

No. Orbit repr. z ¥, = Fix(¥) dim X,

0 (0.0,0) Dy x §' 10.0.0) ¢ Trivial solution

(1 (0.0.8) Zi{x) x 8§ (0,0, 1) ! Buckling mode !

2 (0.0./=ib)  Za(xC) x 8 0.0,/ =i 1) | Buckling mode 2

2y laa Za(x) B LS {w, w,0) 2 Standing wave |

(A4 a0 Y AN A fur, i, 0) 2 Standing wave 2

(51 e 0.0) Z.={{—¢.OF  (w,0,0) 2 Rotating wave

o ALt Za(n} {w,w, £) KEABRRCH

17 ok Zi(km, ) (2, u, ty) Iy L

®) delia o /—1b) Zafw() {w,iw, /=) IS

W e T ) Zyw(m, ) (w1 V1) 3 (L5

it e 00l 1 {aey. Moy, i), e} 6 modelated wave
0w §' (0,0, 0} 2 asymmetric buckling
(b Z3 {wy, v, ) 4 asymmetric oscillation
(13 teLa el 1 4

4y luorew) 1 4

(1% TSRy 1 6

+ Aany 5% + 4-15:|2:2 + .~16:|:§‘
o= (gt LAy + Agzazy + Ag3iain
+ .'l]():|§253+.4|J5]:25}+.“1]2:;. {d4)

where according 10 (33) 2, — e (G =1,2)and z3 — e and Ay =+, fore =1,
,.{2,.157Ai-;anddg....,d|2=0. )
Zeros of (44) correspond to stationary states of the pipe (v, = 0. periodic solutions
(4 £ 0,11 = 0) or quasiperiodic motions. Table 1 lists the different solutiQns, their isotropy
subgroups ¥ and the isoropy subspace Fix(L). The isotropy subgroup ¥ is important to
classify the symmetry properties of a solution z. It is defined by

V=1lyeG . Daz=z} (45)

where (7 is the symmetry group and D, its matrix representation. The isotropy subspace
Fix[X) of the subgroup £ 1s defined by

Fix(¥) = {z . D,z=2 Vo€ I} (46)

We discuss these concepts below.

The solutions ate «owmpused of the statically buckled state shown in Figure 4. the planar
oscillation shown in Figure 8, the rotating motion shown in a top view of Figure 9, and of
mote complicated spatial configurations.

Now we discuss the solutions given in Table 1:

(0) Straight downhanging tube befare loss of stability
(1) Planar buckled state in direction of a spring (e.g. in the r{, 11 plane)

z
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vz

Fig. & Shape of the standing (SW) wave sclutions fos the symmetric Hopf bifurcation of the fluid conveying tube.

by

=

Fig. 9. Rotating or travelling (TW) wave solution for the symmetric Hopf bifurcation of the Auid conveyimg tube.

(2} Planar buckled state in diagonal direction of two springs (here in the 37/4 plane, the
solution in the /4 is (0,0, v/7b) and its symmetry is Zo(Cx) x §1)
(3) Planar oscillation in direction of spring
(4) Planar oscillation in diagonal direction
{5) Rotating solution
(6) Buckled state with superposed planar oscillation. Both in the direction of the same spring
(7} Buckled state and planar oscillation in directions of springs but orthogonal to each other
(8) Buckling and planar oscillation in diagonal direction
(9) Buckling and oscillation in diagonal directions but orthogonal to each other .
(10) Modulated rotating solution
(11) Spatial (nonplanar) buckled degenerate solution
{12) Elliptical spatial rotating solution or planar oscillation in a plane which is not a symmetry
direction, that is, which is not a mirror-reflection plane
(13} to (15) Tertiary solution branches (quasiperiodic motions)
Since in Table | the solutions are classified according to their symmetry the successive loss
of symmetry of the solutions can best be seen from the isotropy lattice shown in Figure 10.
We read the isotropy lattice in the opposite direction of the arows. The trivial downhanging
solution (0) has the full spatial and time shift (S') symmetry. By the time shift symmetry we
understand a translation in time that brings the solution into coincidence with itself. If the

solution is time indepencent (for example, statically buckled) then an arbitrary translation in
time 1s possible.
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D, x §'

22(5-)’;;,/7“. l \\

- 1 ¥
L(kC) < 8 Z L)) Z; Zy(ng) v 2y

n

§! Ly{x) Ly(vr. ) Z,(x() Iy

Fig 102 Isotropy lattice for n = 4k (h = |, 2, ).

After bifurcation from the trivial state we have five solutions with different symmetries
which, however, are less symmetric than (0). The state (1) is invariant for a refection about
the (ry. .30 plane called Zy{w] where Zy(x)} = {E.x} is the cyclic group penerated by the
reflection » about the (). r3) plane. It can be represented by one real variable r and hence
the dimension of Fix{Z) is one. The buckled state {2) is invariant against a rotation () hy
x/2 and a reflection about the {r), r;) plane. Both states are invariant against a ime shift,
because they are constant.

The 1wo planar oscitlations have the same spatial symmetries as before and the additional
symmetry 75 which means a rotation by 7 in space and a phase shift by =. We may also use
the notation Z(:‘ = Laln.m) dn Zy(w, ©) the first enmiry refers to the spatial and the second
to the iwemporal transformation. Hence, the ofiginal solution, if an escillation about the trivial
posttion neeurs, 1§ again obtained. Now Fix(T) is given by a complex variable v and hence
its dimension is two. The symmetry Z4 means a rotation by /2 and a timeshift by - 7/2,
which characterises a (discrete ) rotating solution. This completes all the symmetry propettics
of the first level in Figure 10, On the next level we see how loss of symmetry occurs further.
T addition it is seen how different solutions contribute to this loss,

Asamore complicated example we explain the symmetry Zz (w7, 71 of solution (7). Here
the tube s planar buckled in r; direction and superposed on this configuration is an oscillation
orthogonal 1o the buckling plane of the tube. A schematic picture is given in Figure 11, Position
I schematically fixes a mamentary position of the tube. The first operation is a rotation by
resulting in position 2. Next we must apply a reflection » about the .,z plane. This results
n position 3. Finally a time shift by 7 results in the original state.

From the isotropy lattice we can also identify heteroclinic cycles as they are described in
[17]. Forexample the eycle Zo(x)58! — Za{x) — Zz(h']"ulg' — Zairmw) - Tafww ) » §
whiclt is also shown in Figure 12, The physical interpretation is the following: Zals) < 8" is
a statically buckled planar solution in the ry, 3 plane. On the branch Z:{~} the tube starts
to oscillate i the o1y, oy plane with increasing amplitude and at the same time the amplitude
of the statically buckled configuration decreases. This leads to the state Zs(x] -+ 75 which
1s a planar oscillation in the &4, r3 plane about the origin. Along the branch Z;(#%. 7} this
oscillation moves away from the origin into the r; direction about a statically buckled state in
the .3, .y plane. The more the amplitude of the statically buckled state increases the more the
oscillation wmplitude decreases. Finally only the planar statically buckled state Zainz) x 8!

Al
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X2
Xy
Vi
Fig. 1. Symmerry operations for solution {7) of Table | with Z{x, 7} symmetry: a rotation about = Laking | — 2

is followed by a reflection about the {1, x3) plane taking 2 — 3 and finaily a time shift by = takes 3 — |

; . el
Fig. 12 A possible heteroclinic cycle taken from Figure 10). Starting from the planar buckled state Z; (=} T8 in
the {x;, r1) plane the tube moves, as it is explained in the texl, to the planar buckled state Zy(w71 .5 §'in the
(x3..x3) plane. which of course is the same as the one in the (1), 1) plane under the symmetry of the System

in the 2, r3 plane remains, which, however, is rotated by /2 compared to the original state,
Due to the symmetry properties of the system we have an identical state.

Finally we present in Figure 13 a bifurcation diagram in the (;, A) parameter plane. In
addition also the physical parameters g and ¢ are drawn. To obtain an understanding of the
behavior of the tube for increasing the flow rate o we have also drawn a ‘loading path’ (broken
tine in Figure 13) for a system where the stiffness ¢ of the support is slightly larger than the
critical value c,.. In the following description for a physicat explanation of the behavior of the
tube the numbers relate to the explanation of Table 1 given above. We see that in the present
case the trivial state (0) is followed by the planar buckled state (1) which increasing the flow
rate loses its stability to the oscillation (7) orthogonal to the buckling plane. Increasing the
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Fig. 14 Bifurcation diagram giving a stratification of the (u. A} respectively (o, c) parameter plane in domains
of existence of different solutions. The numbers refer 1o Table 1. Stable solutions are indicated by bold arcs. The
broken line parallel to the g-axis represents a physical "loading path”.

flow rate o solution (7) loses its stability. Then there is a domain of flow rates ¢ where no
stable stationary symmetric solutions for the third order bifurcation equations were found.
Finally the states (9) and (4) are reached, which are oscillations in diagonal direction.

Appendix A: An Example for the Calculation of the Stability of a Steady State
Oscillation in a Symmetric System

The calculation of the stability of the solutions of (34) would in general require the solution
of a 4 x 4 linear eigenvalue problem. However, making use of the symmetry properties of
the solutions we show that the dimension of this eigenvalue problem can be reduced by two
which finally requires only to calculate a trace and a determinant as indicated before.

We perform the calculation of the trace and the determinant for the planar oscillations
51¥45. We note that with the notations introduced in Table 1 the symmetry of this solution is
Z,(x}. Making use of (17 and 18) we may express this by

Dﬂ-/ZDF(:h 32) = D.,,’,'l{zz, Z|) = (?.Zz, 7!‘2[). (47)

Looking for the eigenvector of the corresponding operator we have 10 solve

(?16)(;)2*(2) (48)
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From (48) follow the eigenvalues A 3 = +1 and the corresponding eigenvectors are

wy = ( i ) v, owy = (J? > w. (49)

Since the eigenspaces are invariant under the symmetry transformations it is sufficient to
calculate the lingarization of the nonlinear right hand sides of (34) at these vectors. In addition

we only need to consider one equation because from the second one the same terms are
obtained.

We obtain formally from the nonlinear function g{ 1, Z, 22. Z2) in (28) the Jincarization

dg-w o= g w0 o b g i+ sl 150
and evaluated at wy = (. —fu)T we have

Ag g = Lz, )i+ s, + igs )i = U+ Vi (51
Inserting from (34)

Gy, = ftHiw— v+ 24153+ A

G, = Arnihr + 2445
g, = A2 4 Aasd
e = 412122 152y
mto (51} we obtain
dy = (4 - Ay 4 3Aaadde + (4 - A; - Ayete
=l w+Vw
O N e N TR T I S A ST A S TRV T N (33

In real variables {0, ) the linearized system has the form
Wy AN R IR A 5 i u
(‘.),(“Hi (.l_‘.l)(!_)ffx(f]). (59)
The eigenvalues are
jiioa = A2 E St .-l)zf‘i — det 4. (55)
[nserting (54) into {(55) we obtain
trd = 207 =2Re{”
detd = [U]F =V
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