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On the role of rotation in the generation of magnetic fields by fluid motions

By R.Hipe, FR.S.
Geophysical Fluid Dynamics Laboratory, Meteoroiogical Office (21),
Bracknell, Berkskire RG12 282, UK.

Itis generally accepted that the magneric fields of planets and stars are produced by the
self-exciting dynamo process {first proposed by Larmor) and that observed near-
alignments of magaeric dipole axes with rotation axes are due to the influence of
Coriolis forces on underlying fluid motions. The detailed role of rotaion in the
generation of cosmical magnetic fields has yet t be ~iucidated but visetn: in-isht can
be obtained from general considerations of the governing magnetoie, - oo
equations. A magnetic field B cannot be maintained or amplified by thuir oo
against the effects of ohmic decay unless () the magnetic Reynobds e,

R = ULpz is sufficiently large, and (&) the patterns of B and u are sufficiently compii-
cated (where U is a characteristic low speed, L a characteristic length and 7 and & are
typical values of the magnetic permeability and electrical conductivity respectively}.
Axisymmetric magnetic fields will always decay {a result that suggests thar palaeo-
magnetic and archaeomagnetic data might show evidence that departures from axial
symmetry in the geomagnetic field are systematically less during the decay phase of a
polarity ‘reversal’ or ‘excursion’ than during the recovery phase}. Dynamo action is
stimulated by Coriolis forces, which promote departures from axial symmetry in the
pattern of ¢ when B is weak, and is cpposed by Lorentz forces, which increase in
influence as B grows in strength. If equilibrium is attained when Coriolis and Lorentz
forces are roughly equal in magnitude then the system becomes * magnetostrophic’ and
the strengths of the internal and external parts of the field, B, and B, respectively,
satisfy B 5 By R and B, 5 ByR-}if B, = (pi2+ UL-Y) /&)t = (pR/5), (5 being the
mean density of the fluid and £ the angular speed of rotation). The slow and dispersive
*magnetohydrodynamic inertial wave’ with a frequency that depends on the square
of the Alfvén speed | B /{up)! and imversely on 2 exemplifies magnetostrophic flow. Such
waves probably occur in the electrically conducting fluid interiors of planess and stars,
where they play an important role in the generation of magnetic fields as weil as in other

processes, such as the topographic coupling between the Earth's liquid core and solid
mantle.

I. INTRGPUCTION

The magnetic fields of the Earth and Sun and of other magnetic planets and stars are thought to
be due to electric currents flowing within their interiors. It is now ‘accepted that these currents
are largely maintained against the effects of ohmic dissipation by electromotive forces due o
motional induction, as Larmor first pointed out in his pioneering paper on sell-exciting Ruid
dynamos, The fluid motions involved are produced in most {if not all} cases by the action of
gravity on density inhomogeneities.

Theoretical studies of the Aow of electrically conducting fluids - * magnetohydrodynamics’
or ‘hydromagnetics' - are based on the highly nonlinear equations of hydrodynamics, thermo-
dynamics and clectrodynamics {see§ 3} Dynamo models treated on the basis of all these equations
are often referred to us * magnetohydredynamic dynamos®. But most progress to date has been
made with the study of *kinematic dynamos’ for which the feld of fluid fow is postulated a priori
and non-decaying solutions sought of the clectrodynamic equations alone isee §

‘The mathematical analysis of dynamo medels is complicated by the finding that suitable
departures from axial symimetry are required {or dynamoe action to occur isee 12.10};. This
follows [rom existence theorems in kinematic dynamo theory ifor refersnce see, for example,
Moffatt 1978; Parker 1979} and the recent extension of Cowling's theorem ' Hide & Palmer 1982)

showing quite generally:

Fluid motions cannol prevent the ohmic decay of a magnetic field that retains an axis of

symmelry. 1.1

This result {which suggests, incidentally, that palagomagnetic and archaeomagnetic data might
show evidence that departures from axial symmetry are systematically less during the decay
phase of a geomagnetic polarity ‘reversal’ or ‘excursion’ than during the grow:.h or recovery
phase (see Hide 1981a)) provides a useful starting peint tor discussing liow rotation affects the
generation of magnetic fields by the dynamo process.

Order of magnitude estimates of the varicus rerms in the gvnamical cquations ‘see § 3 below.)
show that flows associated with typical natural dynamos are strongly influcenced by Coriolis
forces due to general rotation. Itis through the analysis of this intluence of Coriolis forces [hil'(‘ the
explanation of the near-alignment of the rotation and magnetic dipole axes of the Earth, Jupiter,
Saturn, etc., and other properties of the magnetic fields must be sought. But further work on the
magnetohydrodynamics of rapidly rotating fluids will be needed before the role ot‘rotézion‘m th.e
production of cosmical magretic fields can be fully elucidated. Details orinvestigfmons in this
important but highly mathematical branch of geophysical fluid dynamics together with references
to early work can be found in several recent publications (see, tor example, MolTat 1¢58;
Roberts & Soward 1978; Busse 1978, 1979; Parker 1979; Stevenson 1979; Braginskiy 198!3;
Krause & Ridler 1980; Soward 1982). The purpose of the present paper is to outline certf'nn
general properties of flows that are strongly influenced by Coriolis forces due to general rotan.on
and Lorentz forces due to the presence of electric currents within the fluid. These properties
follow more or less directly from the governing equations (see $§§3 and 4) and they can serve
among other things as a guide to the more technical literature.

Possibiy the most significant of these properties for dynamo studies is the result (see (3.10)
below):

Rapid rotation promoles departures from axial symmetry in the pattern of fiuid motions when the
magnelic field is weak. {1.2)

Coriolis forces can thus stimulate the amplification of a weak magnetic field by producing
departures from axial symmetry in the pattern of fluid motions. As the magnetic feld increases in
strength 5o does the Lorentz force (see equation (3.4)), and it is possible that the amplification
of the magnetic field cannot continue beyond the point at which the Lorentz force is typically
comparabie in magnitude with the Coriolis force. This hypothesis provides a basis tor estimaiing
the ultimate strength obtained by the magnetic field and leads 1o predictions that are con-
co'rdant with obscrvations (Hide 1974 see also § 4).
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3, BASIC EQUATIONS: ELECTRODYNAMICS

Coasider a connected body of clecuically conducting fluid Ty bounded by a surface 3, with
surface element dS. The linkage with 3, of a magnetic ficld B that pervades the conducting
uic and the surrounding space is defined as the essentially uoR-Regaive quangity

Nisyt) E”S (B-dS]|. (2.1)

In the ahsence of permanent magnets, B is due cntirely to clectric curreats of density f and in the
self-oxciting dynamo the electromotive forces that produce these cleetric currents are provided
Iy mational induction, invelving fluiel mations within ¥, with Eulerian velocity u. By this means
some weak adventitious seed field can Le amplified and mainmained againat the vilects ol ohimic
decav. [1 the fluid molions were suddenly o cease, Ay wonld decay on o umescale Oi1y]
where 4 is the ohmic ducay time based on a charactevistic b noals ol the arder < the dimensions
of F, tsce equation {2,413 helow:. For the Earth's liguid clectically vondneansg vore ra lies
sommewhere between 108 and 107 years; for the cores of Jupiter and Satura 7. could e somcwhat
Tonger, possibly 105 or 107 years, hut still shert campared with the presumed ages ol the magnetic
ficlds of these plancts, in excess of (0% yors.

Dynamo action can be said to oceur in a theoretical model when the magsitude and con-
figuration of 1 and B arc such that over the long Lut otherwise arbitrary interval s = ¢, to ¢ = 4y
(where t, —t, greatly exceeds the ohmic decay time 7, isce cquation (2.11}),

':
ity— t,)"J LAV Sy; £ e} de € o (2.2)

This criterion has ndvantages over proposals based on 1ol magnetic energy or equivalent
magnetic moment, which can be amhiguous when B has toroidal as well as poleidal components
or when the conducting fuid is not incompressible (see Hide 1981 4; Hide & Palmer 1982). We
consider first the electrodynamic equations required in the formulation of theoretical models.

These are Gauss's law
T.B =0 :2.3)

J'Ls-ds -

taken over any closed surface S cf. equation 2.1, Faraday’s law

{which implies, ol coutse, that

CB/I+TxE =1, {2.4)
and Ampére’s law
CoxipIB) =, i2.5)
together with Ohm's law
j=mE+uxB, {2,14)

where E is the electric fivld in the basic frame of relevence and E+u x B is the electric ficld
experienced by a uid clement moving with velocity  relative 1o thae frame. The magnetie
permeability # and electrical ronductiviey 7 are sealars but they may be unctions of position
and time.

When E and § are climinated feom these equations itis lound that

FBINt ==V % 7'V x aBY AN ux B {

Vol g6, A

. . . gLl
Bv multiplying this equatien scalarhy by dS integrating the resulting expression [or ¢ 'B-dS} /Tt

over the general closed surlace § it may bushown ihat

AN S jdr = — 2N [T B v B|-dC L18)
f

il v denates the motion of a general point on ¥ (se¢ Hide 198141, The line integrals are taken

. ; e Bed§ =11
over all the one or maere closed cursves €, vector element of length dC, on ¥ wlhere B-dS l‘,
in the sense that keeps the neighbouring region where B-dS§ is positive 1negative] on the left
(right} when moving in the direction of dC. When 5 is any material surface 5 we have

jp—u)-dS =10 everywhere on §7; whence (v - u) x B-dC = 0 and
ANIS; n/dl = —22? % x (ptB)-dC = - '.’2(# Flj-dC. (2.9
’ [z Je
Dynamo action requires high electrical conductivity (sev suation 12,333 pelow . hut equation
H ? . I = ren =t o= (b

2.9) shows that it cannot occur in a perfect conductor, since dN:$ 1y de = nwhen 7 !

As we have already noted, the mathemarieal difficulties presented by the full magneto-
hvdrodynamic dynamo problem are so SEveTe (hat sost studics to date have been concerned

" y . . . . . . Sa oy e
with kincmatic dynamo problems of obtaining nonsdecaying solutions of equation - =4, when
w is specified a priori. Such solutions can be found, but only when 1d;

w and B are sufficiently complicated in form ithere being only decaying solutions when the

: S N
configuralions of 4 and B possess a commor axis of symmetry) 2 40)

} i i i i is i advective rime
ich, (1.13Y, and {8) the ohmic decay time 74 15 50 long in comparison with the advect

i

le 7., where . ]
seate T R ro= D, Tas LU, a2

that the so-calied ‘ mugnetic Revaolds number’
R s ULFF = 14/Ta 212)

R >R, 23

satisfics

where £, Is typically between 1iand 102 Here ", L, i and 7 ave typical valuc ol the flow speed,
length scale. magnertic permeability and electrical conductvity, respectively.) .
Kinematic dvnama stdies bave called atrention 1o the role ol the helicity ol the mation

HzsuVUxu (214)

in the amplificatiun process. This pseudo-scalar quantity is easv to visualize '\\-hcn itis expresscd.
as the sum of three contributions, each proportional 1o the rate ol change with respect to ane ol
the Cartesian coardinates ¥, 1f = 1,2, 3) of the direction made by the projection of u on the local
lxj %) 4= 203,15k =32, 1} plane perpendicular to the x; axis. Thus

d 3 . 1 _1 i a5
H= N H, where Hi= -+ s man ‘(;;) (25
i1 i X

This lorm of Ff also has certain physical advaniages when dealing with large-seale fluid motiens
that depart but litde from rigid body rotation relative to an inertial frame having angular
veloeity 12 abauy ane of the coordinate axes, say vy, and are thegefore dominated 1y Cariolis

l{.



forces (see § 34 A}/Jnajor contribution to H is then provided by H,, which satisfies the following
equation (Hida x976):

Hy ol §) (@2 96) = (- 96) (2 )}
(84820 (B0} (5 9« (u-1B) x B) (218) (

{where g denotes the acceleration due to gravity and centripetal effects, u the fiuid moticn
relative to the rotating frame and 56 the departure of the nearly uniform density from its mean
value B). The first term on the right-hand side of equation (2.18) is zero in the absence of
buoyancy forces associated with density variations; the second term is zero when the precessional
term vanishes (i.e. when d§2/dt is either zero or parallel to 2); and the third term is zero when
thete are no Lorentz forces.

3. BASIC EQUATIONS: MAGNETOHYDRODYNAMICS
The full dynamo problem requires the simultaneous solutions of the equations of electro-
dynamics, thermodynamics and hydrodynamics. The equations of electrodynamics give
T-B=0 13.1)
and 2B/ot+{u-V)B-(B-V)u = (uog) 1 V!B (3.2)
when o and g are constant {see equations i2.3) and {2.7)). The equations of thermodynamics
{see, for example, Gubbins & Masters 1979) comprise an equation of state relating the density
p = p{1+0) to the pressure p, temperature and chemical composition, together with equations
governing the advection and diffusion of heat and variatiens in chemical composition. The
equations of hydrodynamics express continuity of matter and momentum balance of individual
fiuid elements. The first of these, Dp/Dt+pV-u = 0 (where D/Dt = &/8¢ +u- V), reduces to
Tou=0, (3.3)

when dynamical effects of fluid compressibility are aegligible. The momentum equation

p(%:-v-lﬂxu—rx-c-lg) m—Vp+gp=Fx(vpVxu)+Vx(p'Bix B
reduces to its Boussinesq version Mxpu+VP=A, i 3.4a)
where VPaV(P/p)-g
‘ _ Du agQ ., B V)B-V(8/2}} .
and A =-p X dr+g~‘}+v\' o+ e {3.44)

when the kinematic viscosity » is constant, g greatly exceeds the other acceleration terms and
fractional density variations # are very much less than unity. Taking the curl of equation (.44}
gives the vorticity cquation expressing the local balance of angular momeéntunt of an individual
fluid elementi; thus . B

! 2 Vu=-Vx4a, i3.3a)
where Vxd=-DEDI+i8Vu—2dR/dr—gx Y0+ +py V= (B-V) B i3.35)

ifgd=Vxu.

Alagnstostrophic and geostrophic flows
Order of magnitude estimates of the various terms in equations (3.4) and {3.5) applied to
motions in the Earth’s liguid core indicate that the relative acceleration term Du/Dt = dujfit+
{47) 1 and the viscous term »V?u are many orders of magnitudeless than the Coriolis term 262 x 1.
When the precessional term is aiso negligibie we have the case of magnetostrophic Slow, with

A=Aq = g0+ (up){(BV) B-V(B/2)} - (3.62)
and UxA=VxAy,=~gxV8+(up)"LVx(B:V)B. {3.64)
When, in addition, the Lorentz term is negligible in comparison with the Coriolis term we have
the case of gevstrophic flow, with A=A, =gb (3.7a)
and VxA=VxAg=—-gxVi (3.74)

The vorticity equation (3.3) then yields the ‘ thermal wind rquation’
(20-V)u=gxV8 i4.8)
in the “baroclinic’ case { g % ¥4 # 0), which reduces to the Proudman-Taylor theorem
(20-Vu =0 {3.9)

in the ‘ barotropic’ case (g x V& = 0), when surfaces of equal density coincide with geopotential
surfaces.

Equations (3.8) and {1.0) are succinct expressions of the powerful gyroscopic constraints on
the motion of a Auid of low viscosity that departs but little from solid body rotation with steady
angular velocity £2 when Lorentz forces are negligibly small. Studies of such Rows are important
in dynamo theory hecause they provide insight into the initial stages of the amplification process,
when Lorentz forces would indeed be small, Equation (3.4) with A = A; isee equation (3.7))
leads to the important result {cf. (1.2}}:

The hydrodynamical motion of a fluid of low viscosity that departs only siightly from steady rapid

rigid-body rolativn will not in general be symmetric about the rolation axis, even when the

boundary conditions are axisymmetric. ’ 13.10)
The validity of this result (which provides the most direct explanation of the occurrence of
large-scale non-asisymmetric disturbances in the Earth’s atmosphere and other natural systems)
is readily verified by laboratory experiments. The result can be deduced as follows. In cylindricat
co-ordinates (r, §, z) where 2 = {0, 0, 53) the second component of equation {3.4) is:

u, = (20)-V [ =r12Pfop +(A) ) (a.11)

{since (g}, = 0 by the assumption of axial symmetry in the boundary conditions), where (4],
denotes the A component of 4. Now, over any cvlindrical surface of radius r the rate ot advective
transport Mir, t; @) of any quantity @ (per unit volume}, such as heat, angular momentum,
etc., is given by

) L [} EN ‘ﬂxl P - . y .
Mk, @) =J=IJ0 u,Qrdgﬁdr:leJ“ |~ Ay Qs i3.12)

Since the contribution ~Al, to cquation (3.11) decveases rapidly with increasing 22, advective
transport perpendicular to the axis ol rotation, as measured by Mo, 6 ), will be negligible



unless the flow pattern departs significantly irom axial symmetry. In the axisymmetric case\%v,c
have 3P/3¢ = 0 and M(r,t; Q) of the order of the small ageostrophic contribution.

This argument is the basis of (3.10). There may be singular cases when the flow remains
axisymmetric and in consequence advective transter perpendicular to the rotation’ axis is
negligible. Indeed, such cases can be realized in the iahoratory by taking certain special pre-
cautions, but the general conclusion frem laboratory experiments is that (3.10) is a correct
inference from the geostrophic equation, '

There is a further property of equation (3.4) with A = A, that leads to a useful general
prediction. The equation is mathematically degenerate; being lower in order than the full
equation to which it is a leading approximation when £21is large, it cannot be solved under all the
necessary boundary conditions. For this to be possible every term in A must be included in the
analysis, which implics:

Regions of kighly ageostrophic flow occurring not anly on the boundaries of the system hut alse
in localized regions detached shear layers, jet sireams. vtc. of the main hody of ihe jluid are
necessary concomilanis of geostrophic motion. 1.13)

Within these highly ageostrophic regions, p Du/Di + T x (607 s u) is comparable in magnitude -

with 200 x u; the corresponding relative vorticity & = ¥ x ¢ can be comparable with or even
exceed 282 in magnitude. Many examples of such vorticity concentrartions are found in the
laboratory and in Nature.

We have scen that slow relative hydredynamical flow in a rotating Auid of low viscosity will in
general be non-axisymmenric isee (3.101), Laboratory studies show that there are two non-
axisymmetric régimes of thermal convection in a rotating fluid annulus subject to differential
heating in the horizontal, one highly regular {i.e. spatially and temporally periodic) and the
other, which is reminiscent of large-scale flow in the Earth’s atmos-here, irregular. Thus when
the basic rotation rate £ of the fluid annulus exceeds a certain valus 2, Coriolis forces inhibit
axisymmetric overturning metions in meridian planes and promotc a compictely different kind
of motion, which has been termed *sloping convection’. The motion is then non-axisymmetric
and largely confined to jet-streams, with typical trajectories of individual Avid elements inclined
at small but essentially non-zero angles to the horizontal. The kinetic energy of the non-axisyms-
metric flow derives from the interaction of'slight upward and dewnward motions in these sloping
trajectories with the potential energy field produced by the action of gravity on the density
variations produced by the applied differential heating. The kinetic energy of the modon is
dissipated by Iriction arising in boundary layers on the walls of the container and in tie main
body of the fluid. The critical value £y, of the rotation speed is of course dependent on many
parameters, including the acceleration of gravity, the shape and dimensions of the apparatus, the
coefficients ot thermal expansion, thermal conductivity and viscosity of the fluid and its mean
density, and the distribution and intensity ol applied differential heating. This dependence has
been determined by extensive lahoratoey studies and interpreted on the basis of stability theory.

Provided that £2, though greater than 12, does not exceed i secend eritical value {27, the main
features of the non-axisymmetric metion are characterized by great reguiarity and the heat flow is
virwally independent of £2 and some 20%; less than when &2 = ¢ This regular fow is either
steady ‘apart from a slow steady drift of the horizontal flow pattern relative to the walls of the
container? or it exhibits periodic *vacillation” in amplitude, shape and other eharacteristics..
The numbery of “waves’ m around the annulus is not uniquely determined by the impressed -

?.

conditions; the flow is found to be ‘intransitive’ owing to the occurrence of whalt are now ?allcd :
‘multiple equilibrium states’. But the most likely value of m tends te increase with increasing £, .
and when 22 = £2;, m has that value for which the azimuthal scalg‘}qf the honz?'m.al flow pattern.
is about 1.5 times the radial scale and the flow undergoes a ansiti?n to lrreglear flow or -
‘geostrophic turbulence’. When 2 > £y v@hvc the irregular flow régime, for which heat flow -
decreases with increasing {2. ~ . . .
The behaviour just described is now known to be typical of a wEdc variety of d'y.namxcal
systems, where large-scale motions can be highly regular under some :mp'resscd conditions and
highly irregular under other conditions (see, for example, Haken 1981; I-.hdc 598'1 ¢, 1982). BOthf
types of large-scale flow can oceur in natural systems and are therefore of interest in the theory ol

magnetic field generation by dynamo action. Underlying mechanisms are not yet fully under-

stood but it is likely that one impartant role of Coriolis forces is to render the flow highly aniso-
tropic. Energy transfer between different scales of motion within such flows contrast‘s sharpl}:
with that which occurs in isotropic flows, where nonlinear interactions can produce a ca.sca(.ie
of energy towards the smallest scales of motion and render the system highly chaotic {T.e.
turbulent). Such cascades cannot occur in typical anisotropc Hows unles§ they are accompanied
by a simultanecus energy transfer to the largest scales available.

4, MAGNETOSTROPHIC FLOWS

Setting @ = 1 in cquation (3.12) leads to a useful general result which, when applied 10 the
magnetostrophic case, reduces to the expression for the constraint on B first noted by Tavlor
{1963), namely that over any cylindrical surface coaxial with the rotation axis, B must he such

thes J':’fz'{(v « B) x Bl rdgdz = i _ ey
nJ0

The term in equation (3.12) involving P vanishes when @ = 1. because P'is s.inglc »jalued.
Mir,t; Q) is negligibly small when @ = 1 because, by considerations (Tf continuity, Mir, ;1)
is equal to the volume fux across the surfaces 2 = 2,(7) and = = z,ir); this depends on boundary
layer suction, which vanishes in the limit of zero viscosity. Tt follows that

J-T1J.2“(2Q)‘1{A)¢rd¢dz=" (4.2}
T u

and this reduces to Taylor's result /see equation 73.1)) in the magnetostrophic case when 4 = Ay,
1see equation 3.Ha)), since g has no g component. - .
Let us now consider the problem of deducing from first principles the streagth .01 the m:\lgnctxc
field produced by dynamo action, denoting by 8. the average h.cld strengtl: just UI.:AlSldC.[h'r‘
dynamo region and by B the average strength of the field within the dynu'mo region. '11115
difficult probiecm has not yet been solved but it has been discusscd- by.su\.z'cral investigators 'bfur
references see_Jacobhs 1973; Parker 1979). In an attempt to sct LISCIlIl.llml.lS on 8. and B\ Hide
'1g74) has argued on the basis ol general considerations of (‘(“]u:l[]()l.'l.\' (320 and 340 tha -
the magnetic ficld is unlikely to build up beyond that value for which the Lorentz torque -
AV % (V% in 1B) x B acting on an individual (uid element is ualikely o exceed the ;1.ccc?cx'fl- -
tien term Vo< i Du /I 4202 < u), which reduces to © x (262 x &} in the magactostrophic lmit..

From this, B sauishics = B, < BR, ca)



where £ is the magnetic Reynolds number (see equation  2.(2); and I is the *scale magneric

field strength’,
By

(pio + UL, (4.4)

which reduces o {pf2/7)! In the magnetostrophic limit when (/L2 < 1, The ratio of the
magnetic to kinetic energy implied by cquation (4.3} is given by

Bl = QLU+ L (4.3)

This is very much greater than unity when /L8 < 1, as in the case of a typical planetary,
dynamo.

Now, although the rate of generation of total magnetic energy by the dvnamo mechanism, and
hence By, is expected to inerease with increasing electrical conductivity o, the strength B of the
external magnetic hield produced by the dynamo "and this is the only part ol the field we are able
to observe} should decrease with increasing # when 7 is large, with . vanishing altngether when
o is infinite, for 1t is impossible 1o change the magneric Tox hinkage ol a perivct conductor isee
equation [2.9)). [t can therefore be supposed that

BofBy = R, (4.6}
where the index ¢ is essentially positive and possibly close @ unity, Hence
Bu < BRU-Ms B, 4T)
B is thus an upper limit to the strength of the magnetic field just above the fluid region where
dynamo action is taking place, If ¢ 5 . then £, saristies -
BiR-Y = Bo BURLS 5

Corresponding expressions for the equivalent magnetic momens can be obiained from equations
{4.7) and (4.8 by multiplving by the cube of an appropriate length. Taking as typical values for
the core of the Earth

2% Wrads!, f= lotkgm=3, Fox 3x 1088m-f, s in-dmy!

, and L= 1i¥m, .
we find that /L& 2 107 and B, = 5
{+.3) and (4.8} we have

2x 10-3T 200G Accordingly, by equations

Bi 2 =T Gy By £ 4= 107 T4 G

if we assume that, in accordance with kinematic dyvuano studies, R & 23. Now, the mainly
dipolar field ol 5 x |u-"\‘f n.;‘l"G\ at the surface of the Rarth implies that the average beld strength -
just outside the core, By, is less than about #0-3T: 10 Gi. This fakls within the preferred range ol
Be implied by the above discussion. So (ar as the value of' B for the Eartl's core is concerned, this
cannaot be inferred directlv from geomaguetic observations, But various lines of evidence indicate
that the magnctic field throughout the main body of the core might be largely toreidal in con-
figuration, with the lines of torce lving approximately on horizontal surface, and ca. 10T 00 G
in strengzh “see Hide & Roberts 19791, which is also concordant with the ahave caleulation,

By Faradav's law the magnetic {lux linkage of a pertect conductor cannot chapge so that
effects due m ohmic dissipation are centrai o dynamea theories o the geocration of the exrernal
magnetic field csee equation (.95 above!, On the other hand, such eHects may not be of primary
importance when dealing with some aspects of the motions themselves and their neglect leads w
a considerable simplilication of cpution (2.7 see adso equation - 320 which then reduces o

CBfH 4wV B—1B- V=1, 4

Alfvén's celebrated 'frozen feld theorem, The mathematical difficulies involved are SIi“Ja'C\'c‘l:f‘,
especial’y when realistic boundary conditons are taken into a.cco‘um. and their disc\_.n,s\on %1‘65
beyond the scope of this article for reterences see Soward 1982;. 1’0|‘tur'mtcly, some of the rn..nn
dynamical processes are exemplificd by the praperties of snlitll-:mel;tude plulne waves with
w and vector wavenumber k propagating relatve to a fluid that rotates

angular frequency s »a ' "
angular velocity 2,55 pervaded by a uniform magnetic field By, and within

uniformly with steady . e
which there is & unitorm vertical density gradient pdd,/dz, where z is the downward veruca

cootdinate. The dispersion relationship for these waves 1s -
2 2 3 e 2 2 AN
wt =k el Hiewd + wi)* + 4oy, wpid] (4.10)

2g2 kYA (411}

where wh, = (B k) up; ol = —~{gx k) (dff,/dz) /55 w?

3 PR 25 Al o zer ave
In the three cases when all but one of the quantities m,, m and i Is equal rozero, we h

L2y

3 : 2 '] . Dot
W ol W= wpoour T ke

The rst of these expressions is the dispersion relation for ordinargf Allven waves, xl\!wr:: ?hc
restoring force is pravided entirely by the magnetic ficld and t}mre is on average equipartition
between kinetic and magnetic energy. These waves are non-dispersive and lmenrly. pol;_mzcc}.
The second expression is the dispersion relation for inertial waves, where [hti re.stormg forc.:e is
provided by Coriolis effects. These waves are highly dispessive, circularly ol“clilpt.lcally po{arvzed
and less than or equal to 202 in {requency. The third expression in the dlspel’lel’: re.lauor? .l'c?r
internal gravity waves, where buovancy forces provide the restoring force when df{‘"/ dz is posn}w
\and promote convective overturning when dfj,/dzis negative). Th_esc waves are highfv dispersive
and lirearly potarized and less than or equal to 1 — gdi,/dz)t in treguency. o .
In general there ave two modes according to whether the upper or lm.wl" sign 15.1:|ken in
cquation (410} we designate these as the ‘fast” and ‘stow’ modes and their [requencics by

and w_ respectively. which satisfy

= ol Ly + ol {413}

for all values of ). YWhen w? = 0 we have
w2 = o, + [ed o fod + o, Wit ENEY
and o Wt = k. 4 13)

In the case when rotational effects are weak, notably when o € 2o, cquation t4. 14} gives
(4.16)

L L (/o)) Wi = (1= Loef racal}

which correspond to ordinary Alfvén waves, very slightly modified by Coriolis forces: .
k. 4 P - ATIu 3 9 1 T ; . C n .
At the other cxtreme, when of » 2o, and thisis the case of most mll:l‘t‘ht when dLa-ln 8
with waves in the core of the Earth on seales of more than a lew hundred Lilometes, Coriolis -
forces are so strony that the twe roots of cquaiion {4,141 can have quite differcar vaioes: -

; B 4
W o= iy e

41T

= ot
= thy,

This extreme * requeney splitting” due to rotation is accompanicd by F)l!lcr cﬂ'ech, notably wave
dispersion, circular or elliptical polarization of the wrajectories ot'indl\'idu:al ﬂ.uxd c.*icments‘, and
imbalance of kinetic encrgy 1 the whele ol which is now associated with the fast inertinl wave) and
magnetic cuergy ' 10w entirely in the slow * magnerohydrodynamic inertial” wave).
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When equations (.17} are satisfied, the period of the inertial mode 2r/wm_ is then wypicaily
more than aboutx/2/i.e. a few days], whereas that of the magnctic mode 3n/w_isca. 2002 L5 / BE,
which for the Earth’s core when L = 10" mis 105 (300 years) and therefore comparable with the
timescale of the geomagnetic secular variadon. This is the quantitaiive basis of the theorv of the
geomagnetic secular variation that interprets its general timescale and westward driftin terms of
magnetohydrodynamic oscillations of the liquid core., | The clectrical conductiviey of the overlyving
‘solid " mantle, though weak, would be sufficient to prevent magnetic changes in the core on the
shortest timescale of the inertial modes from penetrating to the Earth’s surface.) These oscilla- *
tions should play an important role in the dynamo process and aiso in the elgctromagnetic and-
topographic coupling bhetween the liquid core and overlving solid man{le that has been
invoked w0 account for the so-called decade variations in the length of the day Tfor references see.
Braginskiv 1980; Hassan & Eltayeb 1982).-

The root corresponding to the magnetohydrodynamic inertial wave could hiave been obrained
directly by using the magnetosirophic version of equaritniz %47, a procedure shar eliminates
solutions corresponding to inertial waves from the sysiem ol cquabions ab ;e just as 1he nse of
equation (3,3) acts as a filter for sound wavesin the analysis). When g x ¥4 = 1, thereis a balance
of Coriolis and Lorentz couples acting on individual fluid elements (sec equations . 3.3) and i 3.6)),
so that the ratio of amplitudes of the velocity and magnetic fields associated with the wave is
By/12Lpp. By equation . .9) this ratiois also equal to LB, 7_, where 7_ = Ix/m_, the period of the
wave; whence

r_x DLl BE, 14.18)

which is ea, {20/ B/ prpr~3 (about 107 for the core of the Earthy rotation periods +* days™) of the
system and ca. 2L/ B,{ pf—1 multiplied by the time taken for an ordinary Alfvén wave to waverse
a distance equal to the characteristic length scale L.

3. CONCLUDING REMARKS

I have outlined cerain general properties of flows that are strongly influenced by Coriclis
torces and Lorentz forces which can be deduced in a fairly straightforward wav [rom the basic
equations of magnetohvdredynamics. In preparing this brief survey, no attempt has been made
to do fuli justice to the extensive important work that has been donc on the magnetohydre-
dynamics of rotating fluids and dynamo theory, but references w articles describing original work
and the development of idcas can be {ound in the reviews cited in the reference list. My remarks
here are addressed primarily to those participants in this Discussion Mccting who are concerned
with the structure and evolution of the Earth’s core and more practical aspects ol the swdy ol
geomagnetism, in the hope that the remarks can serve as a guide to the more technical and often
highly mathematical literature describing the theory of the generation of cosmical magnetic
ficlds by the self-exciting dynamo process.
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Definition of Self-Exciting Dynamo Action in a
Connected Body of Fluid

Theoretical investigations of self-exciting dynamos,
{for references see Moffart [1978) and Parker [ 1579])
are concerned with the mathematical problem of finding,
on the basis of the laws of electrodynamics and
hydrodynamics, within a connected bady _Ac of
electrically conducting fluid, velocity fields u that
through inductive interactions with the magnetic field B
pervading the fluid and extending inte the surrounding
medium are capable of maintaining or amplifying the
field outside _Ao against the action of dissipative effects,
When S, the olter surface of K., is a material surface,
we have, by equation (5) [ see Hide, 1975b],

N(Sgity =284 o1 joqg - (8)

c
By virtue of equations (3} and (6), Stokes's theorem and a

well-known vector identity, this equation may also be
written as follows: ’ ’

%R‘o |B-ds| "Ro...,_ 12 ! qB)

-¥{q @.ﬁtl_:.a%

(9)

where q =sgn B+dS, see equation {1},

In the absénce of fluid motions and external sources
the Swm:m:n field B would decay with Ohmic decay time
T4 = L7uo where L is a characteristic length; Ty =Rt
:u R is the 'magnetic Reynclds number' ULjg and
t.= LU is an advective time scale, U being a typical
rélative flow speed, We are concerned here with a
magnetic field B that emanates from within a conducting
body of fluid K|, and which endures for a length of time
=110 t=t" (say) which greatly exceeds max Aﬂmq ﬁmv,
where T o is the length of any interval during which are
present permanent magnets or ‘currents generated: by
electromotive forces due to noninductive processes.

There is some slight arbitrariness in the literature
concerning the definition of dynameo action. Some
authors require that magnetic energy, and others that
the effective magnetic dipole moment of the system,
shall not decay (see Moffatt, 1978].
advantages in defining self-exciting dyname action in a
fluid bounded by 5. over the time interval t=t'to t = t"
as requiring that he average value of N Amoma shall be
nonnegative (see Figure [), i.e.,

(Lt iq .z (Sgit) dt 2 0; t-t'>>max (T, T J (10
; . ,

(According to this definition introduced by Hide
[ 1979b1, the process of magnetic field amplification
directly associated with the gravitaticnal collapse of a
conducting fluid does not constitute dynamo action. In
the limit of perfect conductivity, while N Go:v remains
constant during the collapse, the magnelic energy
increases, but the magnetic moment decreases, the
former being inversely proportional and the latter
directly proportion to the size of the systen.) Thus, by
equations (10), (8} and (9) a necessary and sufficient
condition for dynamo action is that on mo we have .

" .
0 -1 HO '] :
{tr-t9 Ho: MQ i a.,ﬂu%MEH,.L.vvamx?a.q%

{11

ﬂu

R

There are .

Hide: Magnetic Flux Linkage Theorem Dynamos and Planetary Cowves

or, equivalently, since

VxVx ?I_ B)= V(v ?.._ um_v - u?l__uwv

and ¥+ B =0,

t )
oy [ e 02 (7l g ) -vg oy dskdt > o;
ﬂ. m . .
(12)
-t >> max (T, T )

We can show that equation (12} has direct
implications for the structure of B near S. when self-
exciting dyname action occurs [see Hide, _@wmz y but a
full investigation of these implications lies beyond the
scope of the present paper. One simple but illuminating
result fotlows directly by applying equation (3) to a fluid
bounded by a spherical surface §. and introducing
spherical polar coordinates {r, 6, ¢} whth B=B(r8,¢,t)

= Awn.wﬁw.mow. In the case when ¥y = 0 we have
-1 g
n_\\ | 4 L r
qB_ds'=y %\ —{ (sin )
dt S T . mo_.ua_.aﬂol a8
‘ -
1 oumn
o } qds
m._._._m 2 2
-1 42 .
,éu& - 2B qds (13)
Spr 3r
where dS = r2 sin8d 8d $. The first term on the lwr?

hand side is readily shown to be negative (since yo > Q).
Indeed, the individual contribution frem each of the {twé
or more) separate regions into which mo is divided by the
(one or more) C lines is negative. This follows because
qB_ is positive everywhere within the region and
vanishes only on the bounding C line. The surface
integral over each separate region is cqual to the area of
the region times the average value of the ‘horizental®
divergence of the ‘horizontal' gradient of q m_. over the
region, and this is equal to the length of the Bounding ¢
line multiplied by minus value of the essentially positive
thorizontal’ gradient of qB_ averaged aound the C line.
Any amplification of the exfernal field must therefore be
associated entirely with the second term, which
measures the net outward diffusion of B across the
surface S.. This term involves radial derivatives of B

and shows the importance in the investigation of mnmﬁzm
dyname models by analytical or numerical methods of
ensuring that careful attention is given to the radial
structure of B near the outer boundary of the system. If
we suppose that the left-hand side of equation (13} varies
exponentially with t, as 18%P (-t/T) and associate
(complex) length scales Ky' and Ky~ with the first
integral on the right-hand side of equation (13) and k,

with the second integral, then

{14)

Dynamo action Anw:.m%o:&:m to Re T.IJ > 0) cannot

occur unless Re ?L is sufficiently :w.ww".wﬁw. less than the
essentially negative quantity -Re (kg + reu.

. u?tqvl_ Axou+ro~....rwu

N
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Fig. 3a Fig. 3b
Fig. 3. Illustrating a meridional cross section of other
possible closed axisymmetric control surfaces 3 (dashed
lines) in the vicinity of a neutral point, These surfaces §
are entirely equivalent to each other as well as to Sw*
shown in Figure 2. The solid iine corresponds to the

surface mo.

general be nonzero). Both types of neutral point will be

present in general, namely those of the O-type, where .

the neighboring field lines defined by nw_..mwu in the {r,8)
plane are ellipitical in shape, and those of the X-type,
where the neighboring field iines are hyperbolic in shape,
Denote by s the total number of O-type neutral points
and by p the total number of X~type neutral points in the
.-set, In the simplest case of all we have a single O-type
neutral point (s = 1) and none of the X-type (p = 0), as in
Figure Z and 4a, Slightly more complicated would be a
.Set consisting of the two O-type neutral points {i.e.,, s =
2) and an associated X-type neutral point (p = 1), and so
on (cf. Figure 4b), : : -
"The meridional field lines can be regarded as height
contours on a map of an island whose coast line
corresponds to the limiting field line that touches S, (see-
Figure 2). Peaks of hills or 'summits’ correspond mo (o8
type neutral points where j ¢ has the same sign as that of
the total azimuthal current through the area enclosed by
the Jimiting field line, the bottoms of hollows or Jimmits’
correspond to C-type neutral points where j¢ has the
opposite sign to that of the total azimuthal current, and
cols or ‘saddle poinis' correspond to X-type neutral points
"where : €an bé zero or have elther sign. According to
a theorem due to Cayley and Maxwell [ see, e.g.,
Agoston, 19761, the number of summits pius the number
of immits minus the number of saddle points is always
equal to unity, and since there must be at least one
summit, the numbers of O- and X-type neutral points, s
. and p, respectively, must satisfy s> | and p = 5-] 20, )
For each C line on mo there is set-of circular neutral
".-lines (corresponding t0 the neutral points in the
‘meridional cross section), coaxial with the axis of
symmetry. We can define an axisymmetric surface, m_
{where r = r {6,1) ) within the volume K enclosed by mo
such that the C lines on mu (see equation ﬂB Jare the sets
of neutral circles defindd by the C lines on S, (see
Figures 2 and 3). Now B x dC = 0 on a neutral cir le, so
that (v-u) x B*dC = 0 and, in consequence, by equation

-(2),

zamc?wﬁan:.a,.n-miqa_h..@:a

. Oc . Xc .
{Note that S is not in general a material surface, cf.
equation (8}.}) The first term on the right-hand side
represents contributions from those C lines on S, that
coincide with O-type neutral circles and the mmno:m term
represents contributions from C lines that coincide with
X-type neutral circles. It is readily shown by Amperets
law (equation (3) ) that i"dC > 0 on an O-type neutral
cricle, so that the first term on the right-hand side of

x

¥ S,

Fig. 4h

Fig. 4. IMustrating meridional cross sections of §
surfaces {cf. Figure 3) in the vicinity of neutral points rh_
two cases; namely, s = | and p =0, {b}s = & and p=3,
where s and p (= s-1) are the numbers of O- and X-type

"Fig. 4a

neutral points, respectively.

equation (15) is essentially negative. It ‘is less
straightforward to evaluate the second term (except in
the case s = |, see Figure 2, when it vanishes identically),
but by a judicious choice of an open control surface
related to S, (R. Hide and T. N. Palmer, Generalization
of Cowling's _._._4..383H Geophys. Astrophys. Fluid Dyn. (in
press), 1981) its contribution can b Fendered
unimportant. Thus, the right-hand side of equation (15)
is essentially negative, S,

~ Now, every line of magnetic force that intersects §
also intersects S, {see Figures 2 and 3), so that N G_?._@
N(Sgith  When the configuration of- B is. time-
independent. and the surface mm consequently remains
tixed in shape and position (e, r = (@) on $ so that
v = 0), it follows immediately that N Amo,“:‘.,mho when
NIS
in the configuration of S, have 10 be taken into dccount
there are, concomitant nzmmgwmu in the shape and position
of S (ie, r=r (9,1) on S, so that vEO0). ! These
ﬂnavwwﬂ changes in §, ‘can, o<w~ short intervals of time,
produce ‘temporary ircreases in N 1S5t} even though
N (S,;1)< 0. But over long periods of tirge the inexorable
deca of N (S ;t), which tends 10 zero e g e , ‘will be
accompanied _.E.. the decay of N (S.;t) (see Figure 5).
Thus, the left-hand side of equation :§ is negative when
B has an axis of symmetry, : :

Zﬂm_ha

N(S,;t)

1 — 1
1 -

t t t
Fig. 5. Schematic diagram iltustrating ‘the decay of
axisymmetric magnetic fields. N (S;;t) is the flux
linkage .of the outer surface me of the "core’ xc. and N
ﬁmhnt is the flux linkage of thé control surface”S, upon
which the main neutral circles of the magnetic fleld B
are situated (see Figures 2, 3, and &), - -

it) <0. But-in the more general case ‘when changes
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Fig. 7. Nustrating the principle of the method
introduced by Hide [1978] for finding the radius of the
electrically conducting fluid core of a planet (outer
surface S.) from observations of secular changes in the
magnetic tield B in the accessible region at or above the
surface of the planet. _fs S approaches S, N (S;t)
becomes very small, O > N} (see equation :mv ) where
....n is the Ohmic decay time of the core.

the discussion following egquation {9) above) is much
greater than unity, but the method is independent of the
details of the dynamo mechanism,

Denote by F (B) any function of B, such as its
magnitude at a poini, B |, the amplitude or phase of any
of ifs individual cenlered myltipole components as
determined by the traditional spherical harmonic
representation of B in r>r_, or the guantity N (5;1) {see
_equation (1) ). In geneval, the most rapid fluctuations in
F will be associated with the advective time scale T
when. T S< T p thatis tosay - 3

R S .
. F=0 Tw F)
For example, N (5;t) = O {t -1 N {5;1}) in m.m:m_.m_ (as is
"evident from equation (2) ), But in the special case when
S5 is a material surface, such as the outer surface mc of
the core, we have, by equation (8), .

. . ) -1 .
| R (S5t = O (v ! N s g0)) (16)

N (Snit) changes on the long time scale 1, (rather than
amv and remains constant (i.e., N = 0), when T4 *=. This
is” the case of perfect conductivity when, ‘as several
writers have pointed out [see, e.g., Backus, 1968; Bondi
and ‘Gold, 1950; Roberts and Scott, 1965), lines of
magnetic force can be redistributed by fluid motions but
they cannot be created or destroyed. When dealing with
changes in B on time scales very much less than T we
can treat N (S_) as an inyariant to leading order in the
small quantity P < =R ‘.’ :
Thus, the method [ Hide, 1978} for finding r _ involves
jhe dowmward extrapolation of B and its secularvariation

B measured-in the accessible region r = rs until that level

is reached at which N and all higher time derivatives
effectively vanish, In the case when o= D and Vu=GCin
_.v_.n the downward extrapolation is straightforward, for
B in £>r_ can then be expressed as the gradient of 3
scalar potential satisfying Laplaces equation (see
equations (3), (4) and {(6)). Otherwise r_ has to be
defined as that value of r at which the Emm%nzn itnes of
force are effectively tied to the material on time scales
very much shorter than the Ohmic decay time associated
with the material below r = r_. Though soundly based
physically and capable of © formulation .in clear
mathematical terms, the method requires for reliable
practical applications quite detailed cbservations of B at
different epochs, and such observations are not yet
available. When applied to the earth using the best
available models for the main geomagnetic fietd and
secular variation [ Hide, 1978; Hide and Malin, 1981},
the method gives for r_fr_ a value which agrees within
the errors involved, arburid 10 to 15%, with the much
more accurate 'seismelogical' value of about 0.55. It was
expected that when applied to the planet Jupiter using
even the best magnetic field determinations then
available, namely, those made during the 'Pioneer 10' and
‘Ploneer 11' space probe encounters with the planet in
December 1973 and December 1974, respectively, the
method would give highly mplassible or even physically
impossible values of qm\q « Remarkably and possibly
fortuitously, this teme® Sws mot to be the case, for
reasons which remain to be iated [Hide and Malin,
19791. (1t might be thoughtthat the method can be
tested using ebservations of the solar magnetic field, but
contributions from the term (v-u) x B in equation (2}
complicate, and also add interest to, the interpretation
of fluctuations in N evaluated at the edge of 'the
photosphere, a study of which will be reported in due
course.)
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