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a. DIRECTIUN OF ENERGY PROPAGATION FOR ELF-VLF WAVES IN A HOMOGE-

NEQUS MAGNETOPLASMA
4,1 Introduction

As the first step in investigating guidance of electromagnetic
waves in the ionosphere and magnetosphere along magnetic field lines,
we will consider in this section the direction of wave group velocity
with respect to the static magnetic field. We will do that for ELF
and VLF waves and referring, for the time being, to a homogeneous ma-
gnetoplasma (and, hence, not the real ionospheric and magnetospheric
media). . '

The angle % between group velocity and magnetic field direction

is
w)ar B-x (4.1}

with & the wave angle with respect toc Eo and a the angle between wave

normal and group velpcity derived in Sect. 3

by = 4
" ’39 (4.2)

An explicit formula for ¥, in terms of the refractive index is

)
. }(‘nm&)fhms% - —‘:—eqfh/'ﬁm.a

In the following Sections we will first give approximate analyti-

cal results for the angle ¢, for VLF and ELF waves and then show more
general results from numerical calculations. These will give us a first

idea on guidance of VLF and ELF waves along the magnetic field.

4.2 Wwhistler rays

In Sect; 3 we have derived for whistler waves at frequencies
W Wy, {(4.4)

the approximate resulti for the refractive index, valid for Quasi-Lon-
gitudinal (QL} propagation
T
8
n = - {4.5)

T A (@8 -A)

where we have introduced now the normalized frequency

/\ =, i (4.6)
Judae |
and
B o= M (4.7)
legl

Corresponding to (4.5} we have for the wave frequency,

1L
w(k,8) = JWulkcod (4.8)
U?: + KLC"
We will now show, following the early work of Storey (1953} that
some fundamental properties of the whistler phenomenon namely, the

tendency of whistlers to follow magnetic field lines and the characte-



ristic shage af a whistlét‘soﬁogram {t.a. alfrequency versus time dia-

- gram), can be shown. to be simple consequences of the above formulae.

. Firat of all, from (4.5) we can drau, for any glven value of the
frequency, the refractive index surface of whisztler waves. The typlcal
shapes that one obtaing .are shown in Fig. 18 where the three curves
‘refer to the cases: AG (curve (a)), C<4<0.5 (curve (b)) 0.5<4<1 {(cupr-
ve (c)) The normals to the various peints of: the curve of refractive
“imdex give, as we saw in Seet, 3, the ray dlreotmon ‘Thus we see clear-

ly..fbr example on curve {a} referr1ng tol low ffequencles the tendency

L. for uh;stler rays to bend towards the direction of the static magnetic

tield There we see that, for very large wave normal anglea, the ray
would come back and approach the direction of the magnetic field. When
thé wave normal angle reaches 90° we have the curiocus physical picture
of a wave packet with its wave crestg going in one direction (the direc—
tion of the wave normal) while fhe Qave-packet itself moves off in a
perpendicular direction.

To see thiz more quantitatively we use the 1ndex of refraction

{4.5) in (4.2), (4.3) thus obtaining

tﬂu\ - —sm8 (4.9)
1(s® - A

‘[‘3“1‘ = sn8 (b - 21A) : (4.10)
£ v {ws® -2A)

Fig.19a (from Helliwell, 1965) gives the corresponding behaviour of

the angle of the ray with respect to the magnetic field as a function

of 8, for various values of A. The curve corresponding to A=Q has its
: —EAn _ .

_maximum tmax at ©=54° and 0max-19°29‘. This is the famous Storey's

limiting angle for whistler ray propagation at very low frequencies

h<<]l,. the meaning being that, at this low freqﬁency limit of the

. whistler's spgctrum. rays do not depart more than ~20° from the magme-

tic field direction. In general with respect to frequency, the maximum
positive value of v is obtained by equating to § the deérivative of

(4.10) with respect to 8. The result is (Helliwell, 1965)

e Lo
th =

: PR
2 (1. Ay '

The maximum negative value of ¥ is, on the other hand, determined by
the condition cos®=A which defines {see egq. (4.5)) the maximum poséible.

value of 68 for wave propagttidn; Using this limit in (4.10} we obtain

WEL

Py .-.&_..2.‘_. : o -:;4.1_21__

which is the sérnight line drawn in the negative ¥ region of fig.léa.
Equations (4.11) and {(4.12) together express the limits of raf direc—
tion for which QL propagetion of uhistleftis possible a homogeneocus
magnetoplasma. These are drawn in Figl9b (always taken from Helliwell,
1965) where the higher of the two values is drawn solid to indicate the
maximum possible ray direction regardless of sign. The minimum ray
cone is of ~11° and cecurs at A=0.189, Again, A=0 gives the value
19°20' of Storey for the ray cone. The angle of the ray with raspect to
the magnetic field increases with A and y=90? for A=l so that we can
say that, upon approaching the electron cyclotron frequency, the tenden-
cy of the waves to be guided by magnetic field lines is lost. Typical
whistlers however correspond to normalized frequencies A below ~0.6 and
this value corresponds to an half ray cone of ~37°. To this extent

therefore we may talk of guiding of whiatlerhalong maghetic field lines.
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It should be taken into account that the guiding we have been
talking about, besides referring to a homogeneous magnetoplasma, is
only a result of the anisotropy of the medium. For the real icnosphere
and magnetosphere, these preliminary conclusions on guiding will actual-
1y not be valid and, in order to explain the observed guidance proper-
ties of whistlers, we will have to introduce another form of guiding,
so called geomagnetic ducting, related to the presence of field aligned

density irregularities in the ionosphere.

4.3 Whistler's groyp delay

Having derived some feeling for whistler's guiding along magnetic
field lines, let us now derive, from the dispersion law (4.5%), the
impulse response (expected for example at the ground) for a whistler
propagating along a given path. As wé will see, this will reproduce
the characteristic descending audic tone of whistler's signals.

From (4.5) we can derive the absclute value of the group velocity

J
A ,—.1(:/\‘!1(&055—)\\“ i {4.13)
B

When A<<cos@, this gives the approximate group velocity expression

used in the early work of Eckersley and Storey on whistlers, i.e.

iy
v, = e (I\MB) (4.14}
From these expressions one can derive the delay time of a whistler
signal travelling along a given path. Based on the fact that, as we
have seen, the ray direction tends te be pressed to the magnetic field

direction, one can assume, in a first instance, that the ray trajectory

coincides with a magnetic line of force (this is what was done in the

early work on the subject). Then the group delay is simply found from

T = %. (4.15)
pukb, Ve

and, using (4.13),

T == _.l‘ B 1 ) {4.16)
¢ 1A% (1- AY
¢ being the length of the magnetic line between two conjugate points
of the Earth. The corresponding time T, normalized to i=c/B and hence
given by

A~

1

= (4.17)

2AR (4= A

is plotted, versus A, in Fig.20 which, as we see immediately, resem—

bles closely the frequency versus time diagrams of the whistler's re-
cording. .

In a homogeneous medium T has a minimum at the frequency

w. =

w
J—Iffl {4.18)

which is called the nose frequency of the whistler. When A<<l, it is
/2

Tm1/2A1 and there is no nose in the diagram. Clearly this approxima-
ticn is then valid only much below the actual nose frequency of the
whistler. In the simple homogenecus model te which Fig. 20 refers,

the ﬂose frequency does not depend from the electron plasma frequency.
In a more realistic model with a non homogeneous icnosphere and magneto-

sphere (with both Yoo and we functions of the path), things are more



complicated and one gets some other value for the nose frequency. For
the standard model with the lonization in diffusive equilibrium one
obtains (Helliwell, 1970).

0}
w, = 042 ]wn] - _ (a,19)

mBe(O) being the minimum value of the gyrofrequency along the ﬁath.

This c¢learly indicates the utility of whistlers data'to study
ionization along the path. In particular, the expression (4.13) for
the group velocity indicates that VG is small especially near the top
of the path so that much of the time delay, reccrded for example at
the gfound. will be produced near the top of the path. As the frequency
veraus time curve (and, in pa?ticular, the nose frequency) depends
from the distribution of ionizatien along the path, it becomes then
possible to obtain from theae data gocd estimates of the distribution
at the top of the whistler's path {for example in the magnetosphere)
if one makes reasonable estimates about the shape of the distribution
along a given magnetic field line.

For the use of whistler's observations to infer magnetospheric
properties, the reader is adressed to the review paper of Brice and

smith (13971).
4.4 ELF raia
Referring to frequencies
W L Wy, (4.20)

the expressions for the refractive indices of the A and the FMS bran-

ches are given respectively by {(see Sect. 2}

S N {a.21)
oAt B
1
“L _ Ml - c (4.22)
- = A 1
Vi

Using (4.2) and (4.21) we derive, for the A wave

bau = tﬂe . C (4.29)

80 that v=0 and, for very low frequencies, as it is well known, the
Alfvén wave energy is exactly channelled along the magnetic field,

the group velocity being equal to the Alfvén speed

Upon approaching the ion cyclotron freguency, we muat use for the re-

fractive index of the same A branch (which then becomes the ion cyclo-

tron wave)

1 1
2 1 Wa; 1+wrB
mE o~ m, B {4.24)

Wt - wh wtB

Then, again from {4.2}, we obtain

.bau - jﬁ__ (4.25)

1+ 0B

and, consequently,

t(a\tj - tae w8 (4.26)

1 +un B

-
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From this it is easily foand that the maximm angle uM between vay

direction and magnetic. field is
PR ’ ' )
Y.‘, ~ 1 13 ‘ (4.27)

so that ELF waves of the A branch continue to be rather well guided
by the magnetic fileld alsc for frequencies approaching uBi‘ More preci-
sely, as it turns out from numerical calculations (see Sect. 4.5},

going downward in frequency the maximum cone angle decreases, scaling

' approximately as

e )

cuntil it becomea zero for w=0.

1L
f . (4.28)

. Boing now over tc the FMS branch, in the limit w<<mEi, we find

from (4.2) and (4.22) that

ttﬁu( = { ‘ (4.29)

i.e. ths group velocity has the direction of the wave normal so that
there is no guiding at all for low frequency magnetosonic waﬁes. As
we will msee from numerical results to be reported in the next seétion,
this absence of guiding for ELF waves of the FMS branch continues to
be present alsc for higher frequencies approaching the ion cyclotron

frequency.

4.5 Some numerical results for the direction of the grodp velocity

of ELV-VLF waves in a multicomponent magnetoplasma
4;5.1 Intreducticn

We will now give some numerical results’ (Al'per%, 1980} for the
angle a(w,#) with respect to the magnetic field of the group velocity

of waves of frequencies w<uw In the case of a plasma with only one

e
ion component these results contain what was already derived in the
previous sections with the use of approximate gnalytical formuias and,

in addition, cover frequency ranges which were not included by fhe
previoys approximations. Results will also be given for a magnetoplasma
with more than one ion component, as it is more realistic for the iono-
spheric plasma up to 1000-1500 km of altitude. These will give informa-
tion on guiding of the new branches of waves which arise as a codse&ue— :
nce of having multiple ion components. | .

All the results follow from numerical calculations from the following

general formuls for the angle a{w,8) (Al'pert, 1980)

. T T L 1 vt
t‘g‘== t%EE E:‘ﬂ; o 8 j..fl. (mi._ fﬁ__.SE. } .
0 . c! '€1
(4.30)
- -1
LI 1 3 &1—63
. e:.ﬁ‘m’ﬁe-t 64('“*‘61)(“: __.‘_..—-—)
: hd €

where n_ are the solutions for the refractive index given in general
by (1.10) and 51, €_, =3 the elements of the dielectric tensor defined

2
in Sect. 1.1.



4.5.2 Results for a two component plasma megnetic field while the other arrows indicate direction of wave propa-’

gation. It is seen that, as the frequency increases to the edge of the

Fig. 21 gives a piot of a versus ¢ (analogous to the one of Fig. o .passbana at the ion gyrofrequency, the group velocity tends to zero. On

19a for whistlgr‘ﬁaves) referring to the ULF ELF regime the other hand, as the fbequency éenda to zero, ‘the triangular pulse

D i . pattern shrinke to'a point that moves along the direction of.go with

. ‘ w4 “)Bl the Alfvén velocity. An impoftant interpretation of this figufe is

;nd to the L wave (the Alfvén branch). The calculations refer tc a obtained where cne considers that a point source, dencted with S in
ratio upe/|w3e|=2 and t; hydrogen ions. The various curves are parame- Fig. 22, is placed in the magnetoplasma, bolenize& as to generate only
trized by the values of the ratio:m/mBi. The straight line on the right the A branch at frequencies m<u8i.'Then we dee from the figure'that wé
hand part of the diagram separates the regions of propagation from that can say that a magnetoplasma converts the point source (with Alfvén
of evanescence. We see here what we have already derived from approxi- polarizatien) into a pair or‘end fire antennas that point in the two
mate formulae in Sect. 474, namely that: 1) the waves at very low fre- opposite directicnsﬂtguf .
quency (u<<mBij are extremelg well guided by the magnetic field; 2} Passing now to the FMS branch (R wa;e). Fig. 23 gives the variﬁ-
good guiding is maintained also at frequencies quite close to the ion tion of a with o for_all the'f}equency regime

cyclotron frequency. At w=0,994 “ny the maximum of a is am~12°. Going
downward in frequency we see from Fig. 21 that the maxima of the curves . ) { W { Wpe -

decrease and, as already mentioned, one finds that‘they scale as

(u/mBi)llz. All this.shova that, indeed, the energy flux of nearly the
whole branch of the A wave is very well guided by the magnetic field. The solid liﬁe curvés. labelled with the values.of m/uBe down to
However, the numerical results indicate alsc that, starting at a cer— m/uBa=0.1. include the region of classicgl whistlers (m51<<u<<wae)'
tain value of w<“Bi {but very close to wBi)' the curve maximum of a where ion motions do not enter dispersion relation and which we hﬁve
vanishes {see the curve tu/mBi=0.999 in Fig. 21} and, when whg - already discussed by means of approximate formulae in Sect. 4.2. The ‘
a+-n/2. it should be taken into account however that, in the immediate maximum whistler's ray cone is.found to be um~19,5° close to the valued
‘vieinity of wgy ! cold plasma theory is certainly inappropriate. obtained by Storey and already derived analytically. Ion motions must
Finally, beferring always toc the A branch, it is useful to look be taken inte account starting at fregquencies close to the lower hybrid
at the results on ray direction in terms of group refractive surfaces. frequency deefined by

Thig is illustrated in Fig. 22 {taken from Booker, 1975) where the

succession of diagrams from top to bottom corresponds to decreasing

frequency, from w=0.8 L in the upper panel to w=0.01 wpi in the _1_ = 1 - 1 -'(4_31)
lower. The horizontal arrow Eo denotes the direction of the imposed MLL "-Q!':. + wp]" Wy, | wWae |
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and the last solid line curve in Fig. 23 corresponds to w=d, while

. the following dashed ;ine curves refer to m<wL. It is seen that, when
w<w_, the angle a{w,8) varies initially in a complicated way. If the
frequency w is sufficiently close to mL%,;n a certain interval of va-
lues of the angle 8, waves are still well guided by the magnetic field:
it is a<8 or a<<f with two extreme points, a maximum and a minimum.
However, with an increase in 8, « begins to grow and, in any case,
a+n/2 when a+x/2. For frequencies w<<uL {still w>uBi) the waves are
propagated quasi isotropically. Below “ni {i.e. in the range of the
hydromagnetic magnetoacoustic modes) and when the freguency tends to
zero, as we already know, the group velocity tends to become collinear
with the wave vector k. This cellinearity is represents by the straight
line labelled u/mBe=0 in Fig. 23. .

Finally, Fig. 24 gives the group ray surfaces for the classical

whistler wave between ion and electron gyrofrequencies (based on the
formula {4.5) for the refractive index)} and illustrates the fact that,

going from w to Yhe! this wave (especially above w:wL) exhibits noti-
e

Bi
:eable guiding along the magnetic field direction. As has been found by
Smith (1960}, the strongest beaming occurs for m/mBe=0.19 and the corre-
sponding minimum value of the semi-beam angle is ~11°. Apart from other
complicated features of the group surfaces, we see also from the figure
that beaming is gradually lost upon approaching the electren cycletron
frequency.

4.5.3 Results for a multicomponent plasma

When a plasma contains more than one ion species, it has correspon-
dingly as many new branches of oscillations as it has additional ien

species. In the following 1 will guote results obtained by Al'pert

(1980} for a plasma with three ion species, namely 0*. He' and T
Parameters referring to these three species will be labelled 1,2,3

respéctively. The calculations refer to the following ion concentra-

tions
N
Ne _oy Mg, N o_og
N° No Ng
and to w /lw. [=2. In the freguency range
pe  Be )
0 ¢ w ¢ Wy = Wy (4.32)

(mBH being the highest ion gyrofrequency) there are now two cut-off .

)=0, n Z{m

=0 re-
c1 - Cc2

frequencies u01, MCZ

spectively and are determined from

2
which corresponds to n+ (w

N Ny Ny
S

N Ny, Na
Wy Wey = —= Wy Wy 4 —= Wy Wy + —= Wy Wy
No & ND N“

Corresbondingly, in the frequency regime (4.32), there are four conti-

nucus real branches of waves:

1} a first branch of the A {(ordinary) wave for D<m<mBl
2) as db h of the a for <w<

3 econd branch o A wave fo waqg S90S,
3) a first branch of the FMS {extraordinary) wave for 0<m<w32
4) a second branch of the FMS wave for mc2<u<mB3

Figures 25a and b refer to the Alfvén branches and, more precisely,

figure 25a is for the frequency regime 1) and Fig. &5b for the frequen-



¢y regime 2). From Fig. 25a it is seen that, for frequencies smaller
than the 0+ cyclotron frequency (the smallest cyclotron frequency in
this plasma), the curves a{w,8) are exactlf similar to those of Fig; 21
for Alfvén waves in a two component plasma. The corresponding considera-
tions on guiding have therefore already been given,

The behaviour of the A branch in the frequency regime 2) (see Fig.

25b) is more complicated and, in order to illustrate it, we need to
introduce several new typical frequencies for the multigomponent plasma
under consideration.

These are the new ion—ion hybrid frequencies which are indicated by

0L12‘HL23 and are defined through

[ * * T - . kN 1 1
Wi ¢ Wiy = ’f“w (e v 0oy )+ wpr (Wgr+ way)

(4.34)
-1
v wpy (008 s @op Y| | wpr s g “’r;']

vt + EE T 2 L8 T
1 i Wpt gy, Way + Wpy Wy Woq + Wpy Wae Wez

ml.u. W = (4.35)

1 2 *
LUP, + uJP,_ + lura

and two cross-over frequencies denoted by w 12 [} 23 and determined

from

L t L Ns £ Nz T N1y
W w,, =W 4.2 1. W (L -t ) .
nt Wiy B4 ( N;\' “Ua;( i + Wgy . (4.36)

voor Ny et Ne v Ny
Wiy gy = L Wy Wyy 4 — Wy Wy, e o (4.37}
No No .

Corresponding to the parameters used in Altpert's calculations, it

is
W, W Wy
=L L 0.224, =2 | o.ms, = . 0.359
wey L3 wad

as indicated in Fig. 25b. The main points from the resuits of Fig.
25b are:

1) at frequencies mL23<u<0.999 NBS the ordinary (A} wave behaves exac—

tly ss the elsctron whistler mode of Fig. 22 (for the two component
plasma considered there). Hence- it is well guided by the magnetic
field, with n<cm~19.5" In particular, very good guidance is obtai-

ned near the cross over frequency u23 {it is w }. Guiding

<w__€w
L23 23 B3
becomes clearly worst for w<wL23 and disappears completely at

m=w12(<uc1) where wave group velocity and k are collinear.

Going now to the FMS branch in the frequency regime 3}, 0<u<u32)

(see Figl 26a) we must repeat considerations an?logou- to those for

the A branch {between Wy and mna). Also this branch reproduces essen—

tially the behaviour of the electron whistler wave for frequencies

< w < 0.999
“riz ~ ¥ “p2

and it is therefore well guided by the magnetic field. In particular,
extremely good guiding is obtained also for this branch near the appro-

priate cross over frequency which is now o At frequencies lower

12°

thanr the ion-ion hybrid freguency w guiding becomes worst and it is

L1z
lost completely as w-+0O.

o
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The gecond FMS branch{ in regime 4) (see Fig. 26b) has essentia;ly

no guiding properties. In particular, at the cross over frequency m23
(uc2<023<u53) the group velqclty and k are essentially collinear.

These results can pe?haps be better visualized with reference

to Fig., 27 {alwaya teken from the work of Al'pert, 1980), which gives
curves a(w) for two values of the angle & of propagation with‘respgct

to ;he magnetic field, §=30° and 8=50°, The horizontal axis has indica—
ted the positions of geveral of the frequencies which haQé been introdu-
ced and defined previously. The solid curves refer to the ordinar; (A)
wave branch and the dashed 1ine.curves to the extraordinary (FMS) mocde.
With the help of these figures we can summarize the above results in
the follouiﬁg way: when severalrsort of ions exist in the plasma the
ion-ion hybrid frequencies {(which :fall now in the ULF range) play the
same role as the lowsr hybrid frequency WL of the electron whistler )
mode in the VLF range. For example, for the case considered of 3 ion

species, fat w <w<wB3. where w is the highest of the two ion-ion

. L23
hybrid frequencies and w

L23
the highest of the icn cyclotron frequen-

B3
cies, the A branch is well guided by the magnetic field (in the same
sense¢ as ordinary whistler waves). In particular exact guiding for this
branch is obtained at the highest Uyn of the two cross over frequen-
cies. On the other hand, the FMS branch is alsc well guided (as ordinary

whistlers) in the frequency range w <wlw__, being the smallest

' iz * Y2’ “L12
of the two hybrid frequencies and MBS the intermediate of the ion cyclo-

tron frequencies; In'particular. it is exactly guided (@=0) at w=u__,

12
the smallest of the two cross-over frequencies. On the other hand, the
FMS wave-is not at all guided outside the above range and, in particu-
lar, becomes isctropic at w=m23 {where the A branch is exactly guided).

Thus, in short, it can be said that the presence of more than

one ion species in the plasma extends the good guiding properties of

the VLF whistlers in the ELF-ULF range (and it does so, in different
frequency ranges both for the ordinary and the extraordinary mode)-.
These well guided ULF branches are sometimes referred to as ion whi-

atlers.

®
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