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The phase velocity, ray velocity, and group velocity
surfaces for a magneto-ionic medium
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The phase velocity surface for waves propagating in a uniform cold plasma is
sometimes misinterpreted as having the shape of a wave-front. A summary is
presented of the correct interpretations of the phase velocity, ray velocity. and
group velocity surfaces. A full set of computer generated plots of such surfaces
are presented. These are intended as an aid to visualization of wave propagation
in such & medium.

1. Introduction

It is a common misconception that, for waves in an anisotropic plasma, the
phase velocity surface (also called the wave-normal surface) represents the shape
of the wave-fronts spreading out from a point, steady-state, isotropic oscillator.
For example, the ‘plasma pond’ description of the CMA diagram given by Stix
(1962, p. 8) or Chen (1974, p. 133) perpetuates this idea. The correct interpretation
is that it is the so-called 1ay surface which represents the wave-front (Budden
1961, p. 255). This interpretation, while ‘ well-known’ in the sense that it appears
in standard texts, does not appear to be widely known.

Yet another surface which has received little attention is the group velocity
surface which represents the shape of a short impulsive signal spreading out from
& point source. In a recent review Booker (1975) has drawn attention to this
surface and presented some examples of it.

The objectives of this paper are: (i} to point out the misconception deseriherd
above, and (i) to present a set of computer drawn examples of the ray surfac.,
the group velocity surface, and the kind of picture one would get in a ‘plusia
pond’ like that of Stix (1962), in which the oscillator is switched on suddenly «t
a particular time and thereafter radiates continuocusly.

No great originality is claimed for the contents of the paper which is chicfly
didaetic in nature. The justification for writing it is that diagrams such as those
presented are not generally available in the literature, except for a few scattered
special cases, and that the author believes that contemplation of such diagrams
for various parts of the CMA plane can lead to improved insight into plasma
behaviour. At present the diagrams ave limited to the case of a cold electron
plasma, butitis hoped to extend the treatment to other regimes in the near future.
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2. Phase, ray and group velocities

In this section we summarize the definitions of the phase, ray and group veioci-
ties. The derivation of results quoted here isgiven by Budden (1961, pp. 252-255).
All the results apply only to the radiation field. Of course the near field of the
source is ignored and, in what is essentially a description of the physical optics of
the medium, the vector nature of the fields is not of interest. The diagrams in
figure 1 depict surfaces of constant phase, or wave-fronts, as continuous curves,
These surfaces of constant phase can be visuslized as wave crests in 8 two ditnen-
sional ripple tank with the same dispersion characteristics as the medium. In
what follows the letters (a), (8), (c), ete., refer to the corresponding parts of figure 1.
In each case we refer to propagation in a homogeneous anistropic medium, of
plasma frequency wy and electron gyrofrequency wg and to a signal with well
defined angular frequency o,

{a) An infinite train of infinite plane wave-fronts advances with the phase
velocity v, perpendicular to the wave-fronts. The direction of v, defines the

“direction of the wave normal. The phase velocity can be calculated from the
formula

o = &l (1)

‘where % (= ckjw) is the refractive index found from the dispersion relation for the
medium. It is assumed that the directional properties of 4 depend only on @, the
angle between B, and the wave-normal. This is so for a plasma with & constant,
applied magnetie field,

{b) The envelope of a short train of infinite plane wave-fronts advances with a
velocity v, in the direction of the wave-normal. The wave-fronts move through
this envelope with velocity v,. The veloeity v, is calculated from

‘UL = 3w/3k

- (2)
T prwdufew” -

The direction of the wave-normal is not in general the direction of energy propa-
gation given by the Poynting vector. This is because in an anisotropic medium
there may be a component of the electric field parallel to the wave-normal which
gives E xH a non-zero component parallel to the wave-front. Thus defok must
not be regarded as the group velocity which gives the velocity of energy propaga.-
tion. As is discussed below, it is, in fact, the component of the velocity of energy
propagation in the wave-normal direction. Confusior: can be caused by the fuct
that some workers call v, the group velocity (e.g. Chen 1974, p. 68) and that the
group refractive index is generally defined as ¢/, and not as the ratio of ¢ to the
magnitude of the group velocity.

(¢) A train of waves can be confined spatially to a narrow pencil by superposing
infinite trains of plane waves propagating in slightly different directions, #. Such
a spatially confined pencil is called a ray. The amplitudes of the plane waves are
given by an angwlar spectrum which is a function of 6. An infinite train of waves
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thus spatially confined travels along the ray with the ray relocity. v, The direction
of 1w ray makes an angle a with the wave-normal where
1/ )
tana = —(nl) {3)
w\ét
The magnitude of the ray velocity is the speed at which wave-fronts .travel a?cmg
the ray. The phase veloeity is thus the component of the ruy velocity in the diree-
tion of the wave-normal and ]
v, = v,jeusa, {4}
(!} The envelope of a short train of waves which is spatially '.'ullﬁll(‘t.l to a
narow peneil of finite length travels along the ray with the group velocity v,.
The vomponent of v, in the direction of the wave-normal ix v, Thus

v, = v fcosax. (8)

it can b shown that v is the velocity of energy propagation (Hines 1931+),
at least when the medium is non-dissipative. ‘ o

() If » monochromatic point source radiates continuously in «1t lFli'(’l‘thl]S. the
wave-fronts spread out radially from the source with the ray \'lf[(J('lty. A:;_ cun h‘e
secit tromn the diagram, v, is not in general normal to the \\‘:1.‘.'1\‘11‘011!,, while ¥, is
normal to the wave-front but, when projected backwards, does not intersect the
SOALTEC, ) .

t11 If o point source is switched on and theveafter radiates ('ont.muous!y: the
initial disturbance travels radially with the group velocity v, Ins:}lu ﬂll“‘.w[,'ﬂr.ll
frenf detined by the initial disturbanee the wave-fronts move out ralnlmlly with the
rayv veloeity, A precise caleulation would of course show that the signal front does
Hot temain completely sharply defined. Its arrival at a point must be regarded as
~ignutling the first sharp rise in amplitude of the signal Lefore it settles down toits
continuous wave behaviour, o :

{11 ‘The relationship between the various velocities is illustrated in tigure [{g)
for a short spatially confined wave pucket. The phase velovity ]tl{ll(l:h“ an anegle £
with some fixed direction (say the direction of the magnetic ficld), The ray and
vroup velocities make an angle ¢ with this fixed direction and an angle & with the
phise velocity so that ¢ = # -, as shown, .

For a cold clectron plasma the refractive index can be caleulated from rhe
Astrom-Hines formula (Stix 1962).

Apt+ Byt + C =10, (6)
A=1-X-Y+XY2cosd, {7)
B=-201-X)(1-X - ¥+ X ¥Vsin?0, (8)
C={1-X){{1-X2- ¥4, (9
JE—4AC = X2YH Yisind 0+ 4(1 — X)Ecoss 0}, {10)

Here X is the square of the ratio of plasma frequency to wave ﬂ'vqwfrw‘\' and ¥
the ratio of electron gyrofrequency to wave frequency. The angle 7 1s the anygle
between the wave-normal and magnetice field direction.
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The group refractive index,
}t':—/b+(u%, (rny
required in equation (2) can be found by differentiating equation {6) to got
& 0?1098y P s aur 4 B .
T Jf“'aw”‘ +w6w]{4‘4ﬂ + 8} (12)
24 ,
where Wz = 2(X + V22X Y2%c0s%0), (rh
&éB . _
W= —4{{(1-X)(X+TH+X(1-X - Y3+ X ¥Visin?t), {14}
oC n -
wa;=2{3X(1—X)2+ }(t-X)-Xr%. - {13
1o (04 , Bl 4. e .
Also #55“*{'5@“ +;9-5]{4A/L +B}L (16)

3. The refractive index surface and the various velocity surfaces
The refractive index surface is the polar plot of 4 as a function of 8 for a particu-

lar homogeneous medium, Because of the cylindrical symmetry it is a surface of

revolution about Bg. It has several important applications, Equation (3) is an
expression of the fact that, if we draw a line from the origin to intersect the
refractive index surface, then the nermal to the surface at the point of intersection
is the direction of the ray. This leads to the well-known Poeverlein (1949) con-
struction for sketching the path of a ray in a horizontally stratified medium
The Booker (1936) ray tracing technique is the analytical equivalent of the geo-
metrical Poeverlein construction.

The normalized phase velocity surface (or weve-normal surface) is a plot of

v,fc as a function of #. For any direction of propagation the distance from the
origin to this surface is just 1f4. It has no particular physical significance and its
shape should not be confused with the shape of a wave-front.

The normalized ray velocity surface is s polar plot of v,fc vs. @. As can be scen
from the digcussion relating to figure 1(g), its shape is the shape of a wave-front
originating from a point source. It is a reciprocal surface to the refractive index
surface,

If we were to perform a Huyghens construction for such a medium, the second-
ary waveleta would have the shape of the ray surface. In many ways the gencral
ray tracing technique of Haselgrove (1955) can be regarded as an analytic form
of the Huyghens construction.

The normalized group velocity surface is a polar plot of v /o against ¢b. As can be
seen from the discussion relating to figure 1(f), its shape is the same as the shape
of a signal front originating from a point source.

Some confusion can arise from a discussion such as that of Stix (1962, p. 523
which identifies the ray veloeity surfuce with the group velocity surface in a non-
dizpersive medium and makes no other physical interpretation of the ray surlace,
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Friure 2. The Clemmow-Mullaly-Allis (CMA) diagram for an electron plasma. The
numbering of the regions corresponds to that of Stix {1982) except that regions 3, 4,.9, 7
il 8 wre suhdivided as described by Clemmow & Mullaly (1955).

1t is indeed true that for the special case of a non-dispersive medium the two
surfaces coincide but in general we must take the ray velocity surface as having
the same shape as the wave-front of a wave originating at a point source,

4. The CMA diagram

The CMA diagram divides the (X, ¥} plane (where X = ofo?, ¥ = ogfw)into
a1 number of regions in each of which the topological forms of the phase velocity
surfaces are unchanged. In their original paper Clemmow & Mullaly (1955)
included additional boundaries subdividing some of the regions. On these bound-
aries ome of the refractive index surfaces acquired points of inflection, In Allis’s
ceneralization of this work (quoted by Stix (1962)) these subdivisions were ig-
nored hecause they make no difference to the topological properties of the phase
vitoeity surface. They make, however, a very substantial difference to the ray
~urface which develops cusps as such a boundary is crossed. For example in
tioures 4.4 () and 4.6 (b) the shape of the ray surface for the Z mode on either side
of such a boundary is shown. The difference is notable. It is thus useful to retain
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F1auRE 3. These disgrams show schematically the refractive index surface in one quadrant
and the ray velocity surface in the corresponding quadrant for the various regions of the
CMA diagram. They should be compared with the corresponding diagram given by Clem-
mow & Mullaly (1955). This figure should be examined in conjunetion with table 1 in which
the wave types in the various regions are identified.

boundaries such as these on the CMA diagram as they make a meaningful dis-
tinction between ray surfaces in the regions thus separated. Figure 2 shows the
CMA diagram for & cold magneto-ionic medium and figure 3 the shapes of the ray
surfaces characteristie of each region. )

5. Numerical calculations

Extensive numerical calculations have been performed of the various surfaces
described above for the case of an electron plasma. For each appropriate region of
the CMA disgram the Appleton-Hartree refractive index was calculated and then
the various velocities found as functions of angle from formulae (1) to {16}. The
results are shown in figure 4 which is divided into 21 subsections, decimally
numbered from 4-1 to 4-21. Each subsection corresponds to a particular CMA
region and containg four diagrams. In each diagram the xz-axis is horizontal and
the y-axis vertical. By is in the z direction. Information about each subsection is
given in a separate caption containing the following information:

(i) The region of the CMA diagram as defined in Table 1.

(ii) The values of X and ¥,

A.D. M. Walker 8

Shape
Wave of
Region characteristies surface
i O8L b
XFR b
2 OL b
3a OFL b
XS8R d
b - OFL b
X8R e
4ia XL ¢
4b XL o
5 — —
8a OFL [
X8R b
6b OFL b
XBR a
Ta OSR f
XFL ¢
7b OS8R f
XFL b
7c OSR g
XFL b
Ba OR I
8b OR g

Tasre 1. This table must be considered in conjunction with figures 2 and 3. The first
column gives the region of the CMA. diagram. Tho second column labels the wave according
to the scheme of Stix (1962), Waves are ordinary (0} if, for transverse wave normal, they
are unaffected by the magnetio field, otherwise they are extravrdinary (X). The labels
R and L correspond to right- and left-handed ciroular polarization (radio convention) for
lengitudinal propagation in the positive B direction. They are classified fast {F) or slow (8)
nceording as the phase veloeity is greater or less than that for the other wave propagating
in the same region. The final column relates the shape of the refractive index surface and
ray velocity surface to the diagrame labelled {a2)—{g} in figure 3.

(iii) A labelling of the surface as ordinaryfextraordinary ((O/X), fast/slow
{F/8), right handed or left handed polarization R /L. The distance Az, Ay between
tick marks on the x and y axes for each of the diagrams (a), {b) and (c).

Fhe four diagrams in each subsection Tepresents:

{a) The refractive index surface.

(0) A set of surfaces, the outermost of which represents the ray velocity surface,
"The other surfaces are ray surfaces on a reduced scale. The diagram is intended to
give the impression of wave-fronts spreading out from a continuous wave point
source.

() The group velocity surface.

() A set of ray surfaces combined with the group velocity surface (dushed
curve) i such a way as to give the impression of waves spreading out from a point
source which is suddenly switched on and thereafter radiates continnously.
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Fieure 4.1. (i) Region 1, (ii) X = 0-30, ¥ = 0-30, (iii) OSL, (iv) {a) Az = Ay = 1,
b) Az = Ay = 0-2, (¢} Ax = Ay = O-1.
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firkz 830 0) Region 2, (i) X = 0-80, ¥ = 0-50, (ili) OL, (iv) (@) Ax = Ay = 01,
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F1oURE 4.6

Ficune 4.5. (i) Region 38, (i} X = 0-70, ¥ = 0-70, (iii) OFL, (iv) (a) Az = Ay = O-t,

{b) Az = Ay = 0-5, (¢) Az = Ay = 01,

FIGURE 4.8. (i) Region 3b, (i} X = 0-90, ¥ = 0-90, (iii) XSR, (iv}{a) Az = 0-5, Ay = 020,

() Ax = Ay = 05, (¢) Az = Ay = 0-05.
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Ficure 4.7 FIGURE 4.8

Friure 4.7. (i) Region 8b, (ii) X = 0-90, ¥ = 0-90, {iii) OFL, (iv) (a) Az = 01, Ay = 0-0§,
() Ar = Ay = 05, (¢) Az = 01, Ay = 0-05,

FiGure 4.8. (i) Region 4a, (i) X = 1-10, ¥ = 0-50, {iii) XL, (a) Az = Ay = O-1, (B}
Ar = 05, Ay = 0-2, (¢) Az = 01, Ay = 0-05.
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FIGUEE 4.13. {i) Reg} i 0, (iii) OFL, (iv) (a) Az = 0-1, Ay = 0-05
A3, 5 il , (iv) {a; = 01, =0
(b)) Az = Ay = 05, (¢} : 28 Y J
= ~ ==
FIGURE 4.14. (i) Region 7a, (5) Y'Y = 3-00, (iii) OSR, (iv) (@) Az = §-0,

'b) Az = 05, Ay = 05, (c) At e fid 4logf = 0-05. e

Fioure 4.10 ; s 15(!;1)_\1{ = Ay7= l)_.%,;g) A:i i—- A%= (;—1.
§ ) . y . . o . “reUre 4.15. (i) Region Ta, {ii) X = 1-10, ¥ = 3-00, (iii , O
Fictre 4.9. (i) Region 4b, (i) X = 1130, ¥ = 0-50, (iii) XL, (iv) {a) Ax = Ay = 01, b) Az = Aylg‘ﬂlﬁ}“%ﬁ}lgm(% an g, (i X = 0-90, Y(“L-! H& (,EﬁY%?ﬁvr(,ﬁyA_c = 5’-5, Ay = 02,
(0 Az = Ay = 05, (¢) Ax = Ay = 0-05. i A = Ay o= 02 (0) Ar = Ay = 01,

Frarne d 10 i) Rovion Ra. i) X = 030 ¥ — £.50 fGi) SR v fad Az oz Vo s 400 FteuRE 4.16. (i) Region b, (ii) X = 2:50, ¥ = 3-00, (iii) OBR, (iv) (o) Az = Ay =~ 50
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Ficure 4.20
Fieurg 4.17 Figure 4.19
F1oURE 4.17. (i) Region Th, (i} X = 2:50, ¥ = 3-00, {iii) XFL, (iv) (a) Az = Ay = 01, (l:;l)(:lrfh‘:zigg?.ﬂfi)oﬁe%(i;))l;:c:‘(i)i?lXA: f%obf)Y = 500. (i) XFL, {iv} (@) Az = Ay = 0-1,

(3) Az = Ay = 02, (¢) Az = Ay = O-L.

Fioure 4.18, (i) Region Te, (i) X = 500, ¥ = 5-00, (iii OSR, (i Az = = 50, ’ Fravre 4.20. (i) Region 8a, (ii} X = 500, ¥ = 2.00, (ili) OR, (iv) (g} Ax = Ay = 50,
(b) Az = 0-2, Ay = 01, {¢} Az = 01, Ay = 0-02, D ) (@) A2 = Ay = & th) de = Ay = 01, {¢) Az = 0-05, Ay = 0-02.
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Froure 4.21. (i) Region 8b, (ii} X = 100:00, ¥ = 10-00, (iii} OR, {iv) (a) Az = Ay = 2.0
(&) Az = 0-05, Ay = 0:01, {c) Ax = 0-05, Ay = 002,

6. Conclusions

The chief points raised by this paper are the following:

(i} Care should be taken not to confuse ray velocity and phase velocity surfaces
and to recognize that a ray surface represents the shape of a wave-front origin-
ating from a point source.

. (i) The sub-division of certain regions of the CMA diagram first described by
Clemmow & Mullaly is valuable. Although refractive index surfaces and phase
velocity surfaces do not change their topology on crossing such boundaries, the
ray veloeity and group velocity surfaces do, the former acquiring eusps and the
latter additional lobes.

(iii) Diagrams of the sort presented in figure 4 can help visualization of propa-
gation in anisotropic media. They contain more information than diagrams such
as those of Booker (1975) as, in addition to the shape of the signal front and the
direction of the wave-normal on it, they give wavelength information and infor-
mation about the relative velocitiea of wave-front and signal-front in different
directions.

This work was supported by the South African Council for Scientific and Indus-
trial Research and the Department of Transport.

The author is very grateful to the staff of the University of Natal Computer
Centre for the excellent service provided.
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