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A method has recenly been proposed for finding the radius r, of the electrically-conducting
fluid core of a planet of outer radius r, from ohservations of the magnetic field B in the
accessible region near or well above the surface of the planet (Hide, 1978). The method is
tased on the supposilien that when the magnetic field is produced by hydromagnelic
dynamo action in the core. implying that the magnetic Reynelds number R there is large. {a)
Muctuations in B can occur cverywhere on the comparatively short advective time-scale
associated with fuid motions in the vore and sn can fluctuations in the quantity N, defined
for any closed surface § as the total number of intersection of magnetic lines of force with 8.
provided that S lies well ontside the core, but (b at the surface of the core, where lines of
magnetic force emerge from their region of origin, concomitant fluctuations in N are
negligihly small, of the order of 7/t where 1, = Rt is the Ohmic decay time of the core.

A proot of this supposition follows directly from the general expression derived in the
present paper chowing that when Sisa material surface the time rate of change of N is equal
1o minus twice the line integral of the current density divided by the electrical conductivity
around ail the lines on § where the magnetic field is tangential to S. This expression (which
Paimer in an accempanying paper rederives and extends to the relativistic case using the
mathematicat formalism of Cartan’s exterior caiculus) also provides a direct demonstration of
the well-known result that although high electrical conductivity. sufficient to make R» l.isa
necessary condition for hydromagnetic dynamo action. such action is impossible in a perfect
comdugtor, when R—>

It is now generally accepted that the main magnetic fiekds of the Earth.
Jupiter and other planets are due to ordinary electric currents produced
hy “hydromagnetic dynamo” action, involving fluid motions in their
¢lectrically-conducting flud cores, [ have recently proposed a method
{iHide, 1978, hercafter cited as H) for determining the radius r, of the Auid
core of such a planet from magnetic observations external to the planet o1
at its surface near r=r, (where r_is the mean radius of the planet and
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ro=|r|"if.r s the vector distance-of a general point from the centre of the
p[apeﬂ.’_ Wl_'u:n,app!_ied:to_ the planet Earth {H: Hide and Malin, 1979}, for
which }hg value of r, is 6371.2km, making use of .a recently-published
(Iel-erm1nati0n of the main geomagnetic field and its secular changes
{Barraclough, Harwood, Leaton and Malin, 1978) based: on all available
peomagnetic data for the period 1955 to 1975, the new method gives for r,

_a value in agreement, within the errors.involved, with the accepted value

of _3':’8615'km based on studies by seismologists of the propagation of
elns_uc waves generated by earthquakes. Seismological data are not
z.wmlable in the case of other planets and it will therefore be particularly
important to make detailed measurements of the magnetic fields of these
planets which can be exploited to the full in the study of their internal

stru_cture, by methods that are theoretically sound and adequately tested
against terrestrial observalions. )

The 'metlftod propqsed in H considers the quantity N defined as the
number of.mterse.ctlons of lines of force of the magnetic field B(r. ) (where
¢ denotes time) with any closed {and not necessarily spherical) surface S:

NE” B -dS| = N(1: §), (1)
Al

if dS denotes the vector clement of area of § over the whole of which the
area int.egr;ll is taken. We denote by S( +) those regions of § where the
magnetic lines of force emerge from the volume enclosed by §. i.e. where
B-dS>0.. by S(-) those regions where lings of force enter the enclosed
v.olume. ie. where B-dS <0, and by C the one or more closed “null flux”
tines on S where B-dS =0, and which are thus the boundarics separating
the S(+} and S(—1 regions. According to its definition [see equation (11]

N=” B-ds—” B-dS. o))
Str S

Moreover, since B satisfies Gauss's law

vV B=0, (3)

N:ZJI B'dS‘—*-ZJJ B -dS. 4
Sty S

The magnetic ficid B also satislies Ampére’s law

we have

Vx(Bp "Y=j (5)
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where jr is the magnetic permeability and J is the electric current density.
Outside the core, in the region r>r, where, in the idealized model used in
H, the electrical conductivity is taken as zero, j must vanish am'i equations
(3) and (5) can in consequence be satisfied when V=0 by writing

B= —VV (say), where V2 =0. 16)

Within the core (r<r,), where the electrical conductivity ¢ does not

vanish, j satisfies Ohm’s law as it applies to a conductor moving with the -

{Eulerian) Muid velocity u; thus
j=olE+uexB], (M
where E is the electric field, which is related to B by Faraday's law
VxE=—(Byt (8)

By taking the cur! of equation (7) and using equations (8) anFI (5), thus
eliminating E and j, we find the well-known equation for the time-rate of
change of the magnetic field in a moving conductor

(Bit=Vx(uxB) ~Vx[oc"'Vx(Bu )] 9)

(see e.g. Roberts, 1967. Moflatt, 1978),

An advective time-scale t,=L/U can be associated with the first term
on the right-hand side ol equation (9) (where L is a typical length-scale
and U a typical value of the speed of fluid motion) and an “Ohmic decay”
time-scale v, =/’ug with the second-term. The “magnetic Reynolds num-
ber™ R is given by

REU’LHU=I(1/T‘4q (IO]

and when this is large one expects that fluctuations B on time-scales that
are much less than 1, can be treated on the basis of Alfvén’s “frozen
field” theorem, to which equation (9) reduces when the second term on the
right-hand side can be neglected. Under these conditions magnetic lines of
force move with fluid particles in the core and fluctuations that occur in B
on these time-scales at poinis outside the core {in r>r)-which are
known as the “geomagnetic secular variation™ in the' case of the Earth

arc then to be regarded (see e.g. Roberts and Scott, 19657 Backus, 196R) as
being a consequence of the redistribution (rathef than the creation and
destruction) of magnetic lines of torce by fluid motions in the upper
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reaches of the core. just. below a thin -'hbi.indétljy"la'yéf on r=r.
C‘ancomitam_!‘Iuctuations.in-N‘[see*equation (1}]-do not-in general vanish
r=r, and well above the |ovel r=r. they will be pronounced and

~associated wilth the same time-scale as -fluctuations in B, ramely the

advective time-scale Tr However, at the surface of the electricaily-
conducting core, where r=r,. temporal changes in N cannot occur on-the
‘advective time-scale ¢, such changes can only accur on the Ohmic time-
scale 1, since the total-flux linkage of a perfect conductor cannot change.
Whence, we can suppose when R» 1 that on lime-scales comparable with

1, the quantity UNjdt = Otz /7,,) when r=r. so that to a good approxi-
mation we can take

[dN/dt =0 for the surface r=r, (i

implying that all higher time derivatives of N also vanish on the time scale
7+ The basis of the method introduced in H lor finding r, is to determine,
tfrom observations of B(r,r) near r=r, and with the aid of equation (6),
that value of r at which N eflectively satisfies equation (1)

Colleagues have criticized the supposition made in H that equation
{11} can be taken as an obvious consequence of equation (9) in the case of
a perfect conductor, urging that a tormal mathematical demonstration is
desirable. Thus, we shall show in what follows that when $ is a material

surlace, N satisfies
dNv d D jede
= B-dS§|=— —, 1
dr S ”S' S 2fh p (12)

which reduces to equation {11) when applied to surface of the core in r
=v. in the limit when o tends to infinity. In evaluating the line integrals
along the “null Qux™ curves € an S the vector element of length dC is
taken as positive when an S{+) region is on the left to an observer facing
in the direction of dr-. implying that the direction of a veclor joining a
point near C just inside an S(+) region to a neighbouring point in the §
(=) region on the other side of (' is the same is that of the vector dC x dS.
To obtain equation (12) we first observe that

d cB
u B-dS= —dS+d B-uxdC, (13
dt Sty srep O ¢

the second term on the right-hand side ol which represents the contei-
bution to ldnsd: {see equation (4] due to the movement of the “null-
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flux” lines C. This equation, when combined with equation (4) making use
ol Stokes’s theorem and a well-known vector identity, gives

dv =2 J J (LB —Vx (u % B)) -dS. (14)
dr st

Finally, we note that the integrand of the right-hand side of equati.()n (14)
is equal to the second term on the right-hand side ol the equation {9):
whence

dt ~ dt a

- . i,
5 S
which. by virtue ol Ampére's law (see equation (5)). is equivalent to, and
lor some purposes more convenient than, the result we set out lo prove,
cquation (£2). Palmer (1979), in the companion paper, extends the
toregoing analysis to the relativistic case, using the powerful and elegant
method ol Cartan's exterior calculus. His equations (14) and (!7? cor-
respond 1o equations (12) and (15) above, recognizing that when § is not
a matcrial surface it is necessary to add the term,

2? B-(v—u)x di,
.

to the right-hand sides of equations (12) and {15), where v denotes Fhe
motion of § in the (rame of reference with respect to which the Eulerian
flow velocity is .

A systematic discussion of the implications ol these useful general
results lies beyond the scope of the present note. It is sufficient to rerp_ark
here that equation (15) {or (12)] leads directly to the supposﬂ%on
expressed by equation (11} and stated without proof in H. By equation
{15} we can associate a time-scale

14 = 2ri e By B, (16)

with luctuations in N near r=r. where B is a typical value of N.4Iirl
2I75r, is the total length ol the “null Mux™ lines € and B pr, is lhe average
value ol the component ot j along €. The value of 1, would tail 1o go (o
infinity with & if and only if the quantity By/B increases with o at Ieast as
rapidly as a raised to the first power, which is unltkely. Such behaviour
would imply in the limit when o— » the existence of current sheets where
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il tends Lo infinity, and in such circumstances, except in the unlikely event
that ail components of B vanish everywhere on C. the Lorentz force
per unit volume jx B would be infinite and therefore accelerate a fluid of
finite density at an infinite rate. which is an impossible situation.
Hydromagnetic dynamo action can be sad to oceur if and only it dN/dr
>0, so that a necessary condition for such action is that the term on the
righl-hand side of equation (15) should be a positive delinite quantity. As
we have shown, this term vanishes in the limit of infinite conductivity,
which nicely demonstrates the well-known result (see e.g. Bondi and Gold,
1950: Moflatt, 1978) that although high conductivity [more precisely
R3- 1, sce equation (10)] is a necessary condition for dynamo action to
oceur, such action is impossible in a perfect conductor, for which R -+ x.

References

Backus, ., “Kinematics of geomagnetic secular variation in a perfecily-conducting core”,
Philos. Trans. Rny, Soc. A 263, 239-266 (1968).

Barraclough, D. R., Harwood, J. M., Leaton, B. R. and Malin, 5. R. C., “A definitive model
of the geomagnetic field and its secular variation for 1965, Geophys. Journ. Roy, Astron.
Soc. 55, FIE-121 (1978).

Bondi, H. and Gold, T., “On the generation of magnetism by Muid motion™, Mon. Not. Roy.
Astren. Soc., H0, 607-611 {1950),

Hide, R.. “"How to locate the electrically-conducting fluid core of a planet 'from external
magnetic ohservations™, Nuture 271, 640-641 {1978}

Hide. R. and Malin, 5. R. C., “The application to the Earth of a new method lor locating the
electrically-conducting Muid core of a planet from external magnetic observations” (in
preparation) {1979).

Molfatt, H. K., Mugnetic field generation in electricatiy-conducting  fluids, Cambridge
University Press {1978).

Palmer, T. N.. “On the magnetic Mux tinkage of an electrically-conducting Muid: a treatment
of the relativistic case using the exterior calculus formalism™, Geophys. and Astrophys.
Fluid Dyn, 12, 177-180 {1979,

Robherts, P. H.. An introduction to magnetohydrodynamies, London, Longmans, (1967).

Roberts, P. H. and Scott, S. “On analysis of the secular variation”, J. Geomag. Geoelect. 17,
137 151 {1965).






