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A MATHRTATICAL NMOREL OF TOPULATIVE DYHANTCS,

INVOLVING MIGRATION AND RESUHICH
by Adolf Haiwmoviel
Iagi-Romania

The -problem of populstion dyvnemlecs dependine on ares and

iavolving migration has been considered by many suthors ( see £,

B]I?3IE]]. Qur aim is to approach'the same problem, by supposines

in addition, the dependence of the"population variation not only
on esge end time, but mlso on 8 vector of resources; this one is
conceired in a genersl manner, ir order to simplify ‘the exposition
more prediéely, 1f a component of this vector is an obstscle at.
the development of the population, it will be interpreted &s a
pollution; so that we will not Zmpose sipn restricticns on this
vector,

Obviously, we must introduce a newv equstion in the svystem,
beside the usual ones, nggely the dependence of this vector on
the populsation; %e wlll suppose the time variation of the

regsources depending linearly on the population of various ares.

€1, Statement of the problem., In what follows, we will denote

i) u{t,a,x} the number of individuals of ape a, at the

moment t, snd the point x of the sp=ace;

uft+h, a+hﬁx] - ult,x) (see £.1.13] ,[33 {;

il) Du = linm
h=o

1i1) Aethe migretion coefficient, which we will suppose constant
iv) r{t,x) - an n-dimensionel vector, devending on time t and
point x of the spsce, representing the resources, and ro(x)

the initisl repartition of thase resources;

- D -

v). X the desth coefficirnt, depending on time, ape snd v,
resources, l.e. N\ = A(t,a,r{t,x})]

vi) P_the birth coeffiecient, depcnding on time, ape and on the
paint x, P = !4(t,a,x);

vii) @ the initisl repartition of the population <& = @ la,x);
viii} B the number of offsprinpgs B = B{t,x}, st moment t, end
point x ;
1x) 3=5{(t,a,x} an n-vector R,x R,x R - Rt
x) g=g(t,x) also such a vector, this two characterizing the
varistion of the resources veetor.
The space in which mirration takes place will be R. The

equations of our model will be

b
{L.1) pu - a2 —--?7; -)\(t,a,r(t,x))u,
o x
. fm
(1.2) B{t,x) = (t, o¢,x)ult, s ,x)da.
) M
(1.3) —2r - fs{t,o(,x)u(t,a,x)dd rglt,x),
{1.4) ufo,a,x) = ¢ (a,x), rlo,x}=r (x),
(1.5} & {0,x) = fm/A(o,a LX) P {e,x)do = 8n obvious

compatibhility condition.

Remarks, 1. Il A=0, i.e. if there does not exist mipration,
then .\ -~the desth rate, must be negstive, In our cese, this
condition 1s no more valid,lsince the contribution of the mipratio
can lead to the fact that in some points x, )\; o. '

2. The equaticn {1.2) is the seme that can be found in 01,5

%, The third equation expresses the: faect that the variation
speed of ;he resaurces depends linearly on the population, with

coefTicients dependineg on ares, on time and on points; . . it



-3 .
follows that the derivativesof resourees, ars intercnls
fns(t,o(,x)u(f‘,oi »X)de, 5 Veinr an n-vector. IT & cortain
c:mponent iof s -15 positive, and r; » 0, then this c¢an nean that
the resources are produced bv the populetion, if r{< e and Si<°’

then thus ean mean thet Lhe component 1 of r is a pollution,

whieh prows with the number of individusls in the ponulation,

§2. lyrotheses. We supnose

Ay >~1s continuous on R, x R, x "

+ and bounded
[A(t,a,r) ¢

o
)La(t,a)é/l , and ﬁa(t-s,a-s)dss,/&_

for every r € Hn, nri< I,
) is lipschitz with respect to the 1last variables, i,e.

“]’J\(t a,r;) - Aft,a r2”< Le® Iirl—reu

posidrue
where L, k are rc?rfgfants, and .1 is the norm in R",

}4 is continuous 1in R, x RH,x R, and setisfies (see also
LshH

o< f“ Sfc.af;ha

C. The vector 8 is continuous and bounded on R, x R+ X H and

£ is continuous on R x R", and

fsl £ s,(t)e"c8 )
et x e G = oot

1elt,x)llgg and v
D. The function ¢ is continuous on R, ¥ B an® bounded

oS P,

E. The function ry 1s continuous on R snd bounged

ir € R,

& /e,

I"‘o' h positive constants,

s=const, rsa{t}dt:: §y=con:
A -
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F, The above constants satisfy

S
1 ¥o51
R+ n{---g +1+G) 3

<M 53R/l

$3. Troncformation of the svstem {1.1)-{1,5). As usual, we

consider first a pair of srbitrary positive, but fixed numhers
(t,s8,)€ R, x R,, and denots
ult,+ T, stz »x) =u{r,x),

r{tytT,x) = T{r,x),

(3.1’ >\(t°+'r, &o“"i" ;;‘(T,I}}*j(?,r )’
lto+T a7 ,x)= L (T ,x),
@ e+ T ,x) = @ {T,x),

Then,one sees easily that

8+ 7 ,x)= g: fryx),y

{3.2) Du (to+ 7,
and (1.1) becomes

(3.3) R 93’7* - ) (z,o]5.

Teking into eccount the thermic potentials, {3.3) can be writ-

ten under the form

(3.4) Bl ,x)e f db‘f BT, € f ) (6,7 € ) (6, fa b+

f E(T,x;6, f (o g)d§,J

where, obviously

' 2
E(f,x; b‘)é) = 1 exp(- {x-§) ).

2a o E-a) 4A°( ¢ - o)

Supposing now 1-1(0, ;'J & known function, and denoting

(3.5)  v{T,x) = f‘ Ble,xj0, f ) Glo, £ ),

the equation (3,3} is a linear intepral equation with kernel

Xz ,x; 6, E )_A (6',1-(6‘,;)) where A , 8BS a consequence Trom
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Ay, satisfles

{3.6) _ff}‘\( &, ,x )| ac €A .
- ©
Taking into account the 1aentity
) em? - x)? ) (xy55)°
-7 Ty Ty T-0 (T-z-l)(c,'—te)
T-%
with

5 {g-glxr (T-gGlx,
L2 ~Y
and ,supposing r gnd v known-Tfunctions,we have, for the resolvent

kernel

(3.8) R izr,x;0,f)c~—L
f 1-A BA\/ (r -7)

- exp(- —‘1#2——},

45 {r-6)

I)(f-r,r(a- £1)]

and so - v
. 3(?.X)=[dﬁ'/-?(r,xwr,f)v{ts',f)dg +v(T,x),
[-] -0 .

from which we deduce

v(iT,x),

(3.9} L-2A v(T,x)¢ ule,x)<€ 1
1- A

which proves the positiveness of Ul ,x).

§4. Taking now for a <t

a, = 0 tozt—a, 'E’-a’
(3.4) becones '.
4 0
(4.1) ult,s,x)= f dG‘/E(a,x; g‘,g JA (t-at+ ¢, G, r(t-a+6',§ 1)
o oo .

u{t-a+0 , 0~ ,§ ]dg +v{n,x),

with 0

’ 2
(#.2) vi{a,x) = f——————-Lw- exp (- iy—;—?—) B{t-a, E]d§,
2AV/Ta 4i°%a

-

“wf -
the solution of which is

ui{t,n x)-fdﬁ‘["’,e {a,x; 6‘§)v{6" f)d? +vis,x},

and is hounded by

)ﬂ {t- a+6“’(,—,r(t —a+ 6, £))

o cuft,n,x) € aa
a - 2A ]/R‘.'(B— 6-)
exp{- .J__U_ )
_ 4A {a=0") }
{ f:_——l-—— exp(- &P e a, play ek .
28 Vo 4p%

yUsing (3.7}, we obtain

2
{(4.3) u(t,a,x)g___l_/ L expl- _lx_é-_f:_)_)
, 1- A 24 ]/7&“ a 4A%a
—
B{u-sa, é )a E < nax (B(t-a g)),

1- /1 _;en
i 2
1-24 1 exple — 58" )B(t-a, e
2A ]/x -1 458

——————

u({t,a,x) 2 A

For & 5t, we take:

a, = a-t, t =0, T=t,

and obtain in the same manner:

-
1 [ 1 e:{p !x-g! )
1- A 2n Ymy PGS

) ¢tat§)d§¢—~cp,,

expl- —{—x—“-§—}- ] .
AT T

{4.4) ult,a,x) €

u (t,a,% 12/_\ __

1- A 2A \/,“c

@ (.,t,é]dé .

%5, virite now (1.7] under the form: 00

(5.1) B{t,x) =[/4(t,o€,x)u(t ol x)dmj ,&(t o, xjult, o, x}ée
t
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(4,5}, and (3. 5),' we pet

(5.2} B(t x) =/‘do¢/‘ﬂ.(txa )B(ct,g)dg* Flt,x),

where

Usin.p {4, 3),

-7

. b
(5.3) H(i:,x;a,%)-' plt ,t-az,x}{_[ d(f/ — \/1;;_
= by o

2 .
!ﬂ-i! 1
R(t-«,xgs‘,v)exp(- pyere )d7 r—

24 V"—'(t—c_x)

and

(5.4) F(t, x)-f}« (t,t+a x}da!f dé“/ jat x;
2A]f—

2
exp(- M )d? exp(- iié—% )}qo(a,g)df.

From hypothesis Bl, the bournd (3.8), and the identity {3.7},

1t resulis
~h{t- 2
IH("-.X;%@I ¢ —fultoode ji___ exp{- —{—’5—'-—{—)—
T {1-A) 24 )/ r(tea) BAT (e )
and for the resolvent kernel:
o Sg'f(t,x; o, g} ¢ —1 e-N{t-a)
. 24 l/vr(t—ar)
L (t—“)gn-l exn(- ()\_:,3__)__2__)-
(1~ /1)“ (Pnad )t ’ 447 (= o )

¥For F{t,x), usinpg the same relattons as before, ve obtnin

L2 )
/“o +l}-htf 1 exp(~ _(_x___i "{’ﬂgf

oL F(t;x) <

{h
(- A2 2a /%t 4ty
—_—
and then, denoting
2 ﬁw
{(v.5) Vo »

expl- {2282

542 {t-x,

we obtaln

t5.6) B{t,x] Svf‘—;&z exp( ( U_—h)t ) s

f; max ( ,{’ ),

Suppose now the supplementary hypothesia

(8,) fe(t,a,x) 24 e7h8 fy € g
Denoting
'3 -
14 = 1 ?jk- ’

P (t,x) -/dﬁ//s oA Tcxp(—i—rﬂ ) @Lg, £

and
& (t,x) = min{ ¥, @(t,x), & (t,x)),
it followg
(5.7} B{t,x) 2 V,%(t,x) exp[(-m vt].

Remark.lTaking into account that, after hypotheses)c‘; is bounded’

it follows from (5.6) and (5.7) if ¥<h, that the offsrring tends

to zero as t tends to infinity; and if %> h, then the offspring
tends to infinity as t teads to infinity, in each compact of R,
2. If ¥4{h, then loz h, and

‘f’.,

lB(t,x) I == CF‘,)
and from {4.,3) we obtain, when a <t:
{5.8) ult,a,x} £ fA %,
so that, this incquality remains valid for all a,t,
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36. To study the squation (1.3} we will essume 1in the following

VY5h} then let Ty» Ty be two vectors tn Rn, depending on t and x;

-~

for TJl, 1_12 from (3,4}, we pet
&
[ﬁl('r,x)-ﬁg(‘r,:fﬂs[d’d‘f E(‘t,x;o'-,f){]ACS',; (5;§)) -
- A(Ere(ag) | (680 »

I 50 )] | NCTIENTEIITE N

+ LE(t.x;o,§) lEI(O,E)-TJQ(O,§JIdf;

and then, after hypothesis Ay

fe A “
AL ‘ﬁ-;l'ralljﬁ'(tox;onf)'

{1- Ak Yo

ﬁ{o,gjd§ + ”Tfl(o,f )~u,(o, f)l‘/,

{1- A)max I-{a(r,x)-ﬁ-‘?(t‘,x)‘g

from which, for a <t, we deduce, with repard to {2.9) anda (4.2):

(6.1} maxlul(t,a,x)— ue(t,a,x),< ‘—].—-Al)‘j—mrr‘igrl—rall
[
1
— & (-——;—JBtta, Ja ax [|B,-B,),
_/EA Ta P g ? I:Za 12

x6R+

and, with (5,5)

AL
{(1-A )k

max juy(t,a »X)-uy(t,a,x)| < (p“:ﬁ;/l-ralf'

cexp( v-h)(t—a} +

and for a »t1
(6.2) [up (t,a,x)-uy(8,0,x) | €AL ™5
. max ul a,x —ll2 ' X -.——'-A-)—-?-— f) l- P

Further, from (%.1) we have
t

| Bl(t,x}—Ba{t,m)l éf}‘(t,-x,x)!ultt,u,x)-ua(t,of,xlldor +
o0 2

+ f}‘(t,d, x) lul[t,.y,y)-uzft,oe,x)'dﬂ

/\ max fBl(t.-a,f)-Beft-a,g :,

- 10 -

’

and takine §nto account (6.1) and (6.2), and the hypothesis By

ve hove _
[Bl(t,x)—!?,?(t,x”:-" AL o o ”rl-r;_,u[-i—a_ 2,
' (1-A)7%k
+ «-——-(th+1)] .t’ + (1—-]_;f_\)h2 max ‘Bl- B, -
Suppvosing in sddition (1-/&)}1’-’) 1, we deduce’
{6.3) %1“321 épbll’ﬁ:i“rgﬁ? s, With P = il ° al .

fla-nm2a] «
Sormine back to {€,1) an4 (6.2}, we obtain
{6.4) neax| vy {t,s,x) - ueft,a,x”é Q'mrﬂrl-reﬂ .

vhere

Aleg,
(1- 107 J{1-A) n2.q]

G = AL L_p gy
{1- A%k

37. Ve come now to equation (1 ), ;frch we wvrite under thr form
&
{7.1) rlt,x)ar {x}+ Idrfu(r.o(,x)u(r,u,xJ det + /f-'.(?‘,'x}d‘r-

For this equation we must prove that it has 8 continuous béunded

solution n%-» R s

To this end, we consider the operator .ﬂ, defined by

r(t ¥)= (ﬁr)(t x]ar, (x} +f dz-fs(t soxJult,x,x)ax fg(t

Flrst we sce that, teking into sccount (4.3), (4.5) and (5.6) witn

Ve h’and the hypothesis B, we have:
gp}/gq, -/{ 1
2
h -
o | (R-pers)
%So 3 expfdT) ba s,

“‘g%“"(ff%:z”)*ql

ll?'(t,lelémso

(1- exp &5 Yexp(- st)
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which after hvpothesis is smaller than M, i,e,

Tunctions {7,2) 1s trensformed by the operstor defined in the

J_.eft-h nd side of (7.2}, into itsclf.
Coneerning the contraction p%operty of this aperstor we see
that 1f r; and Tp BTe twe veclor-functions satisfying (7.2) ana

?-'1 and ;2 their trensforms throuph A » then,tsking into account

{6.4), we have:
lrl—r,,]] <I d'tj ST, o, x)g fry-rslf g €

]
Idrfa r— Q. ”rl“ngrl d“‘-’"‘——er —I',-

and as by hypothesis, 833/ <1, the existence follows.

§8. The influence of the nievration., Te stody the influence of

the migration, we must . see the dependence of the solution on the

coefficient A « To this end, vo 838 to the hypotlheses in $2, the

following ones:
A3. >\ has hounded derivati.cs with respects to Womponcnts of

-

" the third varishle
g2
2 < .
FrEl <A,
2. ’.,has g8 bounded derivsiive with respect to the thira

variable

,_‘?S& ' < I; e‘fm‘, “/:0 yP-consiants

f“ﬂ3>°-

and p
02. The ccomponents of the vectors £ are differentisble apg
'3
satisly
<2
95 = it ey
[N—ar” ax o8t 22 e ¥
Eg. r, 1s differrniisklce and
&r
” (5 X |}— 1 H

the spece of vector

- 12 -
L @, g
* A~ A' = > 0.
T2 ' (1-Ap A2 -

Ve obtoin =o
1
full ¢ ——q7,
! . -Aqa
2,

(ﬁ-'-F))if a<t

(8.1) l%—ﬁ—ls

2 ¥y ‘/’" 1
——— t+ —),if a>t .
k A { )
. (8.2) l-a—-;—f < M+ I"E ¢1(t)n
(8.3) 2L <4y + EopPal),

49, 95 being two ircreasing on t functions, 2nd My ,M,,%, .95
Ll ) -

constants.
Then, taking into aecount the differentiasbility with respect
10 ¢ of the funetions A P yS , ®e havey from (3.4) °

o

— 1 —g: 5N )
u{z,x) = V= B[dé‘ie ) Flez) 0{sx dé

bl
—}—{L e—‘s Tz(u,x}dg-k \/]:_ [ (6‘1"16‘35))

{8.4) , : %{f.x Jilax*) +

+ >\ {6, I‘(f).*) [0‘,A )}?A | ‘C-o_df

- 2y {a,x )?Ar’
VT 9x

where x“ 1z & velue between 2 and x+24 \jr-o'-rl and, «fter
consideringe the ahove estimates we rind

T -
ITI(T,:()— f,\ (67, T{c,x ) (e, xjaf+ G(O.ﬂ' < Cl-‘\l/‘:z' +Co
[ - .
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vwhere C,.,C, are constants depending on the cornstants involved in
[ 44

the hvpotheses ,independent on A, 8nd F is sn ineressing on t

Tunetiony, also independent on 4;

Consider now the system (1,1) - {1,5) with A=o, and denote

by (v(t,x), b(t,x), R {t,x)} 1ts seluticn. By analogous notations

and operetions, we obtsin

';(T,X) -fr‘i {0, R{ie,x))¥vlg,x)+ v (0,x),

[}

0a _ -

bit,x) =f n {t,ox)vit, ot ,x)d=t,
]
ol

(8.5) R _ j' S(t, o, x)vit, o ,x}de + G{t,x),

[~

v{io,a,x) = o {a,x), R (o,x) = ro(x),

Compering (8.4), with the first equation (8.5), we obtain:
. ) P

| utz,x) = %~ ,x)l i’f 1308+ ) rony Fosrea
(8 1~

1}/ _
+ max1 ({3 ,x)-v{5,x)| a6 + | a0, x)-v(o,x)l+

+ c AYT? *CF (1),

which menns:

for a >t

Y, mex
(8.6) (1-AJ nmax [u(t,a,x)—v(t,a,x)| < L, (E;_ R+
oct (1-AJk

+ max | B(t-n,x)-b(t-n,x}+ C 1A Vt5+cpl“(t-}
oy >

and for o 5t

{{L_Ti))_ilir— kil +CyA l/:3+023

(8.7) (1- &) max \u(t,n,x)-v(t,a,x)\

From i1he other relations vwve obtsin

ey

=1 .
fu-vj, {p-bl¢ e

A ! h*

’Gk‘..u?-x’

A u-vt

ﬂr-ﬁ‘“‘f-.

- 14 -
So that, finallf we have
axiu-v| €eq A Y t7 + e F(t)

vhere @
L ke
- AT 5 .. o .
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