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have been found 10 return to the atteactor for all
perturbations we have used, 3o this attractor could
be globally attracting. Perturbations have included
injections of bubbles into one of the feed lines,
injections of bromide ions im0 the reactor, and
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control parameters multiple stable siaics bave been
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A quantitative measure of nonperiodic (chs :f._.,,’ s
behavior is provided by the value of the laz: -
Lyapunov exponent, which characterizes the "
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This exponent is positive for a chaotic state,
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140 E.J. Kostelich 7 Problems in estimating dynamics from data
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Fig."1. A typical portion of the Hénon attractor where the
points are nearly collinear.

nal direction, but this cannot be quantified read-
ily from these data. It becomes more difficult to
estimate the rate of contraction of nearby lay-
ers of points as the noise level increases, because
noise obscures the structure at small scales. The
Lorenz [16] and Rdéssler [17] attractors are two
other familiar examples of attractors where sim-
ilar problems occur: the points contained in a
small box around a typical trajectory tend to be
coplanar.

This kind of attractor structure leads to i/f con-
ditioned least squares problems; i.e., the covari-
ance matrix of the observations is nearly singu-
lar. The concept is important because the numer-
ically computed solution of an ill conditioned
least squares problem has a large relative error,
In this case, ill conditioning means that the Ja-
cobian matrix A in eq. (2) cannot be estimated
accurately.

The singular value decomposition can be used
to detect situations like these. Let {x;}7_, be the
collection of points piotted in fig. 1, let X be their
mean, and let X be the n x m matrix whose ith
rowisx;—¥. (Weassume n > m, wherem = 21is
the embedding dimension for the Hénon data.)
Then there exist an n x m matrix U/, anmxm
diagonal matrix X, and an m x m matrix V such
that

X=UuxvT (4)

The columns of I/ and ¥ form an orthonormal
basis for the columns and rows of X, respec-
tively [18}. Equation (4) is the singular value
decomposition of X and can be arranged so that
the diagonal elements o, of X satisfy o, > o3 >
s+ > 0, > 0. These are the singular values of X
and correspond to the nonnegative square roots
of the eigenvalues of the covariance matrix X T X

The singular value decomposition allows one
to determine whether the least-squares prob-
lem in eq. (2) is singular: if the rank of X is r,
then only the first 7 singular values are positive.
There is good numerical software for comput-
ing the singular value decomposition of a ma-
trix [18). However, the numerically computed
singular values are rarely zero due to roundoff
error (even for a singular matrix), but they are
small. The condition number x is defined as
the ratio g, /a,. Large values of x correspond to
ill conditioned least-squares problems in that
upper bounds for the relative error of the so-
lutions are proportional to x and, sometimes
to k2. (The relevant theorems are technical and
will not be stated here; consult [19] or [18] for
more details.)

A difficult question is how to decide whether
a problem is ill conditioned when the data in X
are known only to a finite accuracy. Some cri-
teria are given in [18] and [19]. Numerical ex-
periments by the author on the Hénon map and
laboratory data sets suggest that least squares so-
lutions to eq. (2) are most accurate if the con-
dition number of the problem is of order 10 or
less. If the condition number of the original prob-
lem with m coordinates (corresponding to the
embedding dimension) is larger than 10, then
the problem is selved with fewer coordinates. In
other words, if 0y/g, .1 > 10 but g,/5, < 10
then the least-squares problem is solved by first
projecting the rows of the observation matrix X
onto the subspace spanned by the first k columns
of V. In this case, the matrix 4 computed in
eq. (2) has rank k.

The choice of 10 as the upper limit for the con-
dition number is heuristic. A suitable value de-
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142 E.J. Kostelich / Problems in estimating dynamics from data

the Hénon map (3), and eq. (2) provides an ex-
cellent fit. Despite the appearance of the attrac-
tor, the dynamics locally are well described by a
linear map.

2.2. Outliers and influential points

Figure 3a shows a set of points selected for a
least-squares fit of eq. (2). The data are gener-
ated from the Hénon map (3). In this example,
the computer is instructed to take the 100 points
on the reconstructed attractor closest to the ref-
erence point *2. Figure 3b shows the same data
after 1% uniformly distributed random noise is
added. All the observations lic in a box whose
sides are less than 2.4% of the attractor extent in
length, so eq. (2) provides a good linear approx-
imation of the dynamics. The condition num-
ber of the associated least squares problem is
about 5, so it is not ill conditioned. Neverthe-
less, there is a potentially serious problem in es-
timating the Jacobian matrix.

In this example, the strips of points will be
stretched in one direction and pushed together
after one iteration of the Hénon map, as illus-
trated in figs. 3c, d. The problem is that the
three rightmost points in figs. 3a, b are relatively
far removed from the rest. Here the amount of
stretching along the strips is estimated using 100
points, but in the noisy example, the amount of
contraction is estimated using only the rightmost
3 points.

These 3 observations are examples of influen-
tial points. In other words, the determinant of
the 2 x 2 matrix computed from the data is par-
ticularly sensitive to small changes in the 3 right-
most points in figs. 3a, b, and its least squares es-
timate from noisy data is unreliable because the
sample is so small.

*1 The reference point is one of the three points on the
right-hand side of the plot in fig. 3a, and distances
are measured with the maximum norm. Although the
distribution of these points may look peculiar, entirely
similar situations are encountered with the use of other
NOrms.

Influential points may be outliers, arising from
relatively large “glitches” in the data. More fre-
quently, they result from the fractal structure of
the attractor. Figure 4 is a2 schematic illustra-
tion of a common situation. The reference point-
is located on one of the frequently visited por-
tions of the attractor, represented by the closely
spaced curves. (Noise may obscure the attractor
structure at the smallest scales, so to the obser-
vational accuracy, the closely spaced curves may
look like a single thick one.) Regardless of the
details of the nearest neighbor lookup strategy,
the point selection algorithm often finds a set of
points whose distribution is simiiar to that en-
closed in the circle. Suppose the map stretches
points along the curves and squeezes the curves
together after one iteration. Although there may
be a very good linear approximation of the dy-
namics near the reference point, the rate of con-
traction is estimated using only a few points cho-
sen from the upper (thin) curve.

The notion of an influential point is a heuris-
tic one, and there is no formal statistical defini-
tion. Unlike ill conditioning, influential points
do not necessarily affect the accuracy of least
squares solutions. For example, the data in
figs. 3a, c are known to the numerical precision
of the computer. Here the least-squares estimate
of the determinant is accurate, even though the
three rightmost points are influential. The esti-
mate is less accurate in the noisy case, and the
influential points give it a large variance.

For this reason, it is a good idea to check for
influential points, particularly when dealing with
noisy input data. (See [23] or [24] for extensive
discussions of this topic.) Let X be the n xm ma-
trix of observations as described in section 2.1.
The corresponding prediction matrix is defined
as

P=X(X"x)"'xT (5)
It can be shown [24,25] that the ith diagonal

element p;; of P satisfies 0 < p;; < 1 and that
1/p;; can be regarded as the number of points in
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recommended. However, this is impractical in
applications like Lyapunov exponent estimation
and noise reduction in chaotic data, where thou-
sands of multivariate least-squares problems are
solved as the attractor is traversed.

In the case of chaotic data, however, one can
make reasonable assumptions about the process
that generates the observations—points tend to
expand in one direction and contract in others.
The discarded influential points usuaily involve
only a loss of information about the local con-
traction rate.

Nevertheless, it is important to assess how
much the influential points affect the analysis
of a given data set, such as the estimation of
the Lyapunov exponents. One procedure is to
calculate the Lyapunov exponents first with-
out discarding any influential points. Then the
calculation is repeated, perhaps by discarding
influential points for which the corresponding
value of p;; is particularly large, say p;; > 0.5.
Next, some smaller values of p; can be tried
{the smaller the value of p;;, the more likely the
points are deemed to be influential). The neg-
ative Lyapunov exponents are the most likely
to be affected by the different rejection criteria.
This procedure may yield a useful estimate of
the accuracy with which the negative Lyapunov
exponents have been calculated.

Influential points are common. For example,
in the numerical experiment on the Hénon map
described at the end of section 2.1, about 2/3
of the least squares problems had at least one
influential point. In this experiment, a point was
classified as influential if p;; > 0.25.

It should be noted that the prediction matrix P
in eq. (5) can be computed inexpensively from
the R decomposition of X. See [18] for details.

The above analysis can be extended to include
the image points y ;. Figure 5 is a schematic illus-
tration of the case where a collection of points
initially are close together on the attractor but
diverge into two or more groups later. This can
happen when some trajectories nearly cross each
other due to a poor time-delay embedding or due

Fig. 5. Schematic diagram of diverging trajectories on an
attractor.

to the complex structure of the attractor. (For
example, this situation can arise on the Lorenz
attractor where trajectories cross from one lobe
to the other.)

One possibility is to form the n x 2m aug-
mented matrix (X : Y) [24). The ith row of this
matrix has as its first m entries the vector x; — x
and the vector y; — y as the last m entries. (The
bar denotes the mean of the corresponding ob-
servations.) The augmented prediction matrix
Pyy 1s the same as in eq. (5), except that the
matrix (X : Y) replaces X, A small value for the
ith diagonal entry of Py y may indicate that the
pair {x;,y,) is particularly influential in the fit,
perhaps because it is on a diverging trajectory
as described above. The use of this procedure
may obviate the use of a “global” and a “local”
embedding dimension as discussed for instance
in [21].

Another alternative is to replace least squares
estimation with a different minimizing function,
a topic that will not be considered here. The use
of so-called “robust statistics” offers many inter-
esting possibilities for the analysis of chaotic ex-
perimental data. The monograph by Tong [27]
considers the application of robust statistics to
certain nonlinear time series models.



Panqinsip Areurioy ,Eu_ucoaovﬁ e /3 pyp
‘e axoy PPow 5391145, Ut S10.4042 Pafres-og oy

(2) PHIH oty 2 g

174} powngsy ST “(g) by L DURLIPA pue
0 ueawyy Yiim vB:a_.Emwﬁ Alteunioy e’y SoIqeLre,
Wopuer oy pue <y SlgeLies Eobnoaov:._ MY jo
Uonouny Teauy g g 1 UoneAlasqo Y382 asaqm

{(9) “3 4 9+ xp = Ly
Bl sowrngge W3Iqo1d sarenpyg

“ISEI [eorssers UL “E1ep 4o Ton33f0s g o aurg

Wsrens e Sumy o w1qo1d oy 1ap1suos gn 17

W21904d 53191444 HUI510449 2y £z



146 E.J Kostelich 7 Problems in estimating dynamics from daia

the accuracy of the Lyapunov exponent calcula-
tion. In contrast, laboratory data are more dif-
ficult to handle, because they typically generate
higher-dimensional attractors, the time series
are often relatively short, they may contain oc-
casional large “glitches,” and the noise levels
may be higher. Even with very large data sets,
noise limits one’s ability to extract dynamical
information like Lyapunov exponents.

3. Noise reduction nsing periodic orbits

Several procedures for reducing noise have
been suggested in cases where the time series
is generated by a low dimensional dynamicai
system [2,4,22,5,6]. All of them share some
common features. Typically a time delay em-
bedding is used to reconstruct the underlying
attractor [8]. A local model of the dynamics,
similar to eq. (2), is constructed in each of a
set of sma!l neighborhoods covering the attrac-
tor*3 . The observed trajectories in these neigh-
borhoods are then adjusted slightly so that they
better satisfy some criterion which depends on
the local approximations to the dynamics.

Although these methods can be effective in re-
ducing noise, they have drawbacks. For exam-
ple, the local approximations to the dynamics
usually are determined by fitting the observed
points to the model with ordinary least squares.
Because all the observations are measured with
error, the ordinary least squares solutions for the
parameters of the model are biased, as described
in section 2.3. Moreover, the adjustment of the
trajectories may involve the composition of long
sequences of the statistically determined maps,
and this may lead to systematic €rrors.

Recent work has shown that saddle periodic
orbits govern the dynamics on typical low-
dimensional chaotic attractors [32,33]. In many
cases, it is possible to locate saddle orbits on

#3 Cawley and Hsu (6] construct a local projection onto
the attractor instead of a map.

attractors reconstructed from experimental data
by finding recurrent trajectories. These can be
used to estimate the topological entropy [34]
and other invariants associated with the dynam-
ics [35,36].

In this section we describe how saddle peri-
odic orbits can be used to reduce the noise in ex-
perimental data. The idea is to linearize around
the saddle orbit to find a model that is linear in
the parameters like eq. (2). However, the model
describes a functional relationship between each
recurrent orbit and its successor. That is, the
parameters of the map and the adjustments t0
the observed orbits are determined simultane-
ously. Only one map is calculated for each recur-
rent orbit. Moreover, the procedure operates di-
rectly on sections of the time series without us-
ing a time-delay embedding of the attractor. Be-
cause only one map is calculated in order to ad-
just all the points on each of the trajectories near
the saddle orbit, the procedure is computation-
ally efficient—over 10 times faster than previous
methods. b

3.1. Description of the algorithm

The procedure examines the dynamics near
saddle periodic orbits. Although saddle orbits
are unstable, nearby initial conditions may be
pushed away relatively slowly (this is often true
of experimental data as discussed below). In
such cases, trajectories near the saddle orbit
loop around it almost periodically for a time.
We say that x; is an (m,€) recurrent point if it
returns within € of itself after m iterations of
the map, i.e., |f™ (x;) — xill <e.

In a time delay embedding, the presence of an
(m, €) recurrent point means that there may be
consecutive sections of m time series values that
are nearly the same. Figure 6 shows a portion of
a time series record from an oscillating chemical
experiment analyzed in [34]. The reconstructed
attractor has many points that recur after m =
375 time steps. The marked sections in fig. 6
show some of the respective pieces of the time
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original coordinates is now a d-vector vy in the
new coordinates. We let 2y = 0 be the initial
guess.

The dynamics near the saddle orbit are mod-
eled as in eq. (8), with respect 1o the basis given
by the first 4 columns of U. The saddle orbit
corresponding to the fixed point is near but not
exactly at the origin in the new coordinates, and
each of the projected observations still contains
some error because of the noise. Although the
covariance matrix for the remaining errors is not
known, we assume it is a multiple of the identity
matrix. This is equivalent to the following three
assumptions: (1) the errors in the vectors p; are
independent and identically distributed; (2) the
variance of the error in each coordinate of each
point p; is the same (this is reasonable since all
the observations come from the same time se-
ries); (3) any correlation between the errors in
different coordinates is negligible.

Following Schwetlick and Tiller [38], we de-
termine values A of the Jacobian, p¢of the fixed
point, and &, of the observations in eq. (8) that
minimize

s=Y wip—oi’
+ 3 (B — 90— AW vl 2 (10
J

It can be shown that these are unbiased estimates
under mild additional hypotheses [28]. The first
summation in eq. (10) is over ali the observa-
tions near the fixed point. (Here w is a weight-
ing parameter for the original observations. In
the results reported below, we have setw = 1.)
The second sum is only between those pairs of
observations for which one point is the image of
the other.

The sum of squares in eq. (10) is similar in
spirit to the minimization attempted in an ear-
lier paper by Kostelich and Yorke [2]. The dif-
ference here is that the entries of the matrix 4
are not determined separately from the adjusted
observations #;. That is, instead of determining

A from linear least squares first, then adjusting
the observations » , we treat both the observa-
tions and the entries of A as unknowns in the
same nonlinear minimization problem. As men-
tioned above, we hope togeta better (unbiased)
estimate of A4, corresponding to the dynamics
around the saddle orbit.

Equation (10) involves a relatively small
pumber of successive sections of the original
time series. If the procedure is applied to the
data in fig. 6, for instance, the first sum in eq. 10
runs from i = | to 6 and the second sum from
Jj= ttol.

Schwetlick and Tiller [38] describe a Gauss—
Newton method for minimizing S. It is also pos-
sible to proceed more simply and use the Polak-
Ribiere conjugate gradient method described
in {39]. A suitable initial guess for 4 usually can
be obtained by ordinary least squares, and we
set ¢ = O initially. After the points 7 ; are de-
termined, we change coordinates back to obtain
the adjusted recurrent orbits.

We conclude this introduction with some re-
marks about finding recurrent orbits from a
given experimental time series. The basic pro-
cedure is simple. First reconstruct the attractor
using a time delay embedding. For each point
on the attractor, find the neighboring points and
see whether they return after some multiple of
m time steps. (Depending on the sampling time
and the underlying dynamics, reasonable values
for m might range from 1 to 1000 or more.)
One must also verify that successive sections of
the corresponding m values in the original time
series also remain close.

The size € of the neighborhoods must be not
be chosen so large that unrelated trajectories are
considered close to the same saddle orbit, and
¢ cannot be so small that recurrent points are
missed. (For instance, noise might knock a re-
current point out of a small neighborhood of the
saddle orbit.) In the results reported below, dif-
ferent values of € have been used to locate the re-
current orbits, depending on the data set. These
values were chosen by trial and error to avoid
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Fig. 8. Power spectra for the weakly chaotic Taylor—Couetie data set described in {2]. (a) Power spectrum for the raw data.
(b), {¢) Power spectra using the noise reduction procedure described in the text with the first 2 and first 5 singular basis

vectors, respectively.

sis is computed as described in section 3.1. As
above, the noise reduction is done using the first
d = 2and d = 5 singular vectors (this captures
about 50% and 75% of the variance respectively
in the recurrent trajectories, like in the periodic
case).

Figure 8 shows the resulting power spectra
(the units on the plots are the same as those
in [40]). The corresponding phase portraits
closely resemble those in fig. 5 of [2] and are
omitted. The results are comparable to those ob-
tained from the Kostelich-Yorke algorithm [2].

The consistency of the statistical relationship
can be checked in a cursory way by plotting the

estimated saddle orbit £ in the original time se-
ries coordinates. Figure 9 shows the saddle orbit
obtained when the sum of squares is minimized
using the first 5 singular vectors* .

However, in the d = 5 case, the power spec-
tral density associated with higher frequencies in
the processed data is somewhat larger than that
in {2]. Because the data are chaotic, it is difficult
to decide whether this higher “noise floor” cor-
responds to a more faithful preservation of the

#*6 The computer time required is the same as for the pe-
riodic data.
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independent variables, which may avoid the
bias resulting from errors in measurement. The
method is computationally efficient, since only
one map needs to be determined for each set of
recurrent orbits.
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show how the approach can be extended to allow
experimentalists access to many of the analytical
tools mentioned above.

Section 2 reviews the time delay embedding
method and some of its applications. Section 3
introduces some of the problems associated with
traditional filters and outlines our noise reduction
method.

2. The time delay embedding method

As stated in section 1, one problem in analyzing
experimental data is how to relate the measure-
ments with the dynamics. Before the early 19807,
power spectra were the principal method for ana-
lyzing such data. For instance, Fenstermacher
et al. [13] relied heavily on power spectra to detect
trapsitions from periodic to weakly turbulent flow
between concentric rotating cylinders. However,
Fourier analysis alone is inadequate for describing
the dynamics.

Other methods also have been used to analyze
time series output from dynamical systems. Lorenz
[25] used next amplitude maps to describe some
features of the dynamics; that is, he plotted 2, .,
against z, where z, is the nth relative maximum
of the third coordinate of the numerically calcu-
lated solution. Such maps are often useful, not
only for investigating features of the Lorenz at-
tractor [32], but also for instance in experiments
on intermittency in oscillating chemical reactions
[30].

In the past decade, the time delay embedding
method has come into common use as a way of
reconstructing an attractor from a time series of
experimental data. In this approach, one supposes
that the dynamical behavior is governed by a
solution traveling along an aitractor®! (which is
not observable directly). However, one assumes
there is a smooth function that maps points on
the attractor to real numbers (the experimental

-} F— - .
Existing numerical methods require the atiractor to be low
dimensional.

measurements). In the embedding method, one
generates a set of m-dimensional points whose
coordinates are values in the time series separated
by a constant delay [11]. For example, when m = 3,
the reconstructed attractor is the set of points
{x;= (51 5,41 5;42,)} Where 7 is the time delay.
Takens [34]) has shown that under suitable hy-
potheses, this procedure yields a set whose prop-
erties are equivalent to those of the original
attractor provided that the embedding dimension
m is large enough.

In principle, the embedding method allows one
to study the dynamics in detail. The carliest appli-
cations may be called static in that the analysis
focuses on the geometric properties of the set of
points on the reconstructed attractor. For exam-
ple, phase portraits and Poincaré sections are used
in ref. [5] 1o help determine the transition between
quasiperiodic and chaotic flow in a Couette—
Taylor experiment. Another important application
is the estimation of attractor dimension from
experimental data, for which there is a large litera-
ture [27]. In addition, various information theo-
retic notions can be used to find good choices of
embedding dimension and time delay [15]. .

More recent applications of the embedding
method are quite different in nature and can be
called dyaamic in that information about the dy-
namics is stored in the computer for analysis.
With each data vector x,, one stores the “next”
vector, for example, x,,, for some &> 0. This
makes it possible to compute a linear approxima-
tion of the dynamics in a neighborhood of x,,
assumning that there is a low-dimensional dynami-
cal system underlying that data®?. In particular, a
linear approximation provides an estimate of the
Jacobian of the map at x, [11]. Eckmann et al. [10]
use linear maps computed in this way to integrate
a set of variational equations and find the positive
Lyapunov exponents®’.

*2This material was first presented by D. Ruelle at 2 Nobel
svmposium in 1984

=’ Wolf et al [37) bave proposed a different method in which
nearby pairs of points are [ollowed 1o estimate the largest
! vapunov exponent.
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irregularly spaced in time, due to the sensitive
dependence on initial conditions on chaotic at-
tractors. In contrast, Kalman [4] and similar filters
examine data that are closely spaced in time;
bandpass filters operate in the frequency domain.

4, Eckmann-Ruelle linearization

The discrete sampling of the original signal
means that the points on the reconstrucied attrac-
tor can be treated as iterates of a nonlinear map f
whose exact form is unknown. We assume that f
is nearly linear in a small neighborhood of each
attractor point x and write

f(x}=Ax+b=L(x)

for some m X m matrix A and m-vector b. (The
matrix A is the Jacobian of f at x.)

This approximation, which we call the Eck-
mann—Ruelle linearization at x, can be computed
with least-squares methods similar to those de-
scribed in refs. {11, 10}. Given a reference point
X let {x,}7_, be a collection of the » points
which are closest to x_,. With each point x, we
store the next point (i.e., the image of x,), denoted
»7‘. The kth row a, of A and the kth compo-
nent b, of b are given by the least-squares solu-
tion of the equation

ye=by+a;-x, (1)

where y, is the kth component of y and the dot
denotes the dot product. Fig. 1 illustrates the
idea=3,

“*The points x, are points on the attractor which are nor
consecutive in time. The subscript i merely enumerates all the
points on the attractor contained within & small distance ¢ of
X, In this notation, x, and 3, are consecutive in time.

"3Farmer and Sidorowich [12} observe that the Eckmann—
Ruelle linearization can be used for prediction. Given a refer-
ence point x,, find the Eckmann-Ruelle linearization A, x + 4,,
compute x,,, = 4, x, + b, and repeat the process 10 get the
predicied trajectory.

f(x}=Ax+b

—————p—

Fig. 1. Schematic diagram for the first stage of the noise
reduction method. A collection of points in an e-ball about the
relerence point x, is used to find a linear approximation of
{he dynamics there.

We mention three difficulties in computing the
local linear approximations in the subsections be-
low.

4.1. Il conditioned least squares

There is a particular problem when one tries to
compute solutions to eq. (1) with a finite data set
of limited accuracy that has not been addressed in
previous papers {10, 31). Suppose for example that
all the points in a neighborhood of x,, lie nearly
along a single line, i.¢., the attractor appears onc
dimensional within the available resolution. Al-
though it is possible to measure the expansion
along the unstable manifold at X, there are not
enough points in other directions to measure Em
contraction. Hence it is not possible to compute a
2 X 2 Jacobian, matrix accurately. Any attempt to
do so will result in an estimate of the Jacobian
whose elements have large relative errors. This
kind of least-squares problem is il conditioned.

The ill conditioning can be avoided by changing
coordinates so that the first vector in the new basis
points in the unstable direction®™. A one-dimen-
sional approximation of the dynamics is com-
puted using the new coordinates; that is, we
approximate the dynamics only along the unstable
manifold. We recover the matrix 4 by changing
coordinates back to the original basis.

For example, if we are working in the plane and
the unstable direction is the line y = x, then we
rotate the coordinate axes by 45°. The dynamics
are approximated by a one-dimensional linear map

*“This is done by computing the right singular vectors [9) of
the n X m matrix whose ;th row is x,. The procedure is called
principal componen:t analysis in he statistical literature.
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Fig. 3. Schematic diagram of the trajectory adjustment proce-
dure. The trajectory defined by the sequence { x; } is perturbed
0 a new trajeciory given by { £, } which is more consistent with
the dynamics. In this exampie we show what the perturbed
trajectory might look like if the dynamics were approximately
horizontal 1ranslation to the right.

an alternative approach to noise reduction. We
consider this question in the appendix.

5. Trajectory adjustment by minimizing
self-inconsistency

The Eckmann-Ruelle linearization procedure
described above is computed and the resulting
maps are stored for a sequence of reference points
along a given trajectory (for the results quoted
here, the sequence usually contains 24 points). We
now consider how to perturb this trajectory so
that it is more consistent with the dynamics. The
objective is to choose a new sequence of points £,
to minimize the sum of squares

LwliE, - x|

+=.m_ - .PTHA.m.lL__n + __.m._.+. - h%.m.v__p. ANV

where L(x,)=A,x,+ b, w is a weighting factor,
and the sum runs over all the points along the
trajectory®’. Eq. (2) can be solved using least
squares. Heuristically, eq. (2) measures the self-
inconsistency of the data, assuming that the linear
approximations of the dynamics are accurate, See
fig. 3. We say the new sequence {x,} is more
self-consisient,

™"In the results described in this paper. the Eckmann—Ruelle
lineanization procedure is done using a collection of poinis
within a radius of 1-6% of each reference point, depending on
the embedding, dimension. the dimension of the attractor, and
the number of attractor points. This results in collections of
50-200 points per ball, which gives reasopably accurate map
approximations without making the computer program 100
slow. The weighting factor w is set to 1.

The trajectory adjustment can be iterated. That
is, once a new trajectory £, has been found, one
can replace each x, in eq. (2) by £; and compute a
new sequence ﬁ.m..;.

We place an upper limit on the distance a point
can move. Points which seem to require especially
large adjustments can be flagged and output un-
changed. (This may be necessary if the input time
series contains large “glitches” or if nonlinearities
are significant over small distances in certain re-
gions of the attractor.)

When the input is a time series, we modify the
above procedure slightly since we require a time
series as output. The trajectory adjustment is done
so that changes 10 the coordinates of x, (corre-
sponding to particular time series values) are made
consistently for all subsequent points whose co-
ordinates are the same time series values. For
example, suppose the time delay is 1 and the
embedding dimension is 2. Then trajectories are
perturbed so that the second coordinate of the ith
point is the same as the first coordinate of the
(i+1)st point. That is, when x;=(s, 5,4} I8
moved to the point £, = (§,. §,,,), we require that
the first coordinate of £,,, be §,, ;. .

6. Results using experimental data

We note that the attractor need not be chaotic
for this noise reduction procedure to be effective.
Fig. 4a shows a phase portrait of noisy measure-
ments of wavy vortex fiow in a Couette-Taylor
experiment [20]. This fiow is periodic, so the at-
tractor is a kmit cycle (widened into a band be-
cause of the noise) and the power spectrum
consists of one fundamental frequency and its
harmonics above a noise floor. See fig. 4b. Figs.
4¢, 4d show the same data after noise reduction,
The noise reduction procedure makes the limit
cycle much narrower, and the noise floor in the
power spectrum is reduced by almost two orders
of magnitude. However, no power is subtracted
from any of the fundamental frequencies, and in
fact some harmonics are revealed which previously
were obscured by the noise.
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Fig. 5. Phase portraits and power spectra for measurements of weakly chaotic flow in a Couette-Taylor experiment. (a), (b) Phase
portrait and power spectrum before noise reduction is applied; (c), (d) after noise reduction. The units for the power spectrum plots
L]

are the same as those in ref. {5).

why this occurs. However, this peak corresponds
to the rotation frequency of the inner cylinder and
may result from a defect in the Couette—Taylor
apparatus [33]. We do not consider this to be a
serious problem, because the power associated with
this mode is several orders of magnitude smaller
than that of the wavy vortex fiow.

We emphasize that our objective is to find a
simple dynamical system that is consistent with
the data. It is possible for this method to eliminate
certain dynamical behavior from an attractor if
those dynamics have very small amplitude, as fig.
4f shows. This situation is most likely 10 arise
when there are not enough data to distinguish
such dynamics from random noise. In the present

example, the noise reduction procedure reveals the
limit cycle behavior quite well #5.

The results obtained by applying the method to
chaotic data from the Couette-Taylor fluid flow
experiment described in ref. [5] are shown in fig. 5.
Fig. 5a shows a two-dimensional phase portrait of
the raw time series at a Reynolds number R/R =
12.9, which corresponds to weakty chaotic flow [5].
The corresponding phase portrait from the filtered
time series is shown in fig. 5b. Figs. 5c, 5d show

**We have not attempted to find the smallest amplitude at
which the noise reduction procedure can distinguish quasiperi-
odic from periedic flow. In genera] this will depend on the
amount of data, the sampling raie, the embedding dimension.
and other factors.
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arising from smaill nonlinearities are negligible
when the input contains enough points.

8. Simplicial approximations of dynamical systems

Recent work has shown that simplicial approxi-
mations of dynamical systems can reproduce the
behavior of the original system to high accuracy
[36]. (See also ref. [35] for a bilinear approach.) In
particular, the fractal structure of the original
autractors and basin boundaries is preserved over
many scales. Such approximations can yield sig-
nificant computational savings, especially when
the original system consists of ordinary differential
equations,

This approach can be extended in a natural way
to generate simplicial approximations of the dy-
namics on attractors reconstructed from experi-
mental data. Qur objective here is to find an
approximate dynamical system in a neighborhood
of the attractor as follows.

A simplex in an m-dimensional space is a trian-
gle with m + 1 vertices. Suppose the map is known
at each point on a grid. Then there is a unique
way to exiend the map linearly to the interior of
the simplex S whose vertices are grid poiats.
Given a point P in the interor of S, let {b,}7Lo
be its corresponding baryeentric coordinates (see
ref. [36] for an algorithm to compute them). Let
f(v,) be the map at the ith vertex. The dynamical
system at P is iterated by computing

S(P)= ¥ b f(u). (4)

=0

We apply this method to experimental data by
finding 2 linear approximation of the dynamics at
each vertex v, with the leasi-squares method de-
scribed above, using a collection of points in a
small ball around v, The maps are stored and
retrieved using a hashing algorithm similar 10 that
described in ref. {36). This yields a piecewise linear
approximation of the dynamics from a set of
experimental data which can be analyzed with the

methods that previously were available only to
theorists=!*.

We illustrate the approach using a time series of
32768 values from the Hénon map with a =12,
B =03 using eq. (3) and adding 0.1% noise as
described above. The original attractor is shown in
fig. 6a. We take a grid of points which are spaced
at 1% intervals (this and subsequent distances are
expressed as a fraction of the original attractor
extent). The time series is embedded in two di-
mensions, and a linear approximation of the dy-
namics is computed at each grid point for which
50 or more attractor points can be collected with a
ball of radins 0.03; the set of such grid points is
shown in fig. 6b. We take an initial condition near
the original attractor and show the first 3000 iter-
ates using eq. (4) in fig. 6¢. Although some defects
are visible, the attractor produced by the approxi-
mate dynamical system looks almost identical 10
the original one.

One application of simplicial approximations is
the location of periodic saddles and the estimation
of the largest eigenvalue of the corresponding
Jacobian. That is, if x is a periodic point of period
p. then we find the cigenvalue of DfP(x) of
largest modulus, where Df?(x) refers 1o the ma-
trix of partial derivatives of the pth iterate of the
map [ evaluated at x.

Given an initial guess for x, one can apply
Newton's method using the maps computed at the
grid points and eq. (4) to locate the saddle using
the simplicial approximations. Likewise, eq. (3)
can be used 10 locate the corresponding “exact”
saddle. Saddle orbits up 1o period 8 have been
computed in this way. In ail cases, the saddie
point for the simplicial approximation is within
2% of the corresponding saddle point for the
Hénon map. Table 1 shows the largest eigenvalues
of the saddle orbits. (The columns labeled m =2
and m = 3 refer to the embedding dimension nsed
lo reconstruct the attractor.) In most cases, the

=" This approach is less ambitious than that of Crutchfield
[8}, who attempts 1o find a single set of nonlinear difference
equations that creates the observed atiracior.
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Table 1

The largest cigenvalues of the Jacobian of the penodic orbits
located using the simplicial approximation of the Hénon
attractor,

Period m=2 Exact me=3
1 1.793 1.695 1.757
2 2178 2199 2183
4 4226 4.329 4.051
6 10.38 10.70 9.626
6 10.38 11.32 12,12
8 25.80 2488 30.25
8 20.02 2060 20.38
8 17.70 2432 2170

intervals along each coordinate axis for which 50
O more attractor points can be located within an
8% radius of the grid point. This produces " a
database of 59 550 maps. We observe from graphi.-
cal evidence that many trajectories approach what
appears t0 be a period-3 saddle in the middle of

—

Fig. 7. (a) The atractor reconstructed from a time series of
bromide ion concentrations in a Belousov-Zhabotinskii chemi-
cal reaction. (b) The period-3 saddle orbit

the attractor. Using initial guesses from some of
the trajectories, we apply Newton’s method to
locate the saddle orbit shown in fig. 7b. Moreover,
we obtain estimates of the Jacobian Df of the map
evaluated at a point on the saddle orbit. The
eigenvalues of Df are estimated as A, =1.14,

A;=0102, and A,= ~1.53. These quantitative

results confirm that the orbit is a saddle since A, >

0> A, (Note that one expects A, =0 for a fiow

generated from a set of differential equations.)

9. Conclusion

Methods for approximating the dynamics of
attractors recomstructed from experimental data
provide powerful tools. Most of the same proce-
dures that have been so important for theoretical
insight, such as Poincaré maps, unstable fixed
points and their manifolds, basin boundaries, and
the like, are now available to experimenters, at
least in cases where the dynamics are low dimen-
sional. There is lLittle doubt that these tools will
lead to breakthroughs in the understanding of a
wide variety of physical systems. However, consid-
erable effort is needed before we learn which kindy
of systems will benefit most from these types of
analyses. Significant improvements in technique
will certainly extend the applicability of dynami-
cal embedding methods, for example 1o higher-
dimensional attractors.

Appendix

In this appendix we outline 2 possible alterna-
tive noise reduction method based on the theory
of least squares when all the quantities in the
regression are measured with error.

In ordinary least squares, the variables in the
problem fall into two classes: the independent
variables, which are known exactly, and the de-
pendent variables, which are observations assumed
to be functions of the independent variables. The
dependent variables are subject to random errors
that are assumed independent and identically dis-
tributed (1.i.d.).
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bedding problem, which can be summarized briefly as fol-
lows. Suppose one has an apparatus whose behavior can
v.o described in principle by a set of differential equa-
tions. There might be a large number of equations, and
one might not know exactly what they are. (For exam-
ple, the Belousov-Zhabotinskii chemical reaction exhibits
moEv_nx dynamics and more than 30 intermediate chem-
ical species have been identified in it. However, many
of the associated rate constants are not known [13,14].)
After a time, the system reaches an asymptotic state in
which the behavior is governed by the attractor A for the
:baﬂ.aﬁum set of equations. The experimental data are
functions of points on A. The embedding problem is the
following: given a time series of measurements {s,}, how
can a set be reconstructed that is equivalent in an ap-
propriate mathematical sense to A? In particular, there
should be a one-to-one correspondence between points
on A and points on the reconstructed attractor, and in-
formation about the derivatives of the flow should be
preserved.

The Takens time-delay-embedding method [15] is prob-
.wEw the most common attractor reconstruction method
E.nro Literature. (We discuss other strategies in Sec. IT1.)
Given the time series {s;}, the reconstructed attractor
consists of the m vectors

X = Ah-... BitryZig2ry. oy b-..l.q-l:ﬂv '

where 7 is the tirne delay and m is the embedding dimen-
sion. Takens showed that if the embedding dimension is
mmanmonnw large, then the set {x;} has the same dimen-
sion and Lyapunov exponents as the original attractor for
“most” choices of the time delay [15]. (We give a more
precise statement below.)

) One of the oldest applications of time delay embed-
dings is to the estimation of the dimension of the attrac-
tor. There are many notions of dimension; see (7] and
the references therein for more details. In some sense,
the dimension describes the number of degrees of free-
dom associated with the dynamics.

One popular definition is the correlation dimension,
introduced by Grassberger and Procaccia [16]. Suppose
the reconstructed attractor consists of N points. Let

_ 2P(e,N)
where P(e, N is the number of pairs of points on the
attractor whose distance apart is less than ¢. Then C(¢)
is a number between 0 and 1. In the limit as ¢ —+ 0 and
N — o0, and in the absence of noise, we have C(c) ~ e?,
where d is the correlation dirnension of the attractor.

In practice, the finite number of data points and noise
in the data place a lower bound on the values of ¢ that
can be used to estimate d. Typically, one computes C(¢)
.—.cﬂ each ¢ in a decreasing sequence. The dimension d
is estimated by using linear regression over a range of
{Ine,!InC(e}) pairs. One can compare the scaling re-
lations over various ranges by performing the linear re-
gression over different subsets of the ¢'s and looking for
consistent values of d.

Ideally, the values for d should be relatively constant
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for a large interval of ¢ values. For example, if C(e) has
been computed for a decreasing sequence of 30 values of ¢,
one might perform the linear regression over the largest
five ¢'s to get an estimate d(ey,. . ., €s5) of the dimension.
One could repeat the calculation using the second largest
five €'s to get .m?u.. ..,€g), and so on. In this way, one
would get estimates of the derivative d[ln C(¢)]/d(ln¢).

In a good experimental data set, one might find reason-
ably constant values of d for ¢ ranging from 10% down to
1% or less of the attractor extent. However, a “plateau”
in the values of d often is not apparent. The values of d
may yield a plot that is qualitatively similar to Fig. 1.

In their analysis of weak turbulence in a Couette-
Taylor fluid flow experiment, Brandstater and Swinney
[17] tried to estimate the correlation dimension over var-
jous ranges of ¢ and divided their plot into four regions
labeled A-D, as shown in Fig. 1. In region A the lack of
data points is the dominant feature, Therefore, the val-
ves of d are subject to large fluctuations and cannot be
used to estimate the dimension reliably., The behavior in
region B is attributed to the noise, which “smears out”
the fractal structure below a certain level of resolution.
One wants to see the behavior in region C for as large a
range of ¢ values as possible. The behavior in region D
reflects the lack of scale invariance since € is of the order
of the size of the entire attractor.

The data in Fig. 1 consist of a time series of 40000 val-
ues from a laser experiment by Flepp and co-workers [18].
The curves illustrate attempts to estimate the correlation
dimension of the data before and after a nonlinear noise-
reduction method was applied. The region labeled C on
each curve corresponds to an approximate power-law re-
lationship between the correlation C/(¢) defined in Eq. (1)
and the ball size ¢. Before noise reduction (represented
by diamonds), a scaling region is difficult to discern, be-
cause the noise obscures the fine scale structure up to
1/16 of the attractor extent. A wide range of estimates
of the attractor dimension are possible with the noisy
data, depending on the range of € used. In this example,
it is difficult simply to determine whether the process
is low dimensional using only the noisy data. Hence,
even small levels of noise significantly complicate esti-

d(e)

“18 —16 —14 -12 -10 —8 -6 —4 -2 0
log, €

FIG. 1. A typical plot of correlation dimension as a func-
tion of the range of distances ¢ used to estimate the scaling
exponent. Noise obscures the fine scale structure up to 1/16
of the attractor extent, making an accurate estimate of the
attractor dimension impossible,
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produces an embedding if the rank of B is sufficiently
large and if B does not collapse periodic points of the
underlying attractor of integral period less than or equal
to w [26]. For example, B can be chosen to yield a Fourier
embedding {e.g., w = 64 and m = 16, so that each point
on the reconstructed attractor is a suitably truncated fast
Fourier transform of a window of 64 time-series values).
Sauer [10] has shown that this “low-pass” embedding can
be used to preprocess data with 100% additive Gaussian
noise.

Broomhead and King [28] have suggested the use of sin-
gular value analysis to reconstruct the attractor. (This
is an alternative choice for B.) One can choose a win-
dow of the original time series and project it onto the
subspace spanned by the corresponding singular vectors.
Heuristically, each window of the time series is projected
onto the subspace that contains the largest fraction of the
total variance of the data. The remaining orthogonal di-
rections presumably contain most of the noise. (See [28]
for details.) Albano et al. {29] used a similar procedure to
reduce the noise and estimate the Grassberger-Procaccia
dimension of the attractor reconstructed from time-series
data. Other applications of singular value decomposition
to noise reduction are described in later sections.

Another alternative is to use a Takens time-delay re-
construction after applying a suitable filter to the entire
time series. For example, one can compute the power
spectrum of the input signal, make some assumptions
about the frequency distribution of the noise, remove
or suppress those frequency components, and invert the
transform. This is the idea behind traditional bandpass
filters (see [30] for a concise description of the Wiener
filter).

Traditional filters work well in situations where most
of the noise is restricted to certain frequencies. However,
the time series of many chaotic signals have broadband
components 31,17]. Thus bandpass filters will cause dis-
tortion because some of the suppressed frequency compo-
nents are part of the dynamics. Ifit is not done carefully,
bandpass filtering can fail to give an embedding. If nfi-
nite input response filters are used, the dimension of the
reconstructed set may deviate considerably from that of
the original attractor. See [32] for details.

Despite these caveats, we recommend the use of these
preprocessing methods because they can reduce the noise
significantly. The numerical algorithms are widely avail-
able and easily implemented, even on small computers.
It is often desirable to try different attractor reconstruc-
tions from the same data because the methods distort
regions of interest on the attractor in different ways. De-
pending on the application, one reconstruction way be
better than another.

C. Multiple-probe measurements

Muitiple redundant measurements can be exploited to
reduce noise. For example, several measurements can be
taken during the fundamental period of a driven system;
several devices can be operated simultaneously (e.g., ve-
locity data can be taken at several nearby locations in a
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flow) [33] or the data can be taken at time intervals that
are short compared to the correlation time of the signal
(oversampling).

Suppose there are L probes and at time i we record
aM:_ ceey uMS. Each of the L time series contains the same
dynamical information and comparable amounts of noise
(we assume the measurement errors are independent}.
The series with the largest variance has the smallest rel-
ative noise level (highest signal-to-noise ratio). Follow-
ing the above considerations about embeddings, almost
every nonsingular linear combination V; = Mwu- n__.um:
contains the same information about the dynamics. (One
need not restrict attention to linear combinations of the
time series for attractor reconstruction, but they are con-
venient. )

A useful strategy is to pick the linear combination
which has the highest signal-to-noise ratio. It can be
found by maximizing the variance of the V; subject to
the constraint Y f_ a} = 1. The requisite vector is
the eigenvector corresponding to the largest eigenvalue
of the L x L covariance matrix I' whose (k,{)th entry is
I = (a® M) — (s(0)}(s1)), where the angular brackets
denote the average value over all time steps i. This pro-
cedure is similar to the singular value decomposition and
is also called principai component analysis [34].

IV. MODELING DYNAMICS FROM DATA
L]

The embedding methods described in the preceding
section are useful preprocessing tools. However, they are
linear methods applied to portions of the time series that
are restricted in either the time or frequency domain.
They do not exploit the underlying dynamical behavior
to identify and correct errors in the observations,

The objective of every noise-reduction method is to
find a simpler dynamical system that is consistent with
the data. There are three aspects to the problem: (1) the
nature of the noise, (2) the class of models to be fitted
using a statistical method, and (3} the adjustment of the
observations to be more consistent with the model. We
discuss these in turn in the following subsections.

A. Measurement error and dynamical noise

Measurement noise refers to the corruption of obser-
vations by errors which are independent of the dynam-
ics. The dynamics satisfy x; = f(x;_1), but we measure
x; + 1. [More typically, the measurements consist of
scalars 8; = h(x;) + §;, where h is a smooth function that
maps points on the attractor to real numbers and the §;
are independent and identically distributed random vari-
ables.] Dynamical noise, in contrast, is a feedback pro-
cess wherein the system is perturbed by a small random
amount at each time step:

x; = f(xi—1 + 1) (3)

Dynamical and measurement noise are two notions of
the error that may not be distinguishable a posterior:
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8 NOISE REDUCTION IN CHAOTIC TIME-SERIES DATA: A. ..

Schreiber [35] proposed a very simple variant of the
above method which gives stable results especially for
very short and noisy data: the linear approximation (6)
is replaced by a constant, which can be determined with
much less data. The resulting algorithm can be coded in
a few lines and is quite efficient.

C. Eckmann-Ruelle linearisation

One can work directly with each m-dimensional point
on the reconstructed atiractor to determine a local lin-
ear approximation of the dynamics. As above, the sub-
script denotes the time ordering of the data: x;,, is the
point immediately following x; in time. The dynamics
are given by x;,, = f(x;) for an unknown function f.

One assumes that f is at least piecewise differentiable
and considers a low-order polynomial expansion of f.
Eckmann and Ruelle [36] suggested that the local lin-
car approximation f{X.s} = AX.f + b can be computed
from the data using least squares. Here A is an approxi-
mation of the Jacobian matrix of partial derivatives of £
evaluated at x ..

Suppose that X has k neighbors within a suitably
small neighborhood I7. Linear regression is used to find
the matrix 4 and vector b that minimize the sum of
squares ). ||x;;1 — (Ax; + b)||?, where the sum runs
over all indices j such that x; € U. A different A and b
are computed for each neighborhood on the reconstructed
attractor.

The noise reduction scheme described in Kostelich and
Yorke [6] uses Eckmann-Ruelle linearization to approx-
imate the dynamics at each point on the reconstructed
attractor. To avoid the drift due to the sensitivity on
initial conditions discussed above, it must be followed by
a separate trajectory adjustment step in which a nearby
time series is computed that is more consistent with the
linearization of the dynamics at each point. {This is out-
lined in Sec. V.)

There are several difficulties with this kind of func-
tion approximation that have been considered in detail
in [37). Two of the more important considerations are
the following: (1) The accuracy of the approximation de-
pends on how well a linear map describes the dynamics.
Some regions of the attractor may contain few observa-
tions. A larger ball size increases the number of available
points but makes nonlinearities more prominent. This
situation becomes more common as the dimension of the
attractor increases. (2) The linear least-squares proce-
dure produces biased estimates of the matrix A and vec-
tor b because errors in measurement are present in all
the observations; i.e., there is error in both the original
points {x;} and their successors {x;+1}. Ordinary least
squares preduces unbiased estimates only when the er-
rors are confined to the latter set.

It is difficult to make general statements about the ef-
fect of these problems in practice. Much depends on the
dimension of the attractor, the number of data points,
the noise level, etc. Nevertheless, Eckmann-Ruelle lin-
earization has useful applications both in noise reduction
and Lyapunov exponent estimation.
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D. Local projective maps

An alternative approach uses geometrical considera-
tions to reduce the noise. Since the reconstructed attrac-
tor is a subset of a smooth manifold in an m-dimensional
phase space, one can estimate the local tangent plane
at each point with singular value decomposition. Let
{x;}*_, be the set of all points in a small neighborhood
of some reference point with mean %, and let X be the
k x m matrix whose ith row is x; — . Then

X=UTzv (7

where the columns of U and V form an orthonormal ba-
sis for the columns and rows of X, respectively [38]. The
entries o; of the diagonal matrix I are the singular values
of X: they are the non-negative aquare roots of the eigen-
values of the covariance matrix X7X. (The decomposi-
tion can be arranged s0 that 0; > 2 > -+ 2 o 2> 0)
The sum o2 + - -- + 03, equals the total variance in the
observations x; [38]. The columns of the orthonormal
matrix V are the corresponding singular vectors.

The noise spreads out the observations in all directions,
but most components lie along a lower-dimensional hy-
perplane through . The components in the remaining
orthogonal directions presumably are mostly noise. Thus
one can ask how many dimensions account for a certain
fraction of the total variance, For example, if p is the
integer such that o} + - - - + o3 is about 95% of the total
variance, then the span of the first p singular vectors is a
good approximation to the tangent plane of the attrac-
tor in a neighborhood of X. (Obviously, the observations
must lie in a small ball for this to be true. Whether one
considers 95% of the variance or some other fraction de-
pends upon the eatimated underlying noise level. See [39]
for details.)

Cawley and Hsu [11] and Sauer [10] suggested that
noise in the observations can be reduced by projecting
the observations onto the subspace spanned by a suit-
able collection of singular vectors at each point on the
attractor. {Alternatively, instead of projecting each ob-
servation directly onto the subspace, one can move the
observation only part of the way. This minimizes possi-
ble corruption of the data due to a poor approximation
to the tangent plane.)

Figure 3 is a schematic diagram of the process. The
method is purely geometric; the time ordering of the data
is not used to compute the map.

X

ref

FIG. 3. Schematic diagram of the noise-reduction process
in one dimension using singular value decomposition. The line
P is the span of the first singular vector. The ellipse indicates
that noise spreads out the observations in a neighborhood of
the reference point, The reference point (and possibly some
nearby points) are projected orthogonally onto P in order to
reduce the noise.
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where the sum runs over all the time series values in
the data set. The numerical method of choice for this
least-squares problem is singular value decomposition;
see Press et al. [30].

The success of the method depends on the appropriate
choice of the form of the basis functions (like the width of
the Gaussian functions whenever they are used). In ad-
dition, one needs a strategy for cheosing the centers c;
and a criterion for deciding how many basis functions are
required. More basis functions leads to closer approxima-
tions of the input time series. Of course the original map
f is not known, so as more centers are chosen we model
more details of the noisy data. When the number of basis
functions equals the number of input points, we have an
interpolation between all the observations: the interpola-
tion is exact on the observations, the noise is interpreted
as part of the dynamics, and the function f cannot be
used for trajectory adjustment. More material on radial
basis-function approximation can be found in [21,42,44].

Another method of global nonlinear function approx-
imation is the modulation by neural networks. In expe-
rienced hands they have proven capable of learning non-
linear functions useful for time-series analysis. Weigend,
Huberman, and Rumelhart [45] successfully applied this
technique to predict sunspot numbers. Neural networks
were used successfully in a recent Santa Fe Institute time
series prediction contest {23], but the performance of
the different networks varied widely. Further references
about function approximation by neural networks can be
found in [46].

Genetic algorithms under certain circumsiances can
learn to make predictions [47], but so far seem of limited
use for noise reduction. They do not make predictions
for every reference point, but only for certain regions in
phase space.

Although global function fits have some appeal, the
choice of basis functions induces some bias. For instance,
the accuracy of the dynamical approximations at each
point on the attractor depends in a nontrivial way on
both the shape of the basis functions, the distribution of
the centers, and the curvature of the trajectories. In the
case of neural nets the nature of this bias is unknown.
The main advantage of global models is that they can
provide stable fits even for small amounts of data.

Finally we remark that straightforward global ap-
proximations work mainly for forward-in-time fits as in
Eq. (4). In many cases the dynamical equations cannot
be solved globally to give a unique value for coordinates
other than s, ,,, even when the map is invertible. For
example, the Hénon map is 53 = 1 -- puw + bs;. If we try
to solve for s; we obtain s; = /1 4 bsy — 83/a, which
usually has two branches. On a noisy orbit the square
rnot can even become imaginary.

V. TRAJECTORY ADJUSTMENT

Every noise-reduction method requires some strategy
to adjust the observations to respect the dynamics more
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closely. Two requirements must be fulfilled by the new
orbit: it should be more consistent with the estimated
dynamics than the original signal and it should remain
close to the original signal. (In cases where a Takens
time-delay embedding is used to reconstruct the attrac-
tor, the aobservations should be adjusted so that the out-
put is a scalar time series.)

Usually the new orbit is obtained as the result of some
optimization procedure. It is not possible to satisfy all
the criteria simultaneously, so one must make compro-
mises in any particular algorithm. For example, a given
point on the attractor may belong to several neighbor-
hoods. Hence, different maps could be used to adjust the
point, each of which moves the point in a different way.
An open question concerns the best way to reconcile all
the possible adjustments.

A. One-step methods

The trajectory adjustment step is trivial if the dy-
namics are represented according to the Schreiber-
Grassberger scheme in Eq. (6). The central coordinate
8,n/2 is well controlled in both the stable and the unsta-
ble directions on the attractor, because past and future
values are used to adjust it. Thus the estimate &,,/3
can be taken as a replacement for the mronzon_ value.
The value of the coefficient a,,/2 must be fixed between
0 and 1 to avoid a trivial least-squares problem. Hence
a smaller value can be used to lend more weight to the
dynamics, and a value closer to 1 can be used to obtain
smaller corrections. The method automatically yields a
scalar signal when the attractor is reconstructed with a
Takens time-delay embedding.

Only slightly more work is needed in the constrained
projective procedure described in Sec. IVE. In this case,
proposed corrections are obtained for all components of
the observations instead of a single central coordinate.
In a Takens time-delay embedding, the same scalar mea-
surement appears as a coordinate in several vectors, so
the different proposed corrections can be averaged to-
gether. (See [40] for more details.} The same considera-
tions apply to the geometric method of Cawley and Hsu
{11] and Sauer {10]. .

B. Two-step methods

Forward-in-time reconstructions require an explicit
nontrivial adjustment step, particularly when the attrac-
tor is reconstructed using Takens time-delay embeddings.
Some methods require the new orbit to fulfill the dynam-
ics exactly. This is reasonable when the dynamics are
known with high accuracy. Algorithms of Hammel [48]
and Farmer and Siderowich [12] are examples in this cat-
egory. When the map is known, it is possible to refine
trajectories to arbitrarily high precision.

This is not the case in laboratory situations because
the dypamics must be estimated from noisy data. Ip-
stead, one must minimize the deviation from the indi-
vidual adjustments subject to the constraint that the
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As before, the dynamical error can be compared before
and after the noise-reduction procedure has been applied.

These are natural measures when the original trajec-
tory or the “true” dynamics are known. However, other
points of view are possible. For example, the ouiput
from a noise-reduction scheme might be considered as a
cleaner set of data for a slightly different value of the
parameter. It is also possible for a noise-reduction pro-
cedure to translate the data slightly, resulting in large
values for E4y,. Nevertheless, the data might still be
regarded as a less noisy realization of the dynamics in
slightly different coordinates.

The main disadvantage of these quantities is that in a
typical experimental situation neither the noise-free data
nor the exact dynainics is known. Thus we must employ
criteria which are accessible given only the data. Fig-
ure 4 shows an example where the processed data “looks
less noisy,” but we need a more objective, quantitative
criterion.

One reasonable assumption is that the data are com-
posed of a deterministic part plus random noise. Thus
we can measure the success of noise-reduction algorithms
by testing whether the signal has become more determin-
istic and the subtracted noise is random. Sections VIA
and VIB outline methods to test this assumption.

A. Correlation sums

A widely used tool for detecting and quantifying low-
dimensional behavior is the correlation sum C defined
in Eq. (1). This quantity is used to estimate the corre-
lation dimension ¢ of an attractor. Here we are inter-
ested in the scale-dependent effective dimension d¢) =
dlnC(¢))/d(lne). For an infinite amount of noiseless
data, d = lim,_.q d(€).

For laboratory data, this scaling of interpoint distances
exists only over a finite range of length scales. As pointed
out in Sec. I1, the scaling breaks down for larger distances
(region D in Fig. 1). At small scales two effects can be
seen. When points become sparse, the effective dimen-
sion of the attractor fluctuates wildly and no scaling is
found (region A). If enough pairs are still found with
a distance smaller than the noise level, one measures an
effective dimension d(e) that is close to the dimension of
the whole phase space (usually given by the embedding
dimension, region B).

If the data set is too short, then region B may unot be
observable because points become sparse at or above the
noise level. This implies that it is not possible to gather
enough infcrmation on small scales to determine whether
a point is displaced by noise and to correct the error. In
this case, nonlinear noise reduction tends to break down.

If there are enough points, one finds a crossover region
between the noise dominated length scales (region B)
where d(e) equals the embedding dimension and the “cor-
rect” scaling (region C) where d{e) = d. The length scale
at which this crossover occurs is proportional to the noise
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level. (For Gaussian noise, this observation can be quan-
tified [50].) If one succeeds in reducing the noise in a
chaotic time series, then this region is pushed to a smaller
scale, as seen in Fig. 1. In the best case, the region is
reduced to a scale where spareseness is the dominating
effect.

B. Prediction error

If a noise-reduction procedure successfully removes
most of the noise, then the processed data set should have
better short-term predictability then the raw data set.
In other words, the data should be more self-consistent.
This can be quantified by computing the out-of-sample
prediction error with some ponlinear predictor before and
after noise reduction. In the simplest case, the data are
split into two parts, one of which must be long enough
to fit a nonlinear mapping f(x). (One can use the same
mape as in the noise reduction itself, but this does not
have to be the case.) The prediction error

/2

u. N - 2
Ep = AWI MU lIx: — £(xi-1) v

P i=N-Np+1
is computed over the remaining NN, data points. It is es-
sential to take the out-of-sample error because one can
always find 2 mapping which yields zero jn-sample pre-
diction error simply by interpolating between the data
points.

If the data set is too short to be split into two suf-
ficiently long parts, then take-one-out statistics can be
used to obtain an out-of-sample error {7,51}. For each
reference point x;, a predictor f; is fitted using all the
data in the neighborhood except x;. The resulting map
f; is used only to predict x;. In this way, one obtains

N 1/2
E, = ﬁw Sl - w..?_-;__nv

i=1

as an estimate of the out-of-sample prediction error. This
error measure is computed before and after noise reduc-
tion. (More material on error measures for nonlinear
time-series prediction can be found in [22,23].)

Three effects contribute to the one-step prediction er-
ror in low-dimensional chaotic systems.

(1) The observed value x; is contaminated by noise,
inducing an error proportional to the noise level.

(2) The data values used as arguments of the predic-
tion function are contaminated with noise, leading to an
error approximately proportional to the noise level. The
proportionality constant is determined by the Jacobian
determinant of f.

(3) The fitted prediction function is only an approxi-
mation to the true dynamics. The accuracy of the fit can
be a complicated function of the noise level.

For dissipative maps, effect (1) usually dominates (2).
The size of effect (3) is mostly unknown. However, we ex-
pect the deviation of the predictor from the true dynam-
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