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Notes for lectures on

Radio Propagation in the Ionosphere

Lecturer: K.G. Budden

I1I - PROPAGATION IN STRATIFIED MAGNETOIONIC MEDIUM,

These notes use the notation and some of the equaticns from the
notes ‘I Magnetoionic Theory. - But here we use @ (instead of BJfor the

angle between the wave normal and the vector “f'

1. _Refractive index surface. This is a surface such that the line

from a fixed origin to each point on it has length equal to the
refractive index n, and the direction of the wave normal, It is

' formed by drawing a polar plot with n as radius a.nd‘ @as polar angle,,
and then rotating the curve about the direction of ¥ as axis, In a
logs free medium the direction of the time averaged Poynting vector

M - { RE(EAP:"). (¢5)

Yire,

is normal to the refractive index surface.

" Proof Think of the refractive index as a vector n with Cartesian
EXAULN —

components -a_, nr ’ nz. ’ .
Maxwell 3: n,E = C/"‘o H. o ) - (2)
Maxwell 43 n H = -c¢ D, (3
- -

The plasma is a loss free dielectric so its permittivity is Hermitean:

Ed
E ij E:, ‘ (4)

it

where D. E & E. , (5)
© 1} 2

with summaticn over repeated suffixes.

Now

"
Differentiate (2) and scalar multiply: byﬁ :

: ke
H*. (n AS‘—E) . ‘[j*. (s-_’:ﬂf) I= ’c/‘O‘H,_ .SE‘ . (7)

e “w

Permute vectors and use complex conjugate of (3):

< §E. 2* +5.E'(§A.E*) '7%}?. S’E. (8)

ok
Differentiate (3) and scalar multiply by E :

* * ¢ e e E
IR SIS RS ]

-

Permute vectors and use complex conjugate of (2), and reverse signs:

*
‘C/AOSH. B e §n, €, B = cE .5'_:3. 9)
Add (8) and (9):.
(. 5e- .8 $ EH*+E*'H). = 0. (0
o SE-ESD +on @I ELE ‘

But (6) shows that first term is zero, so from (1)

W= o an
-
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Every possible S& must lie in the refractive index surface. . This
complef:es the proof.

2. The Ray. Stationary phase. - Consider a homogeneous medium

with point source at the origin. - The emitted wave system may be

expressed as am angular spectrum éf plane waves
Foo= Afn n)exp{-ib-‘—?(xn‘+yn + zn ) dn_ do_. {12)
. x* Ty 3 x ¥ z X ¥ i
The main contribution to the integral comes from where the phase
W
f] c(xnx+yny+znz) 13

is stationary for small variations of n, so
. -

S¢ = 0 xSnx+any+z8ﬁz - 0. . (14)

But any gn lies in the refractive index surface.” Thus the ray
r = (%, ¥y, z), from the origin, is normal to the refractive index surface.

The angle » between the ray and the wave normal is given by

tan of - % %‘@ ] (15)

The speed with which a wave front travels along the ray direction is
: c
v = = sec o . (16)

in the direction of the ray is called the

The wvector V
wR

of magnitude VR

AX|s

Paraccer
/To AKIS
V4 '

SURFALE



ray velocity. Then
Jpn = c. (17
The locus of a point at VR from the origin, in the direction of the ~
ray, is called the "ray surface",
The Group Velocity is
I = dw/dk (18)
It is normal to the surface (UQL) = constant.  But this is just the
refractive index surface because 'E = wEIc. Hence U has the direction
L
of the ray.
The component of “I_]’ in the direction of the wave normal is
U cosdk= ¥ /B3k = ¢dw/Xwn) =c/n'. (9
(in these differentiations ® is assumed to be held comstant.}
n' o= 3 (W) dw (20)
is called the group refractive index. Hence
U = cf(n' cosel). {21}

(Natet e/n' = U cos iz often wrongly called the "grou.p velocity™.)

3. Stratified Medium. Coordinate z is vertically upwards., The

composition of the icnosphere is a function of z only, There is free
space below it, Consider upgoing plane wave incident from below.

Then the space vatiation of any of its field components is

. W2
F = exp { =i (Slx + Szy + Cz)} . (22)
The wave normal has direction ‘'cosines 5,» 8y, C and
2 g 2 2
SJ. + 52 + C = 1. (23?

Imagine the ionosphere to be divided into discrete thin horizontal strata,
Then, at each boundary, Snell’s law applies so that the x and y
dependence of all field components is the same in all strata. Thus

Iy

n, o= 8, n, = 8,5, (24)

It is usual to use the symbol g for n,. Hence, in any stratum
8 + 5° + q° = Y, (25)

where n is one of the two refractive indices, The results all apply
in the limit when the stsata are infinitesimally thin.-
To find q we proceed as follows, The direction cosines of the

wave normal are
8,/n, S,/n, qfw. _ (26)

Let the directicn cosines of the vector _‘g be



Lo & 0 4, R .an

Then the angle ® Between Y and the wave normal is given by

cos ® = {Slix + 5, ,Ly REY RN (28)

‘The dispersion relation is given by notes I, equations (33) to (36),
with © replaced by @ . Here use (28) to substitute for 0:'.0512 @ .

siﬂ2 @ and then use (25) for n2. This gives a quartie equation for

q, the Booker quartic:

3

Flg) = th’ * e +‘4’q2 + §q ¢+ & = 0, (29)

where

o = u@?-y?

) o+ x P uh
2

/_’3 = w4 (sl o+ s 4

¥ - -w wnie-n s2avict-n + xxd { 1% +(s, L +sz.cy)2}
2 2

§ - 2w, 64,454

£ = (u—m(o:zu-x)2 - At - © -czxtz(sltx + 'szty)z. (30)

(Booker, H.G.. 1939, Phil, Trans, R.Soc. Lond. A, 237, 411.)

4, Ray Tracing, Consider again the thin strata. If ome stratum,
of thickness Sz, is crossed in the wvertical direction, the change of

phase ¢, (13), is ‘%q&z. If many strata are crossed, poing from

w—

<

the ground z = 0 to height 2z, the change of phase is J z .
qdz,

0

The incident plane wave (22) therefore gives, at height z, a field

- z
F = A(z) exp {—i ~ (5;% + 5,y +J qdz)} . (30}

(]

This ia called the "phase memory" concept. At the boundaries between
strata the amplitude changes very slightly. Thus the amplitude factor

A(z) is a slowly varying function of z, If the signal comes from a

point source at the origin, there is an angular spectrum of. plane waves

like (12),« (30) must be replaced by

z
¥ .jﬁ(sl, S, 2) exp{- i% (5,5 + 5,7 +j qdz)}&sld.sz. . )

o

At any point (x, ¥, 2) the dominant contribution to the integral comes
from those values of Sl’ 52 where the phase is stationary, that is
where )lb Sl and a / é 52 of the exponent in (31) are zero.

This gives

w o+ 3_1. bz =0; y + ‘[ b—ﬂ. dz = o, (32)
-]

o 351
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-3 . (33)
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These are Booker's form of the ray tracing equations for a stratified
medium.
Reflection occurs where the ray is horizoental, that is $2-0

where 3{._ and Sa. are not both zeroc, Thus at least one of

and is zero. Now the quartic (29)

—_
3afds,

—_—1
i) q1331

is F(q) == 0. Hence

[V
]
[ %4
L]

dy - o . . 24 .68
ds, 25 24 35
1 - _ . dF/d q , (35)
da/ds, AF/Ys)
A similar result applies with S2 for §,- Here 3y F/ ) S1 means

%]

AL 4 A 3 W2 D 2E

Jodl + + + — (36)

PEN 35, ¢ Ty, ¢ ¥5, 17 3%

-

Now & , /3 , etc. in (38) are polynomials in Sis Sy 80 /) §, and
B F/3 52 are never infinite, Therefore, from (35), the reflection

condition is

b F/ A q = 0. (37)

s, W.K,B, solutions.

- This is also the condition that- the quartic (29) shall have two. = -

coincident roots,

Ray theory is an approximation, Teo justify

its use we need to ask "how accurate iz it?" and "when does it fail?"

This requires a more detailed study of the differential eguations for

wave propagation. . We shall do it here only for an isotropic ionosphere.

{The treatment for am anisotropic ionosphere will come in the lectures

that deal with "full wave solutions".)
For an isotropic medium the electric permittivity E is a scalar

given by

E = 4 -1 -owp.
Thus n is & function of z but independent of ® and of §,, §,.
We also use k = W /o, (NOTE: not _tpe-m_re usual meaning Ln/ec.)
A ray going out from the origin behaves in the same way for all

azimuths 80 we can take 52 = 0 without loss of generality, In

S1 we now omit the subscript 1. ' Snell's law therefore gives at all

heights
5 Ih x & -1k 8
Hence Maxwell's third equation gives

-)Ey/) z =

- ikyub H .
VES2z +ik§E = - o, B

- - i“ﬂ/“a “z‘

~ikSE
y

)I)y = 0. Bk

(38)

(39)

(40)
(41)

(42)



and Maxwell's fourth equation gives

-)Hy/ d: = iw E_ LE. T(43)
JH/Dz + ikSH = iw € € E,, (44)
-ikSH = 1w ioE E,. (45)

These separate into two independent sets, We use the set 40y, (42),

(44) which has only Ey, B, H. The waves are linearly polarized with

X
the electric field horizontal,

From {42) ]
“z = 5 Ey{/ﬂ&oc . (46)

Substitution im (44) gives, with (38)¢

3K,
2z

- iwfGl-sh) E = iwg, q E . N

pifferentiate (40) with respect to z and substitute (47). This gives

&7 22
..__12L + k°q" E = 0, i (48)
doe ‘ ¥

{ We assume that the factor exp<{i(to E-k le} is always omitted

and we use total derivative signs.)

To obtaln an approximate solution of (48) we use the W.K.B.,

method. Change the dependent variable.

Let

E . i (49)

. (50

2
- i ‘”tz - "”)2 vl qd - 0. (s1)
dz Kﬁz ‘

Solve by successive approximation. In a homogeneous medium q is

constant and d%? 0 In a slowly varying medium expect that
dz2

d2

dzz is small. Therefore:

First approximation,

Reglect dz"’ then:
a2’ _

a9 -

P ¥ k q (52)
Second approximation.
2 o
« g . Tk A (53)
dzz ) dz :

—
‘n-
)
~
2
3
£ )
£
N
1
-
g
|a
.0
—
w
i
=



Take square root. Expand right hand side by binomial theorem (not

allowed when q is very small.)

n.,n-
L]

L[]
+1
=
¥=]

1
I.-
< 1=
gk

Same choice of sign must be used in (52} and (55). So

ﬂ =1qudz-§i«&nq.

and (49) gives

Ey - qmi exp (+ iqudz ) .
These are the two W.K.B. solutions. They are approximations and we
expect them to be inaccurate when'q is very small, It can be shown

that they are accurate to better than about 5 I if

b X
al
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61.

A further discussion of W.K.B. solutions and related topics is
contained in "Notes on Asymptotic Approximations." Copies may be

consulted in the library.

(55)

(56)

(51

(58)






