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PATH INTEGRAL SIMULATIONS OF
QUANTUM CLUSTERS

PATH INTEGRAL MONTE CARLO METHODS

¢ Finite temperature properties of quantum many-body
systems

e Canonical ensemble

o Equilibrium static properties

e Exact for distingu shz ble quantum particles and bosons
e Approximations necessary foc fermions

e Extracting dynamical information is problematic

CLUSTERS

e 10 to 10* atoms
¢ Transition from molecular to bulk limit

e Insights into phase transitions, nucleation and solva-
tion

e Quantum clusters:
Quasiclassical: Ne,, (N3),, Ar,

Large quantum effects: He,, (Hz)n, (D2)x
Hydrogen-bonded clusters: (HIY),,, (NHg)y, (H2O),



e Fourier path integral Monte Carlo simulations
e Quantum effects on cluster melting

¢ Binary isotopic mixtures

e Instantaneous normal mode spectra

e Helium in zeolites
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FOURIER PATH INTEGRAL REPRESENTATION

The Fourier path integral approach introduces a set of auxilliary
variables which represent different length scale fluctuations of the
quantum paths .

Classical free particle path: x.(u) = x; + (xy — X;)(u/BR).

Fluctuations about reference path:

bmas - ~&5(xwn).

y(u)= 3 agsin(kru/Bk)
o=t ::xil\ia.rg varxables = \(KQ‘G")
Partition function D
2 +Vé‘ (.u

a;
Z =J [dxdaexp{— - BV
/ -5 /1)
¢ Quantum-classical isomorphism is retained.

e Metropolis variables: 3N spatial coordinates, x
3N k... Fourier coefficients, a

¢ Quantum fluctuations
Length scale associated with Fourier coefficent of or-
der k, of = \/Zﬁﬁzfmk27r2

e Potential energy evaluated along path:
Bh
Vers = (1/BR) [V (x(u))du

e The kinetic energy term is decoupled into contribu-
tions from 3N kpm,, independent degrees of freedom.

Dol , Coolson &, Freewion
€1985)
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PARTIAL AVERAGING

High frequency Fourier modes, with k& > kpqz, represent very
small length scale fluctuations and are tree..2d as Gaussian variables.

Any linear combination p = Tj Azby Were by is a Fourier coeffi-
cient with & > km“ corresponds to a single Gaussian variable p with
variance T A2 kak

Therefore
a2
= dexdaexp( Z —%)(eXp(“ﬁVeff»G
k=1 20}

where
9

(exp(=BVers))e = [ dp exp(—%’;(u))ew(—ﬂveff(x(u) +)

kmz
X(u) =%;+ Y agsin(kru/BR)
k=1

R? 2 kmaz sin®(knwu/BR
ou) = B (1 - ) - 2 Sl /BE)
m T k=1 k

Using the Gibbs-Boguliobov inequality, one can write

(exp(—BVerf)c = exp(~B{(Vess)a)

For any multi-dimensional system one can show that the RHS of the

above inequality can be evali ated to second-order in p as
[

Vogs = (1785) [ du (v (x(u)) + ‘g 0.50 2(u)Var(x(u0))

v y,
Quantwm cowection & Eﬂz
biagonal mairix ™

elamants of Wb Hesslan



Q“ANTmEs DeErVED FROM SIMULATIONS
Structural Buantities

6'- diagonal n coordinates
Lindeman index

Densiy Pro{-'\le
Potential energy

<O> - I {6 e"&H}
Tr{c"bT}
s, 8 - BV,
_fakad 0(x)e” k2% “*
(azdd e- 2 25, - 6Veg
o Total Evergy
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¢ N GemtD - 32 ekt e

o Kinetic Energy
K) = M3 (InZ)
< > B _é.&__—

3N (k.m x) _ <Z.

2p0%/mc
o Spccifl‘o Heat

Cf ks = -F e;p(m)
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CLUSTER SOLID-LIQUID TRANSITION

e Lindemann index is a better order parameter than
long-range translational order

e Magic numbers: tial)
. ntia

Lennard-Jones: 7,13,19,55,147,309,... (or any other pair pote '

Geometric or packing considerations '
Alkali metals: 8,18,20,40,58,92, . ..

Electronic structure considerations

* Interesting analogue of bulk melting shown by magic
number clusters
T < Ty: solid-like phase
T > T,,: liquid-like phase
Ty < T < Ty dynamical coexistence regime

e Solid-like phase: rigid, small Lindemann index
Liquid-like phase: non-rigid, large Lindemann index

® T, Tyn < Bulk melting temperature



Experimental evidence

e Electron Microscopy of metal clusters

Can observe shape fluctuations in supported metal

clusters on timescale of < 0.1s
lijima et al, Phys.Rev.Lett., 56, 616 (1986).

¢ Mass abundance spectra: Xey, Ary, Nay, Auy ...

Identify magic numbers

Evidence for size dependent melting of Na clusters
T.P.Martin et al, J.Chem.Phys., 100 (1994)
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e Clusters doped with a chromophore
Argon y-benzene clusters, Argony-SFg
Monitor chromophore transition

Dependence of spectroscopic line shape on N
Hahn & Whetten, Phys.Rev.Lett.,61,1190(1988).
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Lindemann Index

Specific heat
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QUANTUM EFFECTS ON CLUSTER MELTING

Classical Principle of Corresponding States

For identical functional forms of the pair potential, the equilibrium
properties of classical systems will be identical when measured in
reduced units

Quantum Lennard-Jones Systems

e Parameters: m, €, 0

o Thermal de Broglie wavelength
Ar = hfavVmeT™

¢ de Boer parameter
A =h[o/me
A ¢/ K o /A m/amu
Neon 0.095 356 2.75 20
o-Dy 0201 342 296 4
p-Hy 0284 342 2.96 2
‘He 0.427 102 2.3 4

¢ Quantum effects on the cluster solid-liquid transi-
tion?

-3 -
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FIG. 4. The probabtlity of occupation of the global minimum, P, and the
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QUANTUM CLUSTERS OF BINARY ISOTOPIC

MIXTURES

Binary Phase Separation in Classical Mixtures

Two species A & B:
Energy parameters: €44, €4B, €BB
Size pa,rameters: O AA, CAB, OBB
For a binary system, with
OAA N OAB =~ OBB 1
€AA < €AB < €BB

Te

0

Cluster Analogue

8-rnch
(Stvongly bownd)

PRL , 1993 ; Icp (1994
Chrm, W‘ A ﬂx\lg,




QUANTUM ANALOGUE OF CLASSICAL PHASE
SEPARATION

Isotopic mixture, A & B, with massesm 4 < m g

Classical limit: homogeneous

Quantum delocalization effects
Dimer at 0K:

.

A-B \—m— l depth, &

Zero-point energies:
EQa < \2/m 4

EYp < 2(m 4+ mp)/m amp

Therefore, if m 4 < m p,

€AA < €4B < €Bp
TAA =~ 048 R opgp
Expect a spherical shell structure with the heavier
isotope concentrated in the cluster core.

—a\—



ISOTOPIC MIXTURES

e 3He/*He mixtures
e Does show binary segregation in bulk isotopic mix-

tures
« Complicated by the strong bosonic/fermionic char-

acter

® ortho-D3/ para-Hy mixture

¢ Nuclear spin statistics implies that at low tempera-
tures only the J = 0 state is occupied

¢ pseudo-atomic Lennard-Jones systems with e = 34.2K
and o = 2.96A

* Bosonic system but identical particle exchange is neg-

ligible above 2 K
Py N]on occurate Paér' ?ai-en‘l'ials . Bilvera - Goldman eic .

e ?*Ne/ #2Ne mixture
* Quasiclassical system
» Lennard-Jones parameters: ¢ = 35.6 K and ¢ =

2.75A



PIMC FOR A BINARY QUANTUM MIXTURE
Path Swapping

L3 S5

Parameteric Multistage Sampling
Use configurations sampled from a more ergodic distribution to
equilibriate a less ergodic distribution.

¢ Reference System (RS)/ System of Interest (SI) e.g
para—HQ/ortho-Dg.

e SI: characteristic parameters: 8, m 4, m g
® RS: characteristic parameters: g, m'y, m'g

¢ Equilibriate RS using path swapping moves and store
a set of configurations, X = {x, a}

¢ Equilibriation of SI;
Usual Metropolis FPIMC
+ Occassional Jump Moves, X — X

e Transition matrix for jump moves

T(x — xg) = e r(*R)

e Reference distribution can be stored or generated in
tandem

- 23~
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DynamicaL QuanTimies

.banam'lcal Correlation Functions :

Cas () = <AC)BE))

{e_ﬁH A +$Ht BQ_LH-E/“‘}

-1 T Ae

Z

Rgnl +Hme Prof:o.sod-or*
(R R | %) =joocx@)) e

Leads 4o complex , oscillatory weight function ‘m He
Monte Carlo scheme.

C 5(x(8)

R@a'l h]”e -+ _.‘,Q.nt“

o
Crg (£) = m%) c(2n) e

+o
- 19
Can(-) = 3, c(@n)e O
Ns -00
Analytc Continuation
Moximum Entropy metiods.
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INsTANTANEOUS NormaL Mose
SeecTRA

CLASSICAL L1aulbs

Quadratic Exransion of fPotential Evergy ot
any instant:

V(‘-it) = V(ﬁo) - Fe (ﬁt" -60)
+_!2_: (ﬁ; "-ga) o g o (ﬁb—-ﬁo)

D : Hession matrix

Eigenfunctions of D : Instantaneous Normal Medes
4 Evgenvalues

INM Spectrum is an eo‘uilibr'wm %uanﬁ!'j and .

con be defwred in any ensemb\'_-

R. M. Stralt
T. Keyeo
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Short- hime dynamics

xq (8) = Gl fx /oo

() = X«0) s (Wat) + [ S sun (Wab)
V“(b) - Vg (_0) oS (wab) - Wa Xo (_0) SN @O“b)

Fraction of imagino.rg .(irw‘uenoy MOdGS;-fu

« regions of neqative curvature

e ungtable , borrier. crossing modes

o shoulder modes : oanharm onicities in \-,.omh:a\ energy
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Na

Cl melt:
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F1G. 1. Markers for the quantum cluster solid-liquid transition as a function
of the de Boer parameter \: the probability of occupancy of the global
minimum. P; . the Lindemann index. 4. and the [raction of imaginary (re-
quencies in the INM spectra. F,. Also shown is the average root mean
square width of quantum paths. A, in atomic units.
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HeLium IN ZeoLiTes

Ex!nﬂlmon%s
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SILICALITE

Pan silico 3coli+g.

Pore volume 5 30-/.

Oxthorhombic  (Spoce grovp : Pama)

Unit cell © & x 2063 A, b «13.92 K and c=13.42A°

8irovghl channels parallel {o We  (010) - directwn

399309 . .

v (100) - dwéchm

HeLiuM- SILICALITE  INTE RACTION

o Kwelov Models:

. Du’or:crsion interacHon
Vp . 4 Eor 3 (T8> _ o-‘)
i (- %

betuween O & rare-gas

Con derive LT lraro.md'ers usw'\.g varlp us

com bi.ms ruleo .

¢ FParkial charoes + Poldrbsa.b!.e,. oo

ont {mmeworlr.
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o Silicon aloms completely shielded by

OXxy gen +etrahedra.
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Figure 1.

planes. All distances are in angstroms.
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Contour plots of the hetium—silicalite potential energy
surface using potential parameters ik set B: (A x=0A. (b)y =35 A
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Figure 1: Isosteric heats of adsorption, g,¢, (in kI mol™!) for helium in silicalite
in the dilute limit. Error bars for ¢,, are less than 3% for all the simulations.
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