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METHODS OF CALCULATING THE ELECTRONIC BAND STRUCTURES OF CRYSTAL

3-6 The augmented plane wave method
3-6a Description of the method

¢ The augmented plane wave method (APW method) was originally suggested by
Slateri?31 in 1937 to overcome the difficulty of satisfying boundary coaditions inherent
to the cellular method. '
To describe the method we consider, for simplicity, the case of crystals containing
one atom per unit cell. In the APW method the crystal potential is assumed to be
spherically symmetric inside spheres surrounding the atoms (or ions) of radius r; and
constant outside (muffin-tin potential). For convenience we may take the value of the
potential outside the spheres to be zero by an approprate choice of the zero of the energy
i scale.
An eigenfunction w(k, r) with energy £(k) can be expanded within the Wigner-Seitz

cetl in the form
-~

’[J(k, l') =£T : C!m(k) Yim(aa ‘P) R!(-E’ .") T](rs - i‘) + Z b,)(k) e“kThJ).rn(r - ."'5),
=0 i J

H— —

‘ (3-43)

where r, 8, @ are the polar coordinates of r with respect to the centre of the cell, and

the function .
_ 0 for x negarive,
n(x) = .
1 for x positive,

is used. As in the cellular method, R,(E, ) is the solution of the radial wave equation

1 _d_(r: dR!)Jr[ﬁ_(E ) _M:lﬂl =0,
* ar dr r2

re fi*

which is regular at the origin. ¥(r) denotes the muffin-tin potential within the sphere
of radius r,, The function R{E, r) can be explicitly determined by numerical integration
of the differential equation from the origin outwards for a range of E and / vaiues.

In (3-43) the eigenfunction w(k, r) is seen to be expanded in spherical waves within
the region where the potential is atomic-like, and in plane waves in the region where. .
the potential is constant. The boundary conditions (3-42) at the surface of the Wigner~
Seitz cell are automatically satisfied, and a much easier matching problem at the sphere
surface provides the eigenvalues more efficiently than in the cellular method.

To see how to match solutions inside the sphere with those outside, let us consider
the function

0 +1

"y(P’ 1") = Z Z Qim th(a’ (P) R!(E: I') n(rs - r) + eip . r’?(r - rs) (3"4‘43)
=0 m=-—1

and choose the coefficients a,, in such a way that =/(p, r) is continuous. By expanding

the plane wave e’ * * in spherical harmonics (see Section 3-3 b) and requiring the continuity

of #(p,r)atr =r,, -

i = 4TV, , 9y BT 3-44b)
' O 20 R(E, 1) (
3 The function (3-44a) with the choice of coefficients as given in (3-44b) is called and

augmented plane wave. An augmented plane wave is a continunous function but, in
general, a discontinuity in the slope at r = r; remains.
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Expansion (3-43) can now be written in the equivalent form
wik, 1) = Y afk) (K + hy, ), (3-45)

J
where &/(k + h;, r) indicates the augmented plane wave of vector k + hy. Though
the expansion functions &(k + h;, r) are discontinuous in slope at r = ry, the function
w(k, r) must be well behaved. By substituting the above expansion in the Schrodinger
equation and using the variational procedure with respect to coefficients a, of (3-43),

the following matrix equation is obtained:
It JH — Ely ol =0, (3-46)

where &, is a shorthand notation for &#(k + h;,r).

The explicit evaluation of matrix elements in (3-46) requires some care because of
the discontinuity in slope of the trial wave functions at r =7;. For precise details
of their evaluation we refer the reader to Loucks;?% the matrix elements in this ac-
count are derived from rigorous variational principles developed by Schlosser and
Marcust27} for discontinuous trial functions. A more direct derivation is given in the
original work of Slater,!?*! whose results we record here for the case of one atom per

unit cell:

ﬁz
oty JH = Elty,> = (-~ K- X, — E) 5
2m

L (L p) k= Kl
e \om @ k, — k|

it , , RE(E, r.s) - j,l(kjrs) 3-47
+ l;() (21 + 1) P,(cosbyy) Jilkirs) jilkyrs) [ RAE. 1) ) ]} ( )

where £ indicates the volume of the unit cell, 8,; indicates the angle between the wave
vectors k; and k,, j, are the spherical Bessel functions, and P, the Legendre polynomials.
The matrix elements contain energy E both explicitly and implicitly through the log-
arithmic derivatives Ri/R, of the radial wave functions R\(E, r) at the sphere surface.
The muffin-tin potential ¥(r) enters expression (3-47) implicitly because it determines,
for a given E, the quantity R/R;. -

For practical calculations, one limits the expansion (3-45) to augmented plane waves
with momenta smaller than a fixed value. The determinant (3-46) is then plotted as a
function of E and eigenvalues are obtained as the zeros of the curve. The convergence
of the procedure can be tested by adding more augmented plane waves in (3-45); the
convergence is in general rapid, a number of 10-20 augmented plane waves being suffi-
cient in most practical cases. As usual, group theory can be applied to obtain symmetry
adapted combinations of augmented plane waves at k vectors of high symmetry.

3-6b Discussion of the APW method

The APW method has become in recent years one of the most powerful tools for
studying electronic states in crystals. Although it was developed in 1937, it is only
recently that the availability of large computers has allowed extensive studies with this
method. In comparison with the tight binding or OPW methods, which require only
relatively simple techniques (diagonalization of determinants oftheform |4, — EBy| =0
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with A,; and By, independent of E), the APW method presents an additional difficulty
in that the matrix elements are complicated functions of the energy, as can be seen
from the expression (3-47). On the other hand, the OPW determinants are usually much
larger in size than those of the APW method.

In the APW method the crystal potential has to be approximated by a muffin-tin
type potential. Though in most crystals this approximation is expected to be reasonable,
it is, at least in principle, the least satisfactory aspect of the method.!?®1 In some cases,
because of the difficulties associated with the tail of the atomic-like potential, it is
convenient to consider the average potential outside the spheres as a disposable para-
meter to fit experimental results, similar to the situation previously described coacerning
V(0) in the OPW method.

One good feature of the APW method with respect to the OPW (or tight binding
method) is that no assumption about the core states is necessary. In cases such as tran-
sition metals, where the separation of the crystal states in well-localized core states
from the spread-out valence states is questionable, the APW method can instead be
applied successfully.

3-7 Green’s function method

Green’s function method was proposed originally by Korringa (1947), Kohn and
Rostoker (1954), and Morse (1956), in different though equivalent forms.t??! Basically
the method uses Green’s function technique to transform the Schrddinger equation
into an equivalent integral equation. This method avoids the difficulties concerning
the problem of boundary conditions as in the cellular method, but the approximation
of the crystal potential by a muffin-tin model potential is required.

For simplicity, we illustrate Green’s function method in the case of crystals with one
atom per unit cell. In order to calculate the crystal states of wave vector k in the first
Brillouin zone, we determine Green’s function Gy(r - r’, E) which satisfies the equation

2
(_ﬁ-— v+ E) G(r—vr,E)y=06(r~T1) (3-48)
2m

and the boundary conditions:
Gt + ,, E) = &% T G(r, E) (3-49)

required by the Bloch theorem. Using standard techmiques'®®? for a Green’s function
calculation, we expand Gy(r — r’, E) in terms of the set of eigenfunctions of the operator
(#2]2m) V? + E, satisfying the appropriate boundary conditions. We can now write

1 .
Gk(l' _ l", E) —_ Z an(k)_____ei(k+hn) . (r—r)’ (3_50)
Ve
where £ is the volume of the unit cell. The coefficients of the expansion (3-50} are easily
determined by direct substitution into (3-48):
i{k+hp) - (r—1)

Yy : (3-51)

Gk(r — rls E) =

_1
m 2
@ L(k+h,,)2-»E
2m
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The Schrédinger equation

(.’i v+ E) Wk 1) = V@) pk. o)

2m

for crystal states of vector k is transformed, as in scattering theory, into the integral
equation
w(k, r) = J Gt — ', E) ¥(t') w(k, r') dr’. (3-52)
7]

To proceed further we explicitly assume a muffin-tin form for the crystal potential
and set this potential equal to zero outside the sphere. Equation (3-52) can now be
written in the form

pk, 1) = _| Gy — ', E) V(r') ik, r') dt’, (3-53)

24

where 2, indicates the volume of the inscribed sphere and ¥(r’)is the muffin-tin potential.
We can expand w(k, r) inside the sphere in the form (3-40). Substituting (3-40) into the
integral equation (3-53), we obtain a determinant compatibility relation whose solutions
give the eigenvalues £ and the coefficients cym of the eigenfunction expansions. The
derivation of the compatibility relations is somewnat laborious, and we record here
(for the case of one atom per unit cell) only the results as obtained by Slater using
Ziman’s procedure.’>!? The matrix elements of Green’s function method can be written

as

f? dnrl . .
M, = -,)"”Tki <k, - E|)6;; + 7 ;(21 + 1) Py(cos 6;)) jilkus) Jilkyrs)

put

-

) [R;(E, r) _ k)N (3-54)
R;(E, r;) jl(krs)

where k; = k + h, and (#*/2m) k* = E, E being the eigenvaiue of the secular equation.
The meaning of other symbois adopted in (3-54) is the same as in (3-47) for the APW
method. This form is particularly suitable for bringing out the connection with other
methods. In Green’s function, as in the APW method, the muffin-tin potential enters
implicitly into the expression for the matrix elements through the logarithmic deriv-
ative Rj/R, of the radial wave functions R(E,r) at the sphere radius. The term
((#*)2m)k, - k; — E) d;;and the term with R;}/R, are identical in both expressions (3-54)
and (3-47); the extra term j,(Jk, — K| r}/|k, — k;} appears in (3-47), however, and the
argument of j;[j; is at k in (3-54) whereas it is at k; in (3-47).

The basic principles of Green’s function method are very similar to those of the APW
method. Both methods can be used to solve the problem of the motion of electrons
in a muffin-tin model potential. It has been established by Segall and Burdick3#!
that the two methods lead to equal results when the same muffin-tin potential is con-
sidered. Furthermore a common theoretical framework for these two methods has
been established by Ziman on the basis of a pseudopotential formalism,"*!! similar
to that described for the OPW method. In this formalism the muffin-tin potential is
replaced by an “‘effective” potential which is zero everywhere except at the sphere
surfaces, where it exhibits an energy and /-dependent singularity.
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