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Appendix: Plane hydromagnetic waves in a stratified rotating incom-
pressible fluid. {Based on reference [297) In [23] (see also pages 278 and
327-328) un approximate dispersion relationship for free hydromagnetic
oscillations of the tluid core of the Earth was proposed, and it was
conjectured that when

i1} |V «< 20217

effects duc to vertical gradients of density, p, can safely be ignored. Here
€ is the angular velocity of the Earth’s rotation and

1/2
(4] N = 5(5 (3_,0)
g\p 02

IA] Is the Brunt-Viisild {requency (effects due to compressibility being
negligible in the theoretical model) and g = (0,0, g} 1s the acceleration
due to gravity and centrifugal effects. The purpose of this appendix is to
mvestigate the validity of the criterion expressed by Equation (1).

The most acceptable procedure would be to find an accurate dispersion
relationship for the case NV # 0, but this has not yet proved feasible. Owing
to the (nearly) spherical geometry of the system, even when V = 0 the
problem is mathematically intractable (see 28], (211, (291, [45], [63], [65]),
except in very special cases. For this reason we shall examine an elementary

*See pages 327328,
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but related problem whose solution should indicate, in part at least, how

~ cfects due to rotation. density stratification and magnetic fields interact

with one another. Thus, we shall consider plane, small amplitude.
harmonic waves propagating in an inviscid, perfectly conducting, in-
compressible, rotating fluid of indefinite extent in all directions when both
A~ (based on the undisturbed density field p = pol2)) and

(3) ¥ = Boflupe)'

the Alfvén velocity, are uniforny, where By is the undisturbed magnetic
field vector and p is the magnetic permeability.

The equations of the problem referred to a frame which rotates with
steady angular velocity € relative to an inertial frame are, when all
transport processes (viscosity, electrical resistivity, thermal conduction,
etc.) are negligible, the following (in rationalized MKS units):

(4} oujit + (w-V + 28 x u = —(1jp¥p + (jx BYp + &

(5) V-ou=0,

(6) apict + (w:V)p =0,
{n . V-B=9,

{8) V x B=yj,

9) V x E = —0Bjét,
(10) E+ux B=0

Here u denotes the Eulerian flow velocity, p pressure, j current density.
E electric field, and ¢ time. Equations (4{6) express conservation of
momentum, matter and density of individual fluid elements, respectively .
Equations (7)+9) are the laws of Gauss, Ampére and Faraday, respectively ;
Equation {10} states that in a perfect conductor of electricity, the electric
field acting on a moving clement must vanish because otherwise, by
Ohm’s law, electric currents of infinite strength wouid be implied.
If we write

p = polz) + prlx, v, 2, 0), =ity + u{x.yzth

(thy
B=B,+ Bix,y,z1)

p = polz) + pilx vz, 0)
where u, = 0 and Vp, = gp, and we assume that P! < |pot, |By] <« |Bql
|pil « po and spatial variations in pg are small in comparison with g,
then to first order of small quantities p,, By, p, and #; = (u;, vy, W)
Equations (4H{7) become

(12} duy/it + 29 x uy = —(1/p)Vp, + ((V x By) % BoYppo + £p/Po)
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0 where py s the mean density of the litid),

{13 V-ou, =0,
(14} L OO+ wildpy dz) = 0,
i13) V- B =4,

--Equation (8) huving been used to eliminate j from Equation (4)—and
the cquation that results when £ is eliminated between Equations (9)
and {1 becomes

(6. L B - (B, Vi, =0
: EIi.li]isiaté-pi . B, and oy between Eqliations. (9 (16) and -show’ that
(7) (2007 (0 VPV ey — Q0 Viea, wr N s VN -a;) = 0

{cf. Equations (2) and (3)). )
Substitute a plane wave solution

{18) wy soexpyen - K-

(where ¢ is the angular frequency, K = (k. 1, A is the wuavenumber
vector and r = (x, 1. 2)), in Cquations (13) and {17) and thus find, after

a little manipuiation, the dispersion relationship
: e LN Ky 20 k)2 ' 2 2. K2

()" = t,/KJ‘ + ,%{. Y,A’ ‘{,!z A_,’_ -l:[i “_\ x m _t {,24 ___.I.(..L
2t K- K-
(19)
H¥-KroeQ. A’ll] “}
4+ o T T .
Kl

The phase velocity, wK:/K2, and group velocity, day0K follow directly
from Equation (19). When N? = phedogidz > 0. w s always reul;
we restrict attention in what follows to this case of stable density stratifi-
cation. (In the other case. dp,/dz < 0, the density stratification is un-
stable, as evinced by the result that o may then take imaginary values.)
Particle displacements are transverse with respect to the wave {ronts,
tecay - K = 0, the oceurrence of nonzero values ol u, - K being incom-
patible with the assumption of mcompressibitity (see Equation ((3}).
Details of the shapes of particle orbits {lincar, circular or eltipticai) and of
concomitant disturbances of the magnetic field and of the fields of density
and vorucity, are readily derived from Equations (12)-(19). )
In three limiting cases, Fquation (19) reduces 10 particularly simple
forms. Thus. when ¥ = % = 0 we have “inertial waves.” for which

(20 w? = (20 KK
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and in Which rotation provides the restoring forces. when ¥ — Q@ =)
we have “internal waves.” for which
(21 o = (N x KK,
and in which buoyancy effects provide the restoring forces: and when
£ = N = 0 we have “hydromagnetic (magnetohydrodynamic or Alfvén
waves,” for which '

(22) ' w? = (V- K
and in which the fna-gnetic ﬁeld‘_prov.i'des the: restoring. forces., Inertial
waves and internal waves are highly dispersive, having group velogites

* that depend.on K. Alfvén waves, however, are nondispersive; they prop-

agate with group-velocity equal to + ¥, which is independent of K.

It has occurred to a number of workers (see [23]) that in some respects
rotating fluids and stratified fluids exhibit analogous hydrodynamic
behaviour (cf. Equations (20} and (21}, especially when [ = 0 and Q =
(0.0.€2), but Equation (19} shows that the analogy does not extend 1o
magnetchydrodynamic behaviour, Thus, when Q = 0

(23) Cw = (VKP4 MV x KYKEL + 1]

(the negative sign corresponding to modes for which particle displ;lcu—l
ments are horizontal and are therefore unaffected by buoyancy forces).
whereas when N = 0

. L2 Ky 4([,-’_1‘12(2 12

The important difference between the fast two equations is the presence
in the latter of a term containing the (square of thej ratio of ¥ K to
(2€2 - K)/K, which has no counterpart in the former. (When ¥ = 0, 0® =
(£ 3 x {(¥N x K + (20 KP}/K?)

This “ratio term,” which arises because Coriolis forces act at right
angles to u, and thus prevent the occurrence of “*decoupled™ modes. is of
great physical importance, especially when 4(F-K)* « (2Q K)¥/K’
(cf. Equations (20) and (22}. The roots of Equation (24) arc then

25) w? = (2Q- KY/K?* and o = (V. KPK/QQ- K],

the latter being the dispersion relationship for a hybrid type of wave
discussed by Lehnert and Chandrasekhar (see [25]) which has no direct
analogue in a stratified fuid.

The discussion of Equation (19) is less straightforward when none of
the terms (V- K}, (262- K)/K and (¥ x K)/K vanishes, but when these



E RAYMOND HIDE

terms are widely sepurated in magnitude then Equation (19} can be
siimplified by neglecting small quantities. There are six such limiting
cases, corresponding to

{26a) V- K| » |20 Ki/K » {N x K|/K,
(26b} V- K| >IN x K|/K » |29 K|/K,
(26¢) 2Q- K|/K » |V-K| » N x K|/K,
(26d) 12Q2- K|/K » IN x Ki/K » |V K|.
(26e) IN x K|/K » V- K| »|2Q- K|/K
(26f) IV x K|/K » |2Q-K|/K » |V-K|

and the solutions are readily written down. Of particular interest in
connection with the Earth’s interior are the cases {26¢) and (26d). When O
is 50 large that both |V - K| and |V x K|/K are very much less than
i262 - K|/K then, to first order of small quantities, Equation (19) reduces
o

2 [__ZSE_K_]Z and Wl = (V-KPPK'|? (V-KP(N x K)?
oK T 2K 20 Kk?

the dispersion relationships for the “inertial” and “‘magnetic” modes

{see page 327). Evidently the criterion expressed by Equation{1)is probably

both necessary and sutficient for inertial modes, at least for oscillations
with wavelengths that are much smaller than 1he radius of the Earth’s
core, but in the casc of the magnetic modes, Equation (1) must be sup-
plemented by the more stringent condition that

(29) (¥ x KK «< (V- KX

(The last point had been overlooked until, prompted by a question trom
the audience, I amplificd the discussion given in the original version of
these notes.) When (V x KP/K? » (F-K)? (but is much less than
(2Q - K)*/K?), we have

:, 1242 1'()2 , L V-KPN x Ky
{-")) ) : f\" :ln.d = 7”(';_36'})—2—”
w place of Equations (25) for the respective dispersion relationships for
the inertinl and magnetic modes.
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