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Most existing results linking nonlinear dynamics to

control are of the

NONLINEAR DYNAMICS
OF CONTROJ, SYSTEMS

To proceed, we neeq some knowledge of bifurcation
phenomena and chaos. Only two bifurcations will be

discussed in any detail: Andronov-Hopf and pitch-
fork.
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Nonlinear dynamics entails: ELEMENTARY BIFURCATIONS

. . .y : SYS§-
Ordinary behavior (stability) of nonlinear sy Systems which function at or near the limits of their
tems

operating envelopes tend to experience bifurcations

mnder moderate disturbances.
Bifurcation

en result in-
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Consider a one-parameter family of nonlinear

systems
& = fu(z) (1)

where z € R", and z € R is the distinguished bifur-
cation parameter. Let zo(y) be an equilibrium point
of (1) for a parameter range of interest. Bifurcations

from zo(p) are termed primary bifurcations.

Two basic bifurcations from z(p):

Hopf bifurcation: Emergence of a periodic

solution from zo(u) at a critical value p = pic.

Static bifurcation: A sudden change in the
number of equilibrium points near zo(p) for p

near a critical value p..
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® The occurrence of these (primary) bifurcations
is determined from the linearization of Eq. (1),
without any assumption on the nonlinear terms
in f,(z). However, conclusions regarding stabil-
ity and “direction” of the bifurcated (i.e., new)

solutions depend heavily on the nonlinear terms.

Hopf Bifurcation Theorem. A family of periodic
solutions emerges from the equilibrium z¢(y2) at any
critical parameter value g = p. such that, among

the eigenvalues of the linearization of (1):

e A simple complex conjugate pair A(p), A(p)
satisfles Re(M(u.)) = 0, Im{A(p:)) # 0,
’
Re'(Mp.)) #0, and

o All other eigenvalues have negative real parts

for p = pe.
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Stability Criteria
Write Eq. (1) as
T=Lwz + Q2.2) + Cyz.z.2) +
=Lz + pliz + p’l,z +
+ Qqlz,z) + pQ,(z,z) +

+ Colz.x,2) + --- (@)

Let ! (resp. r) = the left (resp. right) elgenvector of L,
corresponding to the critical eigenvalue.

Stability coefficients:

¢ Hopf case: Require §, < 0 where
Ble) = B, + Pyt +

= Floquet exponent

¢ Static case; Requlre 8, = 0 and §, < 0 where
Be) = Bye + Bt +

== Eigenvalue of blfurcated equillbrium

Many procedures for calculating these coefficients exist, most
of which utilize the Center Manifold Theorem.

The projection method applied to the Taylor expansion (2)
ylelds the following simplified technique.



Hopf case: Floquet coefficient 3,
Let a, b solve
~Lea = %Q(r.?‘)
(@w, ] - Lob = 2Q(r.r)

for a and §.

Then,
B, =2Re{2lQ(r,a) + IQ(F.b)

+ 2icir )

Static case: Eigenvalue coefficients g, g,

B, =1Q(r.r)
and, if 8, =0,

By =201(2Q(r,z,) + C(r.r.r))
where

2= -1(L317) [Llo] P (e3r) [Qo<;.r)]

(3)

(4)

-(5)

(6)

(7)

(8)

Representative Results - Case S

Hypothesis (S) leads to a stationary bifurcation.
Consider the system
T = F(z) (2)

having an equilibrium point z {u) at which hypothesis (S)
holds.

Denote the new equilibrium as { z (€), u(e)). Write
ple) = pye + ppe* + oo (3)
z(e) =12, + Z 2 + - (4)

The second equilibrium point also has an eigenvalue § which
vanishes at 4 = 0, with a series expansion

Ble) = Bie + Pye® + - - (5).
Moreover, the exchange of stability formula
By= - M)‘J' (0) (6)

holds. If 4, = 0 and pu, % 0, the appropriate exchange of sta-
bility formula is

B, = - 21“'2)‘; (0). {7
Suppose \, (0) > 0. Then these facts imply that supercritical

solution branches are stable while subcritical branches are
unstable.

Rewrite {2) as

:c.ﬁL(,u).t + Qulz.z) + Clz.z.z) +

= Lyr + plz + p’lx +



‘f‘Qo(I,.T) + [.LQI(I,I) +

+Cyz.z.x) + - (8)

If z is any real (unknown) solution of F (z)=20, define the
parameter e by

€=z, (9)
and attempt a series e”,pansion of the form
OR P B
g =Bl ) 10

Substituting the expénsion (10) in the equation obtained by
equating the right side of (8) to o, and equating coefficients
of like powers of ¢ ylelds:

zl——-r

$2=(RTR)_IRT [ - Lyr - Qo(r-”')].

R’%[Lf’]

With z, now available, cne ’a.pplies the Fredholm Alternative
to solve for the coefficient p,.

here R (full rank) is

_ 1
X, (0)

By = {wdh,z, + plil,r + 20Q4(r .z y)

+ pdQ(r.r) + 1Cr,r.r) }-

Also,
ﬂ] = lQo(r ,r )

If u, = 0 (implying also 8, = 0), then the exchange of stabil-
ity formula (7) is valid. In that case, one finds that 8, is

PROBLEM:

Find s(s) to render the bifurcation supercritical or
neadly  supercritical, in the coatrolled system

5[ fs,0(s) t)

o This is closely related to the fesdback stabilization problem
for the critical aystem

£ = [ fs,9(s)
o Tho stated problem is local. Aa interesting global problem,
studied by Mehra (1977) (sec ‘also Casti, ‘‘Connectivity,
Complexity, and Catastrophe in Large Scale Systems,”
Wiley, 1979) is the following:
« Global Bifurcation Control Problem (Mehra 1977):
Find «(s) to remove all bifurcations from equilibrium
points  of system (3).
Theorem (Mehra, 1977). System (3) will exhibit ao ste-
tionary bifurcations if u(x) is such that
(i)dct-’-,’;’-,‘ﬂtordlpxl.s € R® sad
@) 1f s, s(s) ~ co sa o] — o0.

No analogous result avallable for Hopf bifurcations.



Feedback Stabilization
Set-up:
Consider the parametrized nonlinear control system
£ =/ W2 .¢) (10)
where [ ,(0,0) = 0. Expand the RHS of (10) to get
z.=Lo:|: + plz + uI:,z + 1 + Qolz.T)

+ plox + pQ(z.z) + ué,(z,z)

+ Colzz.z) + - (11)
Apply the purely nonlinear feedback contro}
u(z)=zTQ,z + C,(z.2.2) (12)

to stabilize the bifurcation assumed to occur in (10) for
u =0.

For cases in which stabilizing feedbacks of the form (12)

exist, parametrizations of all such Teedback controls have
been constructed.

Stabilszatson Theorems

- Hopf bifurcation case

Theorem 1. If [y o, that ts, the eritical imaginary etgen-

values are

controllable for the linearized system, then Eq. (10)

¢s stabilizable with a feedback of the form (12). This can be
accomplished using only cubic terms in z in the feedback.

Theorem 2. If {7 =0, that is, the critical tmaginary eigen-
values are not controllable for the incarized system, then
generically Eq. (10)1s stabilizable with a feedback of the form

(12).

- Static bifurcation case

Theorem 3 If {7 7# 0,
controllable for the linearized version of

that is, the critical zero etgenvalue 13
Eq. (10), then (10) is

stabilizable with a feedback of the form (12). Two-stage

designs exist

c

in which Q, is chosen to ensure that §, =0 and
is then chosen so that 3, < 0.

Theorem 4. If |y =0, that s, the critical zero cigerwaéu gs o
(10), thed . no

uncontrollable for the linearized version of
feedback of the form (12) can stabilize the stat

(10).

( (H. ¥ (;» Q":O>

i¢ bifurcation in



Robust Bifurcation Control of a Control Strategy: A washout filter-aided

Chaotic System purely nonlinear feedback stabilizes bifurcated

periodic solutions over a large parameter range

Problem: “Robustly” suppress chaotic and while exactly preserving all system equilibria.

transient chaotic flow in a thermal convection

- 'ooooooo% Hopfpoint
loop (see experiment by J. Singer, Y-Z. Wang . o vl psdic i
—: stable equilibrium
. . _ ~i unstable equilibrium
and H.H. Bau, Physical Review Letters, 1991). | P
Cooli -s- ST
JZZkeEg . Hopf point

x X1= Velocity c. 5. 10. 1s. 20. 25. 30. s,
lg R
: 17,

«: stable periodic solution

— stable equilibrium
Arcy 3 -= unstahle equilibrium
L
Water
Exit -z.
L Y
-5, 1] -~ “A."-'A--q._cn..
Hopf point
l T-s T T T 1 T T
0. 5. 19, 15, 10. 3. 30, 33,
R

Heater

¢ Simulations show suppression of both chaos
A Thermal Convection Loop and transient chaos.



Controlled System Dynamics:

Voltage Collapse Control:

Ty = —pzy +p2o
Ty = —21%3 — T3 = w
z3 = 2173~ 23~ R+u MG = —duw + P+ EnVYnsin(6 — 6m — )
— :1':4 = I3—cxy T +E:‘Ym sin 6,,
— Y = I3—cxy I{qw‘ii = - qv2V2 - vaV + Q(ém,é, V) ~ Qo — Q:
— u = ~ky3 TKuwKpV = KpKpaV?+ (KpwKpy — KguwKpo)V
e 74 is the washout filter state +Kqu(P(bm,6,V) — By — )
~Kp(Q(6my 6, V) — Qo — Q1) + u(w)
R=19
] -
E Nonlinear control:
“ u= knw3
0‘0. - 25. | 50. ' 5. ) 100. Linear contI-Ol:

uzklw

|



Linear control
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With linear bifurcation control: (a) two-

parameter curves of the Hopf bifurcation points;
bifurcation diagrams with (b) k; = 0 (no control),
(C) kl = 001, (d) kl = 0.025.

Nonlinear control

U= knws

ose e
0. 704 Q
T T T T T
‘ Y T 1
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Bifurcation diagram of closed loop system with
cubic control (k, = 0.5)



Sample simulation results

e
Ly, ° F;A(xk)
T 1 T | +\"Q,“Mm Ma.?
/l b &
1 / xk‘:
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| | ™ e
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Period - dM&iﬂj éifarcaﬁtm

Consider Apply formulas (Abed-Fu 1986)for stationary

i1 = Fulzy) bifurcation: - ﬂ (672 ﬂ, ¢+ /,,‘,3* ~ee
Let B =Q(r,r) =0
Az(0) =-1,and [}(0)j<1 for i=2,...,n By = 2£[C(r,7,7) — 2Q(r, A= Q(r,7))]
A(Q)r = —r, ¢A(0) =1 (P) The vector field f is sufficiently smooth
Expanding and has a fixed point at z = 0 for all u. The
_ .—_-A (W) + @z, 55) + Clogapg) + .. | linearization of (1) possess an eigenvalue

A(g) with 2;(0) = -1 and X(0) # 0. All

For the sped-up sytem remaining eigenvalues have magnitude less

0= A(u)z + Q(z,z) + Clz,z,z) + ... than unity. |
where Theorem § (Period Doubling Bifurcation The-
A(p) == A2(p) - T orem) If (P) holds, then a period doubled or-
5(z.) 1= A(0)Q(z,2) + Q(A(0)z, A(0)z) bit b;fur}cl:ateshfrom tj.ed orlljgllrcl1 a,tbp, =0. If
. _then t ' it i .
&(z,2,2) = A(0)C(z,2,2) +2Q(A(0)z, o) ﬂz.#. en eper.lo ouble o.r it is SI:II?GI‘
critical and stable if 85 < 0 but is subcritical
+c(A(0)z, A(0)z, A(0)z)

and unstable if g5 > 0.









BIFURCATION CONTROL OF
COMPRESSOR STALL INCEPTION |

2.1. Local Stability Analysis

EROALEM:
« DESIGN AND IMPLEMENT AN ACTIVE CONTROL LAW TO A third-order lumped parameter model, in terms of condimensional
mﬂw FLOW oonumssons AL IHAXNW PRESSURE RISE OF variables, for an axial flow compressor is introduced by Moore and Greitzer
as follows:
MAIN DIFFICULTIES: .
dinc __apy Lt [ Colime + WAsing)ds (2.1a)
*Wmmmcmunn T =AY ), as(1c + WAsind) 1la
‘ dAP R -
% NO ACCURATE SYSTEM MODEL FOR OFF-DESIGN i T 32—35'5{"16 - F"Y{AP)} (2.1b)
OPERATION. |
i 2w
+ SENSING AND AGTUATION. 1 % =2 [ Cotine + WAsinG) sindds, (2.1¢)
| 0
\
Linearly controliable ‘ | where W, o > 0 are two constants and A denotes the amplitude of the first

Linearly uncontrollable o

. y le mode of rotating stall.
v :

T N Tt is observed that 4 = 0 always makes dA/dt = 0 in Eq. (2.1¢).

Compressor characteristic So, we have (m%, AP®,0)7 as an equilibrium point for (2.1), where Rl =
. F-1{AP%) and AP = Cy,(1h). However, 4 = 0 may not be the necessary

condition for the existence of equilibrium point for c (2.1).

—3

N ¢ Nosmel Opussting State
vV ¢ Velsmble, Nigh Peslssmence Opeusting State
$ : Onliad Opusnting Slate

- Mass Flow Rate




Denote z° = (O,m%v,APO)T an eguilibrium point for (2.1). The liu-

earization of (2.1) at z° gives

& aCl (%) 0 0 .1'1
i | = 0 C! () -1 2
T3 0 Thr —5xDapF(+°. AP 3

where 1, 1= A, 13 := mc — m% and 23 := AP - AP°.

Suppose B > 0 and F is a strictly increasing function, i.e., Fiim%) >0

for all 7., then we have following stability results at the equilibriwm point
o

z%
1) asymptotically stable: if C!,(m%) < 0.

ii} unstable: if C! (%) > 0.

iii) the linearized model has one zero eigenvalue while Cl(ml)=0.

¢ Possibilities of stationary {or static) hifurcation
Let ¢ be the equilibrium point at which C?,(m%.) = 0 for some 5 = ~9,
Taking the Taylor series expansion of (2.1) at the point (a9,

dXx
= =LoX + Qo X, X))+ Co(X, X, X))+ (7 — "), X

+®). we have

+---, (2.4)
where
aCl L ( mc) 0 0 y
C;a(mc) -1 Xg
Py ~ s DapF(1°. AP?) r3
C'C" (mc)—'flxz
Qu(X, X) = "C;’s i 2% + 223)
_TD Ap)?F(’I APO)J,
SCLORE)(Wixd + dnya})
Co(X, X, X) = o (4W2111: z3)
-ﬁ-g-D AP)JF "y APE g

aHCY (m ) ' 0 0
L= 0 HC'(m%) 0 )
H

0 0 - 387
with H =D¢;pa,F(7°,AP°).



2.3. Stationary Bifurcation Control

¢ Including Dynamics of A

‘We consider a throttle control compressor system as given follows:

dmge 1 [* . .
T =-aP+ o [ Culiho + WAsing)ds (2.74)
dAP 1.
dA o [
- = C,a(he + WAsin8) sin 6d0, 2.7¢
A== [Teu ) (270

where f is a smooth function with f(AP,0) = F~1(AP) for all u.

Denote z° = (m%, AP?,0)7 is the equilibrium point of (2.7), where
C!,(m%) = 0 and u = 0. It is observed that_4 = 0 is an invariant subman-
ifold of (2.7) disregard the value of control u, which implies that system

(2.7} is uncontrollable.

Let the control function u be in the form of u = gAAz. By calculating
‘the bifurcation coefficients of the controlled system at z°, we have 3] =
By =0 and 35 = f 4+ 204Dy f(AP®,0)CY,(1hL.), where ) and 3, are the

bifurcation coefficients of the uncontrolled version of (2.7).

We have following result.

Lemma. The stationary bifurcation of (2.7) can be guaranteed to be a

supegcritical pitchfork bifurcation by a purely quadratic feedback control _i_f
Cf,!fh“Q! # 0. The feedback control is in the form of u=¢ AAL

Choose | = (1.0.0) and r =11 ax the left and right cigeavectors corre-
sponding to the zero eigenvalue of Ly.
We have the stability coefficients ¢; = 0 and

_ aW?

B =—

{2DapF(y". APY)C (1)) + CLGne )} (2.5)

By checking Eqs. (2.1a)-(2.1¢), we have
i) the right handside of Eq. (2.1a} is an odd function of 4.

i1} the right handsides of Egs. (2.1b} and (2.1¢) are even functions of A.

The next result follows readily from Theorem 1 and the discussions

above.

Theorem 2. Suppose HC? (%) # 0 and 2D p F(y°. APYYCY ()Y +
C(m%) # 0 for 7 = 4°. Then, with respect to the small variation of 7 at

¥ = 4", we have the following results:

i) system (2.1) has a pitchfork stationary bifurcation near the point (0, m2,
APY)T as well as the transformed mode} of (2.1) (with .4 heing replaced
by J := A? as one of system states) has a transcritical stationary hi-
furcation near the point (0, %, AP?).

ii) the stability of the bifurcated solutions for positive A and positive J of

two different models (i.e., system (2.1) and its transformed model) near

0 are equivalent.



A stability criterion for the system equilibrivm of (2.1} s given as

follows.

Theorem 3. Suppose HCY (m%) 3 0 and the stability coefficient 3> given
in (2.5) is nonzero. Then system (2.1) exhibits a pitchfork bifurcation with
respect to the small variation of -y at the point (2°, v°}, where C',(m%) = 0.
Moreover, if 82 < 0 (resp. B2 > 0) the local bifurcated solutions near z0

will be asymptotically stable (resp. unstable).

Stationary Bifurcation Control

We consider a throttle control compressor system as given follows:

dd _ e [, (it + WA sin 8) sin #dd 2.7
ar W A saltite Asm@)sin e {2.7u})
. 2w

dme =- AP+ l] C,,Uite + W Asin )40 (2.7b)
dt 277 0

dAP 1.

_di'.'— =I§5{mc - f(uAP)} (2.7¢)

where f is a smooth function with f(u, AP} = F(7 — 7% . AP).

Denote z° = (rh?;,APO,O)T the eguilibrium point of (2.7) at v =
A0, C!' (m%) = 0 and u = 0. It is observed that 4 = 0 is an invariant
submanifold of (2.7) disregard the value of control u. which implies that

system (2.7) is uncontrollable.

Let the control function u be in the form of u = g4 A*. By calculating
the bifurcation coeficients of the controlled system at x®. we have 3} =
By =0 and 85 = By + 2094 Dy, (0, APP)CY (10). where 3, and 3, are the

bifurcation coefficients of the uncontrolled version of (2.7).



We have the following result.

Lemma. The stationary bifurcation of (2.7) can he guaranteed to he a
supercritical pitchfork bifurcation by a purely quadratic feedback control if

. .m%) # 0. The feedback control is in the form of v = ¢ A%

Note: According to Theorem 3, the same result as the one given in The-
orem 4 can be obtained via the transformed model in ternis of Ji:= 47%).

However, the feedback control, in this case. is a linear state feedback n the

form of u = kJ.

Third-Order Cubic Compressor Model <Controlled>

Pressure Rise
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ity in regirnes where linear control methods break down; taking
advantage of chaotic behavior to capture a desired oscillatory
behavior without expending much control energy; or purposely
introducing a chaotic signal in a communication system to mask
a transmitted signal from an adversary while allowing perfect
reception by the intended party.

The control problems addressed in this chapter are character-
ized by two main features:

1. nonlinear dynamical phenomena impact system be-
havior

2. control objectives can be met by altering nonlinear
phenomena

Nonlinear dynamics concepts are clearly important in under-
standing the behavior of such systems (with or without control).
Traditional linear control methods are, however, often effective
in the design of control strategies for these systems. In other cases,
such as for systems of the type discussed in Section 57.6.5, nonlin-
ear methods are needed both for control design and performance
assessment,

The chapter proceeds as follows. [n section two, some ba-
sic nonlinear system terminology is recalled. This section also
includes a new term, namely “candidate operating condition”,
which facilitates subsequent discussions on control goals and
strategies. Section three contains a brief sunmary of basic bifur-
cation and chaos concepts that will be needed. Section four pro-
vides application examples for which bifurcations and/or chaotic
behavior occur. Remarks on the control aspects of these applica-
tions are also given. Section five is largely a review of some basic
concepts related to control of parameterized families of (non-
linear) systems. Section five also includes a discussion of what
might be called “stressed operation” of a system. Section six is
devoted to control problems for systems exhibiting bifurcation
behavior. The subject of section seven is control of chaos. Con-
clusions are given in section eight. The final section gives some
suggestions for further reading.

57.6.2 Operating Conditions of Nonlinear
Systems

In linear system analysis and control, a blanket assumption is
made that the operating condition of interest is a particular equi-
librium point, which is then taken as the origin in the state space.
The topic addressed here relates to applying control to alter the
dynamical behavior of a system possessing multiple possible op-
erating conditions. The control might alter these conditions in
terms of their location and amplitude, and/or stabilize certain
possible operating conditions, permitting them to take the place
of an undesirable open-loop behavior. For the purposes of this
chapter, therefore, it is important to consider a variety of pos-
sible operating conditions, in addition to the single equilibrium
point focused on in linear system theory. In this section, some
basic terminology regarding operating conditions for nonlinear
systems is established.

THE CONTROL HANDBOOK

Consider a finite-dimensional continuous-time system

()= Fixirp {57.180}
where x € R" is the system state and £ is smooth in x. [The
terminology recalled next extends straightforwardly to discrete-
time systems kel = W«HJ.V An equilibrium point or fixed
point of the system (57.180) is a constant steady-state solution,
i.e., a vector x2 for which F(x%) = 0. A periodic solutio . of
the system is a trajectory x(¢) for which there is a minimum
T > Osuch that x(t + T) = x(¢) for all 7. An invariant see js
a set for which any trajectory starting from an initial condition
within the set remains in the set for all future and past times. An
tsolated invariant set is a bounded invariant set a neighborhood
of which conrains no other invariant set. Equilibrium points
and periodic solutions are examples of invariant sets. A periodic
sotution is called a limir cycle if it is isolated. An attractor is
a bounded invariant set to which trajectories starting from all
sufficiently nearby initial conditions converge as ¢t — 0. The
positive limit set of {57.180) is the ensemble of points that some
system trajectory either approaches as t+ — oG or makes passes
nearer and nearer to as 1 — 0. For example, if a system is such
that all trajectories converge either to an equilibrium point or
a limit cycle, then the positive limit set would be the union of
points on the limit cycle and the equilibrium point. The negarive
limit ser is the positive limit set of the system run with time ¢
replaced by —r. Thus, the positive limit set is the set where the
system ends up at : = +oc, while the negative limit s2t is the set
where the system begins at 1 = —oo {30]. The limit set of the
system is the union of its positive and negative limit sets.

It is now possible to introduce a term that will facilitate the
discussions on control of bifurcations and chaos. A candidate op-
erating condition of 2 dynamical system is an equilibrium point,
periodic solution or other invariant subset of its limit set. Thus,
a candidate operating condition is any possible steady-state so-
lution of the system, without regard to its stability properties.
This term, though not standard, is useful since it permits discus-
sion of bifurcations, bifurcated solutions, and chaotic motion in
general terms without having to specify a particular nonlinear
phenomenon. The idea behind this term is that such a solution.
if stable or stabilizable using available controls, might qualify as
an operating condition of the system. Whether or not it would
be acceptable as an actual operating condition would depend on
the systern and on characteristics of the candidate operating con-
dition. As an extreme example, a steady spin of an airplane is 2
candidate operating condition, but certainly is not acceptable as
an actual operating condition!

57.6.3 Bifurcations and Chaos

This section summarizes background material on bifurcations
and chaos that is needed in the remainder of the chapter.

Bifurcations

A bifurcation is a change in the number of candidate op<r”
ating conditions of a nonlinear system that occurs as a parametef
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(e.g.. 110, 18, 28, 30, 32, 43, 46]). In this chapter only the basic
elements of bifurcation analysis can be touched upon.

Suppose that the origin of Equation 57.181 loses stability as
w increases through the critical parameter value u = Hc. Under
mild assumptions, it can be shown that a bifurcation occurs at
He-

Figure 57.13 serves two purposes: it depicts a subcritical bifur-
cation from the origin, and it shows a common consequence of
subcritical bifurcation, namely hysteresis. A subcritical bifurca-
tion occurs from the origin at the point labeled A in the figure. It
leads to the unstable candidate operating condition correspond-
ing to points on the dashed curve connecting points A and B. As
the parameter i is decreased to its value at point B, the bifur-
cated solution merges with another (stable) candidate operating
condition and disappears. A saddle-node bifurcation is said to oc-
cur at point B. This is because the unstable candidate operating
condition (the “saddle” lying on the dashed curve) merges with
a stable candidate operating condition (the “node” lying on the
solid curve). These candidate operating conditions can be equi-
librium points or limit cycles — both situations are captured in
the figure. Indeed, the origin can also be reinterpreted as a Limit
cycle and the diagram would still be meaningful. Another com-
mon name for a saddle-node bifurcaticn point is a turning point.

The physical scenario implied by Figure 57.13 can be summa-
rized as follows. Starting from operation at the origin for small
4, increasing o until point A ;s reached does not alter system
behavior. If i is increased past point A, however, the origin loses
stability. The system then transitions {“jumps”) to the available
stable operating condition on the upper solid curve. This large
transition can be intolerable in many applications. As pt is then
decreased, another transition back to the origin occurs but ata
lower parameter value, namely that corresponding to pomt B.
Thus, the combination of the subcritical bifurcation at A and the
saddle-node bifurcation at B can lead to a hysteresis effect.

Figure 57.14 depicts a supercritical bifurcation from the origin.
This bifurcation is distinguished by the fact that the solution
bifurcating from the origin at point A is stable, and accurs tocally
for parameter values i beyond the critical value {i.e., those for
which the nominai equilibrium point is unstable). In marked
difference with the situation depicted in Figure 57.13, here as the
critical parameter value is crossed a smooth change is observed
in the system operating condition. No sudden jump occurs.

Suppose closeness of the system’s operation to the nominal
equilibrium point (the origin, say) is a measure of the system’s
performance. Then supercritical bifurcations ensure close oper-
ation to the nominal equilibrium, while suberitical bifurcatiens
may lead to large excursions away from the nominal equilibrium
point. For this reason, a supercritical bifurcation is commonly
also said to be safe or soft, while a subcritical bifurcation is said
to be dangerous or hard 149, 32, 52].

Given full information on the nominal equilibrium point, the
occurrence of bifurcation is a consequence of the behavior of the
linearized system at the equilibrium point. The manner in which
the equilibrium point loses stability as the bifurcation parameter
is varied determines the type of bifurcation that arises.
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Figure 57.14 Supercritical bifurcation.

Three types of local bifurcation and a global bifurcation are
discussed next. These are, respectively, the stationary bifurca-
tion, the saddle-node bifurcation, the Andronov-Hopf bifurca-
tion, and the period doubling bifurcation. All of these except the
saddle-node bifurcaticn can be safe or dangerous. However, the
saddle-node bifurcation is always dangerous.

There are analytical techniques for determining whether a sta-
tionary, Andronov-Hopf, or period doubling bifurcation is safe
or dangerous. These techniques are not difficult to understand
but involve calculations that are too lengthy to repeat here. The
calculations yield formulas for so-called “bifurcation stability co-
efficients” [18], the meaning of which is addressed below. The
references [1, 2, 4, 18, 28, 32] can be consulted for details.

What is termed here as “stationary bifurcation” is actually a
special case of the usual meaning of the term. In the bifurcation
theory literature (10}, stationary bifurcation is any bifurcation
of one or more equilibrium points from a nominal equilibrium
point. When the nominal equilibrium point exists both before
and after the critical parameter value, a stationary bifurcation
“from a known solution” is said to occur. If the nominal solu-
tion disappears beyond the criticai parameter value, a stationary
bifurcation “from an unknown solution” 1s said to occur. 1o
simplify the terminology, here the former type of bifurcation is
called a stationary bifurcation. The saddle-node bifurcation is the
most common example of the latter type of bifurcation.

Andronov-Hopf bifurcation also goes by other names. “Hopf
bifurcation” is the traditional name in the West, but this name
neglects the fundamental early contributions of Andronov and
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Figure 57.16 Supercritical pitchfork bifurcation.

mild condition. The type of bifurcation that occurs under these
circumstances involves the emergence of a limit cycle from the
origin as p is varied through . This is the Andronov-Hopf
pifurcation, a more precise description of which is given next.
The following hypotheses are invoked in the Andronov-Hopf Bi-
furcation Theorem. The critical parameter value is taken to be
it = 0 without loss of generality.

(AH1) F of system (57.181) 15 sufficiently smooth in x. &
and F*(0) = O foral pina neighborhood of 0.
The Jacobian wmﬂh (0) possesses a complex-conjugate
pair of (algebraically) simple eigenvalues A(i) =
a(p) +iwlp)h Apd such that (0) = 0,&'(0) # 0
and @ ;= w{0) > 0.

{AH2) All cigenvalues of the critical Jacobian &,ﬂhﬁov be-
sides +iw, have negative real parts.

The Andronov-Hopf Bifurcation Theorem asserts that, under
(AH1) and (AH2), a small-amplitude nonconstant limit cycle
(i.e., periodic solution) of Equation 57.181 emerges from the
origin at 4 = 0. Locally, the limit cycles oceut for parameter
values given by 2 smooth and even function of the amplitude ¢
of the limit cycles:

ple) = o€t + paet + o (57.185)
where the ellipsis denotes higher order terms.

Stability of an equilibrium point of the system {57.181} can
be studied using eigenvalues of the system linearization eval-
uated at the equilibrium point. The analogous quantities for
consideration of limit cycle stability for Equation 57.181 are the
characteristic multipliers of the limit cycle. (Fora definition, see
for example [10, 18, 28, 30, 32, 43, 46, 48].) A limit cycle is sta-
ble (precisely: orbitally asymptotically stable) if its characteristic
multipliers all have magnitude less than unity. This is analogous
to the widely known fact that an equilibrium point is stable if
the system eigenvalues evaluated there have negative real parts.
The stability condition is sometimes stated in terms of the char-
acteristic exponents of the limit cycle, quantities which are easily
obtained from the characteristic multipliers. If the characteristic

THE CONTROL HANDBOOK

exponents have negative real parts, then the limit cycle is stable,
Although it isn't possible to discuss the basic theory of limit cycle
stability in any detail here, the reader is referred to almost any text
on differential equations, dynamical systems, of bifurcation the-
ory for a detailed discussion (¢.g, 110, 18, 28,30, 32, 43, 46, 48]).

The stability of the limit cycle resulting from an Andronov.
Hopf bifurcation is determined by the sign of a particular char-
acteristic exponent B(€). This characteristic exponent s real and
vanishes in the limit as the bifurcation point is approached. Itis
given by a smooth and even function of the amplitude ¢ of the
limit cycles:

Ble) = Pre’ + Paet + - (57.186)
The coefficients 42 and 2 in the expansions above are related by
the exchange of stability formula
B2 = —2a' (B)p2. (57.187)
Generically, these coefficients do not vanish. Their signs deter-
mine the direction of bifurcasion. The coefficients 82, B4, .. in
the expansion {57.186) are the bifurcation stability coefficients
for the case of Andronov-Hopf bifurcation.

If B3 > 0, then locally the bifurcated limit cycle is unstable
and the bifurcation is subcritical. This case is depicted in Fig-
ure 57.17. 1f g3 < 0, then locally the bifurcated limit cycle is
stable (more precisely, one says that it is orbitally asymptotically
stable [10]). This is the case of supercritical Andronov-Hopfbi-
furcation, depicted in Figure 57. 18, Ifit happensthat f2 vanishes,
then stability is determined by the first nonvanishing bifurcation
stability coefficient (if one exasts).
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Figure 57.17 Subcritical Andronov-Hopf bifurcation.

period doubling bifurcation The bifurcations con-
sidered above are all local bifurcations, i.e., bifurcations from an
equilibrium point of the system {57.181). Solutions emerging
at these bifurcation points can themselves undergo further b
furcations. A particularly important scenario involves a global
bifurcation known as the period doubling bifurcation.
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1. A strange attractor generally has embedded within
itself infinitely many unstable limit cycles. For ex-
ample, Figure 57.20(a) depicts a strange attractor,
and Figure 37.20(b} depicts an unstable limit cycle
that is embedded in the strange attractor. Note that
the shape of the limit cycle resembles that of the
strange attractor. This is to be expected in general.
The limit cycle chosen in the plot happens to be one
of low period.

2. The trajectory starting from any point on a strange
attractor will, after sufficient time, pass as close as
desired to any other point of interest on the strange
attractor. This follows from the indecomposability
of strange attractors noted previously.

Figure 57.20  Strange attracior with embedded unstable limit cycle.

An impertant way in which chaotic behavior arises is through
sequences of bifurcations. A well-known such mechanism is
the period doubling route to chaos, which involves the following
sequence of events:

1. A stable limit cycle loses stability, and a new sta-
ble limit cycle of double the period emerges. (The
original stable limit cycle might have emerged from
an equilibrium point via a supereritical Andronoy-
Hopf bifurcation.)

2. The new stable limit cycle loses stability, releasing
another stable limit cycle of twice its period.

3. There is a cascade of such events, with the param-
eter separation between each two successive events
decreasing geometrically.* This cascade culminates
in a sustained chaotic motion (a strange attractor).

57.6.4 Bifurcations and Chaos in
Physical Systems

In this brief section, a list of representative physical systems that
exhibit bifurcations and/for chaotic behavior is given. The pur-
pose is to provide practical motivation for study of these phe-
nomena and their control.

4This is true exactly in an asymptotic sense. Theratio in the geomenric
sequence is a universal constant discovered by Feigenbaum. See, e.g..
[11, 32, 34, 46, 43, 48].
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Examples of physical systems exhibiting bifurcations andyq,
chaotic behavior include the following.

e An aircraft stalls for flight under a critical speed or
above a critical angle-of-attack (e.g., [8, 13, 39, 51]).

e Aspects of laser operation can be viewed in terms
of bifurcations. The simplest such observation is
that a laser can only generate significant output if
the pump energy exceeds a certain threshold {e.g,
(19, 46]). More interestingly, as the pump energy
increases, the laser operating condition can exhibit
bifurcations leading to chaos (e.g., [17]).

e The dynamics of ships at sea can exhibit bifurca-
tions for wave frequencies close to a natural fre-
quency of the ship. This can lead to large-amplitude
oscillations, chaotic motion, and ship capsize (e.g.,
(24, 40]).

e Lightweight, flexibie, aircraft wings tend to expe-
rience flutter (structural oscillations) (e.g., [39]}
{along with loss of control surface effectiveness (e.g.,
(15])).

e At peaks in customer demand for electric power
{such as during extremes in weather), the stability
margin of an electric power network may become
negligible, and nonlinear oscillations or divergence
(“voltage collapse”} can occur (e.g., [12]). )

e Operation of aeroengine compressors at maximum
pressure rise implies reduced weight requirements
but also increases the risk for compressor stall (c.g.,
[16, 20, 25]).

e A simple model for the weather consists of fluidin a
container (the atmosphere) heated from below (the
sun’s rays reflected from the ground) and cooled .
from above {outer space). A mathematical descrip-
tion of this model used by Lorenz [27] exhibits bi-
furcations of convective and chaotic solutions. This !
has implications also for boiling channels relevant to
heat-exchangers, refrigeration systems, and boiling !
water reactors [14].

e Bifurcations and chaoshavebeen observed and stud-
ied in a variety of chemically reacting systems (e.g.,
{42]).

» Population models useful in the study and formula-
tion of harvesting strategies exhibit bifurcations and
chaos (e.g., [19, 31, 46]).

57.6.5 Control of Parametrized Families
of Systems

Tracking of a desired trajectory (referred to as regulation when
the trajectory is an equilibrium), is a standard goal in control
system design [26]. In applying linear control system design
to this standard problem, an evolving (nonstationary) system is
modeled by a parametrized family of time-invariant (stationary)
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If u is such that the pair (A(u), &(w)) is controllable, then a
standard linear systems result asserts the existence of alinear feed-
back wu(x, u) = —k{u)x stabilizing the system. (The associated
closed-loop systern would be X = (A{u) - b(u)k())x.) Stabi-
lizability tests not requiring controllability also exist, and these
are more relevant to the problem at hand. Even moreinteresting
from a practical perspective is the issue of output feedback stabi-
lizability, since not all state variables are accessible for real-time
measurement in many systems. As y is varied over the desired
regime of operability, the system (57.189) may lose stability and
stabilizability.

Stressed Operation and Break-Down of Linear
Techniques

A main motivation for the study of control of bifurcations
is the need in some sitvations to operate a system in a condition
for which the stability margin is small and linear (state or out-
put) feedback is ineffective as a means for increasing the stability
margin. Such a system is sometimes referred to as being “pushed
to its limits”, or “heavily foaded”. In such situations, the ability of
the system to function in a state of increased loading is a measure
of system performance. Thus, the link between increased load-
ing and reduced stability margin can be viewed as a performance
vs, stability trade-off. Systems operating with a reduced achiev-
able margin of stability may be viewed as being “stressed”. This
trade-off is not a general fact that can be proved in a rigorous
fashion, but has been found to occur in a variety of applications.
Exampies of this trade-off are given at the end of this subsection.

Consider a system that is weakly damped and for which the
available controls cannot compensate with sufficient additional
damping. Such a situation may arise for a system for some ranges
of parameter values and not for others. Let the operating envelope
of a system be the possible combinations of system parameters
for which systern operability is being considered. Linear control
system methods lose their effectiveness on that part of the oper-
ating envelope for which the operating condition of interest of
system (57.189) is either:

1. not stabilizable with linear feedback using availabie
sensors and actuators

2. linearly stabilizable using available sensors and ac-
tuators but only with unacceptably high feedback
gains

3. vulnerablein the sense that small parameter changes
can destroy the operating condition completely {as
in a saddle-node bifurcation)

Operation in this part of the desired operating envelope can be
referred to by terms such as “stressed operation”.

An example of the trade-off noted previously is provided by
an electric power system under conditions of heavy loading. At
peaks in customer demand for electric power (such as during
extremes in weather), the stability margin may become negligi-
ble, and nonlinear dynamical behaviors or divergence may arise
(e.g- {12]}. The divergence, known as voltage collapse, can lead
to system blackout. Another example arises in operation of an

THE CONTROL HANDBOOg

aeroengine compressor at its peak pressure rise. The increaseq
pressure rise comes at the price of nearness to instability. The yp,.
stable modes that can arise are strongly related to flow asymmetry
modes that are unstabilizable by linear feedback to the cOmpres.
sion systemn throttle. However, bifurcation control techniques
haveyielded valuable nonlinear throttle actuation techniques tha,
facilitate operation in these circumstances with reduced risk of
stall {25, 16].

57.6.6 Control of Systems Exhibiting
Bifurcation Behavior

Most engineering systems are designed to operate with a com-
fortable margin of stability. This means that disturbances or
moderate changes in system parameters are unlikely to result in
loss of stability. For example, a jet airplane in straight level flight
under autopilot control is designed to have a large stability mar-
gin. However, engineering systems with a usually comfortable
stability margin may at times be operated at a reduced stabil-
ity margin. A jet airplane being mancuvered at high angle-of-
attack to gain an advantage over an enemy aircraft, for instance,
may have a significantly reduced stability margin, If a system
operating condition actually loses stability as a parameter (like
angle-of-attack) is slowly varied, then generally it is the case that
a bifurcation occurs. This means that at least one new candidate
operating condition emerges from the nominal one at the point
of loss of stability. The purpose of this section is to Summarize
some results on control of bifurcations, with an emphasis placed
on control of local bifurcations. Control of a particular global
bifurcation, the period doubling bifurcation, is considered in the
next section on control of chaos. This is because control of a pe-
riod doubling bifurcation can result in quenching of the period
doubling route to chaos summarized at the end of section three.

Bifurcation control involves designing a control input for a
system to result in a desired modification to the system’s bifur-
cation behavior. In section 57.6.3, the division of control into
a feedforward component and a feedback component was dis-
cussed. Both components of a control law can be viewed in terms
of bifurcation control. The feedforward part of the control sets
the equilibrium points of the system, and may influence the sta-
bility margin as well. The feedback part of the control has many
functions, one of which is to ensure adequate stability of the de-
sired operating condition over the desired operating envelope.
Linear feedback is used to ensure an adequate margin of stabil-
ity over a desired parameter range. Use of linear feedback to
“delay” the onset of instability to parameter ranges outside the
desired operating range is a common practice in control system
design. An example is the gain scheduling technique [26]. De-
laying instability modifies the bifurcation diagram of a system.
Often, the availabie control authority does not allow stabiliza-
tion of the nominal operating condition beyond some critical
parameter value. At this value, instability leads to bifurcations

. of new candidate operating conditions. For simplicity, suppose

that a single candidate operating condition is born at the bifur-
cation point. Another important geal in bifurcation control is
to ensure that the bifurcation is supercritical (i.e., safe) and that
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The system eigenvalues are u and — 1. Thus, the origin is stable
for £ < 0 but is unstable for 4 > 0. The critical value of
the bifurcation parameter is therefore u, = 0. Since the origin
persists as an equilibrium point past the bifurcation, and since
the critical eigenvalue is 0 (not an imaginary pair), it is expected
that a stationary bifurcation occurs. The stationary bifurcation
that occurs for the open-loop system can be studied by sciving
the pair of algebraic equations

0 =
0 =

wxy + X+ X6+ 1, (57.194)
—x3 — .«_.nuu (57.199)

for a nontrivial (i.e., nonzero) equilibrium (x!, x1) near the ori-
gin for u near 0. Adding Equation 57.194 to Equation 57.195

gives

0 = uxi+1i- (57.196)
Disregarding the origin, this gives two new equilibrium points

that exist for u < 0, namely
+. /-
x(u) = A 0 :u :

Since these bifurcated equilibria occur for parameter values (<
0) for which the nominal operating condition is unstable, the
bifurcation is a subcritical pitchfork bifurcation.

The first issue addressed in the control design is the possibility
of using linear feedback to delay the bifurcation to some positive
value of 4. This would require stabilization of the origin at
& = 0. Because of the way in which the control enters the system
dynamics, however, the system eigenvalues are not affected by
linear feedback at the parameter value o = 0. To see this, simply
note that in Equation 57.192, the term uu vanishes when it = 0,
and the remaining impact of the control is through the term x; u.
This latter term would result only in the addition of quadratic
terms to the right side of Equations 57.191 and 57.192 for any
linear feedback «. Hence, the system is an example of a stressed
nenlinear system for y near 0.

Since the pitchfork bifurcation cannot be delayed by linear
feedback, next consider the possibility of rendering the pitchfork
bifurcation supercritical using nonlinear feedback. This rests on
determining how feedback affects the bifurcation stability co-
efficients B, and B; for this stationary bifurcation. Once this
is known, it is straightforward to seck a feedback that renders
B =0and Bz < 0. The formulas for 8; and B, derived in (2]
simplify for systems with no quadratic terms in the state vari-
ables. For such systems, the coefficient B always vanishes, and
the calculation of Bz also simplifies. Since the dynamical equa-
tions (57.191) and {57.192) in the example contain no quadratic
terms in x, it follows that §; = 0 in the absence of control.
Moreover, if the control contains no linear terms, then it will
not introduce quadratic terms into the dynamics. Hence, for
any smooth feedback u(x) containing no linear terms in x, the
bifurcation stability coefficient 8y = 0.

As for the bifurcation stability coefficient Bz, the pertinent for-
mula in [2] applied to the open-loop system yields B2 = 2. Thus,

{57.197)
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a subcritical pitchfork bifurcation is predicted for the open-iog
systemn, a fact that was established above using simple w_wn?%
Now let the control consist of a quadratic function of the u::a.
and n_nan:u:.ﬁ conditions under which 8; < 0 for the closed.
loop system.” Thus, consider u to be of the form
ulx|,x3) = Ifkm -~ kax|x3 — hukw. (57.198)
The formula in: {2] vields that B» for the closed-loop system s
then given by
B: = 2Ul—ky). (57.199)
Thus, to render the pitchfork bifurcation in (57.191),(57.192)
supercritical, it suffices to take & to be the simple quadratic func.
tion
wixy.xy) = —kxi, (57.200)
with any gaink) > 1. Infact, other quadratic terms, as well as any
other cubic or higher order terms, can be included along with this -
term without changing the local result that the bifurcation is ren-
dered supercritical. Additional terms can be useful in improving
system behavior as the parameter leaves a local neighborhood of
its critical value.

Local Dynamic State Feedback

Use of a static state feedback control law u4 = s(x) has
potential disadvantages in nonlinear control of systems exhibit-
ing bifurcation behavior. To explain this, consider the case of
an equilibrium x%(u) as the nominal operating condition. The
equilibrium is not translated to the origin to illustrate how it is
affected by feedback. In general, a static state feedback

u = ulx—xu) (57.201)
designed with reference to the nominal equilibrium path x4
of Equation 57.190 will affect not only the stability of this equilib-
rium but also the location and stability of other equilibria. Now
suppose that Equation 57.190 is only an approximate model for
the physical system of interest. Then the nominal equilibrium
branch will also be altered by the feedback. A main disadvantage
of such an effect is the wasted control energy that is associated
with the forced alteration of the system equilibrium structure.
Other disadvantages are that system performance is often de-
graded by operating at an equilibrium that differs from the one
at which the system is designed to operate. Moreover, by influ-
encing the locations of system equilibria, the feedback control is
competing with the feedforward part of the control.

For these reasons, dynamic state feedback-type bifurcation
control laws have been developed that do not affect the locations

5Cubsic terms are not included because they would result in quartic
terms cu.ﬁn right side of Equations 57.191 and 57.192, while the
formuia for 81 in [ 2] involves only terms up to cubic order in the state:
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attractor will, after sufficient time, pass as close as desired to any
other point of interest on the attractor. TRus, the trajectory will
eventually come close findeed, arbitrarily close} to the desired
limit cycle. Thus, no control effort whatsoever is needed in order
for the trajectory to reach the desired limit cycle — chaos guar-
antees that it will. To maintain the system state on the desired
limit cycle, a small stabilizing control signal is applied once the
trajectory enters a small neighborhood of the limit cycle. Since
the limit cycle is rendered stable by this control, the trajectory will
converge to the limit cycle. If noise drives the trajectory out of the
neighborhood where control is applied, the trajectory will wan-
der through the strange attractor again until it once again enters
the neighborhood and remains there by virtue of the control.

Note that the control obtained by this method is an example of
a variable structure control, since it is “on” in one region in state
space and “off " in the rest of the space. Also, the particular locatly
stabilizing control used in the neighborhood of the desired limit
cycle has not been discussed in the foregoing. This is because sev-
eral approaches are possible, among them pole placement [38].
See [34, 35! for further discussion.

Two particularly significant strengths of the OGY technique
are:

1. it requires only small controls

2. it can be applied to experimental systems for which
no mathematical model is available

The first of these strengths is due to the assumption that opera-
tion at an unstable limit cycle embedded in the strange attractor
is desirable. If none of the embedded limit cycles provides ade-
quate performance, then alarge control could possibly be used to
introduce a new desirable candidate operating condition within
the strange attractor. This could be followed by a small control
possibly designed within the OGY framework. Note thatthe large
control would be a feedforward control, in the terminology used
previously in this chapter. For a discussion of the second main
strength of the OGY control method mentioned above, see, €.g.,
(17, 33, 34]. It suffices to note here that a construction known as
experimental delay coordinate embedding is one means to im-
plement this control method without a priori knowledge of a
reliable mathematical model.

Several interesting applications of the OGY control method
have been performed, including control of cardiac chaos (see
135)). In (17}, a multimode laser was controlled well into its
usually unstable regime.

Bifurcation Centrol of Routes to Chaos

The bifurcation control techniques discussed in section six
have direct relevance for issues of control of chaotic behavior of
dynamical systems. This is because chaotic behavior often arises
a5 a result of bifurcations, such as through the pericd doubling
route to chaos. The bifurcation control technique discussed ear-
lier in this chapter is model-based. Thus, the control of chaos
applications of the technique also require availability of a reliable
mathematical model.

Only a few comments are given here on bifurcation control of

e .
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routes to chaos, since the main tool has already been discussed
in section six. The cited references may be consulted for details
and examples.

In [50), a thermal convection loop model is considered. The
model, which is equivalent to the Lorenz equations mentioned
0 section four, displays a series of bifurcations leading to chaos.
In [50], an Andronov-Hopf bifurcation that occurs in the mode|
is rendered supercritical using focal dynamic state feedback (of
the type discussed in section six). The feedback is designed using
local calculations at the equilibrium point of interest. Itis found
that this simple control law results in elimination of the chaotic
behavior in the system. From a practical perspective, this allows
operation of the convection loop in a steady convective state with
a desired velocity and temperature profile.

Feedback control to render supercritical 2 previously subcrit-
ical period doubling bifurcation was studied in [4, 47]. In [4},
a discrete-time meodel is assurned, whereas a continuous-time
model is assumed in [47]. The discrete-time model used in {4
takes the form (k is an integer)

k+1)y = FH(x ko, (k) (57.206)

where x (k) € R" isthe state, u(k} is ascalar control input, 4 € R
is the bifurcation parameter, and the mapping f* is sufficiently
smooth in x, u, and u. The continuous-time model used.in {47]
is identical to Equation 57.188.

For discrete-time systems, a limit cycle must have an integer
period. A period-1 limit cycle sheds a period-2 limit cycle upon
period doubling bifurcation. The simplicity of the discrete-time
setting results in explicit formulas for bifurcation stability co-
efficients and feedback controls [4]. By improving the stability
characteristics of a bifurcated period-2 limit cycle, an existing
period doubling route to chaas can be extinguished. Moreover,
the period-2 limit cycle will then remain close to the period-1
limit cycle for an increased range of parameters.

For continuous-time systems, limit cycles cannot in general
be obtained analytically. Thus, {47] employs an approximate
analysis technique known as harmonic balance. Approximate bi-
furcation stability coefficients are obtained, and control to delay
the onset of period doubling bifurcation or stabilize such a bi-
furcation is discussed.

The washout filter concept discussed in section six is extended
in [4] to discrete-time systems. In [47], an extension of the
washout filter concept is used that allows approximate preservas
tion of limit cycles of a certain frequency.

57.6.8 Concluding Remarks

Control of bifurcations and chaosis a developing area with many
interesting avenues for research and for application. Some ofthe
tools and ideas that have been used in this area were &mncmﬂ..w
Connections among these concepts, and relationships to tradi-
tional control ideas, have been emphasized.
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Further Reading

Detailed discussions of bifurcation and chaos are available
in many excellent books (e.g.. [6, 10, 11, 18, 19, 28, 30, 32,
34, 35, 43, 46, 48)). These books also discuss a variety of
interesting applications. Many examples of bifurcations in
mechanical systems are given in [52]. There are also several
journals devoted to bifurcations and chaos. Of particular
relevance to engineers are Nonlinear Dynamics, the Inter-
national Journal of Bifurcation and Chaos, and the journal
Chaos, Solitons and Fractals. :

The book [45] discusses feedforward control in the context
of “trimming” an aircraft using its nonlinear equations of
motion and the available controls. Bifurcation and chaos in
flight dynamics are discuss.d in (8]. Lucid explanations on
specific uses of washout filters in aircraft control systems
are given in {15, pp. 474-475], [7. pp. 144-146}, [39, pp-
946-948 and pp. 1087-1093], and (45, pp. 243-246 and
p. 276]. The book [31] discussed applications of nonlinear
dynamics in biology and population dynamics.

Computational issues related to bifurcation analysis are ad-
dressed in [43]. Classification of bifurcations as safeor dan-
gerous is discussed in {32, 43, 48, 49].

The edited book [14] contains interesting articles on re-
search needs in applications of bifurcations and chaos.

The article (3] contains a large number of references on
bifurcation control, related work on stabilization, and ap-
plications of these techniques. The review papers [9, 44]
address control of chaos methods. In particular, [44] in-
cludes a discussion of use of sensitive dependence on initial
conditions to direct trajectories to targets. The book {35]
includes articles on control of chaos, detection of chaos in
time series, chaotic data analysis, and potential applications
of chaos in communication systems. The book [32] also
contains discussions of control of bifurcations and chaos,
and of analysis of chaotic data.
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cated by the point a within the circle in
Fig. 2B.) The next point would normally
fall further out along the unstable manifold
(as well as on the opposite side of the stable
manifold) as indicated by point B. However
at this point the computer intervened by

injecting an  electrical stimulus  early
enough so that this point actually occurred
at B’, lying directly below B and, by con-
struction, near the stable manifold. Because
the system now lay close to the stable
manifold, ideally the subsequent beat would
tend to move closer to the fixed point along
the stable manifold, as indicated by the
point y. Thus the state point would be
confined to the region near the unstable
fixed point, thereby regularizing the ar-
thythmia. However, in actual practice this
degree of accuracy was not typically ob-
tained. Figure 2C illustrates the usual re-
sult. When B’ did not fall precisely on the
stable manifold, y often was not extremely
close to the fixed point (fell cutside the
circle) but still lay fairly close to the stable
manifold {since B’ was close to the stable
manifold). Yet v lay closer to the stable
manifold than point a did. Thus the next
point fell within the circle in the vicinity of
o and restarted the cycle (as a new point
a}. As these patterns repeated, a period 3
beating resulted. [n this manner the chaotic
(arrhythmic) beating was made periodic by
only intermittent stimuli. The subsequent
stabilized period 3 motion represents the
combined dynamics of the cardiac tissue,
sensor, and computer control. We empha-
size that this approach did not require any
theoretical model of the heart; all of the
quantities needed were calculated in real
time from the data. It should also be noted
that & control stimulus has only a transient
eftect on the cardiac preparation (which
may influence the timing of several subse-
quent beats} but otherwise does not affect
the preparation in any permanent fashion.

Results of chaos control. Using PPF,
control of the chaotic phase of the ouabain-
epinephrine-induced arthythmia was at-
tempted in 11 separate experimental runs
and was successful in 8. Figure 3 shows the
results of three successful cases. When the
arthythmia became chaotic, the chaos con-
tro] program was activated. Our criteria for
chaos were that the Poincaré map exhibit
stable and unstable manifolds with a flip
saddle along the linear part of the unstable
manifold ({8). Specifically we looked for
the state point to walk toward the unstable
fixed point along one direction (thereby
determining the stable manifold) and then
to walk out from the unstable fixed point
along a clearly different direction {the un-
stable manifold). The program then chose
and delivered electrical stimuli as described
above. In order to prove that we had
achieved and maintained control of the

1234

chaos [defined as a clear conversion of a
chaotic sequence to a periodic one with a
low-integer (2 to 3) period], we turned off
the chaos control program and consistently
saw a retumn to chaotic behavior, sometimes
preceded by transient complex periodici-
ties, as in Fig. 3C.

Several observations should be made
about the pattern of the stimuli delivered by
the chaos control program. First, these
stimuli did not simply overdrive the heart.
Stimuli were delivered sporadically, not on
every beat and never more than once in
every three beats on average. The pattern
of stimuli was initially erratic and aperiodic
but soon became approximately periodic as
the arthythmia was controlled into a nearly
periodic thythm. For example, in Fig. 3,
the chaos control program rapidly convert-
ed the aperiodic behavior of the arrhythmia
to a period 3 thythm. In contrast, periodic
pacing, in which stimuli were delivered at a
fixed rave, was never effective at restoring a
periodic rhythm and often made the aperi-
odicity more marked. This is illustrated in
Fig. 3C, in which the chaos control pro-
gram converted chaotic behavior 10 an
approximate period 3, whereas periodic
pacing at a rate of 75 beats per minute
(nearly identical to the time-averaged rare
at which stimuli were delivered during cha-
os control) had no effect. Irregular pacing
was similarly ineffective at converting cha-
otic to periodic behavior, as illustrated in
Fig. 3A. In this case chaotic behavior was
converted to a period 3 by the chaos control
program, but the rhythm quickly became
aperiodic again when the parameters of the
algorithm were modified by arbitrarily
changing C (Egs. 1 and 2) to eliminate
effective chaos control (at the arrow labeled
“control off").

In two cases, one of which is shown in
Fig. 3A, chaos control had the additional
eflect of eliminating the shortest interbeat
intervals, hence reducing the average rate
of the tachycardia. Without an understand-
ing of the chaotic nature of the system, it
would seem paradoxical that an interven-
tion that only shortened the interbeat in-
tervals lengthened the average interval.
However, because very long interbeat inter-
vals tend to be followed by very short
interbear intervals (a consequence of the
properties of a flip saddle), elimination of
the very long intervals also tends to elimi-
nate very short intervals. In cases in which
very short intervals predominate during the
arthythmia, their elimination during chaos
control will tend to lengthen the average
interbeat interval.

Future possibilities for chaos control.
In the cases where chaos was successfully
controlled, the chaotic pattern of the ar-
rhythmia was converted to a low-order pe-
riodic pattern. However, as discussed pre-
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viously for Fig. 2, B and C, we did n
observe any period 1 patterns during cha
control. There is no a priori reason why
period 1 pattern cannot be achieved; on
period 3 chaos control is established, it
possible that a refinement of the contr
parameters could “walk” the points alor
the stable manifold, in essence spiraling i
toward the fixed point. This could be in
plemented in the future either as a secon
learning phase in which the details of th
Poincaré map are learned to higher accur:
cy than during the first attempts at chac
control or as an adaptive algorithm ths
responds to the state of the heart after eac)
beat. An adaptive algorithm mighe als
allow chaos control to adapt to changin,
physiological conditions such as variation
in autonomic tone or other extracardia
factors. It may even be possible to use chao.
control to walk the fixed point upwar
along the diagonal (19), thereby reducing
the rate of the tachycardia.

The relevance of the ouabain-inducec
arthythmia model used in our study tc
clinically important arrhythmias in humans
is not established. Although toxicity from
cardiac glycosides is a common cause of
human arrthythmias, only in lethal doses
would it be likely to produce the severe
aperiodic arrhythmias observed in our
study. However many clinically important
rapid cardiac arrhythmias are aperiodic,
such as atrial and ventricular fibrillation,
polymorphic ventricular tachycardia, and
multifocal atrial tachycardia. In cases where
aperiodic arthythmias are examples of de-
terministic chaos, it is conceivable that a
chaos control strategy, perhaps implement-
ed by a “smart” pacemaker, could be used to
restore the cardiac rhythm to normal. In
this context it is encouraging to note that
in several instances in which chaos control
was achieved in the ouabain-induced ar-
rhythmia model, the average heart rate
decreased as a result of the elimination of
very short interbeat intervals (Fig. 3). It
remains a challenge to determine whether
this chaos control strategy in in vitro car-
diac ventricle can be successfully applied to
the in vivo heart.
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Mastering Chaos

It is now possible to control some systems that behave
chaotically. Engineers can use chaos to stabilize lasers,
electronic circuits and even the hearts of animals

by William L. Ditto and Louis M. Pecora

hat good is chaos? Some would

say it is unreliable, uncontro}l-

lable and therefore unusable.
Indeed, no one can ever predict exactly
how a chaotic system will behave over
long periods. For that reason, engineers
have typically dealt with chaos in just
one way: they have avoided it. We find
that strategy somewhat shortsighted.
within the past few years we and our
colleagues have demonstrated that cha-
05 is manageable, exploitable and even
invaluable.

Chaos has already been applied to
increase the power of lasers, synchro-
nize the output of electronic circuits,
control oscillations in chemical reac-
tions, stabilize the erratic beat of un-
heaithy animal hearts and encode elec-
tronic messages for secure communi-
cations. We anticipate that in the near
future engineers will no longer shun
chaos but will embrace it.

There are at least two reasons why
chaos is so useful. First, the behavior
of a chaotic system is a collection of
many orderly behaviors, none of which
dominates under ordinary circumstanc-
es. In recent years, investigators have
shown that by perturbing a chaotic sys-
tem in the right way, they can encourage
the system to follow one of its many
regular behaviors. Chaotic systems are
unusually flexible because they can

WILLIAM L. DITTO and LOUIS M.
PECORA have pioneered methods for
controlling the chaotic behavior of me-
chanical, electrical and biological sys-
tems. Ditto is assistant professor of phys-
ics at the Georgia Institute of Technolo-
gv. He won the Office of Naval Research
Young Investigator Award. Ditto and his
collaboratcrs were the first to control
chaos in an experimental system. Since
1977 Pecora has been a research physi-
cist at the U.S. Naval Research Laborato-
ry and now heads a program in nonlinear
dynamics in solid-state systems there.
Pecora is in the process of patenting four
devices that exploit chaos.

rapidly switch among many different
behaviors.

Second, although chaos is unpredict-
able, it is deterministic. If two nearly
identical chaotic systems of the appro-
priate type are impelled, or driven, by
the same signal, they will produce the
same output, event though no one can
say what that cutput might be [see “The
Amateur Scientist,” page 120]. This phe-
nomenon has already made possible a
variety of interesting technologies for
commuenications.

or more than a century, chaos has

been studied almost exclusively

by a few theoreticians, and they
must be credited for developing some
of the concepts on which all applica-
tions are based. Most natural systems
are nonlinear: a change in behavior is
not a simple function of a change in
conditions. Chaos is one type of nonlin-
ear behavior. The distinguishing feature
of chaotic systems is that they exhibit
a sensitivity to initial conditions. To be
more specific, if two chaotic systems
that are nearly identical are in two
slightly different states, they will rapid-
ly evolve toward very different states.

To the casual observer, chaotic sys-
tems appear to behave in a random
fashion. Yet close examination shows
that they have an underlying order. To
visualize dynamics in any system, the
Irish-born physicist William Hamilton
and the German mathematician Karl Ja-
cobi and their contemporaries devised,
more than 150 years ago, one of the
fundamental concepts necessary for
understanding nonlinear dynarmics: the
notion of state space.

Any chaotic system that can be de-
scribed by a mathematical equation in-
cludes two kinds of variables: dynamic
and static. Dynamic variables are the
fundamental quantities that are chang-
ing all the time. For a chaotic mecha-
nism, the dynamic variables might be
the position of a moving part and its
velocity. Static variables, which might
also be called parameters, are set at
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some point but then are never changed.
The static variable of a chaotic mecha-
nism might he the length of some part
or the speed of a motor.

State space is essentially a graph in
which each axis is associated with one
dynamic variable. A point in state space
represents the state of the system at
a given time. As the system changes,
it moves from point to point in state
space, defining a trajectory, or curve.
This trajectory represents the history
of the dynamic system.

Chaotic systems have complicated
trajectories in state space. In contrast,
linear systerns have simple trajectories,
such as loops [see box on page 80). Yet

METALLIC RIBBON sways chaotically in
a magnetic field whose strength fluctu-
ates periodically. Recent advances make
it possible to control such chaotic mo-
tions. The ribbon is made of a material
whose stiffness depends on the strength
of the field. The magnetic field changes
at a rate of around one cycle per second.
A strobe light flashes at the same fre-
quency so that long-exposure photogra-
phy captures the iimregularities in the mo-
tion of the ribbon. A computer system
analyzes the movement of the ribbon us-
ing a scheme developed by theorists at
the University of Maryland. By making
slight changes to the field, the comput-
er system can transform the chaotic mo-
tions (right) to periodic oscillations of
almost any frequency (below).
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This quantity, now known as the Lya-
punov multiplier, describes how much,
on average, a perturbation will change.
If the Lyapuncv multiplier is less than
one, the perturhations die out, and the
system is stable. If the multiplier is
greater than one, however, the distur-

bances grow, and the system is unsta-
ble. All chaotic systems have a Lyapu-
nov multiplier greater than one and so
are always unstable. This is the root of
the unpredictability of chaos.

The parts of a chaotic system must be
stable if they are to be synchronized.

Representing Chaos

O onventionally, the motion of an ob-
ject is represented as a “time se-
ries,” a graph showing the change in
position over time. Chaotic motions,
however, can often be more convenient-
ly visualized in “state space,” a plot of
the history of the changing variables,
which are typically the position and ve-
locity of the object. Consider, for exam-
ple, the motion of the bail in the mech-
anism shown at the right (). The ball is
attached to a spring that gets stiffer as it
is stretched or compressed. {In techni-
cal terms, the spring delivers a nonlin-
ear restoring force.) As the board moves
cyclically back and forth, the spring is
pushed and pulled and causes the ball
to move. Hence, the movement of the
ball ultimately depends on the force
with which the spring is pushed.

if the force is weak, the ball moves in
a simple trajectory, which repeats with
each cycle of the force from the board
(b). The state-space path (c) shows all
the inférmation about the motion of the
ball at each instant of time. Because the
motion is periodic, the path will retrace
itself with each board cycle. The state
space reveals a so-called period-one
attractor. The same kind of behavior
would be observed if the ball were at-
tached to an ordinary (linear) spring.

The interesting behavior occurs as
the driving force on the spring is in-
creased. Al a certain point, the ball can
be made to move back and forth in a
more complicated way for each oscilla-
tion of the board. Hence, the time se-
ries and state-space path change (d, e).
Specificatly, the previous period-one or-
bit becomes unstable, and the system
produces a period-two attractor, that is,
it takes two board cycles before the
path retraces itself.

if the force on the spring increases
past some threshold, the ball moves
chaotically. No pattern is apparent in
the time series {f}. The state space, on
the other hand, reveals a chaotic attrac-
tor (g): the state-space path never re-
traces itself, yet it occupies only certain
regions of state space. indeed, a chaot-
ic attractor can be considered a combi-
nation of unstable periodic orbits.

a

-—

b

=

Q

=

72 ]

]

o TiME

¢ VELOCITY
=
Q

i VW

@]
o

d

a UNSTABLE ORBIT

WL kL)

VYTV TINY

———— .

80

SCIENTIFIC AMERICAN August 1993

This does not mean that the entire sys-
tem cannot be chaotic. If two similar,
stable parts are driven by the same cha-
otic signal, they will both seem to ex-
hibit chaotic behavior, but they will sup-
press rather than magnify any differenc-
es between them, thereby creating an
opportunity for synchronized chaes.

One design developed by Pecora and
Thomas L. Carroll of the U.S. Naval Re-
search Laboratory uses a subsystem of
an ordinary chaotic system as the syn-
chronizing mechanism. They first dis-
tinguished the synchronizing subsys-
tem from other supporting parts and
then duplicated the synchronizing sub-
systems [see illustrations on opposite
page). The supporting subsystem then
supplied a driving signal for the orig-
inal synchronizing subsystem and its
duplicate.

If the synchronizing subsystems have
Lyapunov multipliers that are less than
one, that is, if these subsystems are sta-
ble, they will behave chaotically but will
be in complete synchrony. The stability
of the subsystems guarantees that any
small perrurbations will be damped out,
and therefore the synchronizing sub-
systems will react to the signals from
the supporting subsystem in practical-
ly the same way, no matter how com-
plex the signals are.

To demonstrate synchronized cha-
os initially, Pecora created a computer
simulation based on the chaotic Lorenz
system, which is named after American
meteorologist Edward N. Lorenz, who
in 1963 discovered chaotic behavior in
a computer study of the weather. The
Lorenz systemn has three dynamic vari-
ables, and consequently the state-space
picture of such systems is three-dimen-
sional. Plotting the trajectory of the Lo-
renz system in state space reveals what
is known as the Lorenz chaotic attrac-
tor [see “Chaos,” by James P. Crutch-
field, J. Doyne Farmer, Norman H. Pack-
ard and Robhert S. Shaw, SCIENTIFIC
AMERICAN, December 1986].

For the computer simulation, Pecora
started with the three dynamic variables
of the Lorenz system and chose one of
them as the driving signal. The subsys-
tern consisting of the two remaining dy-
niamic variables was then duplicated. Al-
though the subsystem and its duplicate
were initially set up to produce different
outputs, they quickly converged, gener-
ating chaotic signals in synchrony. In
state space the two subsystems began
at different points, caught up to each
other and waltzed about on their chaot-
ic attractors in a synchronized ballet.

Untl this discovery, scientists had no
reason to believe that the stability of a
subsystem could be independent of the
stability of the rest of the system. Nor
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CHAOTIC ATTRACTOR consists of many
periodic orbits—for example, the peri-
od-one orbit {red) and the period-two
orbit (blue). This atiractor represents
a system whose velocity and position
change along a single direction. One axis
represents position, and the other is ve-
locity. Attractors may be multidimen-
sional because systems can have many
different state-space variables, that is,
positions and velocities that vary in
three dimensions.

loop—a device that, among other things,
allows an FM radio receiver to track the
changes in the transmitted signal.

Carroll and Pecora had such success
with using chaotic signals to drive sta-
ble parts of chaotic systems that they
suspected there might be an advantage
to employing chaotic signals to drive
stable periodic systems. Their intuition
led them to another series of promising
applications. Imagine two systems that
are driven by the same periodic signal
and have the same nonchaotic period-
two attractor. The term “period two”
means that in two periods of the driving
signal, the system travels around the
attractor once. If two such systems are
driven with the same signal but are ini-
tially at opposite ends of the attractor,
they will cycle around the attractor and
never catch up to each other. In oth-
er words, if the two systems start out
of phase, they will remain out of phase
forever.

By changing the periodic driving sig-
nal 1o a certain type of chaotic signal,
workers have recently discovered that
two systems can be coaxed to operate
in phase. Yet rot all types of chaotic sig-
nals will perform this task. Some such
signals may cause the system them-
seives to behave chaotically, thereby
eliminating any chance of getting them
in phase. Engineers must therefore fig-
ure out what type of chaotic signal to
use for each kind of system.

A good first choice is the signal pro-
duced by a system originally invented
by Otto E. Réssler. The Rossler signal
is nearly periodic and resembles a sine
wave whose amplitude and wavelength
have been randomized somewhat from
one cycle to the next. Such signals,
which have come to be known as pseu-
doperiodic, can be made, in general,
simply by taking a periodic signal and
adding chaos to it. If several identical
systems whose attractors are all period
two or greater are driven by the appro-
priate pseudoperiodic signal, they will
all get in step.

This application was first demon-
strated by Carroll in 1990. He built a
set of electronic circuits that had peri-
od-two attractors and drove themn with

one of several pseudoperiodic signals,
including the Rossler type. In each case,
he found he was able to solve the out-
of-step problem. Yet the circuits did
get out of phase for short periods. That
occurred because it is impossible to
build several circuits that are exactly the
same. Nevertheless, it is quite feasible
to keep the circuits in phase 90 percent
of the time.

hereas some investigators have

searched for uses of chaos,

others have sought to control
it. One key to this effort lies in the real-
ization that a chaotic attractor is an in-
finite collection of unstable periodic
behaviors. The easiest way to illustrate
this point is to consider a system con-
sisting of a weight, a “nonlinear” spring
and a motor. One end of the spring
hangs from the motor; the other is at-
tached to the weight. The motor lifts the
spring up and down with a force that
can be adjusted. The dynamic variables
of the system are the position of the
weight and its velocity, and these define
the state space. If the driving force of
the motor is weak, the weight will move
up and down once for each cycle of the
motor. At the same time, the weight
speeds up and slows down, and there-
fore the trajectory in state space is a
single loop, or what is technically called
a period-one orbit.

If the driving force of the motor is in-
creased somewhat, the period-one or-
bit becomes an unstable behavior, and
the weight will move up and down once
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for every two cycles of the motor. In
state space the trajectory is now a dou-
ble ioop, or period-two orbit. If the driv-
ing force is increased again, the period-
two orbit becomes unstable, and a pe-
riod-four orbit will emerge. Indeed, if
the driving force is sufficiently strong,
all periodic orbits become unstable, and
a chaotic attractor will appear. In a rig-
orous sense, the chaotic attractor is an
ensemble of unstable periodic orbits.

Four years ago Edward Ott, Celso Gre-
bogi and James A. Yorke of the Univer-
sity of Maryland developed a scheme in
which a chaotic system can be encour-
aged to follow one particular unstable
orbit through state space. The scheme
can therefore take advantage of the vast
array of possible behaviors that make
up the chaotic system.

The method devised by Ott, Grebogi
and Yorke (referred to as OGY) is con-
ceptually straightforward. To start, one
obtains information about the chaotic
systern by analyzing a slice of the chaot-
ic attractor. After the information about
this so-called Poincaré section has been
gathered, one allows the system to run
and waits until it comes near a desired
periodic orbit in the section. Next the
system is encouraged to remain on that
orbit by perturbing the appropriate pa-
rameter. One strength of this method is
that it does not require a detailed mod-
el of the chaotic system hut only some
information about the Poincaré section.
It is for this reason that the method has
been so successful in controlling a wide
variety of chaotic systems.
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NONCHAOTIC SYSTEMS that are out of
phase can sometimes be made to oper-
ate in phase if they are driven with cha-
otic signals. For example, if two period-
two systems are driven with the same
periodic signal (a) and start out of phase,
they will remain out of phase. If the same
two systems are driven with a Rossler
signal (), which is mildly chaotc, they
can be coaxed to operate in phase.

POSITION

o

scientific advances can be made on a
low budget.

Hunt's chaos controller—which em-
ploys a variation of the OGY method—
has the advantage that it eliminates
the need to obtain a Poincaré section;
informatiort for the controller can be
obtained directly from measurements
of the chaotic behavior. Hunt’s circuit
enables the manipulation of chaos in
rapidly changing systems. Armed with
these results, Hunt attended, in Octo-
ber 1991, the First Experimental Chaos
Conference, having solved a problem
he did not know existed.

Hunt had unknowingly cvercome a
technological obstacle that had stymied
Rajarshi Roy and his colleagues at the
Georgia Institute of Technology. Roy
had been studying the effects of a “dou-
bling crystal” on laser light. The crystal
doubles the frequency of the incident
light or, equivalently, halves the wave-
length. The laser used by Roy gener-
ated infrared light at a wavelength of
1,064 nanometers, and the crystal con-
verted the light to green at a wave-
length of 532 nanometers. The crystal
did not work perfectly, however. If the
doubling crystal was oriented in cer-
tain ways, the intensity of green light
would fluctuate chaotically.

Roy was eager to control the chaos in
the laser system, but he knew the OGY
method would not work, because it
was difficult and impractical to obtain
the Poincaré section for the laser sys-
tem. Furthermore, Roy was skeptical

that a computer system could perform
calculations fast enough to implement
the OGY method. Fortunately, he had
learned about Hunt's work at the con-
ference. Less than two weeks later Roy
constructed a prototype controller for
their laser, and to their astonishment, it
worked on the first try. Within days they
were controlling periods as high as 23
and at driving frequencies of 150,000
cycles per second,

Roy demonstrated that he could con-
trol chaotic fluctuations in the laser
intensity and could stabilize unstable
high-period oscillations. The energy of
the laser could therefore be dumped
into desired frequencies instead of be-
ing distributed across a broad band
of frequencies. {Roy has also employed
this technique to eliminate almost com-
pletely intensity fluctuations in his la-
ser systemn.) Consequently, investigators
can design laser systems with more flex-
ibility and stability than ever before.

he field of laser research has also
benefited from other advances in
chaos control. For example, the
team of Ira B. Schwartz, loana A. Trian-
daf, Carroll and Pecora at the Naval Re-
search Laboratory developed a method
known as tracking to extend the range
over which the control of chaos can be
maintained. Tracking compensates for
parameters that change as the system
ages or that slowly drift for one reason
or another.
In recent months, tracking has been

applied to both chaotic circuits and la-

sers with astounding results. For exam-
ple, the laser remains stable only for a
very limited power range if the param-
eters of the control mechanism do not
adapt. By using tracking, researchers
can maintain control over a much wid-
er power range, and amazingly, they
find they can increase the output pow-
er by a factor of 15.

One problem with the OGY method
is that an unacceptable amount of time
may elapse as one waits for the system
naturally 1o approach the desired orbit
in the chaotic attractor. Troy Shinbrot
and his colleagues at the University of
Maryland and the Naval Surface War-
fare Center have demonstrated a tech-
nique that rapidly moves the chaotic
system from an arbitrary initial state to
a desired orbit in the attractor. When
Shinbrot and his co-workers implement-
ed their method in the magnetic-ribbon
experiment, they were able to reduce
the time needed to acquire unstable or-
bits by factors as high as 25.

Another collaboration that emerged
from the Frst Experimental Chaos Con-
ference led to the first technique for
controlling chaos in a biological sys-
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tem. The team—wbich included Ditto,
Spano, Alan Garfinkel and James N.
Weiss of the School of Medicine, Univer-
sity of California at Los Angeles—stud-
ied an isolated part of a rabbit heart. We
were able to induce fast, irregular con-
tractions of the heart muscle by inject-
ing a drug called cuabain into the cor-
onary arteries. Once this arrhythmia
started, we stimulated the heart with
electric signals that were generated ac-
cording to a scheme we adapted from
the OGY method. These seemingly ran-
dom signals were sufficient to establish
a regular beat and sometimes reduced
the heart rate to normal levels. On the
other hand, signals that were random
or petiodic did not stop the arrhythmia
and often made it worse.

Investigators have already begun to
test whether variations of the OGY meth-
od could be used to control arrhyth-
mias in human hearts. They suspect the
technique might work for atrial or ven-
tricular fibrillation, in which upper or
lower chambers of the heart contract ir-
regularly and cease to pump blood ef-
fectively. In the near future, it may be
possible to develop pacemakers and de-
fibrillators that take advantage of tech-
niques for controlling chaos.

Scientists and engineers have just be-
gun to appreciate the advantages of de-
signing devices to exploit, rather than
avoid, nonlinearity and chaos. Whereas
linear systems tend to do only one thing
well, nonlinear devices may be capable
of handling several tasks. Nonlinear ap-
plications promise more flexibility, fast-
er response and unusual behaviors. As
we continue to investigate the nonlin-
earity inherent in natural and physical
systems, we may learn not just to live
with chaos, not just to understand it,
but to master it.

FURTHER READING

SYNCHRONIZATION IN CHAOTIC SYSTEMS.
L. M. Pecora and T. L. Carroll in Physical
Review Letters, Vol. 64, No. 8, pages
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CONTROLLING CHAOS. Edward Ott, Celso
Grebogi and James A. Yorke in Physical
Review Letters, Vol. 64, No. 11, pages
1196-1199; March 12, 1990.

EXPERIMENTAL CONTROL OF CHAOS. W. L.
Ditto, S. N. Rauseo and M. L. Spano in
Physical Review Letters, Vol. 65, No. 26,
pages 3211-3214; December 24, 1990.

CONTROLLING CARDIAC CHAOS. A. Gar-
finke!, M. L. Spano, W. L. Ditto and J. N.
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CHAOS WORKSHOP

Stabilizing Unstable Periodic Orbits
OGY Control Strategy
The OGY technique of chaos control begins by reducing the phase space flow to a mi
on a Poincaté section. The flow

x = F(x, p), xe RV,
becomes the map

Xn+1 um.g?a.ﬁv. w: mmleH

A UPO is represented in the section as a periodic point of the map, which we take f
simplicity to be a fixed point, namely

s =Fxp ) .

where the nominal parameter value is denoted Py Nearby the fixed point, the map c:
be linearized as

mu:._,_ ~ gmxz +mm\u=u

where the shift vector and map matrix of partial derivatives

s = mlm.,‘ M= oF ,
dp ox
are evaluated at the fixed point, and where the relative displacement & =x -x I

the parameter perturbation ép =p - p,- Assume that the relative perturbation
proportional to the relative distance from the fixed point and try a linear control law,

mn: ~ tﬁﬂmxw_,

where K is the proportionality vector. Thus, near the fixed point the linearized m
becomes

mu: 41" Omuzu

TOPIC: Controlling Chaos - Catalogue of Methods -Page B
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_May 31 June 2, 1995 + School of Physics « Georgia Institute of Technology

Elementary Derivation of the OGY Control Formuia

Here we present a simple and pedagogical derivation of the original OGY contr
formula. Assume that the section is two-dimensional and that the fixed point is a sadd
with one stable and one unstable manifold. Stabilizing the orbit is akin to balancing
marble on a horse’s saddle: the saddle must be jiggled back and forth in the direction
the horse’s ribs (rather than in the direction of its backbone).

The strategy is itlustrated in the previous figure. It may be summarized as

Xn+1 um.i?z.ho+mt=v.

where the perturbation is

L
5 = L&hz , &.ﬁ: < ép MAX
n 0, &c: > dp MAX

Motion of the map iterates in the vicinity of the fixed point is governed by the stab
T,,._A 1 and unstable Tz— > 1 eigenvalues along the stable and unstable eigenvectors.of tt
linearized map matrix M. The following figure projects the iterates onto the directic

perpendicular to the stable direction. OGY demands that the next iterate fall on tt
stable manifold, so that its distance perpendicular to the stable manifold vanished:

L _
mx:+_ =0.

(b} po+38p, s 8p,———=

{©) py :
- + >
Previous figure collapsed onto the direction perpendicular to the stable manifold.

Projected point, represented by the black dot , would iterate away from fixed point in
(a), except perturbation applied in (b) causes it to move onto fixed point in (c).

TOPIC: Controlling Chaos - Catalogue of Methods -Page B¢
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CHAOS WORKSHOP

by switching between them at will. The apparatus consisted of a vertical magnetoelast
ribbon clamped at its base. The stiffness of the ribbon was a very nonlinear function
an applied magnetic field. Small changes in the magnetic field could soften the ribbc
so that it would buckle under gravity. A sinusoidal field would alternately stiffen ar
soften it so that, at high enough frequencies (~1Hz), chaotic motion would ensue. Tl
position of the ribbon was measured once a forcing period by a light sensor Analysis «
the resulting “stroboscopic” time series allowed identification of low-order UPOs ar
their local dynamics (shift vector and map matrix). Applications of OGY perturbation
to a DC magnetic field easily controlled the UPOs. Furthermore, control was found -
be insensitive to errors in modeling the local dynamics.

(Romeiras, Ott, Grebogi, Ott, Dayawansa: 1992) extended OGY in several direction
Control theory provided a more general choice of feedback matrix. The problems «
implementation in higher dimensions and the stabilization of periodic points with mol
than one unstable eigenvalues were addressed. OGY control was illustrated in
numerical experiment on a model of the kicked double rotor, whose equations of motic
were reduced to a four-dimensional dissipative map.

TOPIC: Controlling Chaos - Catalogue of Methods -Page B¢
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Stabilizing Unstable Periodic Orbits
Highly Dissipative Systems (OPF)

In a highly dissipative system, the contraction in the phase space is so large that th
attractor is squeezed down to low dimensions. In cases were the contraction is such the
the attractor can be well described by a one-dimensional map in a two-dimensional dela
coordinate embedding (or “time-one return map”), then the OGY technique simplifies t
a geometrical algorithm involving Occasional Proportional Feedback (OPF). The ma

becomes one-dimensional

and the control becomes

where s=dx/dp. Notice that the feedback is simply proportional to the distance to th
periodic point. The OPF technique has proven to be especially useful in controllin
high-frequency chaos in diodes and lasers.

Inspired by OGY, (Hunt: 1991) developed the OPF into an analog technique to contrc
chaos in an electrical circuit consisting of a rectifying diode in series with an inductc
(and resistor), which were sinusoidally driven To control, the peak current was sample
at the driving frequency and, if it was in a given window, the drive voltage wa
modulated with a signal proportional to the current offset. The window’s size and th
center were adjusted manually in seeking stable orbits. The technique successfull
controlled high-period orbits (period 91 and beyond!) on millisecond and faster (53 kH
~1/0.05 ms) time scales. Note, however, that these were generic reductions frot
chaotic to periodic; there was no systematic way to stabilize a particular orbit.

(Roy, Murphy, Maier, Gills, Hunt: 1992) utilized the OPF analog vanation of OGY t
control optical chaos on microsecond time scales. The apparatus was a multimode lase
with an intracavity period-doubling crystal. A specific orientation of the crystal coul
render the laser intensity output chaotic. The source of the chaos was the nonline:
global coupling of longitudinal modes of the system. In the absence of any periodi
forcing, the intensity of the laser was sampled at natural period of relaxation of the lasc
cavity. Using the OPF technique, the chaotic output of the laser was converted 1
periodic output (at ~100 kHz).

Working independently, (Peng, Petrov, Showalter: 1991) devised and
demonstrated OPF in numerical experiments by controlling an open three-variable
isothermal self-catalyzing chemical reaction Then (Petrov, Gaspar, Masere,
Showalter: 1993) utilized OPF to control the chaotic regime of a famous oscillatory
chemical system, the Belousov-Zhabotinsky reaction where, acidified by sulfuric

TOPIC: Controlling Chaos - Catalogue of Methods -Page Bt
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Given a target flow x,(r), one such strategy is to make small adjustments :¢ to
parameter according to whether a variable x'(r) is too large or too small. Thus,

x = F(x, p + 8p(t))

with the controller
plt) = &muﬁ () __Jﬁmh. :@

where ¢ is the stiffness of the control signal.

(Singer, Wang, Bau: 1991) used such a discontinuous on-off “switching” feedback
controller to stabilize nonstable stationary flows in a physical experiment and its
numerical model. The system was a convection loop under thermal and gravity
gradients and it was modeled by the Lorenz equations. The apparatus consisted of a
water pipe bent into a torus in the vertical plane. The lower half of the pipe was
warmed by a resistance heater and the upper half was cooled by a coolant jacket.
Vertical and horizontal temperature differences were measured. The system was
capable of no motion (at low heating rates), steady clockwise or counter ¢clockwise
flow (at higher rates), or chaotic flow (at still higher rates). The chaotic flow was
“laminarized” by incrementing or decrementing the heating rate by a preset amount
depending upon whether or not the vertical temperature difference was above or
below an average value. The control was robust with respect to small amplitude
disturbances. However, (Chen, Bau: 1993) commented that switching-type functions
can result in control “chattering” and in practice should be replaced with smoother

functions.

TOPIC: Controlling Chaos - Catalogue of Methods
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Stabilizing Unstable Periodic Orbits
with No Accesible Parameters (PPF)

Suppose there is no accessible system parameter. Then try to alter a system variab
instead. Suppose the variables can be moved along a specific direction u, then if tl

map is

define a new map by

Xn+1 nm.mﬁ?a:cvm m,gﬁn; +h=~.v,

and proceed with the OGY strategy, except rather than move the saddle instead move th
int in the site direction.

(Garfinkel, Spano, Ditto, Weiss: 1992) invented this method of chaos control, calle
Proportional Perturbation Feedback (PPF), of necessity, when first controlling cardia
chaos. In this experiment, a section of a rabbit’s heart was induced to beat chaoticall
by the injection of the drug ouabain. No adjustable parameter could be modifie
quickly enough to implement OGY control. Instead electrical stimuli were used t
shorten (but not lengthen) interbeat intervals. The advance in the next beat we
calculated to place the state point directly onto the stable manifold of the fixed poin
While it was not possible, in these early experiments, to achieve a “normal” period-
heartbeat, the chaotic beating was replaced with a period-3 beat, which is much mor
efficient at pumping blood than chaotic beating.

The following figure is a return plot of 7 vs. I _, typically constructed from (hea

beat) interval data. Note the presence of an unstable fixed point along the 45 degre
line. It demonstrates how to pull the interval down onto the stable direction an
consequently onto the unstable fixed point. The intervals between beats and contrc
stimuli are shown below the return map. (The grayed are without control). The figu
depicts the subsequent behavior of the system under control Note the application

stimuli (arrows) only intermittently.

TOPIC: Controlling Chaos - Catalogue of Methods -Page B1
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CHAOS WORKSHOP

May 31 -

Stabilizing Unstable Periodic Orbits
Complex Eigenvalues

The original OGY formula is inappropriate when complex eigenvalues or
unstable ejgenvalues occur. (Reyl, Flepp, Badii, Brun: 1993) introduced a Minima
Expected Deviation (MED) variation of OGY to circumvent these problems. Instead o
demanding that the next iterate fall on the stable manifold of the target fixed point, i
was required that the next iterate come as close as possible. Minimizing

n+l

Jos, o ok =M, +sér, .

results in the new control
mmﬁz =—(s/ hvﬂgmx:
(see following figure) or .

%Z&:
%ﬁ = - — .
5

Note how the map matrix M appears in this expression rather than the unstabl
eigenvalue 4,.

The MED successfully controlled a chaotic system whose attractor needed to b
embedded in a six-dimensional space. The apparatus studied system was an NMR lase
with a sinusoidally modulated quality factor. In this experiment, the MED techniqu
proved more reliable than the original OGY technique.

The MED minimization

TOPIC: Controlling Chaos - Catalogue of Methods -Page Bl
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Stabilizing Unstable Periodic Orbits
Continuous Feedback: Delayed

One can use negative feedback to modify a variable of the flow based upon the motio
of an external oscillator. Let

% = F(x, p) +u,C(r),
where the control signal is sensitive to the ith variable
c=¢(x0-50),

and where the external oscillator goal me = nm?+3 is periodic, and the stiffness ¢ >

is positive. The critical feature of this control is that it does not change the flow !
uSnumS is a UPO extracted from the chaotic attractor. Furthermore, whe

stabilization obtains x(r) ~ wa and the control perturbation becomes very small.

Because the control is continuous, it is also permanent, and no chaotic bursts resul
Further, the control can be initiated at any time, even when the flow is far from th
UPO. However, excessively large perturbations can drive some systems to alternativ

solutions.
(Qu, Hu, Ma: 1993) numerically investigated controlling chaos by continueus feedbac

in the Lorenz and Duffing models. The feedback rule was modified to include
diagonal perturbation weight (or stiffness) matrix M:

c) =B x,(0-x(),

These numerical experiments suggested that higher-dimensional systems may be
controlled by feeding back a single variable, but not always; sometimes it 1S necessary

to feedback several variables.

TOPIC: Controlling Chaos - Catalogue of Methods -Page BI
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CHAOS WORKSHOP

May 31 June 2. 1995 « School of Physics : Georgia Institute of Technolcy_

Stabilizing Unstable Periodic Orbits
Continuous Feedback: Synchronized

(Pyragas: 1993) combined the above ideas of controlling chaos with the idea of
synchronizing chaos suggested by (Pecora, Carroll: 1990) to synchronize the current
behavior of a system with its past behavior. Here the continuous feedback
perturbation is proportional to the difference between the current and past output
signals of one of the system variables. In this way, aperiodic orbits were controlled
in numerical experiments on the Duffing, Lorenz, and Rossler systems.

TOPIC: Controlling Chaos - Catalogue of Methods -Page Bl
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Parametric Control Dynamics
Another approach is to apply an error signal to control a perturbed paramete:

(Huberman, Lumer: 1990) suggested coupling the flow

k= F(x.p(1)},

to a parameter dynamics governed by the error signal,

= —¢€| X _.lkh.w.
P ﬁm

where x is the ith variable and ¢ is the stiffness of the control. The error sign:
encourages the parameter of the system to readjust so as to reduce the error to zero. |
adaptively controls the system. Note that the error signal is proportional to th
difference between an actual and goal variable; alternately, the error could be taken t
be proportional to the difference between an actual and goal parameter.

(Sinha, Ramaswamy, Rao: 1990) extended and generalized this strategy in a
number of ways. Numerical experiments suggested that parametric control is robust
with respect to noise and is indifferent to the exact form of the control function.
Recovery times were consistently found to be inverse to the stiffness of the control.
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CHAOS WORKSHOP

Parametric Periodic perturbations

It is well known that an inverted pendulum can be stabilized by oscillating its bas
Consider then removing or suppressing chaos by resonant parametric perturbatior
Imagine modifying the phase space flow by periodically perturbing one of |
parameters,

x = F(x,p+ Spcoswr).

(Lima, Pettini: 1990) first proposed this technique and succeeded in removing chaos
a numerical experiment involving the Duffing oscillator. It was found that paramett
perturbations could convert chaotic dynamics to regular dynamics provided tl
perturbation amplitude was sufficiently large (~1% of the unperturbed parameter) ar
provided the perturbation frequency was in resonance with the forcing frequency of t|
oscillator.

(Fronzoni, Giocondo, Pettini: 1991) used periodic parametric perturbations to suppre
chaos in a physical experiment that can be modeled as a Duffing oscillator. TI
apparatus was a physical realization of the Duffing differential equation. One end of
elastic steel beam was clamped while the other end was free to move in the doubig-we
potential created by two magnets. When the apparatus was electromagnetically shake
sustained chaotic motion of the beam was observed. The magnetic fields, and hence tl
shape of the potential, were modulated sinusoidaily by varying the current throu;
copper coils wrapped around the magnets. Small modulations at particalar resona
frequencies were successful in regularizing the motion.

(Azevedo, Rezende: 1991) succeeded in suppressing chaos in a microwave-
pumped spin-wave-instability experiment. The apparatus consisted of a small
polished ferromagnetic sphere at the center of a microwave cavity placed between the
poles of a biasing magnet. For certain parameters, the amplitude of the reflected
microwave radiation developed chaotic oscillations due to nonlinear interactions
between spin-wave modes. However, a small modulation of the biasing magnetic
field, induced by current flowing in a small copper loop inserted into the cavity, was
able to suppress this chaos. The reduction in chaos was measured by the decrease in
the (information) dimension of the chaotic attractor reconstructed from the time
series using delay coordinates, and by the change in the power spectra of the
osciliations.
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CHAOS WORKSHOP

Improvements to Control of Chaos Techniques
argeting

The exponential sensitivity of chaotic systems to tiny perturbations can be used to
rapidly direct orbits from an arbitrary initial state to a desired state. Different
trajectories arising from small changes in parameters or initial conditions may be
patched together to come arbitrarily close to a desired target.

(Shinbrot, Ott, Grebogi, Yorke: 1990) first introduced this strategy and verified it in
a numerical experiment involving the Hénon map. Targeting was shown to be
effective if the noise and modeling errors were sufficiently small. However, to date
it has been achieved experimentally in only one system. (Shinbrot, Ditto, Grebogi,
Ott, Spano, Yorke: 1992) successfully targeted states in the magnetoelastic ribbon,
the attractor of which was low-dimensional.
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Control of Higher Dimensional Chaos

The dynamics of some systems is not confined to a lower-dimensional attractor but
roams over many dimensions. Control of such systems is more difficult due to their
complicated nature. For example, OGY control may not be feasible due to the large
amount of information (shift vector, map matrix) needed from the data. (Auerbach,
Grebogi, Ott, Yorke: 1992) extended the OGY scheme in an attempt to overcome this
problem. This still model-independent extension requires knowledge only of a single
time series. It has succeeded in controlling higher-dimensional chaos in a numerical
experiment involving the kicked double rotor. However, unless the contracting
directions are very strong, significant information must still be extracted from the
time series, and this technique has still not succeeded in controlling a physical system.
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