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Notes for lectures on

buwfu v vl 1073 (T = 1500 ¥). M (€))

Theory of Incoherent Scatter from the lonosphere

Bowles (1958) found that observed scattered power was: about right

1 read was much smaller :
Lecturer: X.G. BUDDEN but Doppler sp

Awfw v 1076,

{ . Electrons are not independent. Tonospheric plasma behaves
1. Scattering when electrons are assumed to be independent Conclude: Electrons ! P P P

more like a continuum. Scattering occurs from fluctuations ANe of

(a) Single electron in electric field electron concentration N . whese flucutations arise from waves in the
E = Eo expi w ©) ‘ ) plasma, nanely (electron) plasma waves and ion acoustic waves.
~ of incident (probing) wave is displaced by 2. Main properties of electrom flasma waves.
x = -Befmw?. 2 Let the electric field in the plasma wave be
It is there:‘.ore an oscillating dipole of moment M = ex and re-radiates E = El exp {ilut - k2)}. ) (8)

the scattered power
The dispersion relation is

uMPut/12me = uoe“zznzmzc. 3
' ) 2_x2 g2 2

w? - k% a? = ug @
Energy flux (Poynting) in incident wave is Eclech so effective

. . i lectron
intercepting area of one elsctron is where e is the angular plasma frequency for electrons

fezlﬁﬂ %) mN: - ﬂezlsome ‘ (10)

where r, * 2 /eomz - uoezlm C® and a is the "velpcity of eound”

. . . 2
is the "classical electron radius" : about 5 x 10~1% m, gy KT /m,. : an

Here v is the ratio of specific heats of the electron "gas". Full

(b) Electrons move with thermal velocity \inetic treatment shows that y = 3

]
L7
v GKI/m) (6 The displacement of an electron in the z direction is

1f they move independently, the scattered radiation ought to have a spread ¢ = -eozz,eue' . (12)

Aw in frequency, from the Doppler effect @
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The flucutation of electron cencentration is
N, = N Oz = ikeE /e ' (13)
The average energy per unit volume in the wave is
AT X3 _ (14)

Half this ie in the electric field end the other half is the kinetic

energy of the moving electrons.
h 24
The average value of ﬁNe is

tnuil = k2 eoz <|nz|2> Je? = ikzsozElzlez -ﬁuzsoleZ. (15)

3, Main properties of ion acoustic waves

Use subscripts e for electrons and i for icns. Assume that there

is only one kind of positive ion. Then neutrality requires that
N = N.=N, (16)

Let electric field be (8) as before. Contributions to the electric

polarisation P (z compoment) are

= = = 2 2 R

Pe Ne;e Ne Bz/(k YKTe w me) an
P, = Neg; = NezEzl(kzyKTi - wzmi). (18)

Hence
- - . 2 - 2 2 ‘
/5, = (KT, - w w /k2)/ (KT, = w m, /k%). (19)

The dispersion relation is

kN .
wne ‘ le: - l‘

wt-Aar Wt R (20)
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Fig. 1 shows k2 plotted against w2, For ion acoustic waves we are

interested in small values of k? and w2, Mulviply (20) by the two
denominators and neglect fourth power terms. Then we get for the

simplified dispersion relation

1 2., -
W al wy, + %e Y
R wE (21)

where mug has been neglected in the denominator. Oum using (11}, for

a, and the corresponding value of a;, we get

= {22)
z .
. m,
We can show, by using (22) in (19)-and neglecting amall terms, that
TR 4 - (23)

i e .
The heavy positive jons move and drag the light electrons with them. Since
B, % —Pi, the space charge is very small and the electric field is very

amall. Most of the enérgy in the wave ia the kinetic energy of the ions.

Hence the average energy per unit volume is
= Lom, SN o= 1 T
«f = My (‘Si.“") N N o -Ia (24)

where cb is the amplitude of the oscillations of ;i.
The fluctuation ANe of the electron concentration is

AN N[z = kN , 25

At

Hence

Qlawly = WG = LAWY

N

2

— 2N A _ 2N
- ;'“?'5 "am(mnjf @
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where (22) and (24) have been used.

4. The Scattering Theory. I, The normal moedes

The theory given here is for the momostatic system as sketched
in fig. 2. How much power is scattered back to the receiver from
unit volume of the ionosphere in the scatterinmg regiom, shaded in
fig. 27 We shall consider the scattering from a cubical block of plasma
of side d. 1In it there are plasma waves and iom acoustic waves that
have & ANB, and this does the gcattering. We need to £ind the

emplitudes AN and the directions of the gcattering waves. To do

" this we use a larger cubical box of side L, with the scattering cube

iaside it (see fig. 3). We find the normal modes in the L3 box.

A pormal mode is a standing wave in three dimensions in the box.
It is composed of 8 obliquely travelling progressive waves which are
converted one into another by reflection at the surfaces of the box. A
normal mode is a harmonic ogscillator of frequency u (to be found from
the dispersion relation). According to the classical princil;le of

equipartition of energy, on the average an oscillator has energy KI. 5o

the average energy in any one coemponent progressive wave is
138 - x1/8 2n
whereg {s the average energy per unit volume.
For a typical progressive scattering wave in the L? box
ANe = P& t) w.:{w t~ A1 = 7 (£,1)) )
where"l is a phase angle, :‘denotes the coordinates (X, ¥, z) and

- (1, 1y, 1 )n/L. (29)

k
e
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‘Flg 3. In the large cube, side L, we fln& the normal plasma .

wave modes and the normal ion acoustic wave modes (compare the
Debye theory of the specific heats of sblids), These waves do

the scattering. They are used when finding the scattered power
from the smaller cube of side d The result is Lndependent of
both L and d.
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Heze 1., ly,_. L -are positive, negative or zerc integers.

Note that we use the real (cosine) form for the hammonic
oscillation (28). This is because the integrand of (38) below contains
& product of two harmonic oscillations, and it would be incorrect to

represent them both by exponentials.
(a) Plasma wave

From (15) and (27)

(lawfy = (¢} = 4 KTQ/(?QL.) "

. It will be later shown that

kRt 2k (31)

where ko is 2%/ for the probing wave. Hence
2 2,3
<¢’> ~ 4, & KTe/(ZC-L). (32)

(b) Ion acoustic wave

From (26) and (27)
(oD =@y = N[ Lr(erT)L). o

5. The Scattering Theory. II. Scattered power

The incident probing wave has a horizontal electric field

E=E w/f:{(.(wnt‘—»h.z)} D)

where z is measured vertically upwards from the ground. One electrom in

this field is an oscillating dipole of moment

M= "_Efg exh {L (wo t- 41,'2_)} . (3%
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The .re-radi.a.l:ed (scattered) electric field at the receiver from this’

‘one electron (see £ig. 2) is

Ey [M]/(E‘ZQ) | o o 6

. The retardation [] gives an extra factor exp(-i k 2}, So

B = mE, ep (il -240)) o

vhere 1 is given by (5). This is to be multiplied by aN,and:

integrated over the d? box, 80
LWl

_Es - 2" 7. E & ANe Wfa(—lc 'koz dq(,dvadz, .

(33)_ ’

" (Wote that 2! is almost constant within the 43 box and so it can come

outside the integral).

The next step applies to either the plasma wave ot the ion acoustic

wave. From (28) we have for the total ANa

ANe-ZEZﬁb(rk ) en (b= ,b...-«,) "

Let X, ¥, z be the coordma:es of the centre of the a3 box. The cosine

in (39) is the sum of two exponentials and the first of these, when

put in (38), gives the cuntnbutionz*dll “‘)+'th- ,"W'L
E : Te E° ej'b°t -;- 4>('ﬁ'1 t) x
) = -
2z Lz l:, L h U‘ ”‘dh
e Je )t ey, d
fot = E (1l tud, tzly ) —Likez = (& }] Yy dz,
X%[{ L.( 795 ") /7 40)

- This contribution has frequency uw, + w. 1In the other exponential

of (39) the signs of &, 1x' ly' 1'z are reversed so that the frequency
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is w, =~ o The integrals can be done and (40) then gives 7 z 4
N Y
E = 'Y'C.Eo e/»f)[{(w-w )t_ } oL v <‘E |> OL' <¢)Z oLt /51 Y
(46)

. QL N .. ) ,
; ¢( °< "_:ﬁ 4—“%;5 It can be shown that each of the three sums is equal to 2L/d. Hence
1 (41) -2
h LB = b €25 L0 ).

The average scattered power from unit volume of the scattering cube (divide

where 14»' is an unimportant phase angle, and

«:{Wild/") P”‘T‘e ‘L/L Y= (he t3T L/L (42)

by a3 and by 22 ) is

The three sine terms are largest when P '= 2 'rcz E.O'J. i"?- L_?’ <¢‘>/Zo . (48}

- Q, 1y =0, ko + iﬂlz/L =0 (43}
6. Results
that is, from (29), when

The result is often quoted in terms of the effective scattering

k, = -2k, (48) , . .
area o per unit volume of the scattering plasma, So-multiply (48)
These terms pick out the scattering wave that makes the largest by z?cos?0 and integrate over a sphere. This gives a factor g—"?.

contribution. It is the one that is travelling downwards and whose Then divide by the average power flux ingzo in the incident probing

wavelength 2n/k is half the wavelength of the probing wave. For the wave. This gives
. 3 1
. : - : : ™ 2 >

other exponential term of (39) it has kz +2 ko and is travelling o = j..63.. ‘T‘c L- <¢ . 49)
upwards. Now the various Fourier components of AN&in {39) are
independent oscillators. Their phases are "random'. They are incoherent. For the ion acoustic wave use (33)
This means that -— L-"—I ’Y’gz -—N—T-.:-——— :

= 3 X(.Te +T{,) . . (50)

O TINI R -

Por the plasma wave use (32)

. i T
, (45)
. T T
So from (41) we shall find the average value of ESES* = |Esz| s = % N e ’h' 'L - G
) K
proportional to the scattered power. Now {32) and (33) show that the where /{" = (&} KTg/Ne‘ 52)
2 4 .
average <¢ > is independent of k. The resultmust be doubled so as to is the Debye length. )

jnclude the contribution from the second exponential of {39). Hence
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