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PATH INTEGRAL MONTE CARLO METHODS

e Finite temperature properties of quantum many-body
systems

e Canonical ensemble but can be generalised to other
ensembles

e Quantum-classical isomorphism

¢ Equilibrium static properties

o Exact for distinguishable quantum particles and bosons
e Approximations necessary for fermions

e Extracting dynamical information is problematic

e Monte Carlo, Molecular Dynamics and Langevin Dy-
namics



e Path Integral Representation of the Density Matrix
e Discretised Path Integral Representation

e Fourier Path Integral Representation

¢ Identical Particles

¢ Observables

¢ Transformation between ensembles

e Molecular Dynamics

e Ab initio Path Integral methods

o Relative efficiencies



PATH INTEGRAL REPRESENTATION OF THE DEN-
SITY MATRIX

Canonical Partition function
Z = T'r{exp(—,@ﬁ)}
= fdm(m]exp(—ﬁH)|:1:) , B= i/kaT

Since exp(—GH) = [exp(-—%ﬁ )|, Inserting M — 1 complete sets of
coordinate states
M-1 ﬁ A A A A
Z=[ '1:10 da:,-(m,-lexp(—A—/I—H)lm,-H) , H= K+V
Provided € = 8/M is sufficiently small,
exp(—eH) = exp(—eK) exp(—€V) + exp(—0.5¢[K, V]) + ...
we obtain the Trotter approximation
exp(—fBH) = Jim [exp(—€K) exp(—eV )M

Semiclassical approximation for the high-temperature density matrix
elements

~

@ zinie) = (ol exp(—e)[zin)
= (| exp(—€K)|zis1) exp(=€V(2i11)

m m(:c,- — Ig 1)2
= (oo (- ) exp(=eV (i)




PARTITION FUNCTION

m m M-1

p M—1
- (Q?TEh)/ il;Io eXp(_Ze—hi ;'gb
Periodic Boundary conditions in 3: zp =z =2

» V(%)

Xo

M-1

(2 —in) - € & V(z:))dXp- 0,

1=0

A

X1 \/(X%) v Xu = Xo
CX_?) W
) X
x(u) —_\l\:\,x_a/

0 N Y7 —»;Bﬁ/q.

High-temperature/Short-time propagator

(@il exp(—(B/M)H)|zi11)

(zi] exp(—z'tH/h)[x,—.,.l), t = —iPh
mM mM(m, - $i+1)2

P —.

\275h eXP{—M“(E(—A—UV‘FV(wi)))}
When Au — 0,

Z = [Dla(u)exp((~1/h) |

= [ D(z(u)) exp(—S(z(u)))

BhR

)exp(—(8/M)V (zi41))



THE DISCRETISED PATH APROACH
Each path is represented by a set of coordinates {xq, X1, X9, ... X} at
equispaced points in imaginary time between 0 and Sh

PRIMITIVE APPROXIMATION
Simplest form of the high-temperature propagator

exp(—eH) ~ exp(—€K) exp(—eV)

has an error of the order €2.
The symmetrised form

exp(—€eH) ~ exp(—0.5¢V) exp(—eK ) exp(—0.5¢V)

has an error of the order of €3.
Partition function

Tr{exp(—eM(K + V))} = Tr{lexp(—eK ) exp(—eV )M} + O(MY)

QUANTUM-CLASSICAL ISOMORPHISM

System of N interacting, distinguishable quantum particles is trans-
formed to a classical, NM -particle system.

M

m \3NM/2 -1 —m M-l
2o = )™ I ) el ' < Vi
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Water isomorph. The unceriainty
in proton positions correspond t©
quantal librations at room temperature.

Typical configuration of the
isomorphic He atom at 10K
with P =6.

Typical configuration of
e in liquid Xe.

Fig. 3. Isomorphic polymers representing quantum particles.

W, 3.¢C. P, mg
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HIGHER-ORDER PROPAGATORS

Tr{exp(—eM(K +V))} = Tr{lexp(—eK) exp(—eVess)|" } + O(Me")
where Vs =V + (8/24M)[V,[K, V).

In the coordinate representation,

N OV

Veys(x) = V(x) + (%% /24mM®) (5

where the second term is a quantum correction to the bare potential V'(x).

Trotter scaling: M /8 must be of the order of the characteristic frequen-

cies of the system.
Systematic errors o< 1/M 2 primitive approximation
o« 1/M* first-order approximation
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PAIR-PRODUCT ACTION
Feynman-Kac formula

(x| exp{~BH}|x) = [ D(x(w)) exp{~S(x(u))}

Contribution to the action from inter-particle interactions

(x| exp{—BH}[x')

"I e expl R Y

Path integral representation

L D) exp{— (K (2(w) + V(a(w) du)
P X B = e ) oxp = £ K (a(a)) du}

Average over random walks of the free particles:

exp{—~U(x,x’; 8} = (exp{ A du})

For a pair of atoms 7 and j

exp{—uz(xij, X{j; B)} = (exp{~ [ valx; — x;) du}

can be evaluated very accurately using a number of different techniques
such as matrix squaring, eigenfunction expansion and Monte Carlo.

?
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Action along a path x(u) is a sum of the exact action of the possible
pairs of particles.

U(x,x; 8) & T us(xij, X;5; 6)

1>
e Very efficient for pair potentials with a steeply vary-
ing repulsive wall.

e Ignores three-body and higher-order correlations

o Requires the exact action to be stored as a three-
dimenstional look-up table at a given temperature.

D.M. Cefer\eg .
Rev. Modt. Phas. , "5



NORMAL MODES OF THE QUANTUM POLYMER

e For asingle degree of freedom, the harmonic intrapoly-
mer potential is given by

2 M 2
Vp = (mM/[2617) & (21 - Ti41)

e Normal coordinates, {Qx},k =1to M,
M
Qr = (1/VM) [E xy exp(2mikl /M)
=1
e The kinetic energy contribution to the path action

[P g = 28 8 QuPsink )

e The zero-frequency mode, &k = 0 = M, centre-of-
mass motion.

e All other normal modes mode, are Gaussian distributed
for a free particle with variance

o} = PR [4mM sin®(xk/M)

o The potential energy term will couple these normal
modes and cause distortions from the free-particle
distribution.

ngkcw
Phuss. Ras - 8 8%
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BISECTION ALGORITHM

0 u-> n
e Trial paths are most likely to be rejected due to
changes in the midpoint of the path.

e Grow a new segment of the path of length m in stages
or levels.

e No. of levels, {, such that m = 2.

e Product rule property
p(x,X; B) = [ dXpmp(X, Xpn; B/2)p(Xpm, X'; B/2)

e Conditional probability

(X, Xm; B/2) p(Xm, X'; B/2)

(i, ) = o(x,X'; B)

-y -



Density matrix element
p(x,x’; )
= [dxidxy...dxmp(x,x1; B/M)p(x1,%5; B/M) . .. p(xXps-1, X' B/ M)
can be rewritten using conditional probabilities
p(x,x’; )
= H1(XM/2; X, x’)H2(xM/4§ X, XM/z)Hz(XaM/4; XM/25 X’) <
Approximation for conditional probability distributions
p(Xi, Xy u) & T(X;, Xp;u) = Prp(Xi, Xg; ) exp(—0.5u(V (x;) + Vi(xy))
where py,, is the free particle density matrix. This choice of 7 ensures that

the weights associated with a given configuration in Zyys unchanged.
Algorithm

1. The end-points of the path are x; at u = nf /2‘—1
and Xy at © = (n + 1)8/2"~1. The old value of the

midpoint of this segment of the path is denoted by
X

2. The trial value of the midpoint x, is sampled with
probability
_ pr(xiaxt;ﬁ/?)ﬁfﬂ(xtaxﬁﬁ/?)
q}(xt) - ] -1
Psp(Xis X g3 B/2171)
3. Acceptance probability: min{l,exp(ua‘%r(V(xt) —
V{xm))}
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K max

X X a, sw ([ kmy
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ParHtion Function :

L e T fdf i epf-3 o - Begy (hat) |

® Quantum - classical isomorphism

e Metropolis Monte Carlo:
Varnablés : 3N s‘:a-Hal coordinates
BNkmax Fouru coeff(c,ien\‘s

Weigts . w(2,d) . (-3 ok _ pVeit)

K 20&

® Kinetic energy +term decoupled infp contributions
from  3Nkpay independent dlegre¢s of freedom.

o Fourier coefficients obey a Gaussion did'!'v'lbu-l-ion n
the absence of a potential,

¢ length ecales decrease guite ropidly wilk We
order of the fudtuation varialde

-\8~-
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small lengﬂf\ scale -fluci'uaﬁons
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IDENTICAL FARTI CLE F_XCHANG\E.

Indistingui shable particles : Px (2,% ;B)
Distinguishosle parkcles : Po (%> %75 8)

py (£, % ,p)_ Z§ po (%, PR’ 58)

| Bosms § -
Fermions : g" even \vermutahom
-'\ odd Prmum.hons
o (%> PX >8) |
5 o~ P D

} Sd'i Pgp,p (K> PR3 p)jo\d e

o s coni'ﬂbuﬂng ‘o f',_(j!' 4 ﬁ) con end ot

any \:»ermu+ah0na\ variont oOf X’

‘|dent “‘5 Pair exchange

SRR
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Weight of von id¢n+i+5 permutations
) P ? ¢ >
P % PR3 8) = ﬂ,/ | e (- )]

p‘) 0, T 0 : Only the identity permutation survives
>0, T o0 : Al Permui'a:hons equall_g Probable

0 < p( o :  Bir mchamaes
Cscluc. rermu'l'nhons of Miree \’amdcs

" 1 {'Olll" " dc.
Partttion Functions

- 8(%,8
Z - Zplg" fdx dd e 3,29

Bosons: must sample. over discrefe s‘:ace of
fermu'l'ahons

fermions - *Sign’ ?mble.m‘
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BosoNIC SvYsTEMS

° Necessarg +o make jo'mi' \oo.tﬁ and Permul'aﬁon
moves.

o Use bisection but add a zeroti level -for'
Ga\mphns Pe.r'mufa.hons

e Buid wup a table of probauilities of free particle
permututional e changes-

e Probable Fer-mui-aﬁons ore Hicse involving atoms$ which
are wifiin o thermal wavelengti  of e exchangwy
Par-\'ner.
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FIG. 23. The condensate fraction in *He as estimated from
PIMC at SVP as a function of temperature.
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FIG. 11. The specific heat of *He: solid line, experiment a!
saturated vapor pressure (Wilks, 1967); triangles with errof
bars, PIMC calculations (Ceperley and Pollock, 1986); opt?
circles, Feynman-Kikuchi model with 20° sites (Elser, 1984’
In Elser’s calculation, only the fluctuation term in the specifi‘
heat has been included, and the temperature has been scale
to match the experimental transition temperature.
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MOLECULAR DYNAMICS

Partition function of N interacting, distinguishable quantum particles
with Trotter index M

/2, M=1 — M=1
Zng (57%)3NM2-/‘(};[0 dx,) exp| Z; E (x —X;41)—€ E) V(x;)]

Introducing N M classical particles, each of fictitious mass m/; and mo-
mentum p;- one can write a Lagrangian

r 3NEM P;-z m Z( ) 1 Mz_lV( )
= - — %)t — — Xi
j=1 2m3 2eh? /= + M (S

¢ Configurational averages will be exactly the same as
those obtained from an MC scheme

e Dynamics will be entirely fictitious and unrelated to
the true quantum dynamics.

¢ Quantum statistics cannot be incorporated

e Ergodicity is problematic specially for high Trotter
numbers; multiple time-step methods, Nose-Hoover
chains efc.

e Higher-order propagators harder to use because gra-
dient of the action is required.

e Can be very efficiently coupled with Car-Parinello
codes for obtaining the ground electronic states.

-ab_



AB INITIO PATH INTEGRAL METHODS

The Hamiltonian for a molecular system
f?==ﬁy+jl+whn+iaﬂ+$%

The electronic Hamiltonian,

He =T, + Vie + Ve
The nuclear Hamiltonian,
Hy, =T, + Von
The Born-Oppenheimer electronic wavefunctions ¢.(r; R)

I_AIeﬁbe = Ve(R)ﬁbe

Ve(R): electronic potential energy surface on which the nuclei move .
Complete coordinate basis: |r)|R)
Mixed basis: |¢)|R)

-2% -



Partition function evaluated in the mixed basis:

Z = [ dR (R|{¢a| exp{—B(H. + H,)}|40)R)

Trotter approximation

Z = [ dR (R {allexp{—(8/M)(H. + H,)}]"|4a)|R)

Inserting M-1 complete sets of states 1X;) = |Rj>|¢a(j))

f(HdR;) 2 2. X pX Xy €)Xy, Xgi€) .. p(Xpry, X €)
J a(l)of2)  a(M)

High temperature density matrix element

p(X;‘,xJ, /dR Z Jl(¢a [exp{ (ﬁn'i‘ﬁe)}lﬁba(j))lf{j)
= deja%) Jf(¢a(j)|eXP(—ETn)|¢a(i))|Ri> exp(—€( Vo) (Ri) + Van(R;))

Coupling of BO states:
(bais)] exp(—eff’n)|¢a(,-)) = (ba(;)|1 — €Ty 4+ 0.52T2 + . .. |Bai))-

Born-Oppenheimer Partition function in the primitive ap-
proximation

Z=%[( [IdR;) eXp{*——(R —R;)* — eVa(Ri) — Vi (R)}

-.ag.—
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FIG. 2. Normalized partial distribution functions

[/ Dulridr =n — 1] of bond distances involving  al
least one proton from the H;* core. (a) Ho*. (b) Ho". and
(¢) Har ™. Bold solid tlines: quantum simulation at 5 K: fight
solid lines: classical simulation at 5 K: dashed line in (w):
classical simulation of Hy " at 500 K (this particular trajectory
contains only about 800 configurations because the cluster
dissociated into Hs* and H.).

Shch , MorX , Parrinello & Terakwrs
PRL, Moy’ ¥

_aq_



cl

¢ guep ¢ Houwovdi

(‘n-e) aouelsip

8

..... |eoISSB}D
—— wnmuend

. s
L

()6

- 001 - ¥

AV

¥'0

90

¢l

v

—30_



NPT EnsemgLE

Q,NPT = jdV e‘ﬁwvﬁl(v)

= Sd\l e-$Pex¥V fdi‘ da e -5(:3)

. fav e-ﬁPw-VVNka“ﬂ) fdé' i e_s(.i‘,ﬁ,-t.)

NP |
S(s )-E )L) 2 ﬂ_l_.‘gfi_m(a%)z'* V@t(.u)):)du

=3 bE o+ 1 AP
& ;gk-l?. -'E'«!, V(s$u}>L)du
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Qu ANTUM |ENNARD - Jones SYsTEMS

Farametere : m €, O
m:mass
€ : Well - depthi of poavr potential
G: size

Thermal de Broglie wavelength

M = R/ omett |, T* = kaT /e
de Boer parameter

A - % /odme
N\ Mhpew €/ o /K
Neon 0. 095 20 35.6 2.%5
ortw-D, 0.204 A 34, 2, 2.96
para-H, 0. 284 2 342 206
Ape  0-4%% 4 loz 2

Metropolis Monte Corlo

farameters:

Nwmber of Quo.drature pot nts usad ‘o
evaluate Veg

...3:...
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Figure 2. Convergence of (E) as a function of k_,, for (0-D,),; at 25K and 5 K and for
(p-H,), y at 2:-5:K. The units of (E) are kelvin per molecule and the maximum error bar
is +1-0. The straight lines joining the simulation data points are given as visual guides.
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Figure 3. Convergence of (K> as a function of Kmax fOr (0-Ds),; at 2-3 K and 3 K and for
@P-H;)l 3 at 2-5 K. The units of ¢K) are kelvin per molecule and the maximum error bar
15 +1-5. The straeght lines joining the simulation data points are given as visual guides.
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