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CHAPTER II - HYDROMAGNETIC WAVES WITH HIGHER FREQUENCIES

In the 1950's and later sensitive magnetic detectors (0.1 nT or
less) were made available in the freguency range argund 1 Hz & 0.1 - 5 Hz).
It soon appeared that this part of the freruency spectrum was also occupied
by natural emissions originating in the Earth's environment. The ampli-
tude and/or frequency characteristics versus time of these emissions
can be 'regular’ or 'irregular’, similarly tc what exists for the long
period pulsations {LPP).* These emissicns can last for hours of for only
tens of minutes or even less., They occur during magnetically quiet or
disturbed conditions, the 'regular' ones occurring preferentially during
quiet conditions, the ‘irregular’ ones being mostly observed during magne-
. tically active periods. A more precise description of these waves, as
observed on the ground, is given in Section 2.1. ’

For both experimental and thecretical reasons, it soon became
evident that these waves were generated in the outer region of the magne-
tosphere {3 < L < 8) and that they were propagating along magnetic field
lines in a manner similar to VLF 'whistler' waves whose propagation charac-
teristics were just interpreted at that time. These waves share two pro-
perties with LPP's : first, their phase velocity is of the arder of the
Alfven velocity VA' because their frequency is smaller than the proton
gyrofrequency at the apex of the field line and therefore much smaller
than fci everywhere else ; second, the ijonosphere also modifies the
characteristics of the waves before they reach the ground. But contrarily
to LPP's and because their frequency is larger, there are many wavelengths
along the field Iine*f Consequently one can speak of propagating waves

"and the inhomogeneity of the medium does not play a fundamental role as
far as their generation mechanism is concerned, and which can be consi-
dered as lecalized in space. Besides, f being not much smaller than fci’

* The appellations Pc ('Pulsations continues', i.e. continuous pulsations)
and Pi ('Pulsations irréguliéres’, i.e. lrregular pulsations) are also
vallid in this frequency range.

** Assuming L = 4, V, = 1000 im, sl and £ = 1 Mz gives L= 503

dispersion effects are 1mportdnt and the phase and group velocities of
these waves are genéra11y frequency-dependent. Moreover the inhomegeneity
of the medium and tHe anisotropic properties of the dispersion relation
impose the use of ray tracing techniques. A1l these problems will be
discussed in Section 2.2.

As far as the generation mechanisms of these waves are concerned,
the cy¢1utron resonance instability induced by energetic protons {~ 10 -
100 keV) having an anisotropic distribution funetion (T, /T, > 1} soon
became popular for both experimental and theoretical reasons. The theory
of this instability will be presented in Section 2.3. The }inear theory
gives the frequency of the emission as a function of the hot and cold
plasma parameters. The quasi«linear theory explains the reaction of the
wave on the particle distribution function, which leads to pitch angle
and energy diffusion. ‘

Recently spacecraft bearing detectors almost as sensitive as the
ground ones have been launched into the equatorial magnetosphere, Hydro-
magnetic waves (0.1 < f < 10 Hz) could thus be observed in the region of
space where they are generated. These chservations lead scientists to
modify the too simple picture which had arosen from ground measurements
alone. First it was shown that the presence of even a smal! concentration
of cold Helium ions completely changes the propagation and generation
characteristics of waves with f ¢ fci’ with important consequences on the
hequ ion energetics in the magnetosphere (section 2.4). Second a new
category of waves was discovered in the frequency range f > fci’ with a
wave normal vecter almost perpendicular to the DC magnetic field ; such
waves cannot be detected on the ground {Section 2.5}. The two last Sections
of this Chapter will be devoted to irregular pulsations : IPDP's (Irre-
gular Pulsations of Diminishing Periods) and SIP's (Short Irregular Pulsa-
tions). The previous ideas on the nature and origin of these pulsations
have been alse modified by the results obtained in situ with spacecraft.
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2.1. Overall properties and classification

TABLE 2.7,
) Characteristics of short period micropulsations
(amplitude and time occurrence are given for Kerguelen, excepl for the 4-sec band noise which is princigally
observed in the aurcral zone)

As said in the introduction these natural emissions can be divided
inte two main categories : Pc and Pi. Both Pc's and Pi's can be subdivised
into different subcategories of which the principal ones are iltustrated

!

\

on Figures 2.1 and 2.2, by both their amplitude-versus-time variation and Name Spectral shape 'Mea[ntll Mealr_l Timeof  Observations
L : spectr ampli- occur-
their representation in the frequency-time domain. Their characterlshci intensity tudes rence®
are described below ; they are summarized in Table 2.1 (Gendrin, 197¢). o L tmeHER ) L.T) . )
f (Hx) . :
The 'pearl] oscillations', originally discovered by Troitskaya (1961), Pearis ; %0 ol 0212
. -, (e
owe their name to the shape of their amplitude versus time diagram (Figure 2.1.4.. e
They are also called 'structured Pc 1 events', Because of their very regular 0 35 t(mn)
h isti i 1s f i opagatio d - .
characteristics the.:y are precious tr.)o s for studying the propagati n‘an S.I.P._ ; 70 02 2208 Often accompanied
generation properties of h.m waves in this frequency range (see Section 2.2 (sh]on irregular ] with ALP.
! i
and 2.3). Within each pearl element, the frequency increases almost linea~ . pulsations) o 3
arly, the slope s = df/dt of successive elements being in general & decreasing ]
. A ALP, 1 - 130° 0.3 0208 Often accompanied
function of time (Figure 2.1.¢). Such a property is due to the cumulative {auroral irregular with S.1.P, g
effect of dispersion along the many bounces that these waves make along pulsations) - o
the field Tine between two conjugate points. By analogy with what occurs 30 :
in the VLF range these emissions have been called 'hydromagnetic whistlers' LP.D.P. 1 Hrra 50 o1 1601 Notice the struc-
(Obayashi, 1965). Sometimes s is not a decreasing function of time, a phe- Sg:ﬁﬂ,’;swim fureq clements and
s h s b . event woic
nomenon which is interpreted as being due to the competing action of g::f:ils;“hs o 39 often follows the
1045,
generation and propagation processes (Section 2.3). The mean frequency of tesee band o { 1LP.DP. i
the wave, f  is a decreasing function of latitude whereas the repetition 36 band noise 35 0.035 1220 Chiefly observed '
o} 2302 during summer .
period T of thHe elements increases. The product 1-’U T is approximately o 35 r&
constant {Gendrin, 1963 ; Tepley, 1965) LPLP. 1 200 0.5 1416 Maybe a badly ¥
— g;’:ag:];ars " % resolved Pc | event |
ions wi {se¢ Figure 4
fo T 100 - 150 {1} increasing periods) Q! 30 e 4 \

A gualitative inter:pretation of this empirical relation (Figure 2.3) is that

the frequency of the wave is approximately a constant fraction of the

gyrofrequency at the apex of the field line (fD/f

cieq

v 0.2). As the L

value of the field line increases, its length increases and so does T

* A more detailed classification has been made recently by Fukunishi

et al.(1981) on the basis of "~ 3000 events recorded at the Japanese

antarctic base of Sycwa (L ™~ 6.5).

3

¢ observed with a receiver of frequency band from 0.1 10 5§ Hz
® at 6 AR occurrence

Gendrin, Space Sci- Rev, 11,59,1470

-
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whéreas fé decreases. At L = 4 for instance, fci = 6,5 Hz and one observes
pearls with f v 1 - 1.5 Hz. For Vg ™ 1000 km.s™T, T~ 100 s (see Chapter
1}, which Teads to (1). However, both experimental observations {Gendrin
et al, 1978) and theoretical modelling (Antonova et al., 1981) show that
al tatitudes higher than 65°, the product fDT has higher vaiues {v 200 -
300). This may be due to the increase of the equatorial value of fci
because of the dayside compression of the magnetosphere, Such an effect is
not only statistical ; it may be observed for example on individual events
(Hirasawa, 1981) when an emission is in progress during an S5C (Sudden
Storm Commencement} (Figure 2.4}, On the contrary, for high L-values, the
equatorial plasma density is much lower, an effect which should lead to
an increase of VA and therefore to a decrease of T.

The 'irregular pulsations of dimininishing periods' (IPDP) are
not structured in time except at the end of some events. They have a wider
freguency spectrum the central frequency of which suddenly increases
with time. These events are observed in the dusk sector during proton
injection events following substorm onsets. An exemple of one such emission
is giver on Figure 2.2.a,

The ‘short irregular pulsations' (SIP) are bursts of wide band
neise with a short duration (v 1 an) and a repetitive structure (Lacourly,
1969). They are often associated with 'auroral irregular pulsations' (AIP)
which consist of an intense wide band noise extending to very Tow frequenciesf
These phenomena are observed at high latitudes, in conjunction with viginle
aurcrae. All these events have definite occurrence re]at{onships with
Tocal time and magnetic activity. On Figure 2.5 the mid-latitude (L ~ 3.7}
Tocal time dependence for the three main pulsation categories is repre-
sented. Note that different curves can be observed at different latitudes
not only because of the L-dependence of the generation efficiency but also
because of the different transmission properties of the jonosphere
{Section 2.2).

*
figure 2.2.6.

uT

18"

15"

Hz

01 ULF(Syowa)

2h
March 8, 1978 1

Fig.2 4. Magnetic H-component variation recorded at low-latitude station, Kakioka (1op) and

J-t diagram of ULF emission ( HM choras) at Syowa Station (hottom).
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2,2. Propagation effects °

2.2,

1

In this Section we will study the propagation characteristics of

ULF waves with frequencies slightly smaller than the equatorial value

of the proton gyrofrequency {v fo3/10 < F ¢ fci); The anisotreopic and
dispersive properties of these waves will be analysed. The experimental
facts which support the theory and which concern mzinly hydromagnetic
whistiers {or 'pearl oscillations’) will be presented. Finally the way
in which the ionosphere modifies some of the wave characteristics will
be discussed. '

In the frequency range f < f’ci two modes cén propagate that have

_ different polarization and dispersive characteristics. One of them is

completely isotropic in the limit f + 0 and is right-hand polarized. The
other is strongly anisotropic and is Teft-hand polarized. For a given
wave normal angle 8 = (5, §_) the variation of the phase velocity with

e

? frequency is alse different for the two modes (see Appendix A).
ST P ' N o ' . .
5 ' The curves: representing the shape of the index surfaces for the
40| I-‘j two modes are given on Figure 2.6 (Jacobs and Watanabe, 1964 ; Dowden, 1965 ;
a r‘_i I Jacobs, 1970). Because the wave energy propagates in the directicn which
is perpendicular to the index surface {the ray direction R), the energy

100 ’—l—] is focused within a small cone around the direction of the DC magretic

L Lt a0y oo LY field for the L mode whereas it is dispersed in the whole space for the

1214 % 18 20 2 2 > . ) e )
2 24 4 6 8 10 12 R mode, This is demonstrated in a ocuantitative manmer on Figure 2.7. For the

Fig.?.S..Statistical occurrence of Pc I's, IPDP’s and SIP's at Kerguelen for the years of 1965 or 1966.
(The upper part of the figure is taken from the work of Gendrin and Vigneron (1966); the other
statistics have been kindly communicated by Miss Lacourly.

L mode, the angle 8, = (é, B) remains smaller than v 9° for all value
of 9 when X = f/fci < 0.5 (Figure 2.7.a). Consequently the eneray of the wave

T

Gendn'ul 1970 .

can be guided along the magnetic field lines. On the contrary the ray
direction makes a large angle with B for the R mode (Figure 2.7.b). It is
only when f becomes targer than fci that SR becomes smaller than v 20°,
Such an effect is related with the quidance af whistler waves (which aiso
propagate in the R mode also) at higher frequencies (see Chapter 3).

T
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Since g is large, waves propagating in the R mode are not guided by the
magnetic field ; they cannot make many bounces between conjugate pgints.
Therefore 'pearl osciilations' are likely to correspond to L waves .

Moreover the frequency dependence of the L mode group velocity
is such that one can interpret the slope of the signal dispersion in a
frequency-time diagram. The group velocity is related to the phase
velocity by the relation

v

= (2.2)
g dw/dk c/ng

where

= (2.3)
n.g n¢ + wdn¢/dm
For the L mode and for strictly longitudinal propagation (8 = 0)
*%
the phase velocity Ve = c/n¢ is given by
- -x'? (2.4)
vy = Va {1-x)
so that

v

3z - 2.5
. vy (1 - %) /,(1 X/2) (2.5)

which shows that v_ is a decreasing function of freguency. Therefore the

propagation time is longer for higher frequencies. An opposite variation
would be found for the R mode.

Assuming that the same wave packet is bouncing back and forth
between the two hemispheres, the repetition period between two successive
elements of a pearl event recorded at a given station would be approxi-
mately given by

T=2f_93_ (2.6)
v

g

* The mechanism by which waves are generated in this freguency range
also plead in Ffavour of the L-mode.

** Equation (4.24).

where the integral is taken along the figld line between the two conju-
gate points. Clearly T is an increasing function of the frequency and,
for each new bounce, the slope s = df/dt must decrease, which is what
is observed (see Figure 2,2).

For the computation of T, the model which is used for representing
the variation of the cold plasma density along the field line is not so
important, Indeed, as it s usual in this sort of integral, the equatorial
region (where VA is minimum) plays the dominant role. An example of results
obfaine? for a model in.which the equatorial plasma density is equal to
10 cm™ (a rather high value for L = 4-5) is given on Figure 2.8, The shape
of the recorded signals, as well as the orders of magnitude of T are
correct]y interpreted if one assumes that the true signal occupies just
a restricted frequency range (Obayashi, 1965). The period of repetition
is an increasing function of latitude, whereas the high frequency cut-off
{the frequency for which T + =) decreases with Tatitude. It is equal to
the equatorial value of the proton gyrofrequency (Vg + 0 when X =+ 1),

In fact the integral is not to be taken along the field tine but
along the ray trajectory. Although the angle eg between B and the ray
direction remains small it is .not equal to zero. The ray deviates from
the magnetic field 1ine. The medium being fnhomogeneous, Descartes-Snell's
law implies tﬁat the wave normal angle itself has to vary. Consequently g
is different ; the ray propagates in another region of the magnetosphere
where the plasma parameters are still different, & varies again and so on.
Ray tracing techniques must be used, which take into account all these
refated variations, In general these techniques involve the numerical
integration of the Haselgrove's (1957) equations*.

-The general formalism which leads to these equations can be found
for jinstance in Quemada (1968} pp. 218-223. The practical equations
valid in the ULF-ranqe for a multi-component plasma, have been
worked out by Rauch (198!.)
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. i E S
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Z i A t-‘ An example of the results thus obtained is presented on Figure z.9
:»- ,C.% 2 :“; = which shows that the travel time for a wave with a given frequency may
é E < vary by a factor of 2 depending on the initial value of the wave normal
—_ E angle at the injection point, At the opposite end of the field 1ine, the
o @ ; é wave normal angle § always reach the value of 90° which prevents any
\ -1 £ g = further propagation (Kitamura and Jacobs, 1965). However, Glangeaud and
] — ta = Lacoume {1971) have shown that for waves propagating in the vicinity
\ § E of & density gradient, the wave normal never departs from the magnetic
\L— o ° g field directicn by more than 30°. More recent computations {Rauch, 1981 ;
kﬂ - g_ £ Rauch and Roux, 1982) have been done for a plasma containing more than
\ 7_3 _/:—,_‘ one ion species, Their results will be presented in Section 2.4,
[ '
—— R SN .
| L Ty o 0w .2.2. Observations
ot o - s =X
E g — Initial ground measurements, especially those made at conjugate
- 'T E“g _‘—__.' observatories, have supported the theoretical ideas presented above.
'E | - = g Figure 2.10 gives two examples of signals recorded at the two stations of
o ! g g Z Kerguelen Island (Indian Ocean) and Baorok (Soviet Union} which are
'O : E \%)D 5 almost conjugated {L ~ 3.7). The similarity of the frequency-time struc-
- i = o ture at the two stations (lower part of the figure) is evident, although
"o ] ; 8 there are differences in the relative intensities in some frequency
z l o . = ; ranges. The amplitude-versus-time diagrams {upper part of the figure)
: m c -Z = do present identical characteristics which are delayed in time by
| £ g = almost half the repetition period, as expected for waves bouncing
| - g § back and forth between the two hemispheres.
: - 8 @ Y os
i § ; g Two techniques have been used in the past to qualitatively and
| — = g quantitatively evaluate the similarities and differences of signals
' = 5 received in conjugate areas. The first one is illustrated in Figure 2.11
: \ - 2 gn § (Tepley, 1964). Transparencies of the f-t diagrams obtained for the
| \ g ey two signals are superposed and shifted in time untii one gets the
| ﬁ ‘C__) appearance of a unique signal. In that figure the h.m emission was
L | : N ) 1 0:)' g recorded or two islands situated in the Pacific Ocean at approximately
o ~ _ Q C\s _:3 23° in latitude and 260° in longitude (both geomagnetic). In the
L
(s/2) Aouanbauy 25
o
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ZERO TIME SHIFT, 180° PHASE SHIFT

FREQUENCY (CPS)}
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72 SEC TIME SHIFT, ZERO PHASE SHIFT

Fig.2 MIllustration of conjugate-point 180° fine-structure phase shift. The transparency
overlay technique for measurement of phase shift is shown. The data sample is taken from
t.r-\e event shown in Figure 2. In the top photograph is a superposition of transparencies from
Kauai and Tongatapu for the 35-min time interval indicated. The photograrh includes an
aceurate frequency-time scale which actually consists of two superimposed identical frequency-
time scales. Note the over-all darkness of the hm-emission bards, and 1n particular note that
the band at 0.5 cps appears a3 s dark line. Compare this photograph with the lower one, which
was obtained by shifting the Kausi traosparency to the left a distance equivalent to a time
interval of 72 sec. On the lower picture the emission bands are lighter, and the band at 05
Cps Appears as a sacies of equally separated dark spols. Note also the change in appearance of
the time-scale which now anpears as two scales separated by 72 sec. The isolated structurel
element above the scale at about 11 minutes is an hourly calibration signal which occurs at
the same time at both statione. Thus it appears as 3 single =ignal in the top photograph, but
becomes ‘doubled’ in the lower picture.

Tél""j: JG.R., 69,2273, 19¢%.
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second method the envelopes of the signals recorded at the two

stations are correlated {Gendrin and Troitskaya, 1964). For an ideal
case the correlation function should be egual to - 1 for zero time-lag
and it should reach the value of + 1 for a time equal to 2 772, Figure
2.12 shows that this is not the case. Gifferences of spectral densities
in different frequency ranges is the cause of this poor correlation,
because a non filtered signal was used. However it is ciear that there
is a time shift T of the order of T/2 between the two signals, although
the difference between T and T/2 exceeds the experimental errars, 2
discrepancy which has not yet received a satisfactory explanation.

A more recent technique consists of measuring the coherency
function between the two signals themselves and not between their
envelopes. If the two signals are shifted by the right amocunt of time,
the phase of this coherency functien is comstant over the whole signal
bandwidth. Otherwise this phase is an increasing or decreasing function
of frequency, One adjusts the time shift until one obtains a cecnstant
phase”. Figure 2.13 shaws for instance that the time delay between two
signals recorded at stations situated in the same hemisphere and sepa-
rated by ~ 500 km is of the arder of 1.7 5. Between two conjugate sta-
tions this time delay is of the order of 95 s {Glangeaud et al, 1980).
The same technique has been applied (Figure 2.14)1in order to compute
the time delay of ULF signals detected in the equatorial region of the
magnetosphere on board the GEOS spacecraft and at its conjugate point
in Iceland (Gendrin et al, 1978). The time delays which are measured
at this high L-value {L ~ 5.7) correspond to very long repetition
periods {T ~ 5-6 mn).

As far as the polarization of P¢ 1's is concerned observations
made on the ground in ¢onjugate areas have rot given results in complete
agreement with the simple picture of a lefthand wave propagating more or
less along a given field Tine in the same mode {Gendrin et al., 1966} .

* The advantage of this technique I hzr it works for signals having
a wide fregquency band and no app.ir..t STructure.
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FIGURE 2.12.Correlation function of the envelopes of signals received
at Borok and Kerguelen.

The two maxima do not have the same amplitude and are not symmetric around the value
At=0. The correlation function being taken between K(r) and B{t +1), and the greatest
maximum occurring for At =+ 70 sec, it is better to say that the signal appears a1 Kerguelen
70 sec afier its appearance at Borok than to say that it appears at Borok 50 sec after its
appearance at Kerguelen. This is often the case (see fig. 12).
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AUG 16,1977 11.08-11.16 UT
If this situation were always occurring one should always abserve a wave

w 1 .
g GEOSIL: HLUSAFELL yector rotating in the counterclockwise direction {CCW, as seen from
s 0 M“\/\\ R above) in the northern hemisphere and a clockwise rotation (CW) in the
= ! southern one {(Figure 2.15}. Such a configuration is often observed
g GE?SM:HUS"E& =~ (Figure 2.16, left) but the reverse configuration, which corresponds to
R T . a right-hand wave, is also observed (Figure 2.16. right].
S R AR
E é ol "':_:"' . /".": The RH characteristic of the wave may be an intrinsic property
8 I ,a‘_'s';“:gi_,_/-.-‘c." ﬁ {the wave being RH polarized along its whole trajectory) or it may be the
"‘; s . consequence of a more localized effect. The first hypothesis is not
e e L . very likely since RH waves are not guided along the magnetic field 1ines
B1.5s . : (see Section 2.2.1) ; moreover there is no mechanism which one could
\—\""-'/ think of, presently, to explain their generation in the equatorial region*.
t GEQS Consequently the wave musi be generated in the LH mode ; it must propa-
z’ 1t 4 gate in this mode for a reasonable fraction of the distance along the field
g line in order to be guided ; then _it could be coupled with an RH wave,
x -.-‘: - . Two possible coupling mechanmisms are : a) the one which occurs in the
w T ionosphere {see below) and b) the one wnich is due to the oresence of
§ = o an heavier ion, such as pet {see Section 2.4}.
E e 2.2.3. The_role of the ignosphere
5 As for long-period pulsations (LPP) the icnosphere modifies the
5 characteristics of the ULF waves befare they reach the ground. There are
. . ; two aspects in the role of the ionosphere on propagation in this frequency
05 0.6 0.7 range.
Fng.f‘l.Coherency analysis of ULF sign;?i?oigxzc: (b:ﬂ . ) . A first aspect con(ferns the vertical propagation of the wave.
between the GEOS lelt hand mode ang lhe.HusafeuF)’(o ttom: rflodulus of l[?e coherency funqion At their arrival onto the ionosphere, the waves are partially reflected,
component; phase of this coherency function; partially absorbed and partially transmitted to the ground. The fonospheric ...

autospectra of GEOS left hand right hand modes; autospectra of the X components recorded at Skibotn
and Husafell,

Gendrin efal, SP"“ Sel- Rev., 12,433,!37% » The most favoured generation mechanism {cyclotron resonance with energetic
protons) leads to the generation of an LH {respectively RH) wave if the
perpendicular temperature T, of the proten distribution Is larger
(respectively lower} than its parallel temperature Ty - Both the theory
of proton injection inte the equatorial magnetosphere and experimental
measurements on board spacecraft show that TJ_/T',,, > 1, so that only
LH waves can be generated. However if the protons do have a small
bulk velocity, it is possible to generate RH waves tsection 2.3.7).
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The ionospheric transfer functions (which take into account all these
effects*} are much different for the L mode and the R mode. They also
much depend on the ionospheric characteristics (electron content, incli-
nation of the DC magnetic field). Consequently the intensity of the field
which is detected on the ground will depend on the cbserving cenditions
(day or night, sunspot minimum or sunspot maxisum, high latitudes or

low latitudes). The observed polarization will also depend on these
conditions, even if the original polarization remains identical. These
effects have the same origin as the ones which occur for LPP's. However,
because the frequency is much larger in that case, theories which have
been described in Chapter 1 cannot be appiied. The jonosphere cannot be
considered as a thin layer, the scale heights being not negiigibie with
respect to the waveiength. Another difference is that waves can be
considered as plane waves (3/3x = asjay = C}. Besides the wavelengths
being much shorter than the length of the field Yine one may apply
Descartes-Snell's laws at the entrance into the jonosphere. The index

of refraction being very large (see Figure 2.6} and the ionosphere being
horizontally stratified, the wave normal becomes immediately vertical

so that only vertical incidence has to be considered..

A second aspect is related to the horizontal sropagation of these
waves, which is made possible because of the existence of a sort of wave-
guide arcund the ipnospheric F, peak for these frequencies. At the F, peak
altitude, the Alfven velocity passes through a meximum (Vg ~ 250 km.s™!
for fpe ~ 6 MHz, fci
the Alfven velocity presents important vertical gradients which play the

x*
~ 30 Hz ), Above and below the height of this maximum,

role of partial reflectors. The width of this cavity is of the order of
the wavelength (at i Hz, i w 250 km for the same parameters). Waves can
therefore be guided horizontally as in a classifical wave guide. The names
which such a 'guide' or 'cavity' have received are 'Sub-Magneto-Tanospheric
Guide' (SMIG) or 'Sub-Magneto-longspheric Cavity' (SMIC} - Because ...

* Plus the ground reflection whica doubles the intensity of the magnetic
field.

: . X +
*+ At these altitudes, the dominant ion is O .

sxs This cavity must not ke confused with the Earth-loncsphere-Cavity which
is at the origin of the Schumann resonances at higher frequencies
(fq g, 4, 2@, ... Hz).

29

fecause the waves can propagate horizontaily, they can be detected at far
distances {~ 2000 km) from their_entry points.

Starting first by the vertical propagation it is worth recalling
the main relevant properties of the jsnosphere, Besides of the variation
of the Alfven velocity with height,‘the ionosphere is characterized by
varying collision frequencies which are the dominant factors in its trans-
mission properties. Three distinct regions can be defined in the ionosphere
(Figure 2.17). They are characterized by the relative magnitude of w (the
wave frequency), vy the jon-neutral collision frequency) and @4 (the ion
gyrofrequency) Quoting Jacobs {1570), these regions are :

.

a) The Hall_region. This is the region in which the inequality v <Cw ; < vy
ig satisfied, i.e. where the collision frequency 13 the dominant frequency.
It lies between about 80 and 130 km. The boundaries of this region are inde-

pendent of w provided that w <<w ..

depending on the wave angular frequency

c) The Alfven regien. This is the region in which the inequality vy ¢ u <K Wiy

it satisfied. It lies therefore above about 350 km and is assumed to be semi-

infinite in extent. In it the disturbance propagates as a pure Alfven wave.

* The actual functional form of the frequency enters only in the
transition region, For both L and R modes of propagation the Alfven region
{5 a lossless and non dispersive medium. On the other hand the Hall region
appears quite different for the two modes. For the R mode*, the index
of refraction is real and the mode thus propagates without attenuation

* For a certaln time there has been some ~onfusion about the definition of
the R and L modes, as far as the ionospheric effects are concerned. In
the following works (and probably others), what is called R-mode is in
fact the L-mode and vice-versa 7 Karpliug et al., 1962 ; Jacebs and
Watanabe, 1962 ; Akasofu, 1965 ; Fleld and Greifinger, 1965 ; Gendrin,
1967 a, b ; Jacobs, 1570. The Sithar .n has been clarified by Campioil
(1967) and the review by Gendrin ( contains the correct definitions.
The present guotaticon from Jacebs Q27 p. 77} has been correctcrd

accordingly.
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Fig. 2.17 Les différentes régions de V'ionosphére intervenant dans le calcul de la transmission des

ondes E.B.F. (D’aprés FieLD et GREIFINGER, 1965.)

(although with dispersion). For the L-mode, the index of refraction is
purely imaginary and the mode is thus evanescent. Because of this, the
transmission coefficient for the L-mode dropps of very rapidly with
frequency and it is mainly the R mode that gets through the icnosphere.

In the transition region the index of refraction of both medes is complex
so that in this region each mode undergoes both attenuation and dispersion.”

These properties are easily demonstrated* by considering the phase
velocity expressions given in the Appendix which are modified in order
to include the effects of collisions. An important consegquence of these
expressions is that, except at the geomagnetic pole, the propagation is
quasi-transverse (QT} at high altitudes and QL at Tow altitudes. Once this
is understood it is easy to follow the apparent complexity of the changes
which occur in the wave propagation and polarization characteristics. Let
us examine this point.

The QT condition, which ¢ne can deduce from (A.26) in which one
introduces the modifications defined in Section A.5 of the Appendix A,

becomes
2 H

sin?g w-iui
( ) > (__.__.____) (2.7}
2c0s8 W, .

ok |

At high altitude, vy K K weq SO that this condition is satisfied
even for very small values of 8 . If vy =0, f 1 Hz, £~ 350 Hz (which
is valid at an altitude of ~ 2000 km at a latitude of 60°) the condition

is satisfied as soon as 8 2 2°. The wave normal being vertical ¢ is equal

to the zenith angle of the magnetic field direction. Therefore, except in
the near vicinity of the geomagnetic pole, ULF waves propagate in the upper
ionosphere in the QT approximation. Equations {A.27), (A.28) and (A.4%),
modtfted by the introduction of the collision frequency become

" analytically and not as the result of numerical computations.

.
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1
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- I‘ivi/m
{sinte o (2.8)
_ (4
p, = .
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21 cosd MR AVE
1
o = g
inZ
5in%g ci

In the Timit vy << w, the waves are non dispersive and the polari-
zation is almost linear. On the contrary in the Hall region, the QL appro-
ximation becomes valid because of the large values of vijw and “i/wci'
Equation (A.30), alse modified by the introducieg of cotlision terms

becomes : bion
¥
[17 @wpreg]
e o=y — (2.9)
- 1-1v1/m
which leads to
W
N:z = 1’ VAZ m (2.10)
ci
whereas the polarization factor keeps the same value
.= 3 1 {2.11).

In the Hall region, the L mode (W-) is evanescent and only the R mode
can propagate with an RH circular polarization. However, it is in this
same region that there is a strang coupling between the two modes, when
the zenith angle of the gecmagnetic field is different from zero.
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The ionospheric transfer function is thEﬁefore defined by a matrix (Aftman and
Cory, 1969 2, b, ; Altman and Fijatkow, 1969).

12) {1y
8 W Ta 8

2} T T Rl

R LR 'R e

where B:zjand Bén are the two circw}ﬁriy comq?Pents of the wave magnetic

field detected at the ground and BL and BR are the equivalent quantities
above the ionosphere. Computations show that TRL is very small sa that an
incident R-wave is detected at the ground almost as a pure R-wave. The

values of the three other coefficients, as well as the value of TL = TLL + TLR
which corresponds to the total transmission of an L-wave regarless of

jts final polarization, are given as a function of frequency, for a magretic
dip angle of 20° on Figure 2.18. Frem this figure, one may conclude that

a. The ionosphere is more transparent during the night than during
the day.

b. It is more transparent for R-waves than for L-waves.

c. At high frequencies (f > 1 Hz) and during the day a wave pola-
rized in the R-mode at the top of the ionosphere may be observed at the
ground with an almast pure RH polarization (TLL/TLR < 4), this polarization
change being negiigible during the night.

The consequences of such effects on the polarization of P¢c 1 events
have been studied in detail by Perraut {1974). They partially explain the
possibility of detecting R waves on the ground even if they are generated
in the L-mode inside the magnetosphere. The diurnal variation of the
oceurrence of the events and the relationships between the observed pola-
rization and their central frequency are also interpreted. However
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2.3.

. Panw

a) The observation of events consisting of two simultaneous emissions
of waves with slightly different freguencies but with oppesite polarizations

cannct be explained by such effects, the frequency difference between the
two emissions being rather small : 2(f, - f1) /7 (f, « ) £ 0.4, One has
to consider the possibility of the simultaneous generation of waves in
the two modes {Perraut, 1974 ; Gandrin, 1987 a).

b) The coupling between the R- and L-modes may -occur in the magne-
tosphere, well before the wave reaches the ionosphere (Section 2.4,

As far as the horizontal propagation of ULF waves in the SMIC is

concerned the reader is referred to the (rather old) review by Gendrin
(1970} and to the Tectures which will be given by Pr. D.M. Walker.

Generation mechanisms

As discussed in the previous Section, the study of the frequency-t ime
structure of Pc 1 emissions led to the conclusicn that such phengmena were
associated with waves propagating along field lines crossing the equatorial
plane at large geocentric distances. In this region of the magnetosphere,
energetic particles are continuously injected and their distribution in
pitch angle is higly anisotropic. The simultaneous existence of cold plasma
{which supports the wave propagation) and of hot anisotropic particles
(which are far from thermodynamic equilibrium) is a favourable condition
for gyroresonant interactions to take place. The general theory of such
interactions is presented in Appendix B. In this section, we will restrict
ourselves to the application of these principles to the interaction of protons
with Teft-handed ULF waves with frequencies smaller than the proton gyrofre-
quency*. As far as these interactions are concerned the main results of the
theory may be summarized as follows :

* A few words will also be said on other interactions taking place in this

frequency range (Section 2.3.7).
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1. For bi-maxwellian distributions the growth rate, y' of the instability
is given by :

v ny, (1-x)
= e oy - [A-{A+1)x] V¥, exp(-Y,) (2.12)
c1 c

where the différent quantities are defined in the Appendix (section 8.3) and
where Y' = - Y. Equation {2.12) is valid only when M <.

2. The frequency of the waves which may be amplified (v' > 0) verifies :

f = xf.. < f

ci ¢ (2.13)

with

-+
n

f oo A/ (A1)

. ci {2.14)

3. The growth rate at a given frequency is a function of the anisotropy

A, and of the ratio of the thermal parallel energy, U” to the Alfven velocity,
Va+‘ Both guantities characterize the proton distribution functien.

4. The growth rate increases when the hot particle density, U increases.

But the variation of v' with the cold plasma density, e is not so simple,
There exists an optimum cotd plasma density, nc* for which the growth rate

is maximized.
5. The quasi-linear reaction of the waves upon the energetic particles
lead to the diffusion of these particles in pitch angle (and erergy) and

to their subseguent precipitation int¢ the ionosphere.

The detaiied applicaticn of these general properties to ULF wave
generation is made in the following sub-sections.

%

*

The growth rate defined by equation (2.12) can be plotted as a func-
tion of x for different values of the anisotropy A, UAI/ Va being kept
constant, or for different values of Uh’/ Va’ the anisotropy being kept
constant {(Gendrin et al., 1971). This is done on Figures 2,19 and 2.20.

Figure 2.19 shows that y' is positive (i.e. waves are amplified) for
frequencies smaller than the critical frequency defined by equation (2.14).
When A increases the frequency range of the instability increases, At a given
frequency, the absolute value of the growth rate also increases. The frequency
fm for which ¥' is maximum is not much dependent on the anisotropy.

Figure 2.20 shows that the growth rate increases when U” / V, increases.
Simultaneausiy fm decreases. Let us call VM the parallel velocity of the par-
ticles wich resonate at the fregquency fm and EM = mVMZIZ the corresponding
energy. Gendrin et al. (1971) have shown (see their Figure 2.8) that, for
values of A larger than ~ 1, VM does not depend much an the anisotropy and
that, for values of U” / Va Targer than ~ 2, VM is approximately equal to
the velocity Uﬂ,which characterizes the distribution function with respect

to e Since <v”2> = Uﬂzlz(equation (B.29 ), Vy v Ve <vﬂ>‘,i.e.

Ey ~ 2E, (2.15)

where E” =m <v”2>/21t the mean paraliel energy of the distributign function.
This relation is interesting since, from the measurement of fm, one can decuce
the characteristic parallel energy of the interacting protons provided one
knows*nc and B , the two parameters which allow to compute VM once fm is
known, It is not necessary to know the value of A for making this computation.

These two parameters are svaluated from -i-

measurement of the dispersive
propertiaes of the waves (see below).

e Y.



Gendrin skl JATP. 19 165, 1971,

Amplitication
-2 2 -1-43

1073/ 81y

Q-2

Normallzed amplification coefficlent,

Abscrption

[ !
] 0-2 C-4 96 0.8
Normalized frequency, x -w/flp

F1G.2.13 . AMPLIFICATION COEFFICIENT AS A FUNCTION OF FREQUENCY (BOTH QUANTITIES BEING
NORMALIZED TO THE PROTON GYROFREQUENCY), FOR DIFFERENT VALUES OF THE ANISOTROPY
‘ COEFFICIENT.
The mean parallel velocity (U) of the hot particles is the same. For increasing anisotropies,
the bandwidth of the emission and the amplitude of the growth rate increase, but the frequency
for which maximum amplification occurs remains more or less the same.
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Gendrin etal,, J.AT-P., 19,165.1475

WAVE PACKET PROPAGATION IN AMPLIFYING MEDIUM AND Pc 1| EVENTS -

Amplification
G

107 y/ilg

Normalised amplification coafficlent,

Absorption

1 1
¢ 02 G4 5.6 &8
Normatized fraquency, x=w/{ls

F1&. 220, AMPLIFICATION COEFFICIENT AS A FUNCTION OF FREQUENCY (BOTH QUANTITIES BEING
NORMALIZED TO THE PROTON GYROFREQUENCY), FOR DIFFERENT VALUES OF THE MEAN PARALLEL
VELOCITY OF THE HOT PARTICLES.
The anisotropy has been chosen equal to 0-5, so that amplification can occur for frequencies
smaller than Fp/3, whatever Uj is. The frequency for which maximum amplification occurs
decreases with increasing parallel velocity.
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TABLE 2.2

MODELLING OF 1@M-CYCLOTRON INTERACTICNS N THE MAGNETOSRHERE

Different attempts have been made to modei the ULF-proton interaction

BUTHER QBIECTIVES COLD PLASMA DENSITY MODEL ENERGETIC PROTON
in the whole magnetosphere in order to predict the frequency which correspands CISTRIBUTION FUNCTION
to the maximum amplification and to evaluate this amplification. The variation ) ]
cf the growth rate, v' as a function of latitude along a given field line Liemoha (1967} Variation of k; 3% & func- nee exp {L/r] (" ginMa

\Liemohn, 1967} or as a function of lengitude at a given radial distance in ;::’;::{l:'l:u‘:!,,?" : aiven
the equatorial plane (Selomon, 1975 ; Lin and Parks, 1976} has been studied.
Three atterpts have been made (Criswell, 1960 ;-Perraut et al., 1976 ; Kaye

e y ; L e ging?
i i int Criswell (1969} Variation of [ 2 /‘(' ds/vg along tne figld ling : £ sin w
et 2l., 1979) to compute the field-line integrated growth rate frisvell o reart freuencros R e
? on different field lines plasmasphere, fi, oG (Cy/r)
——Y = 2 in the plasmatrough
- [ s (219 gquatorial profile

deduced from Carpenter's

as a function of both longitude (i.e. local time) and radial distance of the Teasurements

apex of the field line (i.e. .L).

¥ A [
Such modellings are based upon assumptions concerming the cold plasma as a function of time after

i fati i i ] i igs an injection for diffarent
density variation along the field lines and in the equatorial plang. Specific tongtvudes (L = 6.5)

m E :
Solomon (1975) Variation of v' and f_. n, = constant o Eexp [ E;I sin

velocity distributions for the energetic protons must also be assumed and
care must be taken of their variation with latitude, Jongitude or radial ) N N v
: s . . . Lin and Parks (1976) dite ng * censtan " Mexp I- _l
distance, The parameters which were used in these modelling exercices are -

v N sin™ o
listed in Table 2.2. Some of the obtained results are described below.

Jir
n,o* constant in longitude

but varying with time
Liemohn {1967) has considered the latitudinal variation of the spatial

. - R . . i roa v i line :
growth rate k. =-vy/v, as a function of latitude, » (Figure 2.21). Since the Perraut et al. (1976) varfation of I /Y dsivy along_the field line el oy
§ an¢ of f.,, #s 3 function of n, o B atexp {- R
i i i i i i » neun and dusk euuatorisl_profile = ’ Uy
anisotropy factor m of the proton distribution function is equal to 2, the t.:::r:'g::“:;mm: “:;u,‘: adaptad from Chappell’s .
critical fregquency fC = 0.% fC"I (equations (B.26) and {B.32}). Therefore the variation of Ty and T, measurenents (initial aMsocnl-opy at
i i i ' L=l A=t
only waves witnh frequencies smaller than half the equatorial value of fci due ta fmward displacement
can be amplified along the whole field iine. Waves of higher freguencies ) « £
ifi ] i Kaye et al. (1879) Variation of ¥' and T as a along_the_figld.line : e - g
are absorbed .at the equator but they are amplified above a certain latitude Kaye gt a’. o of L ang local time S rarstant N "
taking into account the full qquatgrial prefile -
trajectories of protons in a 0.5(10/L)" outside the o (, . _E,_)
magnetospharic etectric plasmasphere "
field model. 100 (&/L)* 1inside the

{fsotropic at the injection

plasmasphere boundary : L = 10]

i1 CARPENTER, 0.L. J. Geophys. Res., ri, €93, 1966 (2 CHAPPELL, C.R., Rev. Geophys. Space Phys., 1_2, 951, 1972,
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since the factor [A - (A+1)x] increases with x. Because of the mirroring
effect the number of energetic particles that are present at higher Tatitudes
diminishes (n, decreases) so that there is a latitude at which k; 1s maximum.
This figure gives an idea of the latitudinal extent of the amplification

region* ;T 10,

Criswell (1969) computed the total ampTification T for different
frequencies as a function of L (Figure 2.22). The right order of magnitude
of the amplified frequencies is obtained (0.2 < f < 1.5 Hz for 3.5 < L ¢ &),
The L-value for which T is maximum at a given frequency fo is a decreasing
function of this frequency : higher frequencies have to be observed at lower
t-values, for which the repetition period T is shorter. The product fOT can
be computed and Criswell (1969) has shown that for T' > 10, one has

130 < T < 200 (2.17)

in reasonable agreement with the observed values of this product (see equation
{2.1) and Figure 2.3). Figure 2.22 also shows that the curve rmax(L) presents
a maximum near L = 3.5, which corresponds to the latitude where most of the
well-structured Pc 1 events are observed, and a minimum near L = 5. The
further ascent of the rnax(L) curve near the border of the assumed plasmapause
is due to the sharp decrease of n. which lTeads to an increase of ¥'. We will
come back to this point in the next subsection.

A third interesting attempt was made by Solomon (1975) who studied
the effect of the differential drift to which protons are submitted on a
given L-shell. An injection was assumed to take place at time t =0 in the

* Other arguments, which are based upcn the distance along the field line
over which particles and waves remain in resonance, help evaluating the
length of interaction (see section 2,3.6).
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Fig. 2.22. An amplification
profile for the quiet time plas-
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masphere. (After D. R. Cris-

‘well)

7

midnight secter within a range of longitude A¢ = 30°. After a certain time
the protons arrive in the dusk sector (¢ = 90°) but the particles with large
pitch angles arrive before the particles with small pitch angles so that the
tocal anisotropy, at the beginning of the event, is larger than the initial
anisotropy of the injected particles. Then the anisotropy decreases since only
the low pitch angle particles continue to arrive. Similarly, the proton
drift velocity being proportional to their energy, high energy particles
arrive first and the characteristic energy of the Tocal distribution
function at ¢ = 90° starts to increase and then decreases. The same is true
for the energetic particle density Mhe but the characteristic time of this
last variation is longer than the characteristic times of the two first ones
(upper part of Figure 2.23}. The time variation of these parameters being
known it is possible to compute Fm(t) and the associated function Y'max{t)'
The results are presented on the lower part of Figure 2.23 . On this example
the maximum growth rate which is observed in the dusk sector is reached some
20 mn after the injection, Its value is ~ 0.07 We i and the corresponding
frequency is “ci/4' The time duration over which y' changes by one order
of magnitude is of the order of ome hour. The frequency which corresponds

to y' ., does not change much during the course of an event (0.22 fog <

< 0.28 fci)‘ These conclusions are in agreement with the first in situy
gbservations of Pc 1 waves made on board ATS-1 (Mc Pherron et al., 1972).

Lin and Parks (1976) have followed a similar approach. They computed
jso-v contours in the f-t plane for different longitudes, ¢ and in the ¢-t
plane for different times, t. Results cbtained in the first case are reproduced
on Figure 2.24. They cenfirm Solomon's (1975) computations. They also show
that the frequency meax’ which is at every Tongitude a slightly 1ncr¢as€ng
functicn of time, is almost the same for ail longitudes. The growth rate
reaches its maximum maximorum vaiue some 20 mn after the injection at the
Tongitude ¢ ~ 30°.

Though interesting they are these thegries dc not take into account
the radial drift of the particies., However this inward displacement, which
occurs especially during injection events and which is due. to the magneto-
spheric convection electric field, is as much important as the azimuthal

)
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2.3.3.

drift, especially for Tow energy particles. The last modelling attempts
which we would Tike to describe take into account such an effect {Perraut
et al., 1876 ; Kaye et al,, 1979). However before describing it, the con-
troversial question of the role which is played by the coid plasma density
on ULFjproton interactions should be discussed.

The in situ observations of protons on board 0GO-3 and Explorer 45
have shown that drastic changes occur beth in the flux intensity and in
the shape of the distributien function when the plasmapause is encountered.
The inner edge of the ring current protons (E~ 40 keY) coTncides with the
plasmapause boundary (Russel and Thorne, 1570 ; Cornwall et al., 1970}). At
Tow L-values their pitch angle distributions are rounded with a peak at 90°,
indicative of a weak diffusion process, whereas at higher L-values the dis-
tributions are flat with an empty loss-cone, indicative of the absence of
diffusion, the boundary between the two regimes being situated at higher
L-values for higher energies (Williams and Lyons, 1974). These experimental
abservations have been interpreted as a consequence of gyroresonant inte-
ractions between protons and ion cyclotron waves and to the strengthening
of these interactions in the presence of an increased cold plasma density.
This interpretation is based upon the following arguments.

Because of the existence of a critical freguency above which no
interaction can take place, protons which intervene in the interaction
must have a parallel velocity which exceeds a certain value, to which
?orrespo?ds the critical resonant energy, E.- Replacing x by x_, as given
in equation {2.14), in the equation defining the resonant velocity for
protons interacting with LH waves :

]
A
v* - (2.18)
one gets
£ . o
¢ e (A1) (2.19)
49

2 . :
“where E = {m V;' )72 = Bffaun, is the Alfven energy i.e. the magnetic

energy per cold part1t1e (see also Table B.2}. For a dipelar magnetic field

one has .
E = 2.4 (___‘0). A (2.20}
m L n
¢

where E, is in keV and n_ in em™®. The associated variation of E. and A for
different values of nc,is represented on Figure 2.25 {Cornwall et al., 1970).

Energetic protons whose (total} energy is smaller than EC cannot
interact with ion/cyclotron waves. Therefore they cannot be diffused in
pitch angle : their distribution function is isotropic¢ and the loss-cone
is empty. On the contrary protons whose total energy exceeds the critical
energy* may interact with ion cyclotron waves. In that case because of
quasi-linear effects {see Section 2.2.5), they diffuse in pitch angle towards
the lass-cone. Their distribution function is rounded and because of the
subsequent precipitation into the atmosbhere, their flux is lowered. Due to
the variation of ne and B with L, the Alfven energy does present a minimum
at the inner border of the plasmapause. So does the critical energy.

On Figure (2,26) the variation of EC with L for two different values
of the anisotropy is represented. For the cold plasma density prefile which
i assumed and for A = 0.5, protons with an energy equal to 3 or 30 keV
cannot interact with ion cyclotron waves in the outer magnetosphere since
E< Ec' But as soon as they enter the p]asmaspheré their energy is larger
than Ec and they are able to interact. The boundary between the region
where there is no possible interaction and the region where such interac-
tions are possible is at a higher L-value when the energy is ﬁigher, in
agreement with some experimental measurements (Wiiliams and Lyons, 1974)**.
From the measurement of the position of this boundary as a function of E,
and assuming a ‘typical’ value for the anisotropy (A ~ 0.2), Williams et al.
(1973) have ¢laimed to be able'to 'deduce’ a cold plasma density profile.

+ This is not a sufficient condition. One must have ?ﬂ > E_.

+* However measurements made onboard low-altitude spacecraft give evidence

of an opposite variation of the position of the boundary for higher
energy particles (Cornwall et al., 1971 b ; Imhof et al., 1977).
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This simple interpretation has been questioned by Gendrin
{1975 a,b} on the basis of both experimental observations and theore-
tical arquments. The first theoretical difficuity lies in the fact ‘
that the anisotropy must be independent of energy for the interpre-
tation to be valid. The second difficulty is that the frequency of

the waves which resonate with parficles having the critical energy is the
¢critical frequency, i.e. the frequency which corresponds to the marginal
stability condition (v = 0}. Such waves have no chance to be amplified

and therefore the 'resonating’ protons cannot be precipitated. Waves which
can be efficient for proton precipitation are the most intense waves, i.e.
waves for which the amplification is maximum. Their frequency fm is much
lawer than fc and therefore the parallel resonant energy of the most effi-
¢iently precipitated protans is much higher than Ec. Moreover, outside the
plasmasphere, e may be of the crder of Ny 3 consequently the complete
expression for the growth rate must be used, and not its approximation
(2.12) which is valid only when n <Cn_. In fact equation (2.12) is also
valid when NI provided one replaces ne in the dencminator by LIS
and previded that vV, >> U” {Gendrin et al., 1971). But in the outer magne-
tosphere Vr u U”. The argument £ = Vr / U”. of the Fried and Conte function
Z{£) approaches unity and the usual approximation Z{g) = - 1/¢ cannot be
used, so that (2.12) is not valid.

Following the already reported work of Perraut and Roux (1975) where
the correct expression for y was used, Perraut et at. (1976) have computed
the frequency f for which y = v .. and the associated value of the rescnant
parallel energy EM‘ In their computation due account was taken of the varia-
tion of the anisotropy when the protons move inward under the influence of
the magnetospheric convection electric field. Assuming that the two first
adiabatic invariants are conserved during this displacement, Ehe proton3
parallel and perpendicular energies vary respectively like L™ /2 and L~
{Cowley and Ashour-Abdalla, 1975), so that

A= (A (Lo (2.21)

where AD is the initial anisotropy at the injection boundary defined by Lo'

53

The total amplification T =‘/§‘ ds/vg was computed and ise-T contours in the
£, - L plane where drawn (Figure 2.27), assuming that L = 7 and A = 0.5.
This figure shows that during the night, amplification takes place only
within the plasmasphere, at the very near border 6f the plasmapause.

However the rescnant energy of particles associated with the large T waves,
Ey. are much higher (almost 2 orders of magnitude) than the critical energy.
During the day and outside the plasmasphere EC is sma11er since . is larger
so that there is some amplification at large L-values. In this case EM is
not much larger than E..

It is worth noting that the model predicts that amplification stil)
exists at higher fﬁequencies well inside the.plasmasphere (T ~ 4 for f ~ 2.5 Hz
at L = 3}, Such emissions are due to medium energy protons (E” " 30-40 keV).
Recent ground cbservations confirm this prediction. Using the Soviet-Finnish
chain of stations (57° < & goor o < 66°), Baranski et al. (1981) have
shown that high frequency emissions. {f ~ 2Hz) are generated around L = 3.2.
This demonstrates that medium energy protons can penetrate well inside the
plasmasphere. In ather words the interactions which they should in principle
be subject to as soon as they enter the plasmasphere are not sufficiently
intense to precipitate all of them.

On Figure 2.28 the variations of E”, EC
for three different plasma conditions, On the left and central parts of the

and EM and FM are represented

Figure, the anfsotropy is varying according to equation (2.21) ; on the
right part of the figure, the anisotropy is kept constant. In both cases

the mean parallel energy E, is much larger than EC/Z Wwithin the plasmasphere
so that equation (2.15) is valid and EM is much larger than Ec. Outside the
plasmasphere, EM is sTightly larger than max(ZEA,,EC). As shown on the
bottom panels of the figure, T'y is large in this region only when A is large,
in both Fiqures 2.27 and 2,28 a constant values for B, at L = 7 has been
chosen (£, = 7 ke¥)., If E, = E” + E is the total mean energy of the distri-
burion function equations (B.29) and (B.30) show that

) 21
Eh’ JE = {2A+3)
E, /E

{2.22)

A+ 1)/ {2h + 3)
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2.3.4.

Xaye wt al. (19f9) made & more refined analysis by considering the
fol1 proton trajectories under the influence of convection and corotation
glectric fields. An interesting result of their study is the appearance of
a Tow-frequency cut-off which is related to the existence of a high-energy

cut-off in the distribution of proteons whithin the plasmasphere (Figure 2.29).

The law-energy cut-off in this distribution does not play a symmetric role,
since it corresponds-to high-freguency waves which are not generated because
of the low value of the'anisotropy. Such an effect restricts the frequency

_range of the instability mainly in the mignight sector. But it does not

change much the overall picture of the total amplification in the dusk
sector. The iso-T contours which are obtained do not differ significantly
from_the ones which are presented on Figure 2.27, at least within the plasma-
sphere. The large discentinuity which is assumed in this work at the plasma-
pause boundary {nc 2 100 cm? for LR<6 and ne ™ 4 em”’ for L > 6) does not

allow to study the specific role of the cald plasma density in the transition
region,

In conclusicn one can say that the inner border of the plasmapause
is a preferential region for precipitation of medium energy protons. However
important precipitation may also occur outside the plasmasphere, depending
on . the initial anisotropy and mean energy of the injected protons. Besides
protons which are most efficiently precipitated within the plasmasphere are
not those for which EM = EC but those for wﬁich Er = EM N ZEL/.FinaIly, at
least during quiet conditions, the interactions which take place at the inner
border of the plasmapause are not sufficiently intense to put all the inte-
racting protons in strong diffusion ; some protons may still penetrate
further in and generate ULF waves of higher frequencies,

Competing processes_: dispersion versus growth rate

Since waves are amplified over a restricted frequency range, there
is a strong variation of the wave amplitude with frequency. Because of
dispersive effects the frequency itself is a function of time, f = f(t).
We are therefore in the presence of a signal whose both amplitude and
frequency vary with time. In such conditions the apparent law f = fm(t)

&3

where fm is the frequency for which the. ampliitude is maxﬁmuﬁ;dﬁfferé.from
the original law f = f{t} (see Chapter 6) . Consequently the variation of
the slope of the different Pc 1 elements in a frequency-time diagram differs
from the one which would be obtained as a consequence of the sole dispersion.

For instance, instead of having a con*inuously decreasing slope
df/dt Vike it is. theoretically predicted for h.m. whistlers {see Figure
2.8}, Pc 1 events often present parallel or even reerecting structures
{Figure 2.30). This phenomenon has been interpreted by Gendrin et al. {1971)
who showed the.oppertunity which it presents for diagnasing all the plasma
parameters, In this study ¥(k) instead of y{w) was considered since.the
limited spatial extent of the wave packet is easily transposed into the
k-space by a Fourier transform. Developing w and k in the vicinity of
the central angular frequency w, and wave numper ko, for which y reaches
its maximum value Yg: One has

v
w= Wy vgo (k-ko) + _EQ (k-k )2 : (2.23)

®
0
Y=Y "5 (k-kg)?

where dw

Vo= —

@ &k tk=k

o . (2.24)
v = —L =
o dk |k o=k, dkz | k =k

dz
o= t—

0 dk? |k = K

o

After the time t, = nT which corresponds ton back and forth travels
through the amplifying region (T being the repetition period), the wave
packet has expanded in time. Similtaneously its apparent slope dw/dr is an
f - t diagram has decreased. Let 3, be the duratian of the wave packet at
time tn,'i.e. the time during which the amplitude is larger than half the
maximum amplitude. Gendrin et al. {1971) have shown that :

5%



Il S T

L
| 5 10
10 T T T L B _: 100
- a:Q
B Dusk 1
- 7 a=90° 4
B 450
U 1o \ o Wikev)
[ Closed orbits Open Irajeclories |
B 15
| — N
R 1.0

Fig. 329 Boundary between open and closed orbits for a = 0° and
a = 90° protons. The normalized scale parameters are defined by U =
0.42 W(keV)/$r'/* and R = 0.0295 Lo/ The L and W scales are
calculated specifically for a ¢ross-magnetospheric potential drop of 90
kV. ‘pp’ denotes the position of the plasmapause.

Kaye efal., J.¢.R, %4, €397,1979.

59

KERGUELEN . 15 Ju.. 86

ki g

25 30 .

s gy

r‘:uu KERGUELEN 24 OCT. 64
4 -

Fm?.ﬁ}'ms PICTURE REPRESENTS 3 EXAMPLES OF EVENTS WHICH WERE ANALYSED.
Case (a) represents a particularly clear event from which one can think that only the dispersive
property of the mediurm intervenes. Case (b} is more complicated. There are 3 parts for which
the dispersion effect is ctear {1-6, 14-22 and 23-26). The rest of the time, the pearls seem 10
remain parallel. In the case (c), 2 successive periods of dispersion separated by a period during
which the elements reerect, appear. It is difficult to say if the third dispersive part is the end of
the same event or if it is another emission because it i$ not exactly the same mean frequency.

Gendrin af'al.J Planek Space Sci., 19,165,197) .
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W 8 Ln2 v t
o go
{2.25)
du N o Yo Vgoa
dat t= tn (“oz * voz) t
Let us introduce the twe reduced parameters
1 dT pEasv?
p= . = - o8 (2.26)
z
tn du Ya Vgo
g2 o4y 2
g-— = 535 ——2 (2.27]
t, My Voo

which will be used later.

If the amplification curve y(k) is not strongly peaked around k = Kg»
Hy is small and cne has

dw y_ ¢z
- — (2.28)

dt Ya tn
This formula is the one which is valid for propagation in an ampli-
fying medium. In order to demonstrate this statement let us compute dt/dw
at time T Obviously one has :

aT dt dT
y ~ ey + (2.29)
i _ _ duw

t=t t=t

so that

dt daT
el A (2.20
w _ y

o=ty

ol

But

a f ds_&l__dk_=-[vds _ (2.31)

du Ve ko do v

Since v = Vg dVg/dm, v is equal to Va+z times a certain function of
frequency. The same is true for ng so that one can write
d7

’ ds :
_— F(m)/-—— = Flw) T (2.32)
dw Vg

where Flw) = v/vgz, so that

dT \Y '
T : {2.33)

which, with the help of {2.30}, demonstrates {2.28}.

In the left handed mode one has (see Table B.2) :

. (1-x) e
Vo= V& o —/—— (2.34)
9 1-x/2
from which one deduces
va+’ (1-x)2 (1-x/4)
v = - . _ - (2.35)
(1-x/2)2

W
ci

When the event is in its limear phase, i.e. when no more amplifi-
cation occurs so that the signal is dying out, dr/dw varies linearly with
time and p is a constant. This final value of p is called Pe and it verifies

- - Q .
Pe = vz {2.36)

go

which, with the help of (2.34) and (2.35) Lecomes
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1 (1—KD/4)
Pe = - (2.37)
w (1-x°) (T-x0/2)

C1

Consequently from the measurement of Pe and X, One can deduce Wop the
equatorial value of the proton gyrofrequency and hence the L-value of the

field 1ine where the wave has been generated. Note that in this method, o Harouslen (b} Kergueian = 15 Juy 86 = ~I3nr (UT}
there is no need to use the repetition period itself nor to assume a 3 200 ~or.ismun
specific model for the cold plasma density distribution along the field o B I canaing
Lo* & aoof-
line. Other methods for computing g and 1 make use of such assumptions . " 209
Obviousty, if one wants to evaluate the value of N at the apex of the field 3 ool
line one must measure T itself and one must make some assumption about the 5 s 399,
N L |
cold plasma distribution. ] i 73 30
Plots of d/dw as a function of time {Figure 2.31) show that there are
in general two periods during which p is constant. The last one is the one {e) Kerqueten — 24 Qct. 64 = ~I6 hr (UT)
which is used for computing Woge The results agree well with what is known g ool
. . N - I &
about the generation region of Pc 1's. The second one allows to define an o 220z,
initial value of p, p, which is larger than p; since it verifies (2.26) § aod p=0.12 »=0.037
with a. 1 -7 p=0.024
I-lo # % e ’// - ___,_M
- - __4"-— -
As time elapses, v remains constant but Y and u decrease because of w7 b L i
the diffusion of particles under the influence of the wave (section 2.3.5). Time
The value of p which was constant at the beginning of the event is still F1G.2.31SLOPE OF THE ELEMENTS d/dew AS A FUNCTION OF TIME FOR THE THREE EXAMPLES WHICH
constant at the end but is is smaller. This is the interpretation which HAVE BEEN REFRODUCED IN FiG. 2.
was given by Gendrin et al, {1971) for the variation of the slope duw/dT One can see clearly the linear increasing of slope at the beginning of the event, followed by a
during the course of Pe | events decrease of the slope. Afterwards there is again an increase. Sometimes dr/dw remains

constant: the pearls remain parallel.

Gendrin ekal, Planet. Space Si., 14, €5,1971
The amplification coefficient ¥ and therefore its second derivative

W, are propertionnal to nh/nc. The proportionnality factor is a function of
X, &nd of U, / Va+ which 1tself can be cbtained from the measurement of %
(see Section 2.3.1}. The direct measurement of v is impossible because of
wave dissipation effects {see Appendix B, Section B.5). To measure Hg s
difficult but the ratio uu/\b‘ which is also the product of nh/nc by some
function of W and U” / Va* is easy to evaluate. Therefore one has the

* References to these other methods can be found in Gendrin et al. (1971)
p. 173, T

&2 _ 64
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2.3.5.

passibility of measuring nh/nc.‘The ratio “u/vo can be expressed either by
using {2.26) and (2.27] from which one gets

e . 3 .
= = 5,55 -— (z.38)

v, q

or by using {2.26) and (2.36) which gives

P
ISR VISR H (2.39)

Both methods have beer used by Gendrin et al. (1971). They give
resuits which agree together and which are of the right order of magnitude
(nh/nc "~ 111)'3 - 10'1). The largest ratios are obtained for high L-values
(L~ 6),or at lower L-vatues (L ~ 4} but during period of intense magnetic
activity. These results are expected from the dynamics of beoth cold and
hot plasmas during injection events. '

In summary the slope of successive P¢c 1 elements in a freguency-
time diagram is the result of a competing action between dispersicn and
amplification. Due to quasi-linear processes the importance of the second
phenamencn with respect to the first one diminishes during the course of
the event. The measurement of all the characteristics of the frequency -
time structure of Pc 1's at the beginning and at the end of the emission
allows to evaluate L, Nes My and U”. The only parameter which is not
determined is the anisotropy.

Gegphysical _consequenges of Ion Cyclotron Waves

Once they are generated, ion cyclotron waves {ICW) act upon the
magnetospheric particles in different ways. Their reaction upon the energetic
protons which are at the origin of their generation has already been studied
{Section 2.3.3) where the role of the plasmapause with respect to praton
precipitation has been discussed. In Appendix B, the proton lifetime under
the influence of quasi-linear diffusion has been alsoc evaluated (Section B.4.4)

1S3

" 4into strong diffusion {Secticn B8.4.5). In this Section we;waujﬁ'likg_tc

as well as the wave intensity which is necessary;torbring.theselwrotnns

study the effects that ICW's may produce on particles that are fiot respef-
sible for their generation. These particles may be protons {in a different ;
energy range), electrons (both thermal and relativistic) or heavy ions.
These principal interactions are listed in Table 2.3 and below they are
briefly reviewed in the order in which they are listed.

‘The fact that isotropic, low energy particles may abscrb cyclotron
waves near the gyrofrequencies is a consequence of the relationships which
exist between wave amplification and particle diffusion (see Appendix &,
Section B.4.2}. The interaction is gyroresonant in the backward mode and
the pitch angle of the interacting particles increases. Since the particles
we are concerned with have thermal energies, the resonance occurs at fre-
guencies which are very near to the gyrofrequency (x 3L1). Therefore the
ratio g¢/v” = x / {1-x) is very large. The diffusion curves in the Vi YL
plane are almost straight lines parallel to the v; axis and even distributions
with a positive anisotrapy could produce wave absorption. This is the pheno-

menon known as cyclotron absorption.

~ In the case of ICH's the particles which could absorb the waves are
thermal or suprathermal protons. Such a mechanism has been invoked to axplain
the change in the pitch angle distribution of low-energy protons (3 £ E £ 600 ev)
detected cnboard the geostatiomary spacecraft ATS-6 as a function of local
time. These distributions are more or less field-aligned in the afterncon and
night sector and they change to pancake distributions in the morning sector
(Imhof et al., 1982). By using Gendrin's f1968) expression for the pitch
angle coefficient Dy thege authors were able to show that a low magnetic
field power density {~ 107 y.Hz™ /2) vas sufficient to diffuse 100 -e¥
protens by ae = 90° in At ~ 10%s. Such a spectral density is small as
compared tolthe ones which are commonly observed at geostationary altitudes
(v 1 y.HZ /2} but the problem is that these observed emissions occur at
frequencies much smaller than the proton gyrofrequency (0.2 < x < 0.6) as
expected for waves which are ‘locally generated by energetic particles with
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TABLE 2.3.

Consequences of ICW's on particles other than

the ones that are invoived in their generation.

Mechanism Consequence References

Particles

-, 1982

Singh et al

Generation of pancake
distributions (a~)

gyroresonance
(backward)

Thermal protons

ot

Thorne and Kennel, 1977

Thorne, 1974 a,b,

precipitation

{aN)

gyroresonance

Relativistic electrons

{forward anomalous)

Gendrin and Roux, 1980

heating
Mank et al

gyroresanance

+ .
He ions

., 1984

(E7, aror a\)

(forward normal if £ > HHE+)

1981
1982

Young et al.

heating and trapping

(E.7, a_r)

gyroresonance

Roux et al,

back ]
(backward if f < FHe+)

Cornwall et al., 197t a

heating

Landau absorption

(ky # 0}

Thermal electrons

Williams et al., 1976

production of SAR arcs

LundbTad and Stiraas, 1978

an anisotropic distribution function. Therefore cne must assume that the
waves are generated off the equator (with a local value of x < 1) by these
energetic protons and that they propagate back to the equatgr where X
approaches unity. A similar mechanism was already invcked by Joselyn and
Lyons (1976) in order to explain the rounded pitch angle distributions
;;—;;dium energy protons which were initially unable to generate ICW's.

One may also note that there are other processes by which waves can
be generated near the proton gyrofrequency, in the magnetosonic made and not
in the Alfven mode (see Section 2.4},

Relativistic electrons

The same difficulty does not arise when the absorpticn of (left-

handed) ICW's by energetic electrons is considered. But, because of the
large value of the ratio Imcel / w.q» these electrons must have refativistic
energies if an interaction has to occur at frequencies of the order of w ,/2
{Figure 2,32}, The interaction takes place in the backward mode. Absorp-

tion is possible because the electroms have a positive anisotropy {see Table

B.5}). During the interaction the electron pitch angle decreases and the

electrons are precipitated.

Taking into account the relativistic variation of the gyrofreguency,
Thorne and Kennel {1971) have evaluated the resonant energy of electrons
interacting with an ICW such that w/u_; = 0.5 (Figure 2.33). Two assumptions
were made concerning the cold plasma density outside the plasmasphere :
n, = 10 cm_3 corresponding to afternoon values near the bulge and n. = fem”
corresponding to plasmetrough values. The resonant energy expressed in terms

-l
of the relativistic factor ¥ = {1 - vz ¢2} 2 g4 given by

( ) o« By 1-x ( )
Y2-1)cos2a = (Zm ‘E‘")' 2.40
0 x?

where a is the particle pitch angle, m* = 1840 {is the mass ratio between
pretons and electrons, E0 = meca is the electron rest mass and Em = B*/(uonc)
is the magnetic emergy per cold particle, The figure shows that the region

3
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Figure 2.32.

ion-cyclotron waves .

i 2 3 4 5 & 7 8
L. VALUE

Fig.233The energy of electrons with 45° pitch
angle resonant at the magnetic equator with
w/, = 0.5 lon-cyclotron waves is plotted against
L value, The sharp inerease at L =~ 45 is caused
by the pronounced drop in density at the plasma-

Interaction between relativistic electrons and electromagnetic

@ o pause. Beyond the plasmapause two curves have
30 } been plotted, one assuming typical thermal plasma
o densities (N =~ 1 cm™) and the other assuming

3 ring current proton densities (N =< 10 em™).

Thorne @ Kennel J.G.R. % 444¢, 1971



of precipitation of electrons {1 £ E £ 3 MeV} is the inner border of the
plasmapause. For the same physical reason (the minimum value of Em) this
is also the region of maximum generation of ICW's.

Thorne and Kennel {1977} have computed the electrom pitch angle
diffusion time Ty v Dua by using a formula similar to the one given by
equation (B.160). For E = 2 MeV, b = 1yand L = & they found Ty 50 s.
In the same conditions, the minimum lifetime Ty = ZTe/aoa is 20 s. Then
Equation {B.93) allows to compute the precipitated flux, Jp in the equa-
torial region_:f ?ge knows the trapped f1”x’_fT Y?ose measured value is
vEox 10® em s, so that Jp “2x 102 cm s . The energy diffu5102
time T being related to the pitch angle diffusion time by the relation

H r

T_Em(v'") m(m ) (2.41)
Tu V¢ YX

one can evaluate rE/Tu ~ 10* which means that AE/{m/2}2 ~ 1/TE v 10'6.

In other words a typical relativistic electron of 1 MeV gains approxima-

tely 1 eV, an energy which is removeg fr?m the ICW's, The total energy flux

which is removed is ~ 2 x 102 fv.cm' 5~ whereas tge wgve enerqgy flux,

for b = 1y and v, = 200C km.s™ is v~ 2 x 10° eV.em .s™ , e.g. 10° times

larger. This mechanism is therefore efficient in precipitating relati-

vistic electrons without modifying the ICW generation conditions.

Such a process operates principally in the night and dusk sectors
at L-values of the order of 4, when the freshly injected protons encounter
the plasmapause. At higher L-values {L v 5-8) the injected protens may drift
without suffering much diffusion. But if they encounter detached plasma
regions on the morning side, they could generate intense ICW's which could
be at the origin of intense relativistic electron precipitation (REP) events
(Figure 2.34 ). These events modify the day side iorospheric conductivity
at aurcral latitudes (Thorne, 1974 a,b).

* See eguation (B.1I11).

=+l

DETACHED
PLASMA

~—PLASMAPAUSE
'5 .

Fig.234.A schematic view of an REP event. Protons injected into the nightside magnetosphere
during a sub-storm subsequently drift westward towards the dayside. They become subject to jon-
cyclotron instability within the plasmasphere and suffer strong diffusion loss which reduces their
flux to the stably trapped level for L < 5. For L2 § the protons are able to reach the dayside without
significant flux depletion and there trigger a further zone of intense ion-cyclotron turbulence within
a region of detached high density plasma. Relativistic electrons on essentially circular drift orbits are
parasitically scattering into the atmosphere on field lines threading both the detached plasma region
and the outer edge of the nightside plasmasphere.

R.H. T’wrne) SPace el Rev.) 16,9431 1974,
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In the presence of cold He™ ions the dispersion characteristics of
ICW's are modified (see Section 2,4.1). The dispersicn curve has two branches :
a 'high freguency' one (wcHe+ < Yo <uw < ucH+} where @eg is the cut-off
frequency of the left-hand mode, and a 'low frequency' ore (w < wcHe*)'
Gyroresonant interactions with magnetospheric thermal He® ions of ipnos-
pheric origin may take place in both frequency ranges. They lead to an energi-
zation of He® ions up to suprathermal energies (v 100 eV) and to an increase
of their pitch angle, so that these ions become trapped in the equatorial
region ¢f the magnetosphere. These effects are discussed in detail in Section
2.4.2.

Thermal electrons

The fourth process listed in Table 2.3 concerns the heating of
thermal electrons threugh Landau damping and subsequent heat transfer to
the upper atmosphere where the increase of electron temperature leads to
the generation of stable auroral red arcs (SAR arcs). This mechanism is
schematically represented on Figure 2.35. (Cornwall et al., 1971). Landau

absorption of ICW's by thermal (a1 eV) electrons is possible for two
reasons :

Unslable Proton Region
Injense Wave Growth

Eleciron Landau
Damping Region

1. The phase velocity of ICW's is &f the order of the thermal velocity
of these electrons (for Va' ~ 1000 km.s™ which corresponds to E_~ 5 keV,

one has Ee n 2.5 eV). Landau resonance (V/? = v¢) can therefore occur.

Plosmapause Expansion

SAR ARC
\

2. During ICW propagation, the wave narmal angle rotates with respect
t0 the magnetic field and large values of & are reached (see Figure 2.9).
This is a necessary and sufficient conditicn for an appreciable Landau
resonant energy exchange between ICW's and thermal electrons (Kenne? and
Wong, 1967).

Heat Flux
S- S50kev
Proton Precipitahion

Thermal Conduchon

Computations show that the absorption rate verifies ~—

h’|- 1 tang | ° Y v 2
e ) e 2]

res Vin th

3 F4

Siobie Ring Current Proton Bell {I0-130kev)

pause (Cornwall ef af., 1971). During the recovery phase of major geomagneltic storms the plasma-
sphere thus exciting the monochromatic red emissions.
R.H.Tharna,.Sfau Sei-Rev., 16,443 1974%.

sphere expands outward and ion-cyclotron turbulence generated within a narrow zone just inside Lhe
electrons are heated to a few eV and the heat is subsequently conducted along field lines (o the iono-

plasmapause suffers strong Landau damping by thermal plasmaspheric electrons. The magnetospheric

Fig.2.35 A synposis of the energy transfer processes responsible for SAR arc formation at the plasma-
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2.5.

where

1 ) -
lw . Ju )72 ' o
s . m-l[_ﬂ_ﬂ_] (2.43)

res W

is the resonance angle for oblique propagation. The absorption is appreciable

‘for targe wave normal angles and it can be shown that between 50 and 80% of

the wave energy is transfered to the electrons. Assuming a wave field inten-
sity at the equator equal to 2v (a rather high value), Cornwall et al. (1971)
were able to show.that the heat flux at the ionospheric level (F~ 7 x 10°
W.m~ ) is sufficient to power a f-kiloRayleigh SAR arc. The problem is that
waves of such a high. intensity have not been reported yet to exist in con-
Junct1on with SAR arcs and that this energy flux is also equal to the enéryy
flux Tost directly at times of SAR arcs by ring current protons (Williams et

1., 1976). This Teads to the unbelivable conclusion that both comversion
processes (wave generation by protons and wave absorption by electrons) have
an almost 100% efficiency.

It has been recently observed that intense ICW's could be at the
origin of the generation ¢f fieid-aligned suprathermal electron fluxes
(Cornilleau-Wehrlin, 1981 ; Norris et al. ., 1982). The large electric field
component which is associated with the propagation of ICW's in the presence
of cold He* ions it at the origin of this phenomenon (see Section 2.4).

Finally, some of the auroral luminosity pulsations {0.05 £ F.£ 10 Hz)
are known to occur in conjunction with ICW's (i.e. Berkey, 1980 ; Hirasawa,
1981}, But the links which exist between oscillatory energetic (~1 - 10 kev)
electron precipitation and hydromagnetic fluctuations detected at the ground
have not yet been experimentally clarified nor satisfactorily interpreted.

Spacecraft observations

Irregular pulsations

These two sections have not yet been written.

APPENDIX B.

THEORY OF GYRORESONANT INTERACTIONS
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APPENDIX B

THEORY OF GYRORESONANT INTERACTIONS

In a coilisionless medium, waves and particles can interact cohe-
rently over long distances, the phase angle between the particle velocity
vector and the wave electric field being able to remain more or less cons-
tant, under some conditiens. By a cumulative effect, the exchange of
energy between the wave and the particle, which is represented by the
integral

W=q fE-y ot (8.1)

is non zerg. If W > 0 a fraction of the wave energy is transferred to the
particles, the kinetic energy of which increases. If W < 0 the wave has
taken energy from the particles and its amplitude will grow. Such inte-
ractions are called resonant interactions and the conditions which define
the phase matching are called the resonance conditions.

Since in the magnetosphere the particle motion exhibits different
periodicities, different resonant interactions can occur*. Among those,
gyroresgnant interactions play a fundamental role in the dynamics of magne-
tospheric particles, mainly for two reasons. First the gyration motion has
the shortest periedicity and interactions involving this motion will be the
fasted ones. Second, because they must be circularly polarized in order to
interact with the gyrating particles, the waves intervening in this dinte-
raction belong to the whistler mode or to the ion cyclotron mode. Waves
propagating in these modes are strongly guided by magnetic field lines and
they are reflected by the ionosphere. Therefore they come back in the inte-
raction region where they encounter other particles with which they interact
again, lteading to an increase of their amplification.

* The bounce rescnance phenomenon has been already discussed in Chapter I.

+3%

B.1.

This Appendix is devoted to gyroresonant interactions. We will
first consider the basic physical principles which lead to the resonance

condition (Section B.1). Some useful formulae for interactions between

electrons and whistler waves or between protons and ULF waves are given

in Section B.2. Growth-rates will then be computed by linearizing the
Vlasov-Boltzman equation. The corresponding expressions lead to the concept
of critical anisotropy and they show the importance of the cold plasma
density value 'in the amplification process {Section B.3). The reaction

of the denerated waves upon particles are then studied in the framework

of the quasi-linear (QL) theory and the importance of the pitch-angle
(p.a.)'diffusion is stressed {Section B.4)}. When gyroresonant interactions
are considered as. part of a process in which particles are continuously
injected and precipitated and waves are continuously generated and reflected,
one arrives at the concept of self-consistent equilibrium which is studied
in Section B.5, Finally, when the wave amplitude is large, particle velo-
cities are not equipartitionned between the different gyrophase angles

and the full equations of movement have to be considered, These non-linear

effects are dealt with in Section B.6.

THE GYRORESONANCE MECHANISM

In order to explain this mechanism in a simple way we will con-
sider waves propagating with a k vector strictly parallel or antiparalle}
to B, i.e. to the z axis (Figure B.1). The wave is assumed to have its
electric field vector circularly polarized in the x, y plane. The phase

angle of this vector (measured positively in the x to y direction} is :
8 =wt-kz 8 (8.2}
where w is pqsitive if the wave is right-handed {RH).
Let us consider a particle whose parailel and perpendicular velo-
city components are Yy and v, . Because of the gyration motion, the phase

angle of the velocity vector v, is

¢ = ut +'¢0 (B.3)
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where Wes the particle angular gyrofrequency, is positive for electrons
and negative for positive ions. Because of the parallel motion z = Vo t,
and the angie between the electric field vector seen by the particle and
the instantanecus direction of its perpendicular velocity is

B -9« (w- kv” - NCJ t o+ 90 -9 (B.4)

o4

If
wo= w4+ kv” ' {8.5)

this angle remains constant. The integral defined by (B.1) is non zero and
an exchange of energy between the wave and the particle takes place, For a
given Vs w is called the resonance freguency. For a given w,

V.= (w-w)/k (8.6)

is called the paratlel resonant velocity. Equation (B.3) is called the
resonance equation. When it is not satisfied the phase angle will take
all possibTe values and the integral JE* v dt has no secular term and
there is no coherent exchange of energy between the particle and the wave.

The sign convention which has been adopted for deriving equation
(8.5) must not be forgotten. Besides its algebric significance* this
equation al1so contains a condition on the necessary fit between the rota-
tion senses of the two vectors (the polarization fit). The existence or
absence of an interaction depends upom :

= the relative 'polarizations' of the wave and the particle. One
may define interactions of the same polarity (respectively opposite) as
ke
those for which E and v, rotate in the same (resp. opposite) sense .

- the relative values of the phase velocity af the wave, v¢ and
the parallel velocity of the particle, v”.

* When written under the formw =w - kv, equation (8.5) axpresses the
fact that the Doppler shifted freguency seen by the particle is equal
to its gyrofreguency.

** For instance interaction between electrons and RH waves cr ilons and LH
waves are Iinteractions of the same polarity.

IO
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- the relative values of the wave frecuency -/27 and Thé .particie.
gyrofrequency‘wC/Zﬁ.

This is easily demonstrated by considering the orientation change
of both £ and v, when the particle moves along the z axis, which is ilius-
trgﬂ on Figure 1 where an RH wave propagating in the + z directipn is
considered. Identical arguments could be developed for an LH wave,

Let us first consider interactions with electrons. Let us assume
for reason of simplicity that at time t = O the particle -is at z = 0 and

that E and v, are parallel. At the same time the wave electric field at

@ certain distance z, E{(z,0) has the orientation shown on the picture,
i.e. its phase angle with respect to the x axis is equal to - kz. When
time elapses both particies and waves rotate tc the right, the wave by an
angle wt, the particle by an angle wct. If a resonance is to occur,
ilgz,t) and E(z,t) where z = vﬂ,t must also be parallel, Now one has to
consider different cases (letters refer to the cases representad in
Figure B.1 :

a) V< Ve E{z,t) is on the right of the x axis since the x axis is the
position that E should have if z were equal to v.t. The resonance may exist
provided one has wt = kz + w.t, i.e. provided Eqﬁation (B.5) is verified.
Clearly this is possible only if e < w, otherwise the vector E will not be
able to catch the velocity vector.

b) vﬁ,> v . The time zjvb, is too short for the wave veetor to reach the
x axis. E?E,t) is on thg left of the x axis whereas v,(z,t) is on the right,
The resonance is impossible.

"¢} v, < 0. In this case one assumes that the particle is at the point z

when t = 0. E{z,0) and v;(z,0) are also assumed to be parallel. When the
particle errives at z = 0, v  and E have both made a rotation in the
positive sense and they can be parallel provided the resonance condition
is satisfied, which implies, as seen on the figure , that w < W Such
interactions are called 'backward' since waves and particles propagate
in opposite directions.

2

Similar arguments can be used to study the interaetign between

positive jons and RH waves :

d) v, < Vg. The interaction is impossible since v {z,t) is on the left
of the x axis whereas E(z.t)_is on the right (the x axis being the position
of Elvyt,t}). '

e) v” > Vg The particle has such a high speed that the apparent polari-
zation of the wave that is sees is left handed. This is called an 'ancmaious
interaction since the particle velocity is Targer than the phase velocity
of the wave . However we must be smaller than kvh,otherwise v, {z,t) would

be to the left of E(z,0) whereas E(z,t} is on the right.

f) Vy < 0. The interaction is impossible since v,(c,t) is ta the left of
E{z,0) which itself is to the left of E(o,0) and a fortiori to the left of
Elo,t).

These considerations are summarized in Table B.1 in which the possi-
ble interactions are listed according to their polarity and to the vaiue
of the particle velocity with respect to the phase velocity. As far as
application to interactions with whistler waves or jon cyclotron waves
are concerned, the following comments can be made, according to three
cases listed in Table B.ft. )

1. For whistler waves |w| < fucg!» s0 that there is no forward
normal e,R interaction, Similarly for ign ;yc1otron waves w < Wep where
wep is the proton gyrofreguency. However if a heavier ion is present, this
ion can interact with such a mode since there are frequencies verifying
|uti! < w] < |ukp|. In Section 2.4 we will see the importance of this

effect for the heating of He* dons in the equatorial magnetosphere.

2. In general the condition |k| > lu {7 iv”| could be unsatisfied
for cetain values of Yy However whistler waves as well as ion cyclotron
waves always present an asymptotic bramch with large k values near the
gyroresonance frequencies so that there is at least one frequency of inte-
raction of this kind.

* In vacuum such a type of interaction does not exist, since no particle
can have a valocity larger than the phase velocity rv¢ =¢c).
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TABLE B ..

Selection rules for gyroresonant interactions

A plus {respectively minus) sign means that the interaction
is possible {resp. impossible).

Case Type Same Opposite
polarity palarities
{e,R or i,L) {e,L or 1,R}
Yp T Ve 20 '
]y”I < iv¢% 1 Forward + : -
normal - (onty if |w] > juw.])
vy 1> Tyl 2 Firward - N
. anomalous i
| {onty if w. > kv//)
v” . v¢ < ?
3 Backward » -

(only if |o| < |mci)
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ALY S .
T3, The: eond1h1on ‘mi < imfl 15 always sat1sf1£d 51nce the anEs

"we are*concerned WTth propagate anly in th1s frequenoy range. :

This:ritﬁéF:ﬁiﬁ@thy discussion has been made in order to clarify . -

the reasons for which waves with different polarizations can resgnate with
a given particle speties depending on the relative values of vﬂland v, and

of w and w_. But ail-the phys1cs is lndeed contained in equations (B.2) and

(B.3)-with their sign convention. In pract1ca1 situations ohe does not have

to worry about all the arguments which were developed above. It is sufficient

to look at the intersection point{s} in the w, k plane of the dispersion
curve D{w,k) = & with the straight line defined by the resonance condition
(B.5). One has just to be careful by assigning the same positive {respec~
tively negative) regions for RH (resp, LH} waves and electrons {resp. 1ons)
From Figure 8.2 where this construction 15 made, the conclusions presentad
in Table 8.1 are 1nnnd1ate1y deduced. |

Hheﬁ'applied'to‘the practical case of electron or ign cyclotron

waves, this-constructjon gives immediately the four possible types of. inte- -

raction (Figure B.3), These are -

- e,R : this is the classical backward interaction between electrons and
whistler waves which are at the origin of magnetospheric hiss and chorus
in the VLF range, It wil! be discussed at length in this Append1x {Section
B.5} and in Chaptar 3.

- &,L : this is the aznomalous (forward) interaction between electrons and
‘fon cyclotron waves. Because of the large value of the ratio “ce/mci’ such
an interaction implies large electron paraiiel velocities which correspond
to relativistic energies. It has been invoked to interpret the 'parasitic’
diffusion of relativistic electrons by ien cyclotron waves (Thorne, 1974).

- p,L : this is the classical backward interaction between protons and ion
cyclotron waves which is at the origin of the generation of Pcl waves (see

Chapter 2).

* An opposite (but still coherent) convention may be used as well.
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B.2.

- p,R : this is an anomalous interaction between protons and the whistler
mode. It may lead to the generation of waves in the magnetosheath region :
the 'lion roars' (Smith and Tsurutami, 1976), Contrary to the e, L interac-
tion it does not imply relativistic energies {see below).

Two remarks are worth making. First Figure B.3 does not show any
example of a normal forward interaction (vﬁ,< v¢) as represented on Figure
B.2.a. In the VLF range this can be understood since there is no wave with
fo fce' Indeed such waves exist at higher frequencies f > f1 where

£o=1

R
I\ ) (8.7)

5

i 2
Vit + 4" + Fee
is the cut-off frequency of the RH mode. But their phase velocity is higher
than the velocity of light. In the usual magnetospheric situation for which
fpe > fce . f.I ¥ fpe so that interactions of this type could take place

*

only with highly relativistic particles which are not present . But in the

ULF range normal forward interactions can exist, but only in multicomponent
plasmas (see Section 2.4),

The second remark concerns the nature of the interaction. Having
defined the existence of a resonance frequency is not sufficient to know
in which direction the exchange of energy will take place. Wil) the wave
be amplified {at the expense of the particles kinetic energy) or will it
be damped ? The answer to this guestion can be given only by making the
full analytical treatment of the interaction, although in many cases simple

geometrical considerations may lead to the correct answer (see Section B.4).

USEFUL FORMULAE

In practical applications it is interesting to know the value of
the resonant frequency as a function of the particle parallel velocity or
the resonant velocity which corresponds to a given frequency. This is

* However, when o = fpe/fce < !} an interaction could occur for reasonable
values of the elecrron velocity since the cut-off frequency 1s not much
higher than the electron gyrcfrequency. One has f; = fce {1 + o)
{Gendrin, 1966). Such an interaction could be envisaged as a possible
source for kimometric radiation.

=hi

obtained by combining the dispersion equation D{w,k} = 0 with the resonance
condition, in ordér to eliminate the wave number k.

Simplified dispersion relations have been given in Appendix A for
waves propagating in a medium for which a = (f e/fce) is much larger than
unity. For parallel propagation, equation (A.23§, which is valid for WLF ~
waves with frequencies higher than the lower hybrid frequency, becomes

cv M (e '
vy = vy x % {1-x) o . (8.8)
where x = w/w,q and V;'= ¢/a is the 'electrom Alfven Qelocity'. Equation
(A.30) on the other hand is

vy v, (1-x)' /2 ‘ (B.9)

+ *lr, . . . ’
where X =uw /“hi and va =¢clam is the usual Alfven velocity. Note that
with our conventions, there is only one expression for v,. But X is posi-
tive for LH waves {since both w and w_; are negative) and negative for RH

ci
waves. By combining these expressions with the relation

Yo = Vr]/.(i - u fe) ‘ (8.10)
which one deduces from (B.6), one can compute V. ().

Expressions for the phase velocity, Vor the group velocity, vg. and
the resonant energy .= mvr=/2 are given in Table B.2 for the two backward
interactions, which are the most important ones. Table B.2 alsg contains
some formulae which will be useful in other sections of this Appendix.

The relationships between the interaction frequency and the par-
ticle parallel velocity are illustrated on Figure B.4 for e,R and p,R
interactions. On the left hand part of Figure B.5, this relationship is
represented for the}p.R interaction again {but with a linear frequency
scale} and for the p,L interaction. The right-hand part of Figure B.S
represents the refationship between v¢ and Vr for these two interactions,
as given by

g8

-

-

p— 1t



TABLE B.2
Basic formulas

x = wfl2t] Vit = Bof(ponom=)1?  Eq = (m%V,=2)/Z = Bo¥(2amo)

Type of interaction e, R 2L
Wave number k V,+/|Q2¢| x12(] — x)-112 x(]l —x)-ut
Phase velocity vefVat xV2(] — )1t (1 — x)1/2

Group velocity Vgj Vs 2x1/2{] — x)3r2 (1 —x)¥ (1 —x/2)-1
Paralle] resonant energy Ev/Em x {1 - x)? x~2(] - x)?
Critical energy E¢/Em A1 4+ 4)t A2 4+ A

Amplification factor G(w)/|2+V,%| 2n? x-3(1 — x)*t
(Eguation 4)

Amplification factor H(w)/|52¢| 71 —x)?
(Equation 12)

* Diffusion coefficient Df(£2%)2

272 xME(] — x)T2
a2 x-2{1 —x)2

x(1 4+ 2x)~1 (be/Bo)? X(2 + x)~4 (be/ Bo)?

2x2 41 1—-x

** Diflusion curve (v'2 — y 2)f V2t . —Lnx = + Lnx
X

* The correct expression for D[a02%(bw/Bo)? (Vy + I¥e))1] is taken. Usuvally, Vg is neglecied with
respect to Vr, which is true only if x < 1,

** In these expressions, x is an implicit function of ¥, (see the fifth line); v” is the constant defining
the diffusion curve in the v,, by = ¥ plane.

Gendein, in Eandhs Hagnetorpheric ?mums', D.Reldel, 1972, pp-3u-328.
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Fig. _B.4- Fréquences émives dans une interaction de £YT donnant naij 4 une onde polarisée i droite
(mode des sifflements). En abscisse, la vitesse longitudinale du faisceau; en ordounées, la fréquence émise, (3) cas d*une

Joa avec un fai d’électrons: la fréquence émise est une fonction continiment décroissante de la vitesse longi-
tudinale du (aisceau {d’aprés GarLzt {15)). {b) Cas d'une interaction avec un faisceau de protons: pour certaines valeurs
de la vitesss longitudinale du faisceau, on Peut avoir trois fréquences émises. Les valeyrs limites ont pour expressions

wVamibifa, s Vasim*2, w208 w=jas.
D'aprés Grezavaoi,)

Gendrin, Handbuch der Physik, Springer, veol. 43/3' 41,1972
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m.
1 S . :
: To] -og v'oo= _L_ | (
| et r viz -1 .11
{ 1 - + .
! < g where Vr = Vr- / Va and Vo = v¢/ V; are normalized values. Equation (B,11)
| E 3 magl{ have one or three roots in Voo The root which always exist is the one
B I » whith corresponds to the backw;rd interaction (v&) < o assuming V]'_, > a).
_i_ a ;—l?: g The other.roots exist only wben v}/ exceeds a certain critical value
———t——} = T
_ s | |zfHeg B S e
S | S [NO @ .
= . = "V (27/2)E,
é S f 3 — k= The paral!e] energy of the protons must be larger than (27/2)Em where
i "E g } g |_|>_| 'E Ey = m ¥, /2 is th? ‘magnetic energy per particle' or the 'Alfven er{ergy'.
§ ! m - 5 E, is not a very high energy ; for instance at L = 6.6 Ep v 5-10 keV which
I_ |-— g means that E must be Jarger than.n 75-150 keV. R Co
! L [ | , = Y
o prs o ~ — > - q 0 8 B.3. COMPUTATION OF THE GROWTH RATES
ALIDOT3A ‘205 '
BSVHd GBZ!—IVWHON L The dispersion relation which w i i i
o o o ‘ ’ as established in Appendix A is
I ; I I ; . 0 03] i.l-: - valid for propagation of waves in a cold plasma. If one wants to study
" &J e how this r'e1.at'ion is modified by the existence of a finite temperature,
i g % >‘_ one has to introduce the particle distribution function fs(vl,v//) for
g % o a - eac: snecies s.j which is.such that nsfs(v,_,v”)vldudv” d¢ represents
% & 0 b4 n:m e:r clrf.parF'lcle per unit vo]u_rre whose velocity vecter is contained in
\ N u o t : 1nf1n1.te51ma'| volume vy dvp dvy d 4. Use of cylindrical coordinates is
= ] g made, n, is the nurrbe:." (-Jf particles per unit volume for species s, inte-
- ] 3_ < > grated ?ver all velocities, and ¢ is the azimuthal angle in the plane
] - 2 3 perpendicular to B. These distribution functions which satisfy
—al m 2m e e
o - [ d¢/v1dv1/dv Folvg, vyd =t
o p fs e vy s (8.13)
= @ ° ° -
L =
-— o
o g cbey the Boltzman-Valsov equation
! | { | ] =3 il ’
$yve¥ f_o+y— =
- ~ L L L _% " ¥y fo [§+!x(§+§) fo =0 (8.14)
o - c "
AON3ND '
344 Q3ZINTVYWHON 2
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which is deduced from the momentum eguation in the absence of collisions.
Combining with Maxwell's equations, one arrives at a general dispersion
relation {i.e. Sagdeev and Shafranov, 1961*) which, in the case of parallel
propagation of electromagnetic waves, is :

(w 2 = =
ni"l-z—P—S—— v, % dv dv,, =
- s w 4; * Jl/ /

-]

.k 3¢ 5 1
[ ?r_(v// S-VL_.S_)]-—..—_H (B.15)
w 3vy Wy, kv// * (m-ﬂs)

In this equation the summation is made on the different species,
the plus (respectively minus) sign corresponds to the L (resp. R) mode,
and the sign convention for frequencies is the one we have adopted, i.e.
w?> o (< o) for R(L) waves and 8 >0 (< o} for electrons (ions)*.

When the plasma is supposed io contain only cold particles, whose
distribution function is of the form

1

fc = Po— §{vy) é(vﬂ) (B.16}

the usual dispersion relation is recovered. The problem being to look at
the modifications of the dispersion relation when energetic particles are
introduced, the plasme is considered to contain two populations : a cold
one, of density n. and whose distribution is given by (B.16) and a hot one,
of density ny and whose distributicn is to be specified according to the
physical situation under study. Usually only one species of hot particles
is introduced at once.

The singularity within the integral (B.15) is avoided by introducing
a small imaginary part in the frequency

W 4 Ty {8.17)

* One may also find 4 demonstration of this equaticn in Kennel and

Petschek (1366), with a different convention for the signs.
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where ¥ , the increment, is such that Y/mr << 1, Because we have assumed
that all ascillating quantities vary like exp [i(wt - kz}] . ¥ < o means
amplification and Y > o means damping. However it is usual to speak of posi-
tive growth rate when there is amplification. Therefore the growth rate is
the opposite of the increment (an opposite convection is often used). One
uses the Dirac relation

« (v,)d (v,)
v [ —— T =PP’ b/ ]-w sign(k) g(v,) (8.18)
yroo e Yyt Ntk Vi~ Ve
where
Vr = (mr - QS) /K (B.19)
and
} . -e. glv,)dy +o gy, }dv
PP[ vy I Y L ALLTRY IR T
Yo Ve ha Yy Y = Yy

Then, by equaling the real and imaginary parts of (B.15), the
dispersion relation "(wr} and the increment y(Vr) are obtained. When the
ratio nh/nC << 1, the dispersion relation is in general identical to the
one which prevails in the absence of hot particles. However this is not
always the case, as shown for instance by Higuchi and Jacobs (1970},
Matsumoto and Kimura (1971) and Gendrin et al. {1971). Expressions
which are valid for all the values of nh/nc can be found in Perraut [1974),
for bi-maxwellian distributions and L waves. Lin and Parks {1974) have
also studied this effect in the case of R waves and they have shown that

important differences may exist when nh/nC exceeds ~ 0.1. This is demons-
trated on Figure B.6 where the value of the resonant velocity {normalized
to V2 < v£/2>) is plotted as a function of n,/n. for different values of
“/“ce' Within the same constraint (nh << nc) the increment can be expressed
as

v = = sign (ﬁi) Glw) n (V) [ A - (A1) = ] {B.21)
¢ <

Ag
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Lin amd. Parks ,J.G-R-,79,289%, 1974

95

where

v mlv,) = dvo oy ¥, / vodvy f (v, vy

40

+]

=V )

{B.22)

js the number of particles which resonate with the wave in the frequency

range w, w + der, and where

+ o afh th vy
vydvy Yy —)—
3V, v 1/
AY,) = 2 u #- U
4o
2/ v dvf,
)

(8.23)

defines the anisotropy of the distribution function. Introducing the pitch

angle o , i.e. the angle between v and B, f can be considered as

a function of emergy and pitch angle : f = f(v,a). Then, by using the rela-

tions
3 3 cose 3
= sino * —
vy v ¥ aa
{B.24)
3 3 sino 3
= COSgt —— - _
v av v 3o
one may write o 3f
h
[ v, dv; tana —=
0
A= (8.25)

+xo
2/ v, dy fy
0

This expression shows that the amplification {or damping) of the
waves is governed by the gradient of the distribution function with respect
to pitch angle. If 3f/3a = 0 (i.e. if the distribufﬁon function is isotropic
far 211 energies, then A = 0), A positive anisctropy exists when there are

Ao

i



more particies with large pitch angles than'partic]eszifh'small‘ﬂitch;angles
(at a given energy). Because of the existence of a loss-cone, magnetospheric
particle distributions generally exhibit a positive anisotropy.

Critical_anisotropy

In equation (B.21) the function G{w) is positive so that one can imme-
diately find out in which cases there is an amplification. As shown by the
last term of (B.21), and as was pointed out by Kennel and Petschek (1966),
whether or not an emission can occur depends only on the pitch angle anij-
sotropy (and on the frequency). On the other hand the amplitude of the
growth or damping depends on both the anisotropy and the numbef of resomant
particles (and also on the frequency). For p,L and e,R interactions for
which w and we have the same sign, v is negative (i.e. positive growth rate}
if x = wfu, verifies

x < % = —_— (B.26)

This condition means that, given the anisotropy, amplification is
possible only if the freguency is smaller than a certain critical frequency.
Conversely, wave amplification can occur at a given freguency only if the
anisotropy exceeds a certain value which is called the c¢ritical anisotropy

A > A 2 (B.27)

For p,R and e,L interactions u/wc < o so that the conditions on the
anisotropy are changed. There still remains, however, a condition on the
frequency range over which the instability can occur. These results are
summarized in Table B.3.

From now on we restrict ourselves to the most important interactions
(i.e. p,L and e,R). In order to progress a specific form for the distribution

*  and assuming that the anisotropy is not a function of freguency itself,
a point which will be discussed later.

a+

CCTABLE 8.3

Conditions for wave emission for different anisotropy factors and
different types of interaction. A plus (respectively minus) sign means
amplification (resp. damping). The values of the critical fregquencies fci
and f_, are functions of A. For a bi-maxwellian distribution the 3rd case
cannot occur as shown by equation {8.30). The Table is adapted from Liemohn
(1967) after correction of a slight error.

Type.of interaction

Anisotropy factor

e,L or p,R e,R or p,L
0<A - *
(if |f] < fyql
-1 <ACD + -
(if |f| < fcz)
A<= + . -
48



function has to be selected, The bi-maxwellian distribution fs one-of the

most popular since it allows to make analytical computations. Therefore
let us assume that

1 v, 2 v,2
fh = _11372_”-—2U_ exp [ = U-Lz - //2 ] (328)
at Uy Yy

where U//il = ZKT”/ mand U2 = ZKT/// m ( being the Boltzman constant)
define the parallel and perpendicular temperatures of the distribution.

Note that these temperatures are related to the mean quadratic value of

the parallel and perpendicular velocities by the usual'thermodynamic
relations if one takes into account the fact that vy corresponds to two

degrees of freedown, whereas v//corresponds to only one. One easily
demonstrates that )

i o U2 «xt
NP Zvrf vpdv, v, tdv, F= L - #
4 / L Wy » "
(8.29)
oo oo 2T
vy = 27 v, *dv, dv,f = U2 = —— 1
4. [; V4 1 m

For such a distribution, it is easily shown that A, as defined by
(B.23) is independent of Vr :

A = L {8.30)
$0 that one can speak of the anisotropy of the distribution function. A simi-
lar property exists for distributions of the form

flvial = glv) siny {(8.31)

which are sometimes used since they are a better approximation to loss-cone
distributions (no particles for « = o). Because 3f /30 = mf/tane, one immedia-
tely obtains from (B.25) :

A = mf2 ‘ (B.32)

Crﬂ

I Ti>T, orifm>o, examinatioh:q?,iéb§f23,3 shows that the
backward interactions between electrons and whistler waves or between
protons and ion cyclotron waves lead to an amplification of such waves.
This is the basic mechanism by which the generation of hiss or chorus in
the YLF range or Pc t's or IPDP's in the ULF range is explained.

The fact that A is independent of Vr justifies the concepts of
critical anisotropy and of critical frequency so successfully introduced
by Kennel and Petschek (1966). It can even be demonstrated, by using '
Lieuville's theorem, that for the distributions described by equation (B.31)
but not (B.28) ., A is constant along a magnetic field line if the first
invariant is conserved. Howaver for other distributions, A is a function
of V., i.e. of frequency, and equations like (B.26) or (B.27) have no

- meaning. The consequences of this effect will be discussed partly in section

B.5 of this Appendix and partly in Chapter I11.

For bi-maxwellian distributions the pﬁecise values of the growth
rates are given by (i.e. Kennel and Petschek (1966}, Gendrin et al. {§971) :

Y

e Vet [A - (A+1)x]'i/?1 exp(-Y,) ~(B.33)

w
| cel e

for e, R interactions and

Y 1-x) . ‘ s
vt -(--i— [A - (A+1)x] V'Y, expl(-Y,) {8.38)
Iméil e x(2-x) | '

for p,L interactions Qith

) ) 2 _(1_ ):
() =
Ny

100:

(8.35)
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Application of these formulae will be made in Chapters 2 and 3
where the role of A and of the ratic Uﬁ,/ v, will be discussed. What we
would 1ike to discuss here is the role of the ratio nh/"c' Clearly the
growth rate increases when the number density of hot particles increases.
But what about the effect of increasing n. ?

The idea that increasing the cold plasma density would enhance the
wave growth and consequently the particle precipitation was originally
brought up by Brice {$970) and Brice and Lucas (1971) for whistler inte-
ractions with electrons and by Carnwall et al. (1970) for interactions
between ULF waves and protons. The main justification of these ideas is that
the exponential term is (B.33) or (B.34) leads to an increase of |y| when
ne is increased since Vaa varies like nc'ﬁ. But the other terms in (B.33) or
{8.34) cannot be neglected ! One has

ki ks
Iyl = —n—‘;—n— exp (- ) ‘ (B.36)

C nC

where k. and k, are constant {f one keeps the other parameters (nh, Uﬁ,,A
and w) constant, Starting from small values of n. it is clear that |v|
increases when ne increasas. However for sufficiently large vaiues of n.
the first term in (B.36) will start to play the dominant role, once the
exponentiel approaches its limit 1. The increment is maximum (Gendrin, 1975a,b)
when
.= = 2 2 F
e =2 ka/3 (2B2/3und 2] {x) {8.37)

where F{w) = {1-x)3/x for e,R interactions and (1-x)3/x?® for p,L inte-

Ll
ractions. In other words there exist an optimum cold plasma density, n.

for which the growth rate is maximized. On can write

*

n 1

£ - —— F(x) (B.38)
n, 3Eﬂ

1

where B”= Uy P ¥ T/// B2z is the ratio of the parallel kinetic pressure
of the hot particles to the magnetic pressure. Since the assumption has
been made, in the derivation of (B.33) and (B.34}, that n, <<, equation
{B.38) is not valid for too large value of 2, . A correct computation of
this effect was made by Lin and Parks (1974) who dropped the assumption
that n, << n.. Independently they found an expression which is equivalent
to (B.38) and they showed that it was valid as long as B” < 0.1,

But in all these computations, the intrinsic frequency dependence
of v was ignored. In order to find the optimum optimorum value of n, cne
must first compute the value of v, say .y, for which dy/3w =0 and then find
the values of the parameters which lead to the largest values of ¥, (Gendrin,
1972). {n other words one must compute 3y /3n_ and not 3y/an,.

This has been done both analytically {Cuperman and Landau, 1974)
and numerically {Cuperman and Salu, 1974}. The two results agree and the

‘optimum optimerum cold plasma density is given by

nc* c . .
1+ s - F {w,) (B.39)
n, B .

where € = 1 for e,R interactions and where mc/ZF is the critical frequency
defined by (B.26). These results-are shown-on Figure B.7. Assuming a hot
plasma density of 1 cm >, we see that the optimum cold plasma density is

very low (v 10 cm™® for A = 0.5 and ~ 1 cm® for A = 1). From the sole
consideration of this effect, the plasmasphere does not seem to be the region
where maximum growth rate will occur, contrary to a widely spead idea.

" However, taking into account the variation of M A, UL/which are associated

with the inward convection of hot particles may drastically change this
picture.

Similar computations have been made by Perraut and Roux (1974) for
p,L interactions. The results are presented on Figure B.8, Vertical sections
through this figure would give curves similar to the ones presented on
Figure B.7. Let Xopt be the normalized frequency for which y = y_ . when
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=+s++++ Numerical Solution

——— Analytical Solution
{lLhs: eq. 4;

= rhs: eq.6)
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Fig. B7. Comparison of analytical and numerical predictions
for the maximum growth rate ymax/9-| as a function of the
ratio of cold to warm plasma density for the parameters g =
0.1 and A = % and 1. Note that the horizontal scale is linear
for n./ne < 1 in order to show more effectively the cold
pinsma enhancement of the growth rate.

Cuperman aud.Salv,] GR.,79,135,1974.
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COLD PLASMA DENSITY/WARM PLASMA DENSITY

10?

10!

0-0002 0-9o2 Q‘\

A= Y
)

005 01 05 1

By

Fng.S,Each curve represents the optimized growth rates (solid line) and the
corresponding frequency (dashed line) for any set of parameters 8y or n,/n,.
Frequencies and growth rates are normalized to the proton gyrofrequency. Note
that increasing § increases the growth rate. For a given §, the largest maximum
growth rate corresponds to a partioular value of n./n,. The frequency which gives
the largest maximum growth rate is found to be almost independent of the value
of By (or n,fn,) and of the order of ~0-74/(4 <+ 1).

Perravt and Rovx,J.A.T.P,37 407, [975.
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B.4.

B.4.1.

the cold plasma density is equal to its optimum value nc*. For A = constant

Figure 2.28 shows that Xgpt is almost constant for a wide range of variation
of both o and Ne For A = 1 one has xopt ~ 0,35 0.7'xc. Solomon {1974,

1975) has demonstrated that indeed x verifies the following relation,

opt
which is valid for a wide range of n./n, and Bﬁ,:
X A
o— = (B.40)
opt 2 - Xe A+

The concept of optimum cold plasma density plays an important role
in the design of active cold plasma injections (see discussion by Gendrin,
1975 a and references therein)

QUASI-LINEAR DIFFUSION

As said in the general introduction, waves play a negligible role
in the overall energy budget of the solar wind - magnetosphere - ionosphere
system, but they play a fundamental role in modifying the dynamics of par-
ticles. Under the influence of the electric and magnetic fields of the wave,
the direction and (to less an extent) the amplitude of the particle velocity

are changed. Since this reaction of the wave on particles depends on the phase

angle of the velocity vector and since this phase is in general randomly
distributed, the net result is a diffusion in both pitch angle and energy.
The purpose of this section is to study these diffusion effects and to
show that they are intimately related with the generation mechanism
itéelf. :

The diffusion curves

Let b and E be the magnetic and electric components of the wave.
The force which is exerted on the particle is

£=q[_E_+1x (§+g)] {B.41)

0%

By making use of the relation k x E = wb twhich is.valid for simu-
soidal plane waves) and by considering a frame of reference moving with
the wave phase velocity, equation {B.41) becomes :

F=qu x (B+D) (B.42)

where U = v - 1¢. Since the force is orthogoral to the particle displace-
ment, the particle energy is constant in this frame of reference (EEiEE'
1964). Coming back to the laboratory frame, one gets the differential
equation .

vpdvp + (v, - v,) dv, =0 (B.43)

The integration of (B.43), which must be done keeping in mind
that Y is a function of v”,should yield the equation of the diffusion
curve, O : . .
D(v” » ) = R : (B.44)

Locally, equation (B.43) means that the infinitesimal variation of
the velocity, dv is orthogonal to the vector WP, W being the extremity of
the phase velocity vector and P being the extremity of the particle velocity
vector (Figure B.9). When B >> b, it is easily seen that F is situated in the
plane defined by B and u, so that the diffusion proceeds along curves which
are situated in the !”,vl p]ané. The figure has been drawn in the case of a
backward interaction . The constant energy curve, E,is & circle centered
at the origin. Therefore when the particle looses energy (i.e. when the wave
is amplified) its pitch angle decreases ; when it gains energy (i.e. when
the wave is damped) its pitch angle increases. This effect will be discussed
in more detail later, Let us for the moment integrate equation {B.43), which
can be written

vy dvy + (v# - v¢] d{vﬂ - v¢) +(v# - v¢) dv¢ =0 (B.45}
This form has been chosen in order to demonstrate that the inte-

gration of (B.43) does not yield v,2 + (v” - v¢)z = constant as a simplistic
interpretation of the sentence "the particle energy remains constant in a

frame of reference mowing with the wave phase velocity" could suggest.

* In this figure and in all what follows, we assume that k // B.
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If the particle radiates

10N.

. The pitoh angle of the particle must decreass

*

in sign

if it is to loose energy.

(b) {p, R) interaction. vy and vy have the same direct
energy, ita pitch angle increases.

Fig.B 9.Movement in velocity space of & gyroresonant particle, {a) (p; L) inter-
Gendn‘n/ J M‘mtrh. Tenm .'Pkys.) 30, |31; !958

action. v) and vy are opposite

Both \7 and Ve being known functions of the frequency, it is possible to
obtain D under the parametric form v, = f(w), vy = glw). The integration
of (B.45) is an easy task in the case of interactions occurring in a cne-
component plasma and it is done below. It is more difficult in the case
of multi-component plasmas (see Chapter II, section 2.4).

Let us introduce normatized quant1t“|ésl HI' A v/V and x = w/wc
where V, a+ and we = w; (respectively V,” and |cu l) when Tow- frequency
(resp. h1gh fr'equency) waves are considered. Let us also assume that both

v¢ and w are positive. From the resonance condition, one easily demonstrate
that '

! - [ ) .

vy e ev¢/x (B.46)

where € = - 1 for backward interactions and & = + 1 for forward (anomalous)
*

interactions. The wave phase velocities are expressed as (see Appendix A)

L-wave, low-frequency : v'¢= =1-x
R-wave, low-frequency : v'¢= =1+ x (B.47)

R-wave, high-frequency': V'¢‘ =x (1 -x}

Equation (B.45) is then easily integrated and gives v, as a func-
tion of frequency. Together with (B.46) and the relevant eguation (B.47) it
constitutes the two parametric equations which define the diffusion curve.
The formuiae are given in Table B.4,

As an example, the diffusion curves obtained for P, L and p,R inte-
ractions in the low-frequency limit are represented on F1gure 8.10 {Gendrin,
1968}. As expected, interactions with R waves exist only for v// >y =
3v3 V *r2, a value for which the diffusion curves exhibit turning points,
For 1nteractlons with L-waves, the diffusion curves noticeably differ from
constant energy circles. They are more elongated along the v, axis. This
effect is more important than in the case of interaction between electrons
and whistler waves. It has been invoked by Eather and Carovillano (1971)

*  low-frequency means f £ 10 Fci’ high-frequency means ffl)u: ¢« £ < Fc:
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to explain the lowering of the characteristic energy of precipitated protons
at auroral aTtitudes with respect to the characteristic energy measured in
the equatorial plane,

B.4.2. Re]ationshié between amplification_and diffusion

We just showed that given the sense of the energy exchange between
the wave and the particle {the wave is amplified or damped) the sense of
the particle pitch angle variation is determined (and vice-versa). We will
now demonstrate that, given the shape of the distribution function (Ty > T
or T” < Ty for instance) the sense of the particle pitch angle variation
is determined, The direction in which the energy is converted (from the
particle to the wave or from the wave to the particle) is therefore deduced,
The demonstration of this property will be done first. Then it will be applied
to the study of interactions for different types of distribution functions.

4

Let us introduce the iso-density curves, that is curves in the vy
plane along which the distribution function f(v”, v;) 1is constant. Let us
consider three of these curves (F,, F, and F,) and, for the purpose of illus-
tration, let us assume that the density in the phase space is smaller for
higher values of the velocity (Figure B.11).

y ¥

The diffusion which is induced by the wavefield is a stochastic
process. If the wave has a finite spectrum, corresponding to a finite range of
Av”, particles will diffuse in both directions along the diffusion curve D.
But because there are more particles in A, than in A, the integrated resulTt
{over Av#) corresponds to a net displacement in the direction of the lawer
density region. In other words, given the iso-density curves (and the direc-
tion of their gradient, which is generally inward) and the diffusion curve,
it is possible to know the direction in which particles move as a consequence
of their quasi-linear interactions with the wave. One immediately sees that
depending on the relative positions of the curves F and D, the particle pitch e
angle will decrease {Figure B11b) or increase (Figure B11c) as is shown S
by the arrows.

Knowing the direction of the displacement along D, one can see if
the particle gains or looses energy by introducing the constant-energy curve,

1L 1

increase.

-

Fig. B 11. Pitch angle variation during a wave-particle interaction
(WPI). The particle distribution function is assumed to be ‘regula_r’
(i.e., with an inward gradient V{). (a) Since there are more particles in

the diffusion in the velocity range Ay, is equivalent to a
ent toward lower pitch angles. (b) WPI leading to a
Gendrin, Qev. Geophys. Space Phys., 19,171, 1421

pitch angle decrease. (c) WPI leading to a pitch angle

A. than in Az,
net displacem



E,which is a circle centered at the origin. Therefore’ the natufe. of the:
interaction (v > 0 or ¥ < 0) can be determined if the relative position
in the v”, v, ptane of

- the iso-density curve, F
- the diffusion curve, D
- the constant-energy curve, E

is known (Gendrin, 1981). For 'regular' distributions, i.e. distributions
for which F is concave around the origin, waves are amplified if the D curve
is situated inside the area delineated by the F and E curves. The eight
possible configurations which may occur for that kind of distributions are
described on Figure B.12 (on this figure, v > 0 means that waves are amplified).
This figure provides a simple physical definition of the criti¢al anisotropy.
Ac is the anisotropy of a distribution for which the iso-density curve is
tocally coTncident with the diffusion curve. The growth rate v is then egual
to zero. However in order that ¥y = 0 at the frequency which corresponds to a
given Vs this property must be satisfied for all v, associated with this v[
{see below). Figure B.12 also shows that the forward interaction (v¢ > v”)
always leads to wave absorption. In Figure B,12 the anisotropy is defined
qualitatively , the Timit A = A. being the one for which F = D {Tocally) and
the ¥imit A = 0 being the one for which F = E (locally}. The consequences
of , and conditions for, wave amplification and wave diffusion are summarized
in Table B.5.

It is worth noticing that the diffusion mechanism proceeds in such
a way that it tends to suppress the cause of the emission. For instance in
backward interactions waves are generated when, at & given energy, there are
more particles with larce pitch angles than particles with small pitch angles :
A > Ac1 > 0. Because of the diffusion the pitch angle o decreases so that
A decreases. In the absence of particle injection and of wave absorption
the process will stop when A will reach the critical anisctropy AcI' A
similar argument can be developed for forward {anomalous) interactions :
initially A < AcZ’ but a increases so that A increases until it reaches
the critical value for whichy = 0.

I3

BACKWARD
¥>0

Fig. B12.The eight possible configurations for an interaction in-
volving a ‘regular’ distribution. (a) Backward interaction (y, - 2, < 0).
(b) Forward interaction with v, < . (¢) Forward interaction with oy <
v, Cases 1, 2, and 3 correspond to different values of the ‘anisotropy,’
that is, to different relative configurations of curves D, E, and F, y> 0
corresponds to an amplification, and y < 0 to an absorption.

Ciendn'n, Rev-qurl\)r:.S'ra.u. Ph}c.,lgl 121, 198).
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' CONDITION
< AcI
no conditipn_fof
regular distribu-
A )-Ac2'

tions -

ABSORPTION

a”

CONSEQUENCE

vy vy )ie
V;Lz >.v//(v‘.-v//): o

Table B.5
CONDITION
A> Acl >0
A < Acz <0

pitch angle

AMPLEFICATION

ampTification is impossible

AN
u/

Consequences of, and conditions for wave amplification or
absorption ('Regular'distributions only). « is the particle

CONSEQUENCE

Forward (normal)
Forward (anomalous)

INTERACTION

Backward

The cr1ter1a concern1ng the re!at1ve confwguratlon of curves D, €
and F is ea511y transfarmed-1nt0 criteria; 1nvo1v1ﬂg the re1at1ve pos1t1on
on the v” axis of three character1st1c po1nts : t} the or1g1n, which is.
the center of curve E ; 2) the extremity of the phase velocity vector, .
which is the instantaneous center of the curve D ; 3) the point where
the normal to the curve F cuts the vy axis. Let X be the abcissa of this
lats point. For bi-maxwellian distributions it is easily shown that

X = Ay, (B.48).

where A = UL/U# - 1, so that X does not depend on v, : if y is positive
(or negative) for a specific value of vﬂo R v].0 , it remains so for all
- values Vyor Va - Assuming Vo < 0 and Vg > o0, examination of Figure B8.12
. (1a) shows that amplification occurs if
X<y _ - (8.9
~ Since, for backward interactions VyE Y (x-1} / x {equation (B.46))},
condition (B8.49) is equivalent to

X

A > A = (B.50)

C

1=x

which is identical to (B.27). Therefors geometrical considerations not .
only yield a simple physical definitions of the critical anisotrdpy. they
also yield the concept of critical frequency. Mowever, this demonstration
of the existence of a critical frequency is based upon an assumption on
the shapé of the distribution function, whereas Kennel and Petschek's -
(1966} demonstration of equation (B.50) is valid for all types of distri—
butions.

The same geometrical method may be applied to beams of particles,
defined by ‘

’ n v, 2 (v, -U)? '
Flv,, V))& ——aee —— oxp | - . #_o (B.51)
7 AT 2 2
kid Uj. Uﬂ U_" U//

e

v



8.4.3.

or to rings of particles, defined by

n (v, - v )2 v ,2
f(v”, V) Ee——————  exp | - - of

- (B.52)
iz U U, Uy? Uz

The case of beams is illustrated on Figure (B.13) where y > 0 means
amplification. Depending on the value of the anisotropy and of the ratic
Uo / U”, waves are amplified or absorbed. Emission may even occur in both
modes {backward and forward) simultaneoustly. This has been demonstrated
quantitatively (Perraut, 1674) by computing amalytically the growth rate
coefficient v for proton interactions {Figure 8.14). Simultaneous generation
of LH and RH waves can occur, a point which is discussed in Chapter Il
(Section 2.2.3).

For ring distributions, the problem is more complex and, generally,
it cannot be solved by geometry (Gendrin, 1981 a}.

The above geometrical consideration show that amplification or
absorption are related with the sign of the variation of f with energy,
along the diffusion curve. This can be demonstrated analytically, the
starting equation for computing both the wave amalification and the
particle diffusion being the Soltzman - Vlasov equation

3 F
[ + ¥ g+ . EM I f = 0 (B.53)

at - X m

The last term of this equation can be written

[er (E+E)]. Evf= [_V_fogj,(g*g) (B.54)

which means that the quantity that plays a role is the derivative of f
along the diffusion curve D {since u is orthogonal to 0). Taking ‘into
account equation (B.43) which defines D, one introduces the operator

Q Yy * U 3 3

{8.55)
avl

e

»,
*1 Backward "it Backward
§<0 ¥<o NN
) N\ \

" 5 ., : g vl 3
50 <ol B e S
"””,,zf”’ L | \\ "/’/,/””” ,§3'”” EI H é’()
‘,/”’_," i1 i ‘—””‘*" Y l!x
Yy Ve vy, YoVur W VY Vpe % Yo Ve P
ABSORPTION ABSORPTION | EMISSION
vV, w
1 Forward * Forward
. 50N, f
el e S
vy Yy Uo Ve oy Y YyrUo %e L4

EMISSION EMISSION | ABSORPTION

Fig.B 13. Interaction properties of a field-aligned beam. The
dashed, dotted, and solid curves correspond to the isodensity, constant
energy, and diffusion curves, respectively. (@) The ratios U/ U and A
= U, /U, are not too large. We have an absorption for a backward in-
teraction and an emission for a forward interaction. (b) The ratios Uy/
U ,and A = U, /U are not too small. It is possible to have an emis-
sion on both modes simultaneously: low frequencies (large v)) are ex-
cited in the backward interaction, and high frequencies (low ¢) in the
forward interaction.

Gendrin, Rcv-q‘-cqakys. Space Pky.s., 19,in,1931
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which appears in the formula giving v (see the term in brackets in eguation

(B.15) ). For instance it can be shown {Gendrin, 1981) that for p,L interac-

tions one has

w .2 V_ v =
Y’:ﬁl_gL._.._g.__tp_ /\u? va.- Of
o 2¢?
4 =
v” Vr

1

(B.56)

where w_ . is the ion angular plasma frequency and vg is the wave group

velocity, It is clear that the physical variables are not vl‘and v, but

- R, which defines the diffusion curves (equation {B.44)),

-E=v?+ v//z » which defines the energy.

Therefore one introduces

FIE.R) = f [v/, (R.E) . v (R,E)]
Since

&SIy = 2vy BElavI = ZV”
Rfv, = v, BRIBV// = v// - v¢

onhe has
Qf= -2y Ve 3F/OE

from which one deduces

. (1-x) md . aF
Y' 2 - m oy, ey ‘/ v, ¥V _
T e TR Ty

Vi = vr

For backward interactions v_ < 0 when vy > 0. Therefore the necessary

(B.57)

(8.58)

{8.59)

{8.60)

condition for amplification to occur {y' > ) is that 3F/3E be positive, at
least for some range of v, values. This is exactly the conclusion which we
arrived at in the previous section. Let us for instance consider the case
which is represented on Figure B.12.a.1. When R is kept constant (i.e. when

—— = r——



B.4.4.

the particle moves along the D curve) 3F/3E is positive since F decreases
when E decreases (or it increases when E increases]. On the contrary, in
the situations represented by cases a.2 or a.3 for which ¥' is negative,
(aF/aE)R is negative.

tquation (B.60) looks very simple, but it has no practical applica-
tion since it is mot possible to compute (aF/aE)R, the diffusion curves
being gbtained in parametric form only. Equation (B.56) is the only ane
which can be used in practice.

Jiffusion coefficients

The dispTacement of the velocity vector in the Ve V1 plane being
known for all particles, it is possible to compute the temporal change of
the distribution function f(v” , vi}. By analegy with spatial {not velocity)
diffusion processes in inhomogeneous media, one has 3f/3t = - ¥ ¢« j where
J s the flow induced by diffusion in the presence of a density gradient :

j=-09f where D is the diffusion coefficient. So that one expects an
equation of the form :

Mo v (pu (B.61)

3t -
Indeed it is possible to develop the Baltzman - ¥lasov equation
(B.53) up to the first order in the wave field, assuming that f = fo + f1
with fo homogenecus and f1, the perturbation of the distribution function,
being small with respect to fo. This leads tou the following set of equations

3 q -3 q afo
BT (ug)-——v]fm-f[zw,xg]-
m

at v m 3V
(B.62)
3 q 9 q * * af,
— +> (vxB) + — fo=-- I_g +¥xb ]-
at mo ay m £\
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The first equation is the one which gives the dispersion relation
(including the imaginary terms associated with wave amplification) whereas
the second ones, in which appear the complex conjugates Ef and g*, gives
the diffusion equation. The mathematical procedure is described in detail
for gyroresonant interactions by Gendrin {1968). One obtains :

F
- Q VlDQFI (B.63)
ot V1

where (J is the operator defined by equation (B.55) and where
w2 b, 2

A K (3.64)
\v” - vgl B2

o
1
B

.

In this expression bka = vg bfZ/Zﬂ is the power density per unit*
wave number (bfZ is the usual power spectral density per unit frequency) .
As expected the diffusion coefficient is proportional to the power density.
It is also inversely proportional to Vg vg. Sometimes v_ is omitted. Such
an approximation is justified for e,R interactiens, but only in the low
frequency part of the spactrum (w << mc). For w = iwcel /2 for instance
Vg = vy r Va' /2 (S:F T:b]e B.2). Fu: p.L interactions, vg cannot be
neglected since vo %V, and U, x v,

Except for numerical errors, neglecting v_ with respect to Yy has
no fundamental consequences in the case of backward interactions since
vg and v” have opposite signs. The situation is different in the case of
forward interactions since the denominator of (B.64) may become equal to
zere. This is the case for instance for p,R interactions when |[ul ~ 2wy
and v” = U, as defined by (B.12). This is also the case for interactions
involving He® jons and proton cyclotren waves (see Chapter II, Section 2.4).
In both cases, vy ® vg defines the turning points of the diffusion curves.
The diffusion coefficient becomes very large,the infinity being removed
when inhomogeneity effects are taken into account.

* Formulae in Gendrin (1968) have been corrected for some numerical
factors.
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- When- v-¢ & v/, the mffuswn p: ener'gy can’ be negtected In that
. Case equ&tioﬁs LB 24) and. GB 55) sho\v t-hatQ reduces ‘to

N LAV (B.65)
so'that the: dTFFusFon~ equation: Corresponds: to.a piire pitch angle diffusion
equation

3f . 1 -2 (Dsmaaf) (B.65)
at sina 3 30

which is the equation first introduced by Kennel and Petschek (1966) in the

field of magnetospheric physics. Such a situation occurs for e, R interac-

tions involving low frequencies ""«l“’cel’ as stated above. In the case of

p, R interactions the diffusion in energy cannot be neglected {Gendrin, 1968 A

Eather and Carovillans, 1971).

The above formulae were cbtained by assuming a strictly parallel
propagation for the wave, But when the wave normal angle @ is not equal to
zero, all possible resonances W = nw. =+'kv’_ where n = 0,1, = 2, ...
must be taken into account. .This. has been done by Lyons {1974) who has
introduced four diffusion coefficients. Indeed, equation (B.61) becomes

in.a spherical coordinate system :

af .1 3 si“(n LBt L Bf)
3t vsina 3 v e v
1 3 . 1 af 3 f ) '
+ —_ ¥ b, ,+— — +D0,  —
vi Ay ('G v 3a Y oav (B.67)

It is easily shown that Dav = Dva . Lyons (1974) has computed
Dw Do.v and va for both e,R and p,L interactions, for different values
of the plasma parameters and for different wave normal distributions. He
has shown that in general D . > | D 1> D, , the ratio Dy, / D, being of
the order of 10® for e,R interactions. Duv is often positive but it may
be negative for some ranges of wave normal directions. The different modes

n=%1, #2, ... contribute for ~ 10% to the total value of D

12%

“In- -practice. the exact comutatwn of the diffusion coeffn:mnts ’

is d1ff1cuTt and rough dpproximations are used. One way of proceedmg
" 45 to use the eqm.va}er.rs_e_ between the diffusion equatiom and the fokker - -

Plank equation (Kennel ant Petschek, 1966). In doing so one obtains

o = _S(sa)>

B.68
o 28t (8.68)

where <{Aa)2> is the mean quadratic excursion in pitch angle over the
time At. To the lowest order <Aa> = 0 since the particle velocity vectors
are randomly distributed in phase with respect to the wave Field. Since
tana = vl/v// and v¥ = v, ? + u//2 one gets .

dviy dv
do =« — - tapg —— : (8.59}
¥ v
which reduces to
dv
do = - L . (B.70)
Vi .

when the energy variation is neglected (e,R interactions with w ¢ Jocal).

In a homogenedus medium (3B/3z = 0) there is no adiabatic effect since Eﬂ = 0.
The variation of vy 1s solely due to the action of the magnetic. field
of the wave :
4 gy b
v = —dt (B.71)
4 m
which can be written
dv, = o (24t (8.72)
4 ¢ \p .
so that
UJZ 2 .
Dy = —— {27 at (8.73)
i 2 (B)

The time At can be evaluated as the time during which particles
which resonate with a wave defined by , and k remains in resonance with

12<




wave defined by w and k remains in resonance with waves having & slightly
different frequency or wave number, The end of rescnance is evaluated when
§¢ = 2n with

8 = Slw - w, - kv”) at = (8w - vy k) At (B.78)

But sw = vg Sk so that

|at| = 2w / {vg - v#Lék (B.75)
d
an Tw e bk 2
D oA—— (——~) (B.76)
wv” - vgi B

in which b2 = b‘k 8k is the wave energy contained within the wave number

£l
range Sk and b2k is the wave power density per unit wave number . Neglecting
vg as compared with v s One gets the Kennel and Petschek's {1966) evaluation.

* bk 2
Dge v T 4, k (“E;_) (B.77)

where k* = u%/vﬂ is a characteristic wave number associated with the particle
parallel vélocity. The comparison between equatiens (B.64) and (B.76) shows
that the rough evaluation gives a correct insight within the physical process
of pitch angte diffusion.

Orders of magnitude for L = 6.6 can be evaluvated. At L = 6.6,
+ ., 5 -1
8 v 100y, f_; WIsz,Q1W1ﬁ Bz, f o v 3 kKz, V, 10" ms o,
Va- 4 x 107 m.s”'. Let us assume an interaction taking place at == u’C/Z
s0 that vy =T Vg Equation (B.76) becomes

2

D ~{Tf, be/ B)

In the ULF range, a typical ¥a1ue for the spectral density cbserved
at the geostationary orbit is iv.Hz /2 sothat D 2 x 1070 s77. In the
1

-1 - -
VLF range, be ~ 1 my.kz /2 50 that B~ 1072 77,
to put the particles in the strong diffusion limit (see next section).

These values are sufficient

* For a practical evaluation of D, one uses the pewer speczral density (the
power per unit frequency bandwidth) bg? = 2T b’k / v _, since this is the
experimentally measured guantity. "
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- If the particle distribution function is such that the amplification
is positive (for instance if A > Ac for backward interaction) and if there
is no loss mechanism for the wave {infinite medium) the wave will grow. But
the quasi-tinear effects act in such a way that the difference between A
and Ac decreases, as explained in Section B.4:2. In the absence of a particle
source, A will tend towards AC, v will tend towards zerc and the wave field
reach a final intensity which can be computed as a function of the initial
anisotropy and of the ratio U” /Yy {i.e. Rewlands et al., 1966).

But the magnetospheric situation is different. Waves can escape from
the region where they are generated and new particles can be injected conti-
nuously. The following set of equations must be solved

af
_ - ._L.Q[vioﬂf] +5-1 (8.78)
at vy ’
3b2 3b2
k. v LI 27 b2y (B.79)
it 9 3z

where D i5 expressed as a function of the wavefield intensity bk {equation
(B.64) ) and where vy is expressed as a function of the distribution function
f (ecuation (B.21) et seq.)*. S and L are particle source and Toss terms.
The complexity of the coupling between the two equations is obvious, even

if ane works the time-independent problem {3/at = 0), i.e. the equilibrium
configuration, The first attempt to solve this system of two equations was
made by Kennel and Petschek (1966) in the case of e,R interactions. In this
attempt the basis physical processes are described and important concepts
are introduced so that it is worth spending some time to explain it.

First, equation {B.78) is simplified by neglecting the diffusion in
energy, so that the expressien (8.65) may be used :

1 . f
2 sing D 3 +5-1L =0 {B.80)
sing 30 Ja
* In this section, Y » O means amplification so that the sign of

eq. (B.21) has to be changed.
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Second, equation (B.79) is also replaced by an equilibrium equation :

it is assumed that a fraction of the wave energy is reflected by the iono-
sphere and comes back into the interactiom region. Let R be the ionospheric
reflexion coefficient and 1 the time that the wave spend in the intéraction
region : '

T =I:/\;rg (B.81)

where £ is the length of the interaction region, usually a fraction of the
field 1ine length. The equilibrium is reached when

Re V' = (B.82)

Let us compute the value of ¥ which is needed to maintain such an
equilibrium configuration. Usually one assumes that [ = L Re (that is hatf
the Tength of the field line) and R = 0.1. Assuming that <y, ~ 1000 km.s*
in the ULF range and L = 4, one gets T v 20 s and v, v 0.1 s~ which
corresponds to Y/mci vZ2x 10 for ‘FC,i “ 10 Hz. This 1s a rather high

value in the ULF range (see for instance Figures 2.19 and 2.20 in Chapter II).

In the VLF range, the equilibrium value of Y/wce is much smailer since v
is only vm* ~ 40 times larger whereas W, is m* times larger (m* being the
mass ratic between protons and electrons). One has Y ™5 X 197% which
is easily achieved (see for instance Figure 2.21 in Chapter II).

In any case these values of Y have to be maintained. In the absence
of particle injection this would not be possible since by quasilinear pro-
cesses v would revert to zero. Consequently a source of particles has to be
assumed. The problem is still simplified by assuming that the source exists
only fer high pitch angles, whereas the losses operate only for low pitch
angtes. Equation (B.80) is divided into two equations, one of which is valid
outside the loss cone, the other one inside the loss cone. Let us consider
that one first and let us introduce the particle escaping time

Te v LR,/ Vy (B.83)

which corresponds to a quarter bounce period. The losses are equal to f/Te 50
that, inside the Toss cone which is defined by e, << 1, one has :

1%

3
1 (‘D . 2f ) . _f
o 30 da Te

(B.84)

If the wave spectrum is independent cof frequency D is a constant

and the solution of this equatien is
Fla, v} = Hlv) 1(2)

where z = ¢ / DTe’

{8.85)

Io is the modified Bessel function of the first kind

and where H(v) is an arbitrary function which will be fixed by matching the

solution outside the loss cone for a = L Outside the loss cone losses are

negligible and one has

sina Ja

! _3..._ (D Sing ——

) = sa, V)

(B.86)

where s{a, v) is the source term, Assuming that s = &{a - w/2) i.e. that
particles are injected only at 90° pitch angles, Kennel and Petschek (1966}

obtained the solution inside and outside the loss ccone

.. s(v) ] ID ()
i
i} , I (zo)
Foo= S(v) . Io (Zo) +Ln sing
0 )
D z, 1, (zo) sine,

(B.87)

In these equations S(v) is the rate at which particles-are injected
and is therefore the precipitation flux (at equilibrium). The life time TL
is the ratio of the total number of trapped particles {i.e. the integral

of fu sinady between a, and 7/2) ta S(v)

1 1.4z}

TL'\,—— Q2 9 . Ln(e tan

D 3, 1 (zo)

The parameter

Z, = oy FAY DTE

il

(8.88)

(B.89)

R

<
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defines the strength of the diffusion. Weak diffusion corresponds to zZ, > 1.
In that case, because of the exponential factor in the asymptotic expansion
{I(z) ~ L(z) ~ (ZNZ)QI/2 exp [z] when z + = ), the distribution function f,
increases exponentially in the vicinity of the loss cone. The carresponding
lifetime is

i
b Ln (2/eao)

T

Ay

Lw (B.90}

when oy < 1. In this regime the lifetime depends primarily on wave intensity
and only logarithmically on the size of the loss come.

In the strong diffusion 1imit (zo << 1), Io(zo) v 1and 1,(z)~ 2,/2,
so that the pitch angle distribution is isotropic within the loss cene and
almost isctropic outside. The Tifetime is independent of the wave intensity
and depends only on the size of the loss cone. It is equal to the minimum
lifetime o7

T e

2 (B.91}

s Vg =

%
The lifetime can be related to the ratio of the mean directiona)

intensity of the particle flux outside the loss cone, <JT> (i.e. the trapped
particles) to the mean directional intensity within the loss cone <Jp> {i.e.
the precipitated particles). The total flux of trapped particles, withn one
hemisphere, is N = 2¢ <JT>. The total flux of precipitated particles, within
one hemisphere, is naD‘ <J_>. Since the lifetime of particles within the loss
cone is Te’ the flux of particles with crosses the 1oss cone boundary per unit
time because of diffusion is j = “°bz (Jp> / Te' By definition

TL = N/j (B.82)
50 that
W > T
-rF_ . _M (8.93)
<JT> TL

which shows that in strong diffusion (TL -+ Tm) there is complete isatropy n
the particle distribution (Coroniti and Xennel, 1970).
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The two equations {B.87) allow to compute all the characteristics
of the distribution function provided a specific form for the energy
dependence of S(v} is assumed. In particular, the anisctropy can be computed.
One finds
A v (-2tna)”] (8.94)

which is of the order of 0.15 for auroral field lines. The growth rate for
the waves can be evalyated. Assuming that the waves are in equilibrium,
i.e. that equation (B.82) is satisfied, one gets an expression for the
absolute values of the trapped particle flux. Under certain assumption,
Kennel and Petschek (1966) have found an expression for the integral flux

(1 - E/E) 1o BLn {1/R}
_— L e {B.95)
(A - E./E) . LRy

*

Ja Er) ~
where J° is in (cm?.s)"%, B in Gauss and Ry in cm. 0" is called the limiting
flux. If the actual value of J is smaller than J , there are not enough par-
ticles to sustain the waves. If on the contrary the source is sufficiently
strong, J may reach J* but it cannot trespass it : as soon as J > J* waves
will grow above their equilibrium value and all the extraparticles will be
precipitated.

One may note the inconsistancies of equation {B.95) : for large
values of Er’ J* is independent of energy, whereas high ene:gy particles
are those which interact with the waves. At low energies, J may become
negative which has no physical meaning. These inconsistancies are the
consequence of the assumption that the wave spectrum was flat {so that D
could be kept constant). But the wave field can in fact be computed self-
consistently . This was done by Etcheto et al, (1973),

The source term was assumed to be of the form :

1 d 2 .
sla,v) = € o — th . sineM o exp [- (—‘—l-) ] ' (B.96)

n. dt Vo
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where C is a normalization constant, n. s the cold plasma density and dnh[dt
describes the density of particles injécted per unit time. The pr;ctica1
choice for the source anisotropy, m has no importance on the results, the
anisotropy of the final distribution being determined by the quasi-linear
diffusion equilibrium. By integrating twice equation (B.80) and by making
use of the equation which defines the growth rate and of the equilibrium

. equation (B.82), the equilibrium wave spectrum can be computed (Figure B,15).
It almost does not depend on the initial anisotropy of the source as
explained above, but it depends on its characteristic energy mv°=/2. The
frequency which corresponds to the maximum spectral density is given by

Kmay ™~ U*/2 {B.97)

where U = Va' / VQ. The corresponding value of bfi is
on f1y 2g2 n_ LR V.2  dn
0 ¢ e o h

b.? = . . (B.98)
f max exp(2) wee® Ln(1/R) dt A

and it increases when either n, or dnh / dt increases. Therefore the source
intensity is what defines the strength of the diffusion (DT, z ag).
Etcheto et al. also computed the equilibrium particle distribution
function. They found analytical expressions for both weak and strong diffu-
sion. They confirmed the idea that in strong diffusion (strong source) the
distribution function is almost isotropic, whereas in weak diffusion (weak
source) the flux decreases exponentially within the loss cone (Figure B.16).
However, contrary to Kennell and Petschek's (1¢66) conclusion, tihe total flux
also increases with the source strength : strictly speaking there is no
Timiting flux. Indeed in an equilibrium configuration all injected particles
are precipitated, If dnh/dt increases, <J > increases. But since there is a
non zero minimum 1ifetime, <Jp> cannot be smaller than <Jp>. Consequently in
the strorg diffusion limit, <J7> increases proportionnaly to the source
strength. A schematic variation of the integral flux of trapped particles
as a function of the source intensity is represented on Figure B.17. The
‘eritical' value of the source strength which separates the two regimes of
strong and weak diffusion (point B) is given by
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dn, \ " Ln(1/R)
( h ) - 4,7x 10" ( i ) te " (B.99)

dt Woe? 1.4 (LRe)?

which, for R = 0.1, reduces to~ 3 x 105/L% (m®s)™*.

There is no experimental method for measuring the source strength
one can detect the particles which are present, not the new ones which
‘enter' the volume where the measurements are made; On the contrary it is
possible to measure the wave field intensity. By using (B.64), (B.83) and
(B.89) it is possible to determine if particles are in strong or weak diffu-
sion. This depends on the field intensity (which defines D), on the particle
energy {(which defines Te) and of the L-value which defines all the other
parameters. The expressions which are given in Table B.2? allow to compute

w., b 2
D= (—.if_) e x(142)x
: B

(B.100)
ty
LRe x '
T - . -
e - 37
vy {(1-x) /¢
for e,R interactions and
D= ( wei be )2 X
B (2+x)
{B.107)
O SO
v.* (1-x) 72
a
for p,L interactions. Writing
DT, = o R (B.102)

defines the critical power density (bzf)* above which particies are in
strong diffusion, This value depends on the frequency and therefore on the

===

parallel energy of the particles. The relationship is very cumbersone. Besides,
the exact computation of (bzf)* is of not much practical interest. Orders of
magnitude are sufficient. These were computed by Thorne and Andreoli (1980)
and the results are reported on Figure B.18 where B' is the total intensity

in my of the wave field (8'2 = bzf . wc). There values have been gbtained by
neglecting the factor Vg / |Vl - vgl + by assuming a wave spectrum independent
of frequency and a frequency band equal to the gyrofrequency. These approxi-
mations are very crude and the numerical results must be considerad cautiously.,
But they allow to compute B' as a function of the particle energy. One gets :

1 .7 C .
Bl w102 (y2 - 1)L e o (B.103)
*
for e,R interactions and
S TR '
B' ~3x 107 E/* L _ . (B.104)
for p,L.interactions. In these equations B' is expressed in gammas and the

approximation . ;
at o L7 (B.105)

" has been used. It is worth comparing these approximate values with the

result of exact computations. Let us take as an example the two cases which
were discussed at the end of the previous section,

_For E =5 kevand L = 6.6, we have found D ~ 2 x 10"15'_1 for b =
1y, Hz™ 72 in the ULF range and D-~ 107 57 for be = 1 my.Hz™ /2 in the VLF
range. Assuming that Af ~ 0.2 Hz in the first case and that Af ~ %00 Hz in
the second cne, one gets B' = 0.5y (ULF) and 8' = 25 my (VLF). Since for
E =5 key Te ~AQ 5 for protons and Te v 1 s for electrons, DTe /(102 n~ B0
for ULF and DTe /a03 ~ 7 for VLF. The values of B' which would give DTe /ubz = 1
are respectively 60 my and 10 my whereas one reads on Figure B.18 500 my and
50 my . In other words, for the values which are plotted on Figure B.18, the
particles have already exceeded the transition between weak and strong diffu-

sion. In this approximation, the variaticn of_DTe with E merely reflects the

by

oy = (1-vifen)” ‘2 is the relativistic factor.
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variation of T, ~ E'lia 50 that B' varies like £ However far high energies
D o b2.x and x &¢ £ for VLF or x oc E~ /2 for ULF, so that the correct
variation of B' at high energies is

B! oc (2 - )7/ (B.108)
for VLF and .

B E /2 (5.106)
for ULF. The advantage of Figure B.18 is that it gives also (with similar
Timitations) a rough estimation of the field intensities which are needed
bring particles into the strong diffusion regime by interactions with elec-
trostatic waves,

Recent progress in the study of the self-consistent equilibrium has
been made in two directions. For p,L interactions the theory has been im-
proved by considering charge exchange processes between protons and neutral
hydrogen atoms {Cornwall, 1977 ; Solomon and Picen, 1981). Because the magne-

tospheric hydrogen density is larger at low altitudes the charge exchange
loss rate is larger for protons of small pitch angles. This process, which
operate not only within the loss cone but cutside of it, is indeed a source
of positive anisotropy since it removes low pitch angle particles. The qrowth
rate can be sustained if the source strength is larger than a certain critical
value. In the presence of charge exchange, the wave spectrum is narrowed.

In the case of e,R interactions, the detailed experimental results
obtained with the european gecstationary spacecrafi GEQS have allowed to
improve the theory and to model the electron distribution function at equi-
Tibrium. The experiment demonstrates, and the theory justifies, that this
distribution function cannot be factorized : the pitch angle distribution
is actually a function of energy. Within the frequency band where the inte-
raction take place, the anisotropy follows very accurately the
the variation of the critical anisotropy with frequency {Cornilleau-Wehrlin
et al., 1983). These effects are discussed in Chapter III.
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Before closing this Section it is worth giving an approximate
expression for the ratio between the characteristic times for energy
diffusion, Te and pitch angle diffusion, Ty - From simple geometrical
considerations, it is easily deduced that the velocity variation dv
associated with a pitch angle variation d verifies

dv sina v¢
F T — (8.107)
vdo v-v¢ COsQ

from the definitions Dw = <Av?> / 2At and Dpg = <(82)2> 7 24t one gets

D sinfa v 2 y2
vy
- - ? - (8.108)
- (v-v¢ cosa)
the characteristic times e and Ty dre defined by
- v?
va ) 2T
E
{8.109)
- _in/2)z
D(m ———-2
s0 that
2
e 1 ( v - v¢ cosa)
—_— = B.110
T {n/2})2 sina v¢ ( )

If v¢ 14 vy and for medjum values of the pitch angle, one gets

T v 2
—£ ”(—L) {B.111)
TG \.r¢

but it must be noted that this rough approximation is not valid for small
pitch angles (-:E/-r + © whereas v, / v¢ remains finite) nor for large pitch
angle; (tE[Ta -+ (v/v¢)= whereas (v/// vcp)’ -+ 0},

B.5. NONLINEAR EFFECTS

This part of the Appendix is not yet written,
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= BOUKER'S MODE THEQORY CF GUIDANCE OF ELECTROMAGNETIC WAVES IN THE

MAGNETOSPHERE
8.1 Introduction

In Sect. & I have presented the ray theory of Smith et al. {1960)
for whistler trapping in field aligned ducts of density ionization.
This theory, which gives the critical fractional density gradients
for ray trapping as a function of initizl wave nermal angle with re-
spect to the magnetic field and as a function of frequency, is based
on the whistler dispersion eguation (6.1) and hence refers to the FMS

branch in the freguency region

wpy <T@ < logl

A gquite different theory of guidance in ducts was developed in
1962 by H. Booker and is the object of the present section. Booker's
theory is different from the work of Smith et al. {1960) in several
respects. First of all it is & mode theory (and not a ray theory) of
wave puidance. The duct is modelled by Booker as a thin field aligned
density discontinuity which is contrary to the ray theory of Smith
et al. where the.thickness of the duct must exceed the wavelength of
the waves Jhose propagatipn is considered. We will come back later
tol the physical meaning g‘i‘ the discontinuity model of Booker. More
important, Bookef‘s theory is dcne using the dispersion relation for
purely lonmgitudinal propagation and thus, in fact, ignores the anisotro-
pic properties of the medium. The point of view here is that of deci-
ding under which conditions a ray which, at a given point in the magne-
tosphere is figld aligned, continues to stay so during propagation.

The use of the lengitudinal dispersion relation {eqs. (1.21) (1.22))

which is exact : > all frequencies, implies that Bocker's theory of
guidance covers =il possible electromagnetic waves from hydromagnetic
to_radic freguencies. Finaily, curvature of the Farth's magnetic fielg
{(which was neglected in the whistler theory of Smith et al, (1960)

but has been later included by Walker (1966b) in a study also directed
to whistler‘waves). plays, as we will see, a crucial role in Booker's

theory.

' 8.2. Magnetospheric model

The magnetic field of the Earth is, in the simplest approximation,
assuned to be that of a central dipole {see Fig. 36) end a particular
line of flux is conveniently identified by the latitude % at which
it intersects the surface of the Earth. With s we denote the distance,
measured along a line of flux of a given point P on that line from
the point A where the line intersects the equatorial plane; r will
dencte the distance of P from the center of the Earth and the angle
ACP will be indicated by ¢. Then, if a is the radius of the Earth,
the equation of the line of flux of latitude A is

T = Q.——EEig——— (8.1)

s A\

The variation of the radial distance r with 8 for specified lines of
flux is illustrated in Fig. 37. For most purposes, it is convenient
to identify position on a line of flux of latitude A by means of the
angular distance 8 from the equatorial plane. In some cases, ho;ever,
it may be necessary to refer to the actual distance s along the line.
It is easy to see that the relation between the two is given by the

equation
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- Let us indicate with fMO the value of the electron gyrofrequency
at the equator of the Earth. In terms of this, the gyrofrequency at
the point r, 8 of the ionosphere or magnetosphere will bte given, for
the assumed dipole field of the Earth, by

3 2 1/2
rM = fMO(a/r) (4-3 cos &) (8.3}

For the line of latitude A, we obtain the variation with € of fM by

substitgting (8.1) into (8.3). The result is

i
A *A % *
‘?- {l (l.,»iu.ab B) (8.4)
g {e

This variation {and the analogous for the proton gyrofrequency) is illu-
strated in Fig. 38 for a number cf lines\of fiux {and for fMO=0.87

M /=),

<

Going now to the density variations, Bocker assumes the following

model for the smooth density variations of the magnetospheric plasma
P
N = No(a/r) cose (8.5)

with p and g positive. Correspondingly, one obtains for the electron
pla%ma frequency
1/2p 1/2
f =f_ (a/r) / cos /29 ] {8.8)
pe Po -
Using eq. (8.1} for the line of fiux corresponding to latitude A, we
obtain, for the variatien of the electron plasma frequency along a

given line of flux

J[ ery (8.7}

-% E
Thé variation of this frequency with 8 along several lines of flux

is given irn Fig. 39 corresponding to the following parameter values
=4, =0 f =1 Mce/s
P ] -. po /
Notice that the plasma distribution assumed by Booker refers really
toc the magnetosphere and would have to be modified at levels below

~1000 km.

B.2 Inner and outer zones of longitudinal propagation

As already mentioned in Sect. B.l, Booker's theory of guidance
refers to electromagnetic waves for longitudinal propagation. The two

refractive indices are then given (see Sect., 1) by

@ W w T
fn:' = 1. F - Pe (8.8)

wlw T W) W (W x Wee )

Here, as we saw in Sect. 1.3, the upper sign refers to L waves (singu-
larity at m:mBi) and the lower to R waves (siagularity at m=mBe}. We
recall that the two waves are also commonly denoted, especially at
radic freguencies, as ordinary (L) and extraordinary (R) waves. In the
range of frequencies ”§Fae {and for the ionospheric and magnetospheric
plasmas for which mBe<<upe). the extraordinary (R) wave, which is the
FMS branch using Shafranov's notation (see Sect, 1), becomes the paral-
lel electron whistler for w>mBi an? the hydromagnetic magnetoacoustic

mnde for w<mB.. The ordinary (L) wave, on the other hand, is the Alfvén
1

i T



branch for m<mB_ going over to the icn cyclotron wave at frequencies uw
i

close to ug. and then essentially it propagates (SE branch of Fig. 1)
1

(3) 2
oniy at frequencies above the cut-off frequency mo ~ (wpe +
1/4mB 2)1/2_ %i”ﬁ ](which, for the ionosphere magnetospheric plasme,
& e

are in general above mBe).

It is important now to peoint out that, given the refractive index
(8.8), for any fixed wave frequency, the magnetosphere can be divided
into zones where leongitudinel propagation is possible and zones where
it is forbidden. The transition between the two regions occurs, as
we know, when n2 passes througr either of the values O or =.

Referring to the R wave, a resonance occurs when
W= ow (8.2)

Thus, for this wave, at a giver. {reguency, one boundary of the forbid-
den zone for longitudinal propagatien occurs at the level in the magne-
tosphere where the local electron gyrofrequency is egqual to the frequen-
cy under consideration. For a freguency of 100 kc, this gives the inner
surface of thé stapled area of Fig. 40z (corresponding to the magneto-

spheric model of Sect. B.2). The outer surface corresponds to the con-

(3}
dition n2=0. This is the freguency mo of Shafranov given by
2.1/2
w {3} = {w 2+ -4— w ) - i|m i {8.10)
c pe 4 Be 2, Be

above which we have propagation of the SE branch (see Fig. 1}. Thus,
in the stapled region in Fig. 40a propagation is not possible and the
two conditions n 2=°=. n*E:O separate the magnetosphere into an inner
region and an outer region of propagation. In the outer zone a wave
supposed to be guided along the lines of flux of the Earth's magnetic

field is returned when it encourters the outer surface of the Torbidden

zone (where n+2=0). On the other hand, a wave travelling in the inner
zone (and also supposed to be guided}, when it intersects the n+21ﬂ
surface is not reflected but rather it dissipates there causing scme
heating of the magnetosphere.
Fig. 4Da refers to the R wave at 100 Kc. The forbidden magnetospheric
zone will of course vary with fregquency. The variation of its location
in the eguatorial plane, as a function of frequency, is indicated by
the horizental shading in Fig. 41. Frem this we see clearly that, at
frequencies below »1 Kc the inner zone for propagation for the R wave
occupies virtually the entire magnetosphere. These are frequencies
typical of whistlers which can in general propagate from one to the
other hemisphere without encountering zones of forbidden propagation.
On the other hand, we see from the same figure that high frequencies
do essentially propagate only in the outer zone.

The same type of reasoning can be applied to the n_ wave {L wave).

ce s 2
There, it is n == when

W= ow_, (B.11})

2
and n =0 at the freqguency

w vow (8.,12)

which give the boundaries of the inner and outer zones of longitudinal
propagation for this wave. In the inner region we have therefore propa—
gation of the A branch and in the outer region of the FE branch. At

Lthe same frequency w=100 Kc (considered before for the K wave), we

se¢ now for the L wave, from Fig. 40k, that there is an outer zone

of propagation for the L wave but no inner zone (except below the ionc-

spherej. On the other hand, at the very low freguency of 10 c/s, Fig.

.



40c, alweve referring to the L wave (which is now the Alfvén wave)
indicates that there is essentially no outer zone of propagation but
instead there is a substantial inner zone of longitudinal propagation.
It is in this inner zone that Alfvén waves possibly propagate between
conjugate hemispheres of the Earth.
The location of the forbidden zone of propagation for the L wave is
shown, at the equator and as a function of freguency, in Fig. 41, deno-
ted with a vertical shading. As the external boundary of the inner
region of propagation for the L wave occurs at w:mBi, whereas it occurs
at m=mé for the R wave, we see that the forbidden zone of propagation
of the L wave is enormously thicker than that of the R wave. At audio
frequencies (the whistler’'s frequencies) this forbidden zone occupies
virtually the all magnetosphere (and it is only the R mode whistlers
that propagate}. It is only for the very low freguencies that we have
an almost entirely inner zone of propagation, as seen in Fig. 40c.

Fig. 40a-c, giving the inner and ocuter zocne of magnetospheric
propagation, indicate alsoc that, for a given wave frequency, there
is a maximum latitude of line of flux for which lengitudinal propaga-
tion entirely within the inner zone is possible between conjugate hemi-
spheres. Conversely, for a given latitude of a flux line, there is
a maximum frequency ubu;;dwhich longitudinal propagation entirely
within the inner zone is possible between conjugate hemispheres. These
important features of magnetospheric propagation are presented in Fig.
42 which giveé in fact the maximum frequencies for interemispheriu.
propagation (within the inner zone) as a function of latitude of the
line of fiux, both for the R (dashed line) and the L waves (solid li-
ne). In this same figure one finds indicated both the thstler and the

Alfvén wave regimes.

B.4 Field curvaﬁure
- An important guantity which must be computed is the curvature

of the Farth's magnetic field. The condition for guiding of electroma-

gnetic waves that will be later imposed will bé that the curvature

of a given ray follows the curvature of magnetic field lines.

With reference to Fig. 43, let MN and M'N' be two adjacent magne-
tic lines of force of any curvature. Consider then two equipotential
lines AB and A'B' of length dr separated by a small distance and incli-
ned by an angle a. I OA=CA'=r and the magnetic fields along AA' and

BE' and H + dH respectively, we can write
{H+dH) {r+dr)de = Hr do
from which
Hdr + rdi =0 . (8.13)

Ther: the local curvature 1/r of Fig. 43 will be given by

K i + AN « od

F:

TR ER T L&

{8.14)

where, in the last expression, fM is the cycloetron frequency. More

generally it is advisable to write

1 A

Ke=- AWMLV y (8.15)
H tn

to recall that the gradient which enters is that along the local normal

tu the magnetic field line. Eq. {8.15) is general and can be applied

to a variety of field patterns. Let us see, in particular, the results

L
v




it gives for the magnetic field of the Eartn. We want the field curvatu—
re at the point & on the line of latitude A. Anr easy calcouletion, using
for example (8.4), leads to

Ke Jagen 2ol

Ke o8 (4 - 2058 )R

(8.16}

where, as it is convenient, the field curvature has been normalized

te the curvature of the Earth

Kp = 1.57 x 1067 rad/meter (8.17)

The 8 dépendence of the ratio KF/KE is reported in Fig. 44 for various
values of A. For low latitude lines, the field curvature exceeds the
Earth's curvature while the opposite is true for high latitude lines,
Note, however, that, apart from special cases, the field curvature ig
not of a different order of magnitude with respsct te the Earth's curva—

ture.

8.5 Ray curvature and excess field curvature

Consider a curved.magnetic field and an electromagnetic wave,
considered as a ray, bent into a curve owing T~ refractive effects
and incliﬁéd at a small angle ¢ at P ang ¢-d¢ &% Q, as shown in Fig.
aé, PQ being ds, an élement of the ray.path. Fcr simplicity, let the
field line and the ray be in the seme plane. let the normal distance
from Q to the field line through P be dr. If n is the refractive index
for the ray, by Snell's law, the curvature of the ray can be expressed

as

4 :
KR:';‘) =_’1_ [} mq) (8.18)

4

Fer small values of ¢, we hawv:

V L {8.19)

i.e. the ray curvature is given by the fractional downward gradient
of refractive index in the outward principal normal direction to the

magnetic field line.

Using now the expression (8.8) for longitudinal refractive index, we

obtain
1 T
b . T W
K, = 2 IR S NOL GO O S . TH
w N o' [Wwe (43 w/wg)

(8.20)}
1
UJ?;

W Wag (4..‘. m/u)u,\
with KF given by {8.15). There are therefore two separate contribu-
tion to the ray curvature, cone arising from the fractional gradient
of the magnetic field and the other from the fractional gradient of

the ionization density.

The condition for guiding of electromagnetic rays along the curved

magnetic field line is clearly

Ke _ 1 {8.21)
Ks

In relation to guiding it is important to introduce the quantity

K=K =K ' (8.22)

which is the excess of field over ray curvature, (or briefly excess
field curvature). It is this quantity, as we will see, which enters

the notion of modified refractive index (see Sect. 8.7) and it is the



consequences of this curvature‘differential that have to be overcome
by means of field aligned irregularities of icnization, if guiding
aleng the lineé of flux of the Earth's magnetic field is to take place.
Using the model of magnetic field and density described in Sect, 8.2,
Booker derives the variation of the differential curvature along a
number of lines of flux and for a number of wave frequencies. His re-
sults are shown in Figs. 46a-d where the excess curvature on the ordina-
te axes is normalized to Earth's curvature. We see from these results
that the curvature differential between the rays and the lines of flux
is, broadly speaking, of the order of magnitude of the Earth's curvatu-
res. Furthermore K is always positive. This means that, for the magne-
tic field and density models assumed, aéditional downward curvature

is required at all places and all frequencies to produce guiding along

the lines of flux.

8.6 Model for field aligned irregularities of ionization

The model assumed by Booker to study guided propagation in field
aligned ducts is the following. Take a particular line of flux of the
Earth's magnetié field and rotate it around the magnetic axis, thereby
forming a geometrical surface in the magnetosphere. Booker assumes
that, upon crossing this surface from inside to outside there is a
discontinuoﬁ; increase in electrop dengity AN, either positive or nega-
tivé. Inside the surface the ioni;ation density is assumed to be given
by eq. (8.5). Outside, the density variation is still represented by
(8.5) but with a sligtly different value of the constant (NO+AN). Thus,
with respect to the ray theory of Smith et al. (1960) for guiding of
whistlers in ducts which was requiring density variation across the
field containing many wavelengths, Booker's approach ie quite diffe-

rent in that it refers to a thin field aligned discontinuity.

As will be seen, i cg pocker's treatment such a surince of
discontinuity is capabtie acting as a guide for transmission between
conjugate points in the norinern and southern hemispheres. A ray on
the inside of the surface of discontinuity can, under suitable condi-
tibns, suffer successi%e internal reflections from the interface and

thus convey energy along a line of flux.

8.7 Modified refractive index

The method of modified refractive index to study ray proﬁagation
witn account taken of the curvature of the Earth's magnetic field was
first introduced by Booker and Walkinslaw (1946) in a study of tropo-
spheric propagation.

In the free space between the Earth and the ionosphere a ray tra-
vels in a straight line. An observer who thought that the Earth was
flat would say that this line is not straight but has an upward curva-
ture which be might ascribe teo a variation of refractive index with
height. If the actual refractive index is n, let us call n'{z} the
fictitious refractive index (a function of the vertical) which one
would have to imagine with a flat earth and let us derive what is the
form of n'(z). Suppose then that, in this fictiticus medium, the ray is
inclined at an angle ¥ to the horizontal and let s be the distance
measured along the ray. From Snell's law we have that n'cosy=const

so that

As a consequence, the curvature of the ray is

rW dn' fde -d“‘s' ,h' ,_4__&_“_"_ ] .23
o o v AL R



Now, again referring to free space, an chserver whc thinks that the

earth is flat will think that the ray has an upper curvature coszE

with RE the Earth's radius. Hence, equating this tc (8.23) we cbtain
L
n' di QE

ool

where n is a constant. For example h can be the level of the ionosphere

(8.24)

so that, just below, n'=l. Now, &s in practice z-h is always much smal-

ler than RE we can expand (B.24) and _otain

4’\‘2_7_ i + 2[2‘9’”\
Re

This formula, as already mentioned, applies tc the free space below

(8.25)

the ionosphere. However the trick of substituting the actual refractive
index with one containing a linear variation in z te simulate curvature
ef—the—Farshrta—timne can be applied more generally and, in fact, was
applied by Booker to study the guiding of rays along a density disconti-
nuity. Then, in studying nearly longitudinal propagation near a parti-
cular point of a particular line of magnetic flux, tﬁe line of flux

and the associated field aligned density irregularity are considered

to be straight but, instead of the actual refractive index n, a modi-

fied index n' is employed to'study propagation, given by
n' = nil + Kz) (8.z26)-
Here z is & coordinate measured transverse to the ficld in the outward

direction and K is' the differential curvature defined in (8.22). The

modified refractive index (8.26) has therefore @t additional transverse

gradient across the magnetic field not possessed by the actual refrac-
tive index and actually proportional to the differential curvature
K._As a conseguence, the curvature of wave rays with respect to the
straight line of flux in this model is the same as the curvature of

the actual rays relative to the bent lines of force in the real world.
This technique requires that the radius of curvature of the rays and
of the lines of magnetic flux to be large compared with the local wave-
length in the medium. After the line of flux has been straightened

out in accordance with the concept of modified refractive index, a

ray which is successively reflected at the interface has the form shown
in Fig. 47. Each segment of the ray has now the differential curvature
K calculated from (8.22) and plotted in Fig. 47. As we move along the
guide, the curvature K of the ray segments in Fig. 47 changes slowly

in accordance with the variations shown in Figs. 46.

In conclusion it should be pointed out that, as clear from Fig. 47,

the linear z wvariation of the mcdified refractive index {8.26) refers

to the width of the wave guide.

B.8 Phase integral condition in Booker's theory

Let o be the elevation angle of a wave at the plasma interface,
as shown in Fig. 47. We shall assume this angle to be small so that use
can be made of the longitudinal expression (8.8) for the refractive
index n. We will investigate & posteriori to which extent this is ju=-
stified. Corresponding to the discontinuity in density {(from N0 + te
NO+AN) at the interface of Fig. 47 we will have a discontinuity in
refractive index. Reflecticon at the interfare is described by Fresnel's
formulae. The critical value a. of a below which total internal reflec-

tion occurs is found (see Appendix B) to be given by



T - m* AN
My N

The phase change ¢1 of the waves at this reflection, corresponding

{8.27)

to the value a of the inclination angle is given approximately (see

Appendix B) by

i
ﬁ)1 = 'lmu,hb (% - ) (8.28)
From this formula we see that, when a>uc, ¢l is complex corresponding
to imperfect reflection.

We wi'l now write the phase integral condition of mode theory
({see Sect. 7) for the wave guide of Fig. 47. There, one of the bounda-
ries of the wave guide is the interface across which there is the den-
aity jump. The other edge is the caustic surface indicated in Fig.
47 which corresponds to reflection aﬁ a zerc of g {the z projection
of the refractive index vector). We have already calcul;ted in Sect.
7 the change in phase of a wave while crossing twice the wave guide
in the case of a linear variation of refractive index (see eq. 7.10).

For the Booker's case (@<<l) this becomes

T .
7 _E..@p1 = n(p-t (8.29)
W !
wh?re p=1 is now the lowest order mode and the term -n/2 is the phase
change at the caustic. Substituting eq. (8.28) for ¢1. we rewrite

(8.29) as

Ive’ N h

s _ NLC\’B (_.% -1 = (P- .3_) T (8.30)
3K A 4

At a given point of a line of flux of the Earth's field, and for a

given freguency, the differential curvature K cof eg. (8.22) can be

obtained from Figs. 46. Also, for a given fractional density change
AN/N across the interface, the critical angle uc is cbtained from
(87.27). When all this is used, one determines, from (8.30), the angle

of elevation o of the p-th mode.

8.9 Minimum fractional density gradient for trapping_and'track width

It is important to derive the minimum fractional density change
AN/N that produces reasonable good guiding of one mode. This occurs

when the mode changes from leaky to trapped behaviour and, therefore,

~when the mode angle o is close to uc. In these conditions..the second

term on the left hand side of eq. (8.30) (the phase change at the inter-

face) can be neglected end, referring to the lowest order mode p=1, the
equation reduces to

3
o’ A g _ (8.31)

LK% 4

of which we must impose, for minimum guiding, the solution to be
a=o (8.32)

Thus the condition for the lowest mode to be guided becomes
¢

/3

o, = {3/8 m)l {8.33)

Using now eq. (8.27) for ac, it follows that the minimum fractional

change in icnization density necessary to guide the lowest order mode

is given by

L .
AN W (3— K”\} & (8.34)
N 1-mt \ 3§



necessary fo guiding as a function of position () along different
magnetic flux lines.

Fié. 4Ba refers to the freguency f=1Kc/s. At this frequency, the lines
of magnetic flux for latitudes A=15°, 30°, 45°, 60°, 75° which are
reported in the figure, lie entirely in the inner zone of longitudinal
propagation for the FMS (R) wave and in the forbidden zone for the

L wave (see Sect. 8.3). Thus all the curves in Fig. 48a refer to R
waves (whistlers). It is seen that, at 1Kc/s, guidance can be produced
by fractional variations of ionization density of the order of 1%.

The track width of the lowest order mode, for the same frequency, is
plotted as a function of &, fo~ different latitudes A, in Fig. 49a and,
as it can be seen, varies from ~10 to 2100 km,

Going now to a low frequency, of 10 ¢/s, Fig. 48b gives the mini-
mum AN/N required for guiding. In this case inner zone longitudinal
propagation is possible not only for the R but also for the L wave
(correspondingly different curves, dashed and not dashed respective—
ly are given in the Figure). Here we see that guidance of such waves
round the lines of ﬁyux of the Earth requires higher values of AN/N,
from 10% to 25%, than in the case of the 1lKc/s wave, the smaller values
being adequate for the higher latitude lines. The track width at this
frequency, given in Fig. 49b is also much higher than for the 1Ke/s
wave and ranges rcughly from 100 to 1000 km.

. On the other hand, moving to much higher frequencies and, for
example, for f:lOMc/&. we see from Fig. 4Bc that we need AN/NA10% to
ensure guiding for low latitude lines (ang guiding takes place now
in the outer zone). For high latitudes and near the egquatorijal plane,
guiding becomes impossible, The track width, given in Fig. 4%c, is,
for this frequency, much smaller than at the lower frequefncies and,
in generalt below 1 km.

Thus, the overall impression that we get from these (and other)

numerical rec::.ts, is that guidance disappears as we go to high fre-
guencies, of the order of 10 Mc/e=, and also going to low freguencies,
of the order of 10 c¢/s or smaller. On the other hand, guidance is most
easily obtained for whistler waves, in the inner zone of propagation,
at intermediate frequencies (Kc/s). For a given mode, at a given fre-
quency and on a given flux line, the variations of AN/N with position
{8) along the line are not very remarkable but, in any case, cne gets
somewhat larger values of AN/N when the line crosses the equatorial
plane.

A very convenient way of looking globally at these results is
that of fixing €, at the position cf crossing of the equatorial plane
for any given line, and there plot the.values of 8N/N required for
guiding and the corresponding track width as a function of frequency.
This is done in Figs. 50a-d where the left hand ordinate scale refers
to 4N/N and the right hand scale tc the width w and the successive
figures (a-d) refers to lines of different latitude. The curves for
4N/N show strikingly the disappearance of guiding both as we go to
high radio frequencies and as we go to low hydromagnetic frequencies.
The low freguency branches refer, as it is explicitly indicated, to
inner zone of propagation and the high frequency branches to outer
zone of propagation. These curves show that, for the R waves, there
are about 5 decades in frequency where guidance is possible for relati-
vely small values of 8N/N. From the sequence a-d of the figures, it isi
also seen that this frequency range slides down by about 3 decades as -
we move from low latitude to high latitude lines of flux. In other
words, guidance of radio waves in the cuter zone is easier at low lati-
tudes than at high latitudes, while the oppcsite is true for guidance
of hydromagnetic waves in the inner zone (easier at high than at low

latitudes).



To explain in physical terms, at least in a qualitative wzy, these
numerical results we must give some comments on the meaning of the
tréck width of the modes. As commented by H. Booker, the model taken
of a discontinuity in density at an interface parallel to a.flux line,
must be interpreted in the sense that the results cbtained are valid
for any continuous density variation across the magnetic flux line
of scale somewhat less than the track width w obtained by the calcula-
tions('). It fellows then that the track width obtained may beé also ;
interpreted as the {maximum)} lateral extension of the field aligned
density irregularity. Let us look now from this point of view at the
resul>s shown in Figs. 50a-d. The values of w reported in these figures

-can be interpreted as the maximum transverse scale of the density irre-
gulafity for which {under the calculated value of &N/N)} trapped pro-
pagaticn (of the lowest crder mode) is obtained. For the intermediate
frequencies (chs}. where guiding is cbtained for relatively small
values of QN/N {down to 1%), we see that the transverse scale runs
from ~2 km to ~100 km for the 15° line of flux and from 50 km to ~1000
km for the 75¢ line of flux.

For f=10 Mc/s the transverse scale is less than 1 km. Most "likely
inhohogeneities on this scale are present in the magnetosphere. ﬁowe-
ver, what inhibits ghidance at. these radio frequencies, are the higher

values of AN/N required.

{*} On the other hand, being the calculation based on the use of the
phane-integral condition, such track width must large in comparison
with the wavelength of the mecde considered. Thus we see that, in
the end, the Booker's discontinuous model is not very different
from the duct models used in the ray theory of guided whistlers

by Smith et al. (1960).
-

On the other hand, at hydromagnetic freguencies, the transverse
scale w beccmes exceedingly large {as it is also seen in Fig. 50) anﬁ,
in'fact, it approaches, at the low frequency limit, the radius of the
Earth. Such large scale inhomogeneities are at least unlikely. It is
seen therefore that guidance at very low hydromagnetic frequencies
in the magnetosphere may be impossible because such large scale inhomeo-

geneities are simply not accomodated.

Lg 2o
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