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4
6. RAY TRACING STUDIES OF WHISTLER GUIDANCE

6.1 Refractive index surfaces for whistler waves

Let us briefly recall what are the features of the refractive
index surfaces for whistler waves. The index of refraction is given

by (see Sect. 2)

miey = Wpa [lwe |
A" (0B - A i

where A=zw/|w_ |. This formula holds when w 2>>mfm | and for
Be pe Be

(6.1)

w<lwge!. Note that the magnitude of the refractive index is proportio-

nal to the square root of the electron density,

The general shapes of the cross sections of the refractive index
surfaces computed from eq. (6.1} are shown in Fig. 16. The curve (a)}
shows the limiting shape when A+0 {(and corresponds to the simplified
formula of Eckersley and Storey). It is seen there that the ray direc-
tion is parallel to the magnetic field only for 8=0. Curve (b} refers
to the range O<A<0.5 where things become more complicated. There is

then a limiting cone angle eL given by

BL = arcos A (6.2}

such that, for B>8L, n{&) becomes imaginary and propagation is no mare
possible., Now we have a maximum of the refractive surface (at 8=0) and
two minima at B=162 with

& = ar A
. cos 2 (6.3)

Correspondingly, the ray direction is parallel to the magnetic field

9

both at 6=0 and at eztaz. Finally, curve {c) gives the shape of the
surface when 0.5<A<l. There is, again, a limiting cone angle for propa-—
gation given by BL and now {like for AnQ) the ray direction is parallel

to the magnetic field enly for 8=0.

6.2 Whistlers ray paths in slowly inhomogeneous ionospheres and magne-

tospheres

Calculations of whistler ray paths, using either cne of the me-
thods outlined in Sect. 5, were done by different authora for various
initial conditions and various smooth icnospheric models. For example
Yabroff (1959, 1961) finds that the ray path depends from the inicial
wave normal angle and that the final wa;e normal angle is in general
very different from the initial value. Taking a first hop whistler
with a wave normal approximately along the vertical, the normal at
the other hand of the path was found to approach 30° with regspect to
the magnetic field direction. It is from this value of final wave nor-
mal of the first hop whistler that the initial value of wave nermal
of the reflected second hop whistler has to be calculated. The result
is that, in such cases, the second hop whistler is found to be away
from the vertical and, contrary to the cbservaticn of echoes, the ray
path of the second whistler could not be the same 33 that of the first,

The general conclusion, from these and other related works is that
reasonable smooth variations of the ionospheric parameters were found
to be insufficient to explain the whistler's guiding indicated by the
observations. To explain several observatiocnal features (Smith, 1961;
Helliwell, 1965), one needs a duct within which the energy of the whi-
stler's signal remains trapped during propagation. It was proposed,
in the early work of Smitn et al. (1960) referred to whistlers, and

in successive work by Bocker (1962), that such a ducting action could
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be accomplished by the presence of field aligngd irregularities of

ionization extending between the hemtspheres.

6.3 ﬁay theory of~ttabpiqgrof whistleés in field aligned ducts
6.3.1 Cazes #+0 and 0., 5<A<]

For simplicity we will assume*tﬁatrtne stétié.mégnetic field is
constant in magnitude and direction (thch we take as the x axis).

We also suppoae to have an electron densxty varying in the direction
H (tho y direction). The density profiles, along y, are shown on

"the right of Fig. 30a and b where we suppose to have, respectively,

a8 density crest or a density‘th;ough; centerad élong‘a given magnetic

field line, T : _ .

We will now show, using the zfaphicar construction of ray theory -
(see Sect.‘s) that, due te the fact that n(a)-nellz, these density
variationg can produc? focusing of the whistler rays and eventually
confinement of whistler's energy parallel to the magnetic field direc-
tion.

‘'Fig. 30a indicateu how this occurs for the cése AD, The left
hand part containg three refractive index surfaces (of the general
.éhape of Fig. 18a), which corresponds to different lateral displace-
ments {in y) of the ray {and are different because of the density inho-
moieneity which is taken, in this case, as a crest). More precisely, |
Mo denctes the refractive index surface corresponding to the axis (y=0)
of the dengity inhomogeneity; pa is the surface corresponding to what
will be‘seen to be the maximum lateral dispacement of a given ray (va-
lue N(P} on the density profile on the right); by corresponds to an
intermediate displacement, as can be seen from the right hand part of

Fig. 30a. We suppose the initial wave normal to be in the x-y plane at

v

an ah;le 80 with respect to the magnetic field. The coéreaponding ini~
.tial ray direction is ‘indicated ﬁith R . Thxa direction 1mplLes an,

initial 1atera1 dispacement of - the. ray in the y d1rection. For a displa-

. cement to & density value corresponding to the value ul'of refractive

index. we construct the rrew ray leﬂCtiOﬂ in the way explained in Sect.

5.2 namely: we draw the parallel to the.gradient-direction {y) Trdm. the

poiht. on thg [N surface, where Ro is drawﬁ; find the'intersection of
this line with the ul surface; the normal to ul there gives the new ray
direction Rl at the lateral displacement considered. Clearly, this
second ray direction, like the new wave normal, is less inélined; with
rnnpect to Ho' then the initial ray Ro. Now, . the paraile; to y from the
tip of the refractive index vector at hi;begqmes tangent at 8=0 to.a
refractive index surface, deqé;ed with "é' correspoﬁding to a certaiﬁ
density value N(P)} and, hence, to a certain lateral displacement of
the ray. There, by construction, the new wave normal and ray direction
(Rz) are both parallel to the magnetic field so that focusinﬁ of the
initial ray congidered (R ) has been accomplighed. From the symmetry of
the construction based on Snell's law, it im clear that the upper half
of the ray path {after maximum lateral excursion) iam the mirror image
of the lower half with respect to a horizontal line through the maximum
lateral excursion, as it is indicated on the right of the figure. Here
R4 denote the ray direction when the ray reaches again the density
maximum. Then the =mame pattern is repeated again con. the opposite side
of the density irregularity. The final shape of the ray path in the
case considered (AnQ and a density crest) is that denoted by curve {a)
in Fig, 31.

Exactly the same considerations can be repeated on Fig. 30b which
refera to 0.5<A<1 (see the shape of the refrative surface correspon-
ding to Fig. 18¢) and to a density through. The behaviour of the ray

path is however different in the two cases. In the case of the crest

<



-

0

with A~0 (Fig. 30a), the ray angle, as we have seen, has the same sigh
and rotates in the same direction as the wave normal. Thus, the ray
path lies on the same gide of the wave normal. In the case of the densi-
ty through and with 0.5<A<1.0, due to the different shape of the refrac-
tive index surface, the ray moves initialiy to the left (Ro) when the
initial wave normal is to the right and continues to move in a sense
opposite to that of the wave normal, which means that it rotates away
from regions of increasing refractive index (i.e. increasing density}.
It follows that trapping at freguencies >0.5 mBe can occur only in
density throughs {and not in crests).

What is important to derive now is the value of ionization density
variation necessary to trap the ray in the slab. If we denote with
N(Q} the electron density on the axis of the irregularity and with
N{P) the density value at the oﬁtermost excursion of the ray path from.
the axls, there is clearly a relation between the initial wave normal
angle eo and the initial density ratic N(P}/N(0) reguired for trap-
ping or, viceversa, for a given density ratio, there is a critical
angle for trapping. Tc derive this, we have simply to note that, in
both casea of Figs. 30a and b, the wave normal direction becomes paral-
lel to HO at the maximum ray path excursion. Then, applying Snell's

law we obtain
u[ﬂ(o),eo}cos eD = p{N(P),0] (6.4)

from which, using the expressicn (6.1} for the refractive index, we

arrive at

N(?) = 1-A LBSLBO
NB) wg,- A

{6.5)

For AMD, eq. (6.%) gives more simply the relation

N(®)
N (0}

~ @38 (6.6)

6.3.2. Case 0<A<Q.5

The conditions for trapping when 0<A<0.5 must be deduced separa-
tely owing to the different features of the refractive index surfaces
(gee Fig. 18b) and can be derived from figures 32a and b (taken from
Helliwell, 1965). We have already introduced the angle é2=arcos2h (see
6.3) such that, at aataz, the ray direction becomes parallel to the
magnetic field.

For initial wave normal angles
o<a <8 (6.7}

the refractive index surface (as seen from Fig. 32a) has the same shape
of the surface corresponding to A~0O. Hence, for the case of a creat
irregularity, as we already saw, trapping will be possible for such
initial angles and the fractiocnal density gradient required for trap-
ping is that given by eq. {6.5). Furthermcre, the maximum excursion
of the ray occurs when the wave normal angle becomes 8:&2.

Let us now see what is the ray path and the trapping condition
for a through irregulatiry. A third angle 63, indicated in Fig. 32a
can be now defined (and can be only for 0<A<0.5 and a through) as that
angle at which the projection of the refractive index vector on the Ho

axis iz equal to plo), i.e.

u(SS)Cosﬂa =u (6.8)



from which we obtain

w8, = N (6.9)
1-A

Then, a ray starting with ﬂozaa at y=0 (point of maximum depression)
would initially bend towards the axis (and soc does the wave normal).
When th; wave normal angle reaches the value 92. given by (6.3}, the
ray becomes parallel to Ho and, again, we have maximum lateral excur-
ajon. Then £he ray starts bending on the opposite side and the final
ray trajectory is of the type shown in Fig. 3lc. This type of ray path

actually occurs for all initial angles

0<e <@ (6.10)

If the initial angle 80 becomes greater than 93 and, more precisely, if

93 < 8, <8 (6.11)
where OL {see the asymptote in Fig. 32a) is defined as the limiting
angle for wave propagation (see eq. 6.2}, i.e. 0L=arcosh. the beha-
viour of ray trapping in the through is still different.

Let us follow the sequence of ray directions, starting with the initial
direction Ro' through Fig., 32b. The direction Ro is away from the axis
of the duct; it implies a lateral displacement towards an increased
value of densiiy {refractive index yi). The normal to Eo from the ori-
gin of RO intersects ul and so the new direction Rl is found which

ia less inclined with respect to Eo than HO but still implies more
lateral displacement. We then find the crossing with the curve ua corre-
sponding to a furtherly increased value of density and there we find

the new ray direction R2. even less inclined with respect to H . In
-0

§

this way, the wave normal angle (which also has decreased from its
initial value eo) reaches the value 82 at thch the ray becomes paral-
lel to H° and then starts bending towards the axis of the duct. This
implies now a lateral displacement towards the center (decreasing densi-
ty}. The normal to'gD from the origin of R2 intersects the "2 surface

at a certain point wherein we find a new direction of the ray R3 which
?s now bent towards the axis of the irregularity. It is the diréction
which the ray has when, having passed the value 92 of wave normal, it
reaches again the density corresponding to u2- ?rom now ' on we move
towards decreasing density. Hence, from the origin of R3 on the curve

uz we must intersect “1 {the next value of decreased density). This
glves the new ray direction R4 which 1s stil]l bent towarda the axis of
the duct but less inclined thanﬂaa with respect to ﬂo. ?hen it reaches
8=0, the ray is agnin-plrnllél.to Eo and then starta bending away, {.e/s
goes towards regions of increasing denaity. The line from the corigin of
R4 {on ul) still intersects of N surface at a second point where we
get the new ray direction Rs. From here we have toc move to higher densi-
ty values. Thus we intersect first ¥, on the left side of Fig. 32b

{(wave normal angle negative)} reaching the direction Rs. In the meantima
the wave normal angle is approaching the value as-Bz where the ray
becomea again parallel to the y axis to start bending afterwards
towards the axis again {(increasing denaity). The normal to Ho at the
origin of RG {on ua) intersects N again at the point where we get R_.

7
From here, as the density increases, we must cross Hy where we get K

(more inclined than R7 with respect to ﬂo). When the wave normal reaf
ches the value -83 (defined in (6.9)), the direction is R9 and we are
back’again at the surface po, i.e. the ray i= crossing, with maximum
inclination, the duct axiz., Then the ray path repeats itself on the
right hand side of the irregularity. Its shape is that given in Fig.

31b.
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Finally, let us derive the fractional density gradient required
for trapping in a thrqugh. for O<A<0.5 and both the cases 0<e<93 and
03<0<0L described before. As in both cases the maximum lateral extent
of the ray is found at 6=, =arcos2A, from the usual Snell's law we

obtain (oo being the initial angle at y=0)

1l1 - I/L
N(0) ws B - N{PY [ 27
A (Los B - A ) Wa, At g,
from which
NP _ w8,

{6.12)

N@©)  LA(®8-A)

6.3.3 Summary of the ray theory of trapping of whistlers in ducts

Let us summarize what we have found separating, this time, the
cases of a crest and that of a through irregularity.

For a crest, trapping has been found possible only for frequencies
0 < A <D0.8 {6.13)

but not for frequencies above A=0.5. This is in agreement with the
observaticnal. evidence (Smith, 1960} that, for all ncse whistlers theré
is a cutoff frequency whose ratio to the established minimum gyrofre-

quency along the path never exceeds Av0.35%0.6. The typical ray path for

10

trapping in a crest, and the frequency range {6.13) is that shown in
Fig. 3la. The critical fractional density gradient required for trap-

ping is given, in terms of the wave normal angie eo at the axis of the

crest, by
NEY _ A=A 08, . (6.14)

N[3) wd, - A

which, for A0, reduces to

NG
N ey

~ sy (6.15)

Trapping occurs (under the appropriate density gradient) for all values

of eo in the range

0<8 <8 ) (6.16)
with
§_ = arcos 2A (6.17)

2

In the case of a through irregularity, trapping can occur for

all values of A from O to 1. When
0 < A <€ 0.5

trapping cccurs for all values of 8 from zero up to the limiting value
o

for propagation

0<s <8 {6.18)
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with
.L = arcosd (6.19)

As for the ray trajectory, it is of the type sketched in Fig. 3la when
0<0°<02; it is of the type sketched in Fig. 31c when 02<0 <33 and of
©

the type seen in Fig. 31b when 63<e°<aL. the angle &_ being defined as

3

A
1-A

{6.20)

In all cases, the critical ionization density gradient is given, in

terms of eo by

NEY _ ws B
N (0) lﬂ\(mﬁ,-f\)

Einally, when

(6.21)

0.5 <A<l (6.22)

trapping is still possible in a through (not in a crest) for all values
of BG for which propagation is possible. The trapping condition is

given by eq. (6.14} and the ray trajectory is of the type shown in
Fig, 3la.

It is convenient to define as enhancement (or reduction) factors

the quantities

£, = NO g

(for a crest) (6.23)
NP }
N
E'c = N(D].- 1 (for a through) (6.24)

72

0 being the axis of the iregularity and P corresponding to the maximum
lateral displacement of the ray path. Then, from the trapping candition
derived, one obtains the curves of minimum Ec and Et' reported in Fig.
33 (from Helliwell, 1965) in a plane containing wave normal direction

and normalized frequency of the waves.

6.3.4 Some other consequences of the ray theory of whistler trapping

in ducts

1t is important to consider the effect of a duct on the average
group ray velocity. The wave normal of a ducted signal changes periodi-
cally direction as the ray path goes back and forth across the duct.
Thelmaximﬁm angle with Bo ocqura when the'rﬁy crogses the axis of the
duct and the corresponding longitudinal component of the ray velocity
is correspondingly reduced by the cosine of the angle between the ray
and Eo' At maximum excursion the wave normal angle is zero, but, refer-
ring to a crest, the density is reduced, so that the group ray velocity
in fact exceeds its vaiue on the axis. It was found (Smith et al.,
1960;: Smith, 1961) that these factors compensate to give an average
group velocity of the ducted wave very nearly (within 1%} the same
as that of a strictly lengitudinal weve travelling along the axis of
the duct. This result is obviocusly of importance when calculating group
delay to compare with whistler's recordings.

Another consequence of the theory of propagation in ducts is that
the enhancement required for trapping increases markedly towards the
equator, thus providing an explanation for reduced whistler occurrence
at low latitudes (Smith et al., 1960). This is eesily understood on
the basis of the fact that, as whistler waves enter the ionosphere,
their wave normals are refracted to the vertical because of the high

refractive index. Thus the angle between the earth's field 90 and the

e

e

-
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wave normal will increase towards the equator because of the decrease
in the dip of magnetic field. A8 & consequence, one expects trapping
to be more d¢ifficult towards the equator. This is seen more quantitati-
vely by expressing the wave normal angle 90. which is the complement

of the magnetic dip as a function of geomagnetic latitude % as

t. 8 -.—_Lla\'\/ (6.25)
d° ?1

If we now suppose that ducting starts_in the lower regions of the path

where A<<l, we can use eq. (6.15) for the critical enhancement for

trapping in a crest and thus derive, in combination with {6.29), the

enhancement factor as a function of geomagnetic latitude. Fig. 34 {from

Smith et al., 1960) shows the above mentioned effect which, as already

4

said, is in good agreement with observations.
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