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EL PAlLS, miércoles 27 de matzo de 1996

ASEOCIATED PRESS
Los lagartos de cuello naranja (izquierda), azul {ceniro) y amatillo [derecha) siguen diferentes pautas de apareamiento.

BICLOGIA » COMPORTAMIENTO ANIMAL

Lagartos de tres colores compiten
con tres estrategias de apareamiento

E. L (NATURE), Loudres
Encontrar pareja no ¢s tarca fa-
cil, sino que exige una estrategia
eficaz, primero, para atracr al
sexo opuesto, y segundo, para
mantener a distancia fu aten-
cion de machos rivales. Especies
diferentes utilizan estralegias
diferentes. Ln algunos casos,
una esirategia se generakiza gra-
cias a su éxito a lo largo de ge-
neracioncs. En olras casos,
como en el del kagarto oeelado,
les miembros masculines exhi-
ben tada una gaena de 1eenicas
para competir por la atencion
de las hembras,

fin wna zona moalafioss de
California " (ELE LU vive una
poblicidn de estos iguinidos
ocelxdos. Un estudio publicado
en cl Olumo wimero de Narure
revela las ingemiosas (éenicas
cmpleadas por inachos de dife-
1ente coloracion para atracr y
matener 4 las hembras.

fLos fagartos occlados ma-
cho, Utu stanshuriona, pirecen
pequedias ipuanas y pueden ser
de lics chases diferentes, gue se
distinpuen por clcolorde L gir-

-5 -

ganta: los machos de garganta
nArinja son muy agresivos y de-
fiendca grandes terrilorios con

muchas hembras,; los de gargun-

ta azul son menos agresivos y
delienden territorios s pe-
queiios, a menudo, con sélo una
hembra; los de garganta a rayas
amarillas no defienden ningin
terrilorio, pero ulilizan su pare-
cido con Jas hembras para in-
troducirse en los territorios de
otros machos y aparcarse con
las hembras.

Ib. Sincrvo y C. M. Lively, de
fa Universidud de Indiana en
Blovmington (1EE L), obscr-
varon a estos igrinidus durante
scis afios. Cuando iniciaron su
estudia, las machos de garganta
azuf ctan fos mis Dumerasos,
prera Mueson riapidainente toma-
LIOS ar PN nunero cngl dc
machos mas agresivos, con Ja
garganta mnanga, aferredos a
s estratepia de controlar pran-
des Llenitonios con vaiias ham-
bras en cida una.

Al aiia sipuiente, bos descen-
dientes de los wachos de gar-
panta narast Henaban Ly zona,

pero se infiftiraron los de rayas
amatillas y se apoderaron ripi-
damentc de las hembras; domi-
naron durante el lercer y cuarlo
aios de observacion, pero en cl
quinto aino su falta de delensa
adecuada dio pase a la conquis-
ta dc los lagartos de garpanta
azul. Lucgo volvicron a doini-
nar los naranjas.

El color dc la garganta y el
comportamicato asoctado estin
delerminados genclicanenie:
los machos de garganta naranja
tienden a producir mds machos
de esta coloracion y lo misme
succde con los de garganta azul
o wmarilia. L1 ligario oceiado
ticne un ciclo de apareamiento
anual y el numero de los dife-
rentes lipos de machos en [ po-
blacion Muctua considerable-
mente de un ano para olro.

Sinerve y Luvely Lan descu-
bicito que [a fvcinacion o es
forwita ni debida a mlluencias
medicambicntales, sina que si-
guc un ciclo Julndo a las paulas
de compatamiente heredadas,
Esta cstealegin ciclics es un caso
rarisinto en Iy evoligion
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The influence of external fluctuations in phase separation processes is analysed. These fluctuations
arise from random variations of an external control parameter. A linear stability analysis of the
homogeneous state shows that phase separation dynamics can be induced by external noise. The
spatial structure of the noise is found to have a relevant role in this phenomenon. Numerical
simulations confirm these resuits. A comparison with order-disorder noise induced phase transitions

is also made.

PACS numbers: 05.404j, 47.20.Ky, 47.20.Hw

The role of noise as an ordering agent has been broadly
studied in recent years in the context of both tempo-
ral and spatiotemporal dynamics. In the temporal case,
which was the one to be addressed earlier, external fluc-
tuations were found to produce and control transitions
(known as noise-induced transitions) frormn monostable
to bistable stationary distributions in a large variety of
physical, chemical and biological systems [1]. Spatiotem-
poral systems have been faced much more recently. In
these cases, the combined effects of the spatial coupling
and the noise terms acting upon the system variables may
produce an ergodicity breaking of a bistable state, lead-
ing to phase transitions between spatially homogeneous
and inhomogeneous phases. Results obtained in this field
include critical-point shifts in standard models of phase
transitions [2-4], pure notse-induced phase transitions
[6-7], stabilization of propagating fronts [8], and noise-
driven structures in pattern-formation processes [9-12].
In all these cases, the qualitative (and somewhat coun-
terintuitive) effect of noise is to enlarge the domain of ex-
istence of the ordered phase in parameter space. It is the
purpose of this Letter to analyse the role of fluctuations
in a radically different type of spatiotemporal process,
namely in phase separation dynamics. It will be shown
that external noise can induce the phase separation pro-
cess and that this effect is determined by the spatial cor-
relation of the noise terms. An important conelusion is

that phase separation does not occur, necessarily, for the
same range of parameters for which the system presents
a phase ordering process.

The dynamics of a large class of spatially-extended sys-
tems can be described in a general way by the following
standard model [13]:

(£, o
MO (&) +e@n o

where ¥(Z,t) is a dynamical field that describes the state
of the system, F is a free energy functional, and £(Z,t)
is a space-dependent stochastic process that accounts
for thermal fluctuations. Thermal equilibrium at tem-
perature T is reached at long times if the fluctuation—
dissipation relation holds:

(E(Z.0)4(F. ') = 2eL(V)8(t - )T - F)  (2)

with £ = kgT. The system is usually characterised
by the behavior of the spatial average of the field o,
which plays the role of an order parameter. The op-
erator £(V) does not alter the equilibrium state of the
system (~ exp(—F/kgT)), but only its transient dynam-
ics. Two forms of £ are usually adopted: for £ =1 {the
so-called model A) the system evolves towards its equi-
librium state without any constraint on the value of the
order parameter; for £(V) = —V? (model B) the order
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parameter is conserved throughout the dynamical evolu-
tion. Model A is a prototype of ferromagnetic ordering,
and model B of phase separation dynamics following a
quench from a high temperature homogeneous phase to
a low temperature state. In this latter case, according
to the value of the order parameter and the quench lo-
cation, the evolution might proceed either by spinodal
decomposition or by nucleation [14].

Far from the critical point, the dynamics is not qualita-
tively affected by the presence of the thermal noise term
&(£,t). Instead, we will consider the situation in which
there is an additional source of noise, n(£,t). This hap-
pens, for instance, when one of the externally controlled
system parameters is subjected to fluctuations. As these
fluctuations are external, they do not usually verify the
fluctuation—dissipation relation (2) and the system is no
longer at equilibrium. We will show that, in the case of
model B, these external Auctuations can induce a phase
separation in the system. Although this is a reminis-
cence of noise-induced phase transitions reported eartier
for model 4 [2,4,15] (and, in what follows, we will make
a comparison between the effect of external noise in both
models}, an unexpected and notarious feature is that the
nature of the destabilizing terms due to the noise is in-
trinsically different for model A and model B. We con-
clude that phase separation does not necessarily occur
in the conserved order-parameter model B at the same
values for which model 4 shows a noise-induced phase
transition. It follows that, in contrast with what happens
at equilibrium, both models have now different station-
ary distributions. Furthermore, a relevant result of our
analysis is that the gpatial structure of the noise plays
an important and distinct role for both models. We as-
sume the following correlation for the external noise with
a characteristic correlation length A:

(@ (E ", ¢)) = 20%6(t ~ t)g(IE - T'|/X)  (3)

where g is a (short—ranged) spatial correlation function.
It is expected, and will be confirmed in what follows, that
since model B represents a domain-growth process, this
correlation length will play a role far beyond the intuitive
intensity-reduction effect of space-time noise correlation
[3]. Correlation time of the noise should not have a paral-
fel influence, since all time scales of the system are larger
than those of the noise. Therefore, it seems that a fi-
nite (non-zero) correlation time of the noise would not
differentiate between models A and B, and will not be
considered here (the time dependence of the correlation
of n(£,¢) will be assumed to be a Dirac delta, as shown
in Eq.(3}).

Although our results are guite general, we shall work,
for the sake of clarity, with the well known Ginzburg-
Landau free energy

F = [df, Euﬂ + %w‘ + %‘Nw}“ (4)

In the absence of additive {thermal) noise, phase separa-
tion occurs for r < r. = 0. If additive noise iz present,
the transition occurs at ro < 0. We will consider r > 0,
50 that order will not appear spontaneously. The control
parameter r will be assumed to be subjected to external
fluctuations, i.e. r — r + n(Z,¢). The spatial correlation
function g is chosen to be a Gaussian of width A:

(57) = o () 9

(d is the T-space dimension) which becomes a delta func-
tion in the limit A — 0. It is simpler to analyze the
role of noise by using a lattice discretization in which the
space vectors T take values z; (i = 1,...,N), defined on
regular lattice of linear cell size Az = 1. The field (£, ¢)
then becomes a discrete set of variables 1;(t) and simi-
lar notation is used for the random fields n;(t) and &(t).
Under these considerations, the lattice version of model
(1) with the Ginzburg-Landau free energy (4) is:

i

—Cp(ri + i + ¥ — KV + &, (6)

where £ = 1 for model A and £, = —V3 for model B.
V% is the lattice Laplacian operator. Finally, in this ver-
sion, the external noise has a correlation function g;_;|
which is the diserete inverse Fourier transform of g, the
corresponding lattice version of the Fourier transform of
{5), namely (in two dimensions}):

2
G = exp (—% (sin(kz/2)* + sin(k,,/2)2)) (7)

There is no closed analytical form for g;_; and the de-
sired values yo and ¢ (see later) must be obtained nu-
merically.

The transition towards an ordered state can be ana-
lyzed by studying the stability of the homogeneous phase
¥; = 0. The early time evolution of the statistical mo-
ments of ¥, in Fourier space can be obtained in a linear
approximation. For example, the second moment {struc-
ture function) is defined as Sg(t) = # {(¥ry—r), where
N is the munber of points of the systerm. Making use
of the Stratonovich calculus and Novikov’s theorem, its
evolution equation is [11:

dSe(t) 1 N

R = _2u(k)Sy — fk 2

b 2w (k)Se(t) + 77 F(K) ;yksk(t) +2¢ (8)

Hence the second moment equation contains a term

which globally couples Fourier modes and a constant

term due to thermal noise. The particular values of the

dispersion relation w(k) and of the mode-coupling coeffi-

cient f{k} differ for models A and B. For model 4, the

result is well known [4]
whk) =1, + KK, =1

FAK) (9)
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with an effective control parameter r;“, =T a%go. For
model B the situation is drastically different:
wB(k) = v k* + K5 K, B =K (0
with effective control parameter rfﬁ =71+ a?Vig and
effective diffusion coefficient K}, = K ~’g;. Two main
differences are observed with respect to model A: the dif-
fusion coefficient K is also renormalized by the correlated
external noise, and the noise-induced shift of the control
parameter r depends now, through the Laplace operator
Vi, on the spatial structure of the noise correlation, i.e.
not only on the same-site correlation gg, but also on the
nearest-neighbor correlation g,. These differences will
reveal itself in the position of the transition point where
the homogeneous state loses stability and phase separa-
tion appears.
When neglecting the mode—coupling terms in Eq.(8), it
is readily seen that perturbations grow when w(k)}*% < 0
for some interval of k values. We have checked, by
means of a numerical integration of Eq. (8), that mode-
coupling terms hardly influence the position of the tran-
sition curves. Hence the transition point is characterised
by rezs = 0 for both model A and model B. The critical
value of the control parameter r and its dependence on
the spatial structure of the noise is, however, different in
the two cases:

model A :
model B :

re=0cgo
re=—0'Vigo=0"2d(go —g:) (11)

Figure 1 shows the transition curves between homoge-
nous and inhomogeneous states in the (A, %) plane for
models 4 and B for a fixed value, r = 0.2, of the con-
trol parameter and spatial dimension d = 2. All points
located above the curves shown in this phase diagram
are in an inhomogeneous state, which corresponds to an
ordered phase in model A (solid curve} and to phase sepa-
ration in model B (dashed curve). The A—dependence of
the model-A curve is merely due to the natural "soften-
ing” effect of noise correlation {3,11]. In the case of model
B, on the other hand, additional, non-trivial dependence
on the correlation length is introduced via the Laplace
operator. As a consequence, for small A, the transition
in model B occurs seoner in model B than in model A,
whereas the situation is the apposite for large values of
A. A crossing of the two transition curves occurs for an
intermediate value of A = 1.8. We stress again that the
presence of ordered regions in the phase diagram of figure
1 is due to the presence of a multiplicative noise on the
model, since we are taking r = 0.2 which is larger than
the mean-field critical value r, = 0.

The lines drawn in the phase diagram of Fig. 1 have
been obtained in a linear approximation (11). It is pre-
sumable that this linear stability analysis will provide
the position of the transition points up to leading order

of approximation [4]. In order to corroborate the results
obtained by means of the linear stability analysis, equa-
tions {6) have been integrated numerically for models A
and B in dimension d = 2. A standard stochastic algo-
rithm is used in order to handle both the additive and
multiplicative noise terms [16]. Gaussianly-distributed
random vectors are generated by means of a numerical
inversion method, optimised to efficiently produce large
quantities of Gaussian random numbers [17]. According
to the previous discussion, the spatially correlated exter-
nal noise is generated in Fourier space with the desired
correlation function (7), and transformed back to real
space at each integration time step [11].

00 10 20

FIG. 1. Phage diagram in the (A, %) plane for model A
(solid line} and model B (dashed line), obtained from a linear
stability analysis (8). Points correspond to numerical simu-
lations of the full model (§), (diamonds: model A, squares:
model B) (r = 0.2, K =1, and ¢ = 10™*).

A unified criterion for the existence of an ordered phase
in model A and of phase separation in model B is the
growth of the averaged secand moment of ¢ in real space
(the averaged first moment is not useful for model B be-
cause this model conserves the order parameter). We
define this quantity as J(t) = & (X, vi(t)} or, alterna-
tively, as J(t) = 3., Sk(t). The instability point is thus
defined so that, below it, J(t} decays to a thermal-noise
background at large times and, above it, it grows to a
non-zero steady-state value J,e. In this way, one can de-
termine numerically the phase diagram of the system.
The numerical results are represented in Fig. 1 as dia-
monds {model 4) and squares (model B). It can be ob-
served that the simulations of the full nonlinear medels
reasonably adjust to the predictions of the linear analy-
sis. The agreement starts to fail at high values of A and
a?. In fact, according to previous observations in model
A [15) and other models [5,6], the transition curves might
be expected to exhibit, for higher values of the noise in-
tensity, a reentrant branch towards the A = 0 axis. These
reentrant transitions are hard to observe numerically be-



cause of the large noise intensities involved.

Fig. 2 shows two patterns of a system evolving ac-
cording to model B, for point 1 in the phase diagram
of Fig. 1. Depending on the initial conditions we get
spinodal decomposition (Fig. 2a, with (¢(Z,0)) = 0), or
nucleation (Fig. 2b, with (y(f,0)} = 0.1). For the same
values of the noise parameters a homogeneous phase is
obtained for model A.

(a)
FIG. 2. Spatial patterns of model B: a) Spinodal decomn-

position and b) Nucleation. (¢ = 2500, A = 0, ¢ = 0.1 and
€= 107"

For larger values of the noise parameters a reverse sit-
uation is found. Fig. 3 shows a spatial pattern of madel
A for paint 2 in the phase diagram of Fig. 1. Now the
homogeneous phase corresponds to model B.

FIG. 3. Spatial pattern of model A. ( ¢t = 100, A = 2,
el =6and e = 1Y)

In conclusion, we have demonstrated for the first time
the ordering role of external noise in processes of phase
separation. The study has concentrated on the conserved
time-dependent Ginzburg-Landau model, although our
results are not restricted to this particular model. Exter-
nal noise is found to enhance the phase separation pro-
cess, and this effect is observed to be modified by spatial
correlation of the noise, which increases the efficiency of
fluctuations for smalt correlation lengths and decreases it
for large correlation lengths. Future work on this issue
should analyse the important effect of external noise on
the dynamical scaling of the phase separation Process,
Additional theoretical analysis such as a mean-field ap-
proach [2,5,6] could be useful in determining whether a
reentrant transition should be expected in this model.
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4 R Toxal

The solution to this problem is given by application of the Monte Carlo
tachoiques (Kalos and Whitlock, 1986; Binder, 1993; Heermana, 1888). For our
-.-..:..2._! example, they consist in interpreting fa{X) as & probability density
function of some rand iable & and, quently, the integral is nothing
but the average value of the function G(X),

) = \ dX fo(X)G(X) (13

The key idea behind Monte Carlo integration is to approximate the previous
average by a sample average:

M
(G) = uulC] = 37 3 G(X®) (14)

where X, k = 1,... M are values of the N-dimensional varisble X dis-
tributed according to the probability density function fa(X). This is called the
technique of importance sampling. The basic principle of sampling is the same
one that allows politicians to have an accurate knowlodge of the election results
before election day by making random polls amocgst a representative aample of
the electors.

A more precise statement on the relation between the average (G} and the
sample average ity [G] in given by the central limit theorem {Feller, 1971). This
theorem states that, if the values of X(*) are statistically independent, then the
sample average uy tends in the limit M — oo to « Gaussian distribution of
mean {(G) and variance o[y ] given by:

Plpa} = 379%0) = 1 (G - (6] (1)
It is usual to express the relstion between ;24 [G] and (G} ma:
(G) = pu|G] & oluu] (18

which is to be interpreted in the wsual statistical sense for the Gaussian
distribution, i.e. that there in a 95.45% probability that (G) lies in the in-
torval (pa{G) — 2oluae) kw[G] + 2o[uy]), 99.73% in the interval {pu{G} —
Yolup], pas [G] + 3o [uar]), ete. In practice, the unknown variance #?[G] can be
replaced by the sample variance:

3 1 & 1 ¥ ’
o*[G] i Y Gxey - Aﬂ 3 Ex::v an

el k=1

According to relation (1.5} the error in & Monte Carlo integration decreases as
the inverse square root of the number of samplings M. In the case that the values
X®) wre not independent, two major modifications are needed:

{2} The variance of the sample average is given by:
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[3 R. Toeal

this is & particular case of Eq.(1.1) in which the function fa(z) is equal to 1 in the
interval (0,1) and 0 otherwise. The name uniform sampling comes from the
fact that the varisble £ is equally likely to Lake any value in the interval (0, 1) (or,
generally speaking, in any Anite interval (a,$)). Although one could, in principle,
devise some pbysical process that would produce values of a varisble r uniformly
distributed in the interval (0,1), it is preferable, for many reasons, to use simple
algorithms that can _X programmed on & computer and that produce *random-
type” (or peeud: ) bers uniformly distributed in the interval (0, 1).
We l.__ not discum in thase loctures the interesting topic of peeudc-rand
tion. An excellent expoaition can be found in :&2.38- (Knuth,

1981) -sn_ {James, 1990). Let us simply assume arﬁ there exisis & —o..u_.!. ?..n.
tion, which we will call ran_u(), which returns an ind dent r
uniformly distributed in the interval {0,1). By wing -E..b s function, we can
implement very essily the algorithm of uniform sampling:

n=3000

r=0.0

0.0

do 9% k=1.m

x=ran_u()

gk*g(x)

Trigk

a=g+ghegk
] continue

rer/m

ses/m-rer

aznqrt{s/m}

writa(B, ¢) 1, ’+/-* .8

end

function g{x)

g=con(x)

return

and

The reader should find out the name given to the function ran_u() w his
own computer and run the above program checking that the error in the output
value ucales as the inverse square root of the number of samples M.

1.3. Importance sampling for N=1

In the N=1 case, when the variable X = z has ooly one component, a simple and
important theorem aflowa to generate £(t) very easily. Recatl that the probability
distribution function Fy(x) is defined by integration of the probability density
fumction fe{z) aa:

Fa(z) = \.. fa(y)dy (113
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] R. Toral

function ram_f{)
ran_fe-log(ran_w()}
retura

and

A technical point is that, in some cases, the function Fy ' (u) is not expressible
in terms of elementary functions and some kind of approximative methods (such
as J.....s:or_ interpolation) might be needed to compute it. It is important to

Jise that the d position of & given integral in f3(*) and G{z) to put it in
the form of Eq.(1.3} might not be unique. In the previous example, Eq.(1.14),
we could have taken as well fy(z) = ze~* and G(z) = 2. This choice, however,
makes the probability dwtribution function Fe(z) dificult to invert.

Ab important case in which the function Fy'(u) is not ewsily calculable is
that of Gaussi bers (of mean sero and variance 1) for which the
probability density Tunction w:

falz) = q.nﬂn--.: (117)

(random numbers y of mean u and variance o? are easily obtained by the linear
transformation y = ¢z + ). The inverse probability distribution function is

z=vVZerf M(2u~1) (1.18)

where exf”"(z) in Lhe inverse error function (Abramowits and Stegun, 1872;
Valls and Mazenko, 1986). The inverse error function does not usually belong
to the set of predefined functions in & programming language, although some
libraries (for example, the NAG library) do include it in their list of functions.
An alternative to the generation of Gaumsian distributed random pumbers is
the algoritbm of Box-Muller-Wiener {Box and Muller, 1058; Abrens and Dister,
1672; 1988 which is based on a change of variables to polar coordinates. Namely,

£ =/pcos(f)
23 =./pein(f)
If £, and z3 are independent Gaussian variables, it is casy to prove that g and @
ate independent varisbles. p follows an exponential distribution and # a uniform

distribution, so that their ioverse distribution functions can be expressed in
terma of elementary functions. Namely,

(1.18)

N\A\v = Wnt‘: ~F)=1- nl‘:. p20

]
fa(8) = ..Il.m.-nnvﬂ mﬂ.oMmAnn {1.20)
‘The resuiting algorithm is:
z; =/ -2log(u) cos{2wv)

x3 =/ —2log{u) sin{2xv) am
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wit, £) = (R — Y {5.29)

Where the bar denotes a spatial average i = L' T, h; and the angular
brackets dencte an average over initial conditions and realizations of the noise
It is important to characterize the time evolution of w(t, L). The sell-similar
character of the surface implies that the |ate-time behaviour for a system of
infinite size must be given by a power-law relation of the form:

w(t,co) ~ t? {5.30)

This telation has been well verified in computer simulations and the exact value
for # can be obtained theoretically for 1-d systems (f = 1/3, sec Familly et al,,
1981). The reader could think that the verification of this simple law should be
an easy task. Not at alll In the rest of these notes, we just want to point cut
which are the main difficulties in trying to verify directly the, innocent looking,
power-law given by Eq.(5.30).

The first and mast obvious difficulty comes from the fact that solving nu-
merically a sst of stochastic differential equations is always difficult. Cne has
to average over a large number of realizations to have small statistical errors
and also make sure that results do not depend on the time step chosen for the
numerical integration.

The second problem is that expression (5.30) is an asymptotic result, ie.
strictly valid only in the limit { — co. However, carlier time regimes can also be
described by a relation of the same functional form with an effective exponent
8.4 # B. For example, at very early times, the noise term dominates (remember
that it gives a contribution of order +/At) and the roughness grows as the square
root of time, w(t, L) ~ ¢/ For intermediate times, the linear term dominates. It
is not difficult to solve this linear case (A = 0, the so—called Edwards-Wilkineon
modei (Edwards and Wilkinsons, 1982)) and show that the roughness grows as
w(t) ~ /4 It is only at the very Jate stages that the effect of the non-linearity
fully develops and one obtains the true asymptotic regime EA: ~ 113 But it
is very difficult to be sure that one is in the asymptotic regime and that the
exponent abtained from s, aay, log-log plot of w(t) versus ¢ is giving indeed the
true asymptotic exponent instead of an asymptotic exponent correspending to
smaller times.

Another problem concerans finite size effects. The result (5.30) is valid only in
the limit of an infinite system. If the system size L is finite (as it is bound to be
in & numerical simulation), the surface roughness can ssturate to an asymptotic
value wit — oo, L} ~ L¢ (( = 3/2 in 1-d) and one might never enter the titne
regime in which relation (5.30) holds. The dramatic eflect of the finite size eflects
can be shown in detail for the linear case, A = ¢. In this case, the solution can
be found as: - .

3 _ 1 x> 1—exp(—8sin’(xk/L)t}

wigy(t, L) = hM%. (5.31)

The strong L dependence of this linear safution can be seen in Fig. [19]. Looking
at the figure, we can say that only for L7 10% there is a relative errar wioy < 1%
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0 R. Toral

Fe(zi) =y

Fes(z3l2s)} =us (1)

Foulzwizy... .2 \)sun

Where, for example, £, (z32]z1) is the conditional probability distribution func-
tion of the varisble =3 given that z; has taken a particular value, and sc on.
The calculation of the conditional probability distribution functions is geoerally
at least as complicated s the cakeulation of the original integral we wanted to
compute numerically and the above procedure is of little practical use. In or-
der to develop alternative methods suitable for the generation of N-dimensionsd
variables we need first Lo introduce the so-called rejection methods for § variable.

1.4. Rejection method for N=1

In those casez that the inverse probability distribution function is difficult Lo
compute, the rejection method offers & very convenient alternalive. Also, it is
the basis of the N-dimensional methods which we will develop Iater The method
is based on the fact that the probability density function fi(z) is proportionat
to the probability that the variable = takes u particular value. If, for example,
Ja(z1} = 2fa(£s}, we can affirm that the value 2| is twice as probable as Lthe
value 2;. The rejection method (in its simplest version) proposes the values 1,
and z; with the same probability and then accepts the proposed value r with
a probability A(z) proportionat to f3{z}, auch that, in our example, z; will be
sccepled twice as many times as £5. Consequently, 2, will appear twice as many
times aa r;, which is equivalent to saying that z, is twice sz probable as 1,
a5 desired. We will illustrate the method by an example. Let us consider the
probabitity density function:

Julz) = 82(1 — 2z}, ze(ol) (1.23)

Which bas the shape indicated in Fig.1.

We propose & value of = uniformly in the interval (0,1). The proposed value
has Lo be nccepted with & probability A(x) proportional ta f(r), A{z) = orfa{z).
The constant o is arbitrary but the resulting {unction A(z} bas to be interpreted
as a probability, which means that we have to keep the bounds 0 < A{z) < 1. This
yields o < Cordrrs. Obviously, the rejection method is more efficient when the
acceplance probability is high, which means that one has Lo take the maximum
possible value for o. In our example, the maximum for fy(z) is at 2 = 0.5,
Ja(0.5) = 1.5, wo that we take o = 2/3 and, consequently, h(z) = 4z(1 — ), see
Fig.1. The acceptance procem is done as expinined in the previous section by
comparing the probability A{z) with a random number uniformly distributed in
{0,1). The whole process is repeated until the proposed value is accepted. The
final slgorithm can be coded aa:

function ran_f(}
b{x)v4.0vx+{1.0-x)
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the height A; in Iattice site i. The presence of a sutface tension is simulated by
rejecting the addition of particles that produce a difference in the height between
two nearest neighbours in the lattice farger that some fixed amount {(Kim and
Kosterlitz, 1989).

One of the most successful field theory models to study surface growth is
that of Kardar, Parisi and Zhang (KPZ) (Kardar et al, 1986). In the KPZ
model one defines a field A{r, ) giving the surface height at location r on a
(d - 1)-dimensional substrate at time t. Several physical processes contribute to
the time evolution of this field.

(i} Tendency to grow normal to the surface. A simple geometrical argument
shows that in this case the evolution is given by:

OA(r.1) _ 3o 2 (TR
s = AV (UR) = 5(Th)

to the lowest order in the gradient of the surface field. Here A is the sutface
mean growth velocity.
{ii} Particle diffusion on the surface.
vk
v is & constant refated Lo the susface tension
(itt) Random variations of the incident Rux. These are modeled by a stochastic,
noise type term:

n(r.1}
Adding the contribution of the three terms we get the celebrated KPZ equa-
tion:
% = vVh(r 1) + qusu +n(r,1) G2

The n(r, t} noise is assumed to be Gaussian distributed of mean zero and corre-
lations: o
{n(r, tin{r’' ')} = 2Dé(r — r')8(t — 1) (523)
Some of the parameters of this equation, A, ¥, D are redundant. One can
reparametrize the field A — {1/2D)*/2h and the time t — +t to abtain a simpler
equation:
A
% = V2h(r,1) + 5(VA)" + n(r, 1} {5.24)

where
{{r, )n{r’' 1)} = 6(r — ¢')8(t ~ 1) (5.29)
Although many exact resuits are known of this stochastic non-linear partial
differential equation, an explicit solution is still missing. Numerical studies have
played an important role in characterizing the solutione of the KPZ equation
(Moser et al., 1991). In the numerical studies in a one-dimensional substrate

one typically uses the following discretization of the KPZ equation:

1___.Qv>.+_+__..|_lu...‘» ___..:I__..Lv._
u Hh u .. I h u . ,m
it ai + 2 Zag +n(4), {5.26)
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12 R. Toral

posed value is sccepted with probability 1 — z, i.e. rejected with probability z.
This can be coded as:
functios ran_f({)
1 x=aqre{ras_u())
1f(ran_n(}.1t.x} goto
ran_f=x
return
+nd

An efficient method in one that requires, on average, a small average number
of proposals before acceptance. This average number is given by the inverse of
the overall acceptance probability, p, which is nothing but the denominator of
expreasion {1.24)

D
Pa = placeept) = dzgs(}hiz) (125)
It is easy Lo show that of the two methods developed for the function (1.23) the
first algorithm s more efficient than the second

Let us consider yel another example: to generate numbers distributed ac-

cording to

his)=Comp [-5 - < (126)

the cbvious choice is {notice that the precise value of C is not needed):

i 1
= -
#ale) Ve (+.27)

h(z) =

Here ge(x) i nothing but a Gaussian distribution, and A(z) is the optimal choice,
given the choice for ga(2), since max, k(z) = 1. The overall acceptance proba-
bility is, according to Eq.(1.25):

Po = 1.%0,?-*.«283 (1.28)

And the average number of trisls needed to accept a value is 1/0.62028 = 16.

1.5. Rejection with repstition

There ia & modification of the rejection method consisting in the following: if
the proposed value is not accepted then, instesd of proposing a new one, the
previous value s repeated. This method obviously produces correlated values
(some of them will be equal to the previous ones) but, however, can be very
efficient for vector computera in which the usual structure of the rejection method
prevenis veclorization. We till bave to prove that the values generated with this
method do follow the required distribution fg(z). According Lo Bayes theorem,

Field Theory and Pattern Formation a7

This expresses again the idea that the system at two different times {;, t; will
look similar if a space rescaling of magnitude A for the system at time ¢, 1s
performed such that AR{¢;) = R(t;) or, according to the previous expression,
X = (t3/1;)* Another important feature of the dynamical scaling description is
that of the universality of the scaling function g(z) and the scaling exponent a.
The value a = 1/3 seems to hold for the CHC and Kawasaki models indepen-
dently of dimension and the quench location. The function g(z} does depend
on dimension and quench location (Chakrabarti et al., 1991; 1993), although it
seerns that its variation is very small for quenches close to the critical concen-
tration {Toral et al., 1989, Fratzl and Lebowitz, 1089).

Dynamical scaling is usually checked in terms of the experimentally accessible
structure function S(k,t), defined as the Fourier transform of the pair correlation
function ((r, t). The scaling relation for S(&,1) ie obtained from the one holding
for G(r,1) as:

S{k, t) = R F(ER(1)) (5.21)

F(z) is the scaling function, d is the system dimeneionality. In Figure 16 we
plot the time evolution of the angularly averaged structure factor S(k,t) from a
numerical solution of the CHC equation in 3 dimennsions in the case of a critical
quench. We can see that the structure factor starts from s rather flat shape and,
as time goes on, develops a maximum whese location k., moves towards smaller
values of £ and whose intensity increases. The presence of this maximum signals
the phase separation process and the location of the peak is related to the inverse
typical linear length of the domains. In Figure 16 we also plot S(k, 1) R{t)~¢
versus kR(?) to check the scaling relation (5.21). One concludes that scaling is
well satisfied at the times studied. Similar results hold for other dimensions and
models, ar well as for experniments {Binder, 1990).

5.2. Growth of rough surfaces

Many wurfaces in nature grow roughly. Examples include such diverse systems
as biclogical tumors, mountain ranges, sand piles, a fluid flowing through a
porous medium and many others (Lagally, 1904; Thomas, 1982). To study this
widespread phenomenon, scientists have developed microscopic models and field
models !

The simplest of the microscopic models is one due to Eden (Eden, 1958). The
Eden mode! can be used to study the spread of epidemics. In this model one
considers a regular lattice in which a site is initially marked an “infected™. At a
given time a randomly selected infected site infects one of its nearest nejghbours,
again chosen a¢ random. After some time, the infected area is rather compact
with & rough surface, see Fig.17. From a careful analysis of this figure one can
deduce that the surface has fractal properties and that the dependence of the

1 Recest reviews ox kinetic roughening in surface growth models can be found in:
Family and Vicsek, (1991); Krug and Spohn, {1991); Sander, (1931); Wolf, (1990);
Family, (1990} and Vicsek, (1989}
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14 R Toral

repetition the non-linear correlation fusiction coincides with the auto-correlation
function (see later):

altE) = (1 - p)t (1.26}
The thermahzation time My can he defined as the Lime it takes the above func-
tion to reach & smalt value ¢

Ine¢

(i = 7o) (137)

_:eﬂ

If, for instance, ¢ = 16°%, p, = 0.5, we have M, = 27,

We can illustrale now the enhancernent of the errors due to the eorreiations.
In this method of rejection with repetition, one can compute the correlation
{unction of the variable x as (see Eq.(1.10]):

alh) = lim {22045 _ ggy?

R My et L r) (138)

From Eq.{1.9) we deduce that the autocorrelation time is:

=Y pik) = 1-» (1.39)
=1 L4

Remember that, according to Eq.(1.8) Lhe statistical error gets enhanced by the
factoe (27, + 1)1/

We finally mention that it is possible to interpret this algorithm of rejection
with repetition as & Markov succession (Grimmett and Stirzaker, 1982). Indeed,
E£q.(1.31) can be cast in the form:

h@) = [ feta ) dy (1.40)
where the Lransition probability is:

J(zly) = h(z)onlz) + __ - .\'8 &___32?; Hz ~y) (141)

1.6. The algoritbm of Metropolis et al.

Although it is vety pawerful, the rejection method can fail if the diatribution is
very peaked around an {unknown) value zy (see Fig.2). If our propoeal does not
take into account that only a very smalt part of Lhe variable space (that around
Zp) is important, we are bound 1o have a extremely high rejection probability
yielding the rejection method completely useless. The solution comes by making
a proposs| that does not differ much of the present value of the random vari-
able we are sampling, i.e by having the transition probabilities of the Markov
succession depend explicitly on Lhe present value, say y, of the variable. Thie
implies that the functions h{z) and ge{z) depend on y and becorne two-variable

Field Theory and Pattern Formation 55

Fig. 14. Kawasaki exchange model basic process

The trapsition rate for the process 1 — 2 fwee Fig. 14} is taken in Kawasaki

formulation as: . AN

P1—-2)= 5 —I—.-B_HAWQVW (5.16)
Where AN is the change in energy required to go from state 1 to state 2. r
simply fixes the unit of time. The previous expression is chosen by mathematical
simplicity, but any function of the form P(1 -+ 2) = exp ﬁlmbﬂ._«.v w TW#V where
w(z} = w{r~?) will satisfy detailed balance for the master equation and hence
will ensure the correct equilibrium state (see discussion in section 1.6).

The Kawasaki exchange model and the Cabn-Hilliard-Cook model exhibit
many common features. In fact, it is possible to obtain, using some approxi-
mations, the Cahn-Hilliard—-Cook model by means of a coarse—graining of the
Kawssaki exchange model {Langer,-1971; Gunton et al, 1983b). in Fig.13 we
show the evolution of the CHC and Kawasaki models for the case of a quench
of critical concentration. Observe the great similarity between the evolution of
the two models.

5.1.3 Dynamical Scaling

Ap important property of the late stages of the dynamics of phase separation
process is that of dynamical scaling (Binder and Stauffer, 1974; Lebowitz et al.,
1982). This scaling description is suggested by the fact that systems at different
timea look similar provided a space rescaling is performed. Mote precisely: if we
take a snapshot of s configuration of the system at a given time #; and make it
larger by a factor A it turos out that the resulting figure is statistically indistin-
guishable of & anapshot of the samc systermn at a later time ¢ = A1/, , o being
a dynamical ecaling exponent (see Fig.15). This dynamical scaling description is

‘based on the physical assumption that, at the late atages of the evolution, only

one length, related to the typical domain size, is relevant. Mathematically, the
scaling description implies that the pair correlation function G{r,¢):
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16 R Toral

Markov succession and that lima, o fa, (2) = fa{z), independently of the value
of fi,(x) {(sce Kalos and Whitlock, 1985).

It is important to stress that any functions gy(xly} sad A{z|y) that satisfy
ergodicity and the detailed balance condition are suitable to use in this rejection
method. The most widely used sclution is the one given by the the Metraopolis
algorithm {Metropolia el al., 1953) in which ga(z]y) is & given function usuaily
of the form:

(ely) = o= if A 146

sa(zlr) = 5. Jz -yl < (1.46)

ie. 2 3 sumple uniformly from the interval (y — 4,y + 4). Once the value of

z has been proposed one looks for acceptance probabilities h(z|y) verifying the
detailed balance condition:

hzly) _ galvlz)fa(=) _
Mole) - sslein)faly) = T (147)

When searching for solutions of these equations one has to remember that A(zly)
is a probability and must abe satisly the condition 0 < h(z]y) < 1. A possible
solution is the Metropolis solution:

A(zly) = min (1, ¢(zly)) (1 48)

Another widely used solution is the Glauber solution {Glauber, 1983}

_ _ql=lv}
hizly) = T+ (zly) (149)

A lamily of solutions i obtained by:
Mzly) = olzldo (alzly)) (1 50)
where w(r) is any function satisfying
w(z) =w(z™) (151)
In particular, the Metropolis solution is recovered taking:
w(1) = min(z, s 1) {1.52)
and the Glauber solution taking

1
3y R

w(z) = (1.53)

Before we use the Metropolis algorithm to study some models of field theory,

we want to finish this section by showing the use of the Metrapolis algoritbm

with a simple example in a one variable case. We will consider the Gaussian
diatribution

falz) = Ae™' {154)

Field Theoty and Patiern Formation 53

T :i‘ ;—{,/‘,IAJ

Fig. 13. Time evolution of the Kawasaki model and the Cabu-Hilliard-Cook (CHC)
model. Positive (megative) ralues for the fields or the spins ate indicated by white
{black) regions. Notice the similarity between the Kawasaki model {left column} and
the CHC (ceater column) both at critical concentration (m = 0), Ia thess two casen, the
system evolves by spinodal decomposition. In the right colamn, we plot & saletion of
the CHC meodel for an off<ritical quench (in this case m = 0.2). Notice that evelution
proceeds via the formation of nuclei of the minority phase that and grow.

5i & an Ising type variable taking the value +1 (1) if in site ¢ there is a A-
atom (B-atom). Let us denote by Ji ;{AA), Ji;{BB), J; j(AB) the strength of
the interaction beiween A4, BB and AB atoms, respectively, at locations ¢ and
J in the lattice. The Hamiltonian is:
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1] R. Toral

function ran_g(y,dslta)
1 =y+deltav(eran_u()-1)
it(abs(x).gt.abs(y)) then
1t (exp{0.5e(y-x)*(y+x)) .1t ran_u{)) goto 1
endirt
yz
Tan_gey
retnra
ad

and check that it doea not produce G isn rand bers (it is worse for
large 4).

For efficiency of the Metropolis algorithin A must be chosen such that the
autocorrelation time of the algorithm, r, takes ita minimum value. [t is easy to
understand why there must be & minimum of 7 a8 & function of A. If A is very
small, the pew proposal will be very close to the old one (hence highly correlated),
r will be large and A(zly) will be very cicse to 1 such that the acceptance will be
alsc close to 1. On the other hand, if A is lazrge, the acceptance probability will
be small and the proposed value will be often rejected, such that the new value
will be equal to the cld one (again highly correlated). A rule of thumb tells us
that A must be chosen such that the acceptance probability is neither too high,
neither too emall, ie of the order of 50%.

1.7. Rasjection method in the N-dimensional case

We really do not need to develop any new concepts. The nice thing about the
Metropolis algorithm is that is casily generalizable 1o the N-dimensional case.
Simply replace = and g in the above expressions by the N-dimensional variable
voctors {zy,...,zn) and (y:,....yn), respectively, and all of the above formulas
and concepts will still apply. In order to keep the acceptance probability within
ressonable limits, the proposal can not be too different from the old value. This
is achieved by changiog only one of the N variables at one time. The variable
10 be updated can be ch randomly got the set of the N variables or
tislly. If ch randomly the function ge(z|y) s explicitly given by:

q

N
e = 33 Wmf -w) (150)

m..nmo .:. verifics the symmetry condition ge(={y) = ge(yiz), the function
ol{=ly) s simply ¢(zfy) = fe{2)/fa(¥). The acceptance probability can be chosen
as the Metropolis solution A{z|y) = min (1, g{z]y)} or other sclution.
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Fig. 12. Schematic phase diagram of & binary mixture A — B. The system is homoge-

neous at temperature To. Afier quenching at temperature Ty below T, the aystem phase

separates. At sufficiently late times, phase A and B coexist. The evolution proceeds

differently if the quench is in region I or {1, separated by the spinodal line (dashed

Line).

J{r,t)= —I'Vu+nir.) (5.3)

I is a positive coefficient called mobility. The noise variables g = (m.....m)
are Gaussian distributed, of mean zero and correlations:

(me(r t)me (e’ £)) = 2kpThg - b(r — r')5(1 - ') (5.4)

The chemical potential is obtsined as the derivative of } with respect to the

field: $34(10))

plrt) = D (5.5}
Combining Eqa.(5.2) to (5.5), we reobtain model B equation, which in the context
of phase separation is calied the Cahn-Hilliard-Cook {CHC) equation {Cahn and
Hillixrd, 1058; Cook, 1970):

mhwwbuq" mﬁmmﬁwv +2...c ae

where £(r,1) = V¥ - g(r,1). f we adopt expression (2.1) for the Hamiltonian we
artive &t the following lattice form for the CHC ¢quation:

49, (1)

= FkgTVE (—bd; +ud? — KVL8:) + (1) (57)

If we perform the same field and time rescaling than in the section 3.2 for model

A, we obtain the simpler equation:

—¥2-
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70 R Toral

2. &* Model
2.1. Introduction and basic definitiona

We will illustrate the use of Monte Carlo techniques in field theory with the scalar
! model. This model has been used in many different contexts, in such different
topica as quantum field theory (Zinn Justin, 1989) or in the study of structural
phase transitions (Cowley, 1960; Bruce, 1980; Bruce and Cowley, 1980).

Let us ider & d-di ianal (hyper-cubic) regular lattice A, consiating
of N = L* points. Every point i = 1,.. , N of this lattice has 4 coordinates:
i = (J1,...,J4). Periodic boundary conditions are assumed on this lattice. On
every site of the lattice there is a scalar variable @;. The set of all variables is
{#l = (#),. .., ®n). We also introduce a Hamiltonian function H given by:

o=t Ko fd, — 87
AN =Y al ﬂs?ms.;mwu_m 2 : (a.1)

i=) Go

The sum over ¢ runs over d-nearest neighbours of site 4§, L.e. if the coordinates
of i are (§y,..., js) then the coordinates of i, are (5, jo + 1,...,5¢). The
continuum limit of the system can be oblained by letting the lattice spacing ag
tend to 0 and the system size L to co. In this limit, the sums are replaced by
.:.J.unu_u and the sum over p tends to a gradient The continuum Hamiltonian
is then:

AH([#]) = \ dr ﬁw.eiu + msE. + m_qoi_,_ 2.2)

This expression for the Hamiltonian is the preferred one for analytical treatment,
wich sa series expansions or renormalization-group Lreatments in momentum
space {Amit, 1984). The lattice version is the preferred one for numerical studies,
besides the fact that it yields a regularization of the Hamiltonian (Parisi, 1988).
We will consider from now on only the lattice version of the #* model. We can
M.. the lattice spacing ag = 1, since it can be rescaled in the parameters b, u and
The first two terme of the sum appearing in the Hamiltonian (2.1} are local
terma (depending only on the field at location f} and can be thought of as local
potential terms V{&,):
~b u
V(g) = o7+ o (23)
For stability of this local potential, the parameter v must be greater than 0.
The local potential changes qualitative when the parameter b changes sign {see
Fig.3) 1 < 0 the bocal potentiat has only one minimum at #; = 0. On the other
hand, when & > 0 there are two minima of equal depth located st @; = +/Fu.
The third term in (2.1), the one multiplied by K, is called the interaction
term. When K > 0, the contribution of this term i siways non negative and
the ground state of the Hamiltonian H w reached wien the contribution of this
term is aero, i.e. when all the fields take the same values &, = &, Vi. This is
the situation considered by the simple mean field theory (Landau and Lifshits,
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technique is moat successful in reducing critical slowing down. Of course, the
example is purely academic, since the Gaussian model can be solved analytically
without having to resource o numetical methods.

The Gaussian model is defined by the following Hamiltonian for the scalar

fields [#,] (Parisi, 1988):
X 1
H=¥ msw +3 1Vt _n_ {4.33)
i=1

index i runs over the N = L¥ sites of » d-dimensional regular lattice A, with
petiodic boundary conditions; Vy is the usual lattice discretised version of the
gradient operator; i is a parameter called the field mass. Although thie model
does not show a real phase transition, the critical slowing down occurs for the
eritical value” u = 0.

To implement the generalized hybrid Monte Carle method we choose the
number of momenta variables associated to a given field equal to 1 (ie. D=1
in Eq.(4.28)). The total Hamiltonian 7, Eq.(4.30), including the kinetic energy
terma can be written in terma of the Fourier tranaform of fields and momenta:

Ay O 8 .
=3 [ + 0] (434
k=

the sum runs over the N points in the reciprocal lattice, & = (k. .. k4). Here
wi=n+ aM“m.n_ sin?(k; /2) and €y and §; stand for the fields and momenta
variables in Fourier space. Notice that the total Hamiltonian is a sum of terms
each one depending on a single mode k, such that the imodes evoive independently

of each other.
According to the discussion above, we implement Fourier acceleration by

choosing the matrix A, generating the dynamics, diagonat in Fourier npace. Let
us denote by A the diagonal elements of the matrix A in Foutier space. After
n leap-frog steps, the evolution equations (4.31) imply:

Em.?é uS. Ew.;; »u_..;_z :.us
Quindt) Q{0)

The dynamical properties of the algorithm are determined by matrices M, given
by:
o _ cos{nf) sin(nd; )/ cos(8./2)
Mp = A| con{8 /2) sin(nf}) cos(nfi) (4.36)

where we have introduced 8 = coa~'(1 — ¢}/2) and ¢ = Apnbl. We see
explicitly how in this model different modes evolve independently of each other.
The fact that the evolution equations are linear greatly simplifies the analysis of
this problem (this is simitar to the standard hybrid Monte Carlo where A = 1,
Kennedy and Pendleton, 1091}.

~Hh -
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(Gaen) = 27 [ ascjepe-ron (28)
Example of quantities of interest are the magnetization, m defined as:
I
m= (5 e (29)
i=1
the energy, :
- (22 -
the magnetic susceplibility, xy:
1y
=N Am M“s.v )= {m)? (211)
=1
the specific heat, Cy:
3
Cv=N Awﬁ&v TE,_ (2.12)

and many others.

In general, these quantities differ considerably from the mean field valyes. [n
Figure 4 we can see the difference between the magnetization computed from
a numerical calculation in two dimensions and the mean field result (which is

d P A » & A H --V.

It is known that the 8¢ model belongs to the universality class of the Ining
model (Amit, 1984). This means that both models share the same critical ex-
ponents and scaling functions. Here, however, we want to point out a different
relation between the two models, namely, that the lsing model can be obtained
a2 & suitable limit of the #* model. The limit is obtained as follows: expanding
the square in the "gradient” term and using the periodic boundary conditions,
one can rewrite the Hamiltonian in the form:

() = W _Tx - mv o7 4 ms..._ - K3 s, (2.13)

i=l (i4)

where the sum over {i, j} means sum over all the possible pairs of i-j nearest
neighbours in the lattice. Introducing a rescaled field variable

&
Si= = (2.14)
one can write:
N
LMIEESY —nm.w._u + mm._ -8 Y S8 {2.15)
i=1 <ign
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of, written in more compact vector notation:

M D

L oy

dt WM {4.29)
mmuneh.u._.m. s=1,...,.D

where the A' are some linear operators which can be represented as a matrix,
and F, represents the force as computed from the Hamiltonian lumn._x. We also

introduce a total Hamiltonian ¥, including the kinetic energy terms:

. o ()
Hi.Ql = #(®)+ 3“5~ {4.30)

=)=t

The reader can easily verify that the proposed dynamics in Eqs.(4.28) exactly
conserves energy, ic., di/dt = 0. The standard hybrid Monte Carlo can be
obtained from the sbove dynamics setting D = 1 and A equal to the identity
operator.

For the approximate integration of the previous equationa of motion the
leap-frog scheme can be used, introducing a discrete mapping [#{1), Q{t)] —
[#(t + 6t), Q(t + 8t)] = G*([B(t}, Q(1)]), dependent on the time step §¢ chosen.
The leap-frog approximation reads:

D ﬁmnvn ]
b6y AQ + Y A(ATF(@])
m 2 Mum (4.31)

Q" =0+ DAY (F (D + FSD)

It ean be shown that this leap-frog approximation for arbritrary matrices A*
satisfics Lhe properties of time reversibility and area preserving. However, again
as a resull of the time discretization used in the leap—frog scheme, the total
energy is no longer conserved although ita varistion can be controlled by vary-
ing 1. We define yet another mapping obtained iterating n times the previ-
ous mapping, ie. G = {G'')". To satisfy delailed balance the configuzation ob-
tained when one applies G is sccepted with probability min[1, exp(—4¥})], where
AN = H(G([$, QD)) — H([$,Q)). As in the standard hybrid Monte Carlo, the
momenta variables are refreshed after every acceptance/rejection step according
to a Gaussian distribution of independent variables.

We bave defined s genersl class of hybrid Monte Carlo-type methods char-
acterized by a particular choice of matrices A*. One can choose the matrices
A* that better suit a particular problem. Thin generalized hybrid Moote Carlo
method turnz out to be related to the method introduced in reference (Batrouni
et al., 1985) using the numerical integration of a Langevin equation with a ma-
trix time-step. This method is based upon the observation that the stationary
solution of the Langevin equation (4.25) can be obtained approximately by the
recursion relation:
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p1] R. Tosal

KIS =-7 Y 55 S =41 (2.20)

<og>
Which is nothing but the Hamiltonian of the lsing model. For smaller vajues of
a, the field can fAuctuste around the two maxima, hence the name of soft apins

model that sometimes is given to the $* model in this situation {Cowley, 1980;
Bruce, 1980; Bruce and Cowley, 1080).

1.0
0.8

0.6

1{x)

0.4

0.2

Flg. 6. Fuwctics f(x) = exp ﬁillw%.- + m.w..w._ appearing in Eq.(2.17), in the cases
a = | (solid lise), a = 10 (dashed line), o = 100 (dotied-dashed line). When o — oo,
the function fa(r) tends to the sum of two dells fuactions located at £ = +1.

1.2. Monte Carlc methods

Before we proceed further and show how one can obtain numerically the quan-
titiea of interest in the #* model, we notice that one of the three parameters of
the model, v, b, K, is redundant since it can be shaorbed in the field scale. Many
ways of redefining parametars have been used in the literature (see (Toral and
Chakrabarti, 1990} for a review). We will use here a simple ﬁv!gﬁa:n!..o: in
which the field in rescaled by & factor X /% hence yielding a p ter i

dent interaction term (thie rescaling is obvicusly valid a.._u. .._. the _.o_.ng..-auosn
case i > 0). Specifically, we introduce & new field ¢, and two new parameters #
and x by the definitions:

é= KV
[

1}

=) k

(221)

A=

X

The Hamiltonian, in terma of these new variables, can be written as:
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e MU g, (7 |@IA('[9) = e~ ¢ Vgy ([0 ) A(D1S') (17

The proposal ga{®}$"} is given again by integration of Hamilton equations with
a suitable value for the momenta, {Q”]:

()2 (e) o

from where one gets for go(@[F'):
3
ga(O1¢)d = 4275 (4.19)

being Q" the value of the momenta necesaary to go from &' to &. The detailed
balance condition becomes:

3]

% MO PIBYIPAQ = e~ U1 e N (SN )dE dQ” (4.20}

Now the lollowing properties apply:
(i) Uf the numerical integration satisfies time reversal, Q" = —Q° hence the
Jacobian d(J”/dQ" is equal to 1.

n-mun-x?fe._é%ac = n-nmn-i..,.:a_e;%ia. (421
(ii) Uit satisfies the area conserving property dQd¢ = dQ'dd’
e F e MO DIB) = o~ X p(B)) (4.22)
Which, using Eq.(4.13), can be written »s:
e ROEQp (P ) = o~ R VIp(ie") (4.23)

We already know a poesible solution to this equation, the Metropolis solu-
tion: .
A1) = min(1,e7'™) (4.24)
where §H = ¥(t + 6t) — H(t)) is the change of total energy produced in
the evolution by time step &1, Notice that, although we have made a global
change by updating all the variables &; at once, §M is controllabie and the
acceptance probability can be made to stay within reasonable limits (close
to 60%). It is not necessary to make the acceptance/rejection decision every
time step 5t. Instead, usually one integrates duting n time steps before

-.nSng\n&anzS
We give now an explicit ::v_nn.nu..n:cu of the Hybrid Monte Carlo method:
(i) Generste independent G ta [Q].

(ii} Update the system [#, Q] using Jeap-frog (or any other time reversible, area
preserving method) during a time At = nét

AR Rl )

~3%-
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8 R Toral

As usual, only one varisble will be updated at a time, what makes the proposal
¢2(z]y) become a function ga(#:)y}. In the approach of reference (Milchev et ai,
1986) the proposal ge(4';ly) in chosen independent of y and proportional ta the
Gibbs factor of the local term of the Hamiltonian:

ga(#) = nsz..m.....u - mtv (2.28)

this is & one-varisble probability density function that can be samnpled by any
of the methods expluined in chapter 1. The authors in reference (Miichev et al.,
1985) chose & numerical inversion method Once this proposal has been taken,
in the detailod balance condition only the interaction part of the Hamiltonian
appears explicitly,

A(sly)e I = hy|g)e#Hole) (229)

For this equation we can use the Metropolis solution:
h{zly) = min(1, e~ #4%1) (230}

where the novel feature is that only the change of the interaction energy appears
in the exponential. This adopts a very simple form:

u
M = (¢, -9 Y b (2.31)

p=l

la gemeral, this procedure can be used when the Hamiltonian can be splitted in a
sum of local ternm plus an interaction term. One can chose the new value of the
variable, independently of the old value, according to the distribution dictated
by the kocal term. This propossl s then sccepted with the Metropolia probability
using caly the interaction term.

The hest-bath slgorithm has slec been used for this model (Toral and
Chakrabarti, 1990). Let ws remernber Lhan in the heat-bath algorithm, the ac-
ceptance probability s equal to 1 (i.e. the proposal is always accepted)}, one
variable ¢, is changed at a time, snd the proposal probability density function
pa(¢';) w obtained from a distribution in which all the other variables remain
conatant, i.e. we need to identify exacily where does the variable ¢, appears, all
the other terms will be considered conatants. From Eq.(2.22) it 18 very easy Lo
find out the expression for gy(é',}:

4 3
#e(¢') = Aexp A- YA L (232)

»zt

A is some normalisation factor depending on the values of the other fields (which
are considered to be constant in the beat-bath method). To sample this one-
variable probabilily density function it will oot be useful to use a numerical
1nversion method, because this function depends of the sum of the 2d neighbours
of site i, which vary from trial to trial. To sample this distribution we can use
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2480 - 2l | ooy )

(t+ .mﬂw b 30] "
Pi — 5 =
ZEAD s L =F.(t)

From where one geta the following recursive relations:

z,(t + 6t) =x;(1) + Sp(t) + O(81)? W

pilt + 81) =pu(t) + SLF(1) + QA&Cu {4.6)

The local integration error is of order o(5f}). After n integration steps, nét = ¢
the integration error is ¢ = O(n(5¢)?) = O(t§i) = O(8t). This error ia usually
too large and demands choosing a very small time step for aceuracy and numer-
ical stability. OT course, there are many other higher-ordet integration methods.
Amongst all of them the leap frog algorithm will be particularly suited Lo our
needs. The algorithen is:

&t
it + 6t) = 5, {t) + 8¢ An..s + MHSV “

n..:+3nu..3+WSS.T“..::E. i=1,... N

snd has a local error of order o{61)®. Although this is an improvement over the
Euler method, still discretization errars show up, for instance, in the fact that the
energy is not exactly conserved. These encrgy fluctuations (of puimetical origin}
imply that the microcanonical ensemble is not sampled exactly.

Other propetties of the Hamiltonian dynamics are, however, preserved by
this algorithm. In particular leap frog satisfies:

(i) Time reversal. If:
A&E 8t Ak: + Ev “s)
Pty =\ P(t+81) ’

then reversal of the momenta will take us back to the original value for [X] and
the reversed value for the momenta [P]:

X{t+61) )8t A.E_ +u3u _ A\E:v (49)

~P(t+80)) = \P{t+28)/  \-P{t) ’
(ii) Arex preserving. The Jacobian of the change of variables induced duriag the
time evolution is equal to one:

X2+ 8¢6), P(t+ 8 _
(i) = “10
But, let us repeat it once again, it does not conserve energy:
W = H(t+ &) — M) = O[(5O™] £ 0 {4.11)

Summarising, the numerical integration by the leap-frog method induces a map-
ping given by Eq.(4.7) that evolves the whale system from one point of phase
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28 R. Toral
2.3. Histogram extrapolation

We have now developed some tools Lo study numerically the ¢! model. We shall
next apply them to the computation of some magnitudes of interest. Let us focus
firat on the magoetisation m (see Fig.4). Thix is » funclion of the parameters #
and x. [ we are interested, say, in the variation of m with @ for a fixed value of
X, we have to run our numerical algorithm for several values of 8. For each run,
we have to make sure that the system has reached equilibrium (thermalisation)
and then produce s sufficient number of independent configurstions such that
the errors are kept under reasonable limits. Repeating this procedure for » large
number of # values in order to have smooth curves for the magnetization is &
painful and slow procedure. There is & way of improving somehow this process
by using information from simulations at a given value of the parameter # to
obtain results for another value &. The ides, which is extremely simple {and
clever!), has been obtained and reobtained many times, but were Ferrenberg
and Swendsen (see Ferrenberg and Swendsen (1989) and references thersin) who
dramatically demonsirated i utility in the case of the Ising model. We now
describe this histogram extrapolation technique for the $* model.

The configurations obtained in » oumerical simulation using the Monte Carlo
method follow the Gibbs probability distribution which depend on the parame-
tora # and x, that we new write oul explicithy:

P LI (LR

f({@8.x) = T (239)

The type of averages one i intererted on uaually involve only the following

functions:
N
™y = MU #

N
my "M‘.u

N
my = M‘.ﬁ

N 4
my=Y Y (4, - 4)°

=] pul

(2.40)

other functions my can be incorporated into what follows, but we restrict to
these for simplicity. Since the Hamiltonian depends only on linear combinations
of my, rmy and my, the probability distribution function in terms of mq, m,, my
and my is:

Lrny — -1
Hma,my, ma myd.x) = Ea...a..avstmﬂwms_ 4 jmo) (241)

Field Theory and Patiern Formation 4]

(n)

N
(41} _ o) Fim .m (n) 3Gik
- e m Muu o az

(3.40)

fx[v.lxn?_ tn)

where the .._?U are independent Gaussian variables of mean 0 and variance I:
{u] (n) ? : = bpmebipe (3.41)

In the case of diagonal noise, {Kloeden and Platen, 1992}, i.e. one in which the
noise terms do not couple variable at different lattice locations:

Gijlo,. . 2w) = Gilzo)bis {(3.42)

one can generalize the Milshtein algorithm to:

2 2 T L RES 4 VDR 4 Qmi um

)
Dh(u{MP (343)

In next chapters we will show some applications of the numerical integration of
Langevin field equations. In Chapter 4 the Langevin equation wilt be combined
with Monte Carlo techniques to yield a very useful tool to study equilibrium
properties: the hybrid Monte Carlo algorithm. In Chapter § we will be concerned
with the dynamics of growth in two very different situations: phase separation
and growth of random surfaces

4. Hybrid Monte Carlo
4.1. Introduction

The numerical integration of Langevin equations described in the previous chap-
ter has been used extensively as an alternative to Monte Carle methods to sample
the canonical distribution. The idea is to run the Langevin equation up to the
stationary state (8 process similar to thermalisation for Mounte Carlo} and then
average the different field configurations produced over time. An advantage of
this procedure as compared to Monte Carlo is that it is not necessary to compute
the change in energy every time a single variable is updated. This is important
when the computation of the Hamiltopian is extremely time consuming. Such
situation arises in lattice gauge theories that include dynamical fermions (Zinn
Justin, 1989). The effective Hamiltonian ia so complicated for those systems that
it is prohibitive having to compute W N times per Monte Carlo step.

An advantage of Monte Carlo methods over the Langevin integration ia that
the only errors in Monte Carlo are of statistical origin due to the limited num-
-ber of configurations in Lthe sample (and also to the correlations amongst them)
and are known to behave as ihe inverse square root of the number of configura-
tions. On top of the statistical errors, the numerical integration of the Langevin

~-B2-
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10 R. Toral

f.{x)

Fig. 8. Probability dixtribution functions f{[m.}; #, y) at two different values of # nsing
Eq{2.43). According to Eq.(2.45) the region around the maximum of the (unction given
by the dashed line is obtained from the tail of Lhe funclion given by the solid ne, where
atisticsl errorw are larger.

2.4. Finite size scaling

In Figures 7 to 10 we have plotted, for different system sizes and using the
histogram extrapolation scheme, resulta for several quantities of interent: mag-
netisstion, energy, specific heat and susceptibility. Each of these figures has been
produced by just two simulstions whose location is marked with points in the
figures. The rest of the curves have been obtained using the extrapolation scheme
detailed above.

These figures show what is called fnite sise effects (Barber, 1983). Let us
compare Fig. 7 for the magnetization with Fig.4 which depicts the mean field
behavior and the expectad true behavior. The theoty predicta that there should
be & value of @ = 8, below which the spontaneous magnetisation is strictly zero.
In fact, the magnetization behaviour near #. can be characterizved by a critical
exponent, § such that:

0 if 8<8,
) = *a«h if 6>4, (246)

Here ¢ =1 — o-.. This is & non-analytical behaviour which, strictly speaking, can
only appear in a system of infinite sise. For & finite aystem, the number of inte-
gratiops appearing in the definition of the partition function and the calculution
of averages is always finite, thus leading necessarily to an analytical result. We
can understand intuitively why finite sise effecta will be more importaot near
4 second order phase transition. In this situstion the correlation length which
measurea the linear range over which fields at different sites of the lattice are
correlated, diverges (in an infinite system) with a power-taw singularity:

Field Theory and Pattern Formation 39

where u") are independent Gaussian variables of mean zero and variance unity
which can be generated, for instance, by the Bax-Muller-Wiener tmethod. The
final recursion relation reads:

20 = g

(3.31)
204D = gl g ) TR

with the obvious notation ="} = z({ty + nh), FI") = F(z(ty + nh)), etc. This

simple example has taught us that the stochastic contribution is of erder A2

whereas the deterministic contribution is of order . This singular expansion is

the main reason for the failure of algorithms based on a naive Taylor series on

integer powers of h. Let us now consider another example:

m.u.&lm.‘lu = F(z) + G(=)n(t) (3.32)
[ntegration of this equation leads to (we bave taken ¢y = 0 to simplify notation):
A A
z(h) = z(0) +.\ dsF(x(s)) +‘\ dsG(z(s))n(s) {3.33)
o o
To proceed, we Taylor expand the functions F(z) and G(z):
F{z(s)) = F(z(0)) + m”.l (#{s) - #(0)) + ofz(s) — (O}
o=£(0}
dG

{z(2) ~ 2(0)) + of=(s) - (0}  (3.34)

e =a(0)

Gle(s) = G(=(0)) + T2

By substituting these expansions in {3.33) we notice is that at lowest arder, h'/?,
we have ' .
2(6) = #(0) = G(z(0)) [ dun(u) (3.35)
]
and hence, to bave an algorithm correct to ofh} it suffices Lo consider the fol-
lowing terma in the expansion:

2() =2(0) + F(2(0)h + G(=(0))on(O}+

A »
[ o [ duntopnted +op7) (3.36)

Gl 5

e=s(0)

The double integral gives wy(0)?/2. Replacing wy by v Dhu, see Eq.(3.30), we
arrive at the following recursion relation, known as the Milsbtein algorithm (Mil-
shtein, 1974):

240} = zo
1 4G | (3.37)
2004 = Ln) L g ptn) 4 DR 4 mh?u = Dhfut™)?
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 finite limit when z — 0 and then:

m(#) = tim m(#, L) = £*m(0) ~ fe=*]" ~ (2.48)

L=
compared to (2.46) one coacludes § = —zv and then the prediction for the
magnetization near the critical point for & finite system is:
m(@, L) = £ mE/L) = L2/ mi(L - 8/8,)L71") (2.49)

The typical way of checking this scaling behavior is to plot m(#, L)L*/* vs the
rescaled variable (1 ~ #/8.)L-'/". If, as it i vaually the case, the critical value
. and the critical exponents v, § are not known, this procedure implies a three-
parametez fit which is very dificult to do in practice. Qne can use the equivalent
scaling relations for the specific heat and the susceptibility:

C(8,Ly = LI &1 — 98, )L-)
x(8,L) = LY"&[(1 - 0/0,) L] (2,50}

Fig. 0. Specific heat for the two-dimenwional ¢* model for y = 1 Same symbols and
meanings than in figure 7.

From Figures 9 and 10 we see that both C{#, L) and «(4, L) develop maxima at
locations 8](L) aad 87(L), rewpectively. By using the above expreasions for the
specific heat and the sunceptibility one can see that these values behave as:

A(Ly=8, 4oLV

6Ly =8 +a L7 (@s1)

36:.— where we dedyce that a plot of #1(L) and #2(L} ve L=Y* must yield a
atraight line whose interception at the origin is precisely #.. This can be seen
in Fig.11 for which the critical value 8, = 1.265 £ 0.010 for y = 1 is deduced.
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Again, in order to ensure that the cotrect equilibrivm distribution is obtained,
one needs Lo tune the correct value for D. The Fokker-Planck equation is now:

aP(eh) S~ & oH o a
PAAD 3 e |V (38:) P+ 7 ey (01D

izl

(3.19)

The equilibrium distribution i given by exp [- ¥ M([#])] and we are led to
identify 2 = 2 kpT aa in madel A.

3.3. Numerical solution of stochastic differential equations

The Langevin equations for models A and B that we considered in the previous
section can not be solved exactly. A great deal of what we know about the
behavior of the solution of these equations comea from numerical simulations.
In this section we want to study how to handle numerically Langevin equations
of the general form:

lﬂ..ﬂnv
dt

N
= R+ Y Gynilt) i=1,...,N (2.20)
i=1

F; aze functions that depend on the set of variables z,, ..., zn. If Gy also de-
pend on 2y, ... ,Zx, one talks of multiplicative noise and the resulting stochastic
differential equations will be considered in the Stratonovich sense (van Kampen,
1981). If, on the other hand, G;; are constant functions, one talks of additive
noise. The noise variables n;(¢) are Gaussian distributed, independent random
variables of mean rero and correlations given by:

(w(On,(t) = Db 6(t 1} (3:21)

Of course, the appearance of the Dirac-delta functions tells us that we might
have some problems of mathematical rigor in we insist in considering the noise
variables n; as simple functions. They should be considered as distributions, but
moast of the resulta we can get with more mathematical rigor are also cbtained
with the usual function formalism ... and some care. In particular, since the noise
variables are not differentiable, we can not use the standard Taylor expansions
that help 30 much in developing slgorithma for numerically solving ordinary
(not stochastic) differential equations (Press et al., 1986). Instead, we must use
integration expansions (Kloeden and Platen, 1992). We can express these ideas
more clearly with a simple example.
Let us consider a one variable stochastic differential equation:
az(1)

—5 = Flt)+0(0) (3.22)
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0.00 0.05 a5

Fig. 11, Pacudo critical parameters #% (L) (spen dots) and #2{ L) {black dots) defined s
the location of the maxima of the specific heat and susceptibility, respectively, plotted
ws. L. The extrapolation to the origin, sccording to Eq.(2.51) yields the critical vafue
#. = 1.265 £ 0.010.

3.2. The Langevin equation

As discussed before, one writes down semi-phenomenclogical stochastic equa-
tions (Langevin equations) to model the time evolution of the field. For the
simplest case of the ¢4 model without any further symmetry {remember than
the main symmetry of the model is the ¢ — —&), one is guided by the fact that
at sufficiently low temperstures the final configuration must be a minimum of
the Hamiltonian. Then, the time evolution is defined by a purely relaxational
madel such that the speed of spproaching the ground state is proportional to the
gradient of the Hamiltonian. One sdds & stochastic contribution (usually called
the noise term) that ensures the correct thermal fluctuations in the stationary
(equilibrium) state. The resulting Langevin equation is:

S{r 1) 11,1

n llu..:ﬂ1.3+iﬂ.3

Here I' is & positive coefficient usually assumed to be constant, slthough in some
casen one aiso studies the effect of the dependence of I on the field ¢ (Langer
et al., 1975; Lacasts et al., 1992, 1993}, As in the equilibrium case, one assumes
a lattice discretization in which, instead of & real variable in every point of the
space, only points oo a d-dimensional lattice A are considered. In the lattice
case, the functional derivative §H /6¢({r ) becomes a partial detivative:

d; (¢ &M

% = L..am.q..a + m{t) (33)

&R

In the sheence of the noise term, it is easy to show thatl the system evolves
towards & minimum of the Hamiltonian. We have:
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n.xzmx%. Lzmxu
Hl.M‘“mH-|wnnM_“Am$ﬂ; m._ :3
‘The statistical properties of the noise terms, m{?), have to be determined in
order to obtain the cortect equilibrium distribution. They are supposed to be
Gaussian distributed of mean zero and correlations given by:

({80 (') = Dag 6 ,6(1 - 1) (3.4)

characteristic of the so called white nofse (Gardiner, 1985) D is a parameter,
to be determined, representing the intensity of the noise and, consequently, D
must increase with temperatute. In the limit of the lattice spacing aq going to
0, the Kronecker-delta becomes a Dirac-delta function:

(n(r. (e’ €)) = DE(r - £)8(t = ) (35)

From now on, we will take the lattice spacing as unit of length ap = 1. Since
m is Gaussian, these correlation functions completely determine its statistical
properties. We now relate the noise intensity D Lo temperature T. For later
reference, we will be more genera) and consider the set of stochastic differential
equations:

z
PO - R+ oo (35)
izt

With the same statistical properties for the noise term than before, Eq.(3 4).
Gi; is » constant matzix. The complete statistical dencription of the fields [$]
is given by the joint probability density function P([#};2), which satisfies the
Fokker-Planck equation {Gardiner, 1985). The description given by the Langevia
equations is cquivalent to the one given by the Fokker-Planck equation:

. b il
aP(g:t) uM%w FP+ WME 37

il
at iz =t 8¢
The matrix H is H = GG". In the case we are concerned with, Eq.(3.2), H = [,
unity matrix, and F; is related to the partial derivative of the Hamiltonian:

) N
8P([8)it) uM”% Twwf Dap (3.8)

& 2 5,

=l
It is easy to verify ihat the stationary solution of this equation is:

Ppef[®]) x exp Tw‘x:&:g (3.9)

Since we want the statistical stationary propertiea of [#] to be determined by
the Gibbs distribution, exp |- FH{[#])] we are led to identily-
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The model introduced by C. van den Broeck et al [Phys. Rev. Lett. 73, 3395 (1994)] -leading to a noise—
induced second-order phase transition which shows reentrance as a function of the (multiplicative) noise inten-
sity o- is studied under the presence of colored noise. By using a Markovian approximation and a mean field
treatment, it is found that the variation of the noise self-correlation time, 7, can either induce order or destroy
an ordered state according to the values of ¢ and the spatial coupling D. It is also found that the transition is
reentrant with respect to D, i.e. that a large enough value for the spatial coupling leads for  # 0 to a disor-
dered state, at variance with the usual behavior for equilibrium phase transitions. These effects are supported by

numerical simujations.

Too often do we resort -in studying nonequilibriom
systems- (0 the paradigmatic body we have inherited from
equilibrium thermodynamics. Though most times this way
of reasoning is of valuable help for us to interpret the results,
we should be more aware of the fact that sometimes it can
be seriously misleading. An archetypical example is the inhu-
itive image we have developed of a close relationship between
noise and disorder: it is true that studies on e.g. Ginzburg—
Landau models subject to additive noise seem to reinforce
this “rule” [1-3]; however, in the last decade we have also
witmessed examples of exactly the opposite trend, namely, dy-
namical systems in which a multiplicative noise couples (o the
system's nonlinearities in such a way that it generates a transi-
tion to an ordered state, In fact, it is by now well known that in
some zero—dimensional models, noise can induce a unimodal—
bimodal transition [4]; nevertheless, this result can still be ar-
gued to be somewhat restricted since in this case there cannot
be breakdown of ergodicity, which is required for a (nonequi-
librium, noise~induced) phase transition.

Recently, a model was introduced (perhaps the simplest one
displaying such a behavior) whereby an extended system sub-
ject to a Gawssian -white both in space and time- multiplica-
tive noise, can undergo a noise-induced symmetry-breaking
transition towards an ordered state: this became the first ex-
ample of a purely noise-induced, nonequilibrivm, ordering
phase wransition [5]. This result was obtained within a Curie-
Weiss—like mean—field approximation, extended w consider
the simplest correlation—function approach. In this case, and
at variance with the case of order—disorder transitions at equi-
librium -induced as we know by the spatial coupling constant
D and the bistability of the local potential- it is the combined

effects of the multiplicative noise intensity o and the spatial
coupling I which induce the transition. The remarkable fea-
ture is that neither the O—dimensional system (D = 0) nor the
determnistic one (¢ = 0) show any transition. Such a noise-
induced phase transition -besides being of a second order type
as a function of noise intensity- has the noteworthy feature of
being reentrant. the ordered state can be found only inside
a window determined by two values of the noise intensity o.
A similar reentrant effect has been observed in the Ginzburg—
Landau model with multiplicative and additive noises [6].

Whereas it is known that a correlated (or “colored™) addi-
tive noise can (at least in the “adiabatic approximation”) be
accounted for by introducing an effective white multiplicative
noise as an accounting device, one can question whether it
is realistic enough to consider a genuine multiplicative noise
as white. It appears more likely that the kind of fluctuations
leading to multiplicative noise will show some degree of cor-
relation. [4,7-9] One might expect new non—trivial effects as
a function of the self—correlation (“color™) of the multiplica-
tive noise. After all, it was shown in Refs, [2,3] that an or-
dering non—equilibrium phase transition can be induced in a
Ginzburg-Landau model by varying the correlation time  of
the additive noise. Moreover, for zero—dimensional systems,
a reentrant behavior has been found in a noise—induced tran-
sition as a consequence of color [10].

It is our aim in this work to mvestigate the effects of
the self—correlation time 7 of the multiplicative noise on the
model of Ref. [5]. To that end we pick a specific form for
this correlation (an Omstein—Uhlenbeck one) and apply -in
the framework of the mean—field treatment of Ref. [5]- a *“uni-
fied colored noise approximation” (UCNA)-like approxima-



ton [11,12). Our main finding is that color can have both a
constructive or destructive effect for ordered states, according
to the valves of the noise intensity o and coupling constant
D. The most widespread effect is that an ordered phase is
destroyed by increasing the noise correlation time +. A more
subtle effect that appears for a limited range of o and D is that
an ordered state can appear by increasing v. Another impor-
tant resuls is that a large coupling constant [ leads invariably
for 7 > 0 to a disordered state at variance with the usual be-
havior in other models of equilibrium statistical mechanics.
As in Ref. [5] we shall resort 1o a lattice version of the ex-
tended system, whereas we still regard time as & continuous
variable. The state of the system at time ¢ will then be given
by the set of stochastic variables {z;(t)} (i = 1,..., N) de-
fined at the sites r; of a byper—cubic d—dimensional lattice of
side L (hence N = L%). The variables {z;} obey the follow-
ing system of ordinary stochastic differential equation (SDE):

&i = f(z:) + g{zi)ni + % > (x5 — =) (1)
j€n{i)

where D is the diffusion coefficient (which acts as the cou-
pling constant between nearest-neighbor lattice sites), n(i)
stands for the set of 2d sites which form the neighborhood of
sile r;, and n; is the colored multiplicative noise acting on site
r,. This coupled set of Langevin-like equations is the discrete
version of the partial SDE which in the continoum would de-
termine the state of the exiended system. The last term of
the right-hand-side of Eq.(1) will, in the contingum limit, be
replaced by the Laplacian operator V2z. The specific case an-
alyzed in Ref. [5] (which the anthors conjecture that could be
the simplest exampie exhibiting such a transition) is

f(z) = —z(1 + 2*)* and g(z) = 1 + 2* (2)

As in Ref. (2], the noises {r;} are taken to be Ornstein—
Uhlenbeck noises, i.e. Ganssian distributed stochastic vari-
ables of zero mean and the following correlations:

o? -
(e (¢) = b1, - (=L @)

They arise as solutions of an uncoupled set of Langevin SDE:
T = — 1 + o&; 5]

where {&(t)} are white noises, ie. Gaussian stochastic
variables of zero mean and correlations: {(£;(8)¢;(£)) =
3:;6(t — ¢'). In the limit 7 ~ 0 the Omstein~Uhlenbeck
noise 7;(t) tends to the white—noise £%¥ (t) with correlations
(ff"(t)fjw(t’)) = 028;;6(t — t'), i.e. the case studied in ref-
erence [3].

The non Markovian character of the process {z;}, due o
the colored noise {1;} makes it difficult to study. However,
there are some approximate Markovian technigues that might
capture some of the essential features of the complete non
Markovian process [9]. Besides, this kind of approximations

strongly simplify the treatment of the equations allowing (o
exploit well known Markovian techniques. Amongst those
approximations, the UCNA and related interpolation schemes
are very useful since they can reproduce the limit of small and
large correlation time  [11,12].

We now sketch the main lines of our calculation (a more
detailed account will be given elsewhere). For our particular
problem, the UCNA proceeds by taking the time derivative of
Eqgs.(1) and after substitution of Eq.{4), set Z; and (£;)? equal
to zero. The former corresponds to an adiabatic elimination
procedure, while the latter is necessary in order to recover a
proper Fokker-Planck equation description [13). To the re-
sulting set of Markovian stochastic differential equations we
apply another approximation in the spirit of (but not equal to)
the Curie—Weiss mean—field type of approach used in [5). This
consists, in essence, in replacing the 2d neighbors x; of vari-
able z; by a common value y;, thus reducing the number of
SDE's from N to 2. This approximation relies on the hypothe-
sis that the system is homogeneous. ;From the stationary joint
probability density function (pdf) P**(z, y} (we have dropped
the subindex 1 for the sake of clarity) one derives an effective
pdf P*(z) by setting y = (z), the average value of . The
vaiue of (z) follows from a self-consistency relation:

(z) = ]_ ~ dz P*(z) 5)

This equation can be shown to have always the trivial solution
{x) = 0 corresponding to a disordered phase. When other
stable non—trivial, (x) 3 O, solutions appear, the system de-
velops order through a genuine phase transition and m = |{z)}
can be considered as the order parameter (notice that, due to
the symmety of the problem, {z) and —{z} are both solu-
tions of the previous equation). In the white noise limit r = 0
this is known to be the case for sufficiently large values of the
coupling 7 and for a window of values for the noise intensity
¢ € [01,03]. We discuss now how the presence of ordered
states is altered by non—-zero values of r.

In Figs.(1) and (2) we plot, respectively, the curves ¢ vs. T
and D vs. o for different values of the parameters, separat-
ing the regions corresponding to the ordered and disordered
phases. The noteworthy aspects of these curves are as fol-
lows:

(a) For fixed values of & and D (D large encugh), there exists
a value of the correlation time 7 beyond which the system be-
comes disordered, as indicated by the continuous arrowed line
in Fig.(1). Furthermore, there exists a value of T for which or-
der is impossible whatever the values of D and &,

(b) For some values of D and o that would correspond to a
disordered phase in the case T = 0, an increase in T induces
an ordered phase inside a window of values for 7, as indicated
by the dashed arrowed line in Fig.(1) i.e. the transition can
also be reentrant with respect to 7.

(c) For fixed values of o and v # 0 the ordered states ex-
ist only within a window of values for IJ. This predicts that
reentrance appears not only with respect to o, as in the case
T = 0, but also with respect o D,
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FIG. 1. Noise intensity & vs. self-correlation time 7, for values
of the spatial coupling D = 20 {continuous line) and 1) = 40 dot-
ted line. The ordered regions are the ones inside the curves (marked
“D=20" and “D=40", respectively). The continuous arrowed line (a)
indicates the destruction of an ordered state by increasing the corre-
lation time T, whereas the dashed arrowed line (h) shows the creation
and further destruction of order.

The reentrant nature with respect to the coupling constant
D is a surprising effect that can be best observed in Fig.(2)
where we plot the I vs, o curves. [t can be seen that -as 7 in-
creases from zero- the maximum value of D compatible with
the ordered phase reaches a constant for o large enough, and
this “platean” is a decreasing function of T. At the same time,
the branch that at = 0 increased linearly with o tends also
to a constant (increasing with ) for o large enough, until the
window available for the ordered phase virtually disappears.

140
120F
100 F

Q

B

FIG. 2. Spatial coupling D vs. noise intensity ¢ for 7 = 0 (con-
tinous line), 11 = 0.015 (dotted line), 3 = 0.05 (dashed line),
16 = 0.1 (dotted-dashed line), and 7y = 0.123 (triple dotied-dashed
line). For each curve, the ordered zone is the area inside the curve
(for r = 0 we bhave marked the ordered and disorderd regions with
“0™ and “‘d”, respectively). Points (a} and (b) correspond to the tran-
sitions indicated in Fig.(1).

In Fig.(2) we have alsa marked two possible points exhibit-
ing the phenomena (a) and (b) described above: the point {(a)
corresponds to the destruction of order induced by increasing
the correlation time 7 in a state that is ordered for T = 0,
the point (b) corresponds to a state which, being disordered
for 7 = 0, becomes first ordered and then again disordered

-9 -

as r increases. We stress again the fact that these effects of
a colored multiplicative noise on an extended dynamical sys-
tem {(unable (0 undergo any phase transition in the absence
of noise) are qualitatively different to the ones observed in
(nonequilibrium) phase transitions driven by a colored addi-
tive noise on a prototypic model for equilibrium phase transi-
tions [2,3]. Whereas in the last case the role of the correlation
time is to stabilize the ordered phase and/or induce order in
systems thai are disordered for r = 0, the main effect of color
in our case is to destroy order.

The previcus features can also be seen in the phase dia-
grams. In Fig.(3) we plot the order parameter m vs. noise
intensity ¢ showing, for fixed value of D = 20 and differ-
ent values of T, the curves separating ordered and disordered
phases. The window of o values where the ordered phases
appears has the following behavior: the lower limit systemat-
ically increases with increasing 7, while the upper limit first
increases and finally bounces back until, for some value of T,
the window disappears. This is, of course, consistent to what
was shown in Fig.(1).

1.0
0.8

0.6
0.4r

0.2t

0.0t ,
0 1 2 3 4 5

g
FiG. 3. Figure 3;: Average value m = |[{r)], obtained as
a solution of the consistency equation (5), as a function of the
noise intensity ¢, for several values of the self—correlation time
7, and for D = 20. Values of v from top to bottom are:
r =0, 0.01, 0.02, 0.03, 0.045, 0.055, 0.06.

Since the previous results have been obtained in the mean—
field approximation, we have also performed numerical sim-
ulations in order to have an independent check of the predic-
tions. As a representative example, corresponding to the phe-
nomenon {¢) above, namely: the destruction of the ordered
phase by an increasing coupling constant D, we plot in Fig.(4)
the phase diagram predicted by our mean-field theory and re-
sults coming from a numerical integration of the stochastic
differential equations. Although the numerical results are af-
fected by finite size effects as one would expect in a phase
ransition, one can see unambigously the decrease of the or-
der parameter mn with incresing coupling constant 2. The
mean field results agree only qualitatively with the simulation
results and, in particular, they differ in the fact that mean—field
predicts a much sharper decay to zero or the order parameter,

In order to understand this sudden change in behavior as
soon as a tiny self—correlation is present, we have studied the
time evolution equation tor {z} within the mean—field approx-



imation as £ — co. In Ref. [14] this simple linear criterion of
stabilisation of the disordered phase was introduced as a way
of determining the region of appearance of ordered phases.
Up w first-order both in  and in {z), it reads

o a2
with = ¥~ ©

(2) = —ala), s

When 7D + 1 > 0%, itis &« > 0 and hence the disordered
phase ({z) = 0) is stable. On the other band, if 7D + 1 < o*
it is @ < 0, destabilizing the disordered phase in favor of
the ordered one ({z) # 0). In summary, whereas the noise
intensity o bas a destabilizing effect on the disordered phase,
as soon as 7 # O the spatial coupling D tends o stabilize
it For + = 0 the last effect is not present, being then the
condition for ordering that ¢ > 1 (this is the effect that was
reported in Refs. {5,14]). Considering that the effect of even
a liny correlation is enhanced by D, we can understand the
abrupt change shown in Fig.(2) as soon as 7 # 0.

2.0f

1.5F _,,.
E 1.0}

YL .‘h‘
0.5 “a,
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FIG. 4. Figure 4. Mean—field pPedi.clion for the order parameter
m as a function of the spatial coupling D, for noise intensity ¢ = 2
and self—correlation times ¥ = 0 (dashed line) and T = 0.01 {con-
tinuous line). Notice that for ¥ = 0 the curve tend 1o the asymptotic
valve (0% — 1)1/2 = 1.73, whereas for 7 = 0.01 the order parameter
decays to zero for a critical value, D of the coupling. Simulation re-
sults for different system sizes [, = 16 (asterisks), L = 32 (rombhi)
and L = 64 (triangles) are also included.

This work has focused an the effects of a self—correlation in
the multiplicative noise on the reentrant noise—induced phase
transition reported in Ref. [5]. It appears that for 7 # 0, a
strong enough spatial coupling is capable of destroying the
order established as a consequence of the multiplicative char-
acter of the noise. The maximum value of D which holds
the ordered phase reaches rapidly a “plateau” as the noise in-
tensity is increased (note the approximately inverse relation
between T and the plateau value for D in Fig.(2), even when
eq.{6) is only valid for 2 — oo). Simultaneously, the lower
branch decreases its slope as 7 increases.

In order to understand the foregoing result, we stress
the fact that the ordered phase arises as a consequence of
the collaboration between the multiplicative character of the
noise and the presence of spatial coupling. When no self-
correlation is present, the disordering effect of I} cannot be
felt. This explains the results in Ref, [14], which have been
rightly interpreted in terms of a “freezing” of the shori-time
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behavior by a strong enough spatial coupling. As 7 increases,
the minimum value of D required to stabilize the disordered
phase becomes lower and lower. In this way, the region in
parameter space available to the ordered phase shrinks further
and further until it vanishes.

The main lesson that we can draw from this work is that
the concepiual inheritance from equilibrium thermodynamics
(though often useful) is not always applicable. By following
the equilibrium~thermodynamic lore, one should tend to think
that as I — oo an ordered situation is favored. This is cer-
tainly true for the Curie—Weiss—type models, since in that case
the deterministic potential is itself bistable and an increase of
spatial coupling has the effect of rising the potential barrier
between the stable states. In the case we are dealing with, the
deterministic potential is monostable and it is the combined
effects of the multiplicative noise and the spatial coupling that
induce the transition.

R. Toral acknowledges financial support from DGICyT,
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The influence of external fluctuations in phase separation processes is analysed. These fluctuations
arise from random variations of an external control parameter. A linear stability analysis of the
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spatial structure of the noise is found to have a relevant role in this phenomenon. Numerical
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The role of noise as an ordering agent has been broadly
studied in recent years in the context of both tempo-
ral and spatiotemporal dynamics. In the temporal case,
which was the one to be addressed earlier, external fluc-
tuations were found to produce and control transitions
{known as noise-induced transitions) from monostable
to bistable stationary distributions in a large variety of
physical, chemical and biological systems (1]. Spatictem-
poral systems have been faced much more recently. In
these cases, the combined effects of the spatial coupling
and the noise terms acting upon the system variables
may produce an ergodicity breaking of a bistable state,
leading to phase transitions between spatially homoge-
neous and inhomogeneous phases. Results cbtained in
this field include critical-point shifts in standard models
of phase transitions (2, 3, 4], pure noise-induced phase
transitions [5, 6, 7], stabilization of propagating fronts
[8], and noise-driven structures in pattern-formation pro-
cesses {9, 10, 11, 12}. In all these cases, the qualitative
{and somewhat counterintuitive) effect of noise is to en-
large the domain of existence of the ordered phase in
parameter space. It is the purpose of this Letter to anal-
yse the role of fluctuations in a radically different type of
spatiotemporal process, namely in phase separation dy-
namics. It will be shown that external noise can induce
the phase separation process and that this effect is deter-
mined by the spatial correlation of the noise terms. An

important conclusion is that phase separation does not
occur, necessarily, for the same range of parameters for
which the system presents a phase ordering process.

The dynamics of a large class of spatially-extended sys-
tems can be described in a general way by the following
standard model[13]:

aY(E,t) 8F -

Mot =-co) () eEn
where (£, 1) is a dynamical field that describes the state
of the system, F is a free energy functional, and £(Z,1)
is a space-dependent stochastic process that accounts
for thermal fluctuations. Thermal equilibrium at tem-
perature 7' is reached at long times if the fluctuation-
dissipation relation holds:

(€5, 06, 1)) = 2L(VIS( - 1)6E- ) (2)

with ¢ = kgT. The system is usually characterised
by the behavior of the spatial average of the field 4,
which plays the role of an order parameter. The op-
erator £(V) does not alter the equilibrium state of the
system (~ exp(—F /kgT)), but only its transient dynam-
ics. Two forms of £ are usually adopted: for £ = 1 (the
so-calted model A} the system evolves towards its equi-
librium state without any constraint on the value of the
order parameter; for £(V) = —V? (model B) the order
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parameter is conserved throughout the dynamical evolu-
tion. Model A is a prototype of ferromagnetic ordering,
and model B of phase separation dynamics following a
quench from a high temperature homogeneous phase to
a low temperature state. In this latter case, according
to the value of the order parameter and the quench lo-
cation, the evolution might proceed either by spinodal
decomposition or by nucleation[14].

Far from the critical point, the dynamics is not qualita-
tively affected by the presence of the thermal noise term
§(7,t). Instead, we will consider the situation in which
there is an additional source of noise, n(£,t). This hap-
pens, for instance, when one of the externally controlled
systemn parameters is subjected to fluctuations. As these
fluctuations are external, they do not usually verify the
fluctuation-dissipation relation (2) and the system i8 no
longer at equilibrium. We will show that, in the case of
model B, these external fluctuations can induce a phase
separation in the system. Although this is a reminis-
cence of noise-induced phase transitions reported earlier
for model A [2, 4, 15] (and, in what follows, we will make
a comparison between the effect of external noise in both
models), an unexpected and notorious feature is that the
nature of the destabilizing terms due to the noise is in-
trinsically different for model A and model B. We con-
clude that phase separation does not necessarily occur
in the conserved order-parameter model B at the same
values for which model A shows a noise-induced phase
transition. It follows that, in contrast with what happens
at equilibrium, both models have now different station-
ary distributions, Furthermore, a relevant result of our
analysis is that the spatial structure of the noise plays
an important and distinct role for both models. We as-
sume the following correlation for the external noise with
a characteristic correlation length A:

((E On(F ') = 2%t - )g(|E - 2'1/)  (3)

where ¢ is a {(short-ranged) spatial correlation function.
It is expected, and will be confirmed in what follows, that
since model B represents a domain-growth process, this
correlation length will play a role far beyond the intuitive
intensity-reduction effect of space-time noise correlatjon
{3]. Correlation time of the noise should not have a paral-
lel influence, since all time scales of the system are larger
than those of the noise. Therefore, it seems that a fi-
nite (non-zero) correlation time of the noise would not,
differentiate between models A and B, and will not be
considered here (the time dependence of the correlation
of n(Z,t} will be assumed to be a Dirac delta, as shown
in Eq.(3)).

Although our results are quite general, we shall work,
for the sake of clarity, with the well known Ginzburg-
Landau free energy

— T b, Kis »
}——/dﬂf[?ﬁ +ZU') +2|v¢i] (4)

In the absence of additive (thermal) noise, phase separa-
tion occurs for r < r. = 0. If additive noise is present,
the transition occurs at r. < 0. We will consider r > 0,
so that order will not appear spontaneously. The control
parameter r will be assumed to be subjected to external
fluctuations, i.e. r = r + 5(&,t). The spatial correlation
function g is chosen to be a Gaussian of width A:

/(57) = s = (E555) . o

(d is the Z-space dimension) which becomes a delta func-
tion in the limit A — 0. It is simpler to analyze the
role of noise by using a lattice discretization in which the
space vectors 7 take values z; (i = 1,..., N}, defined on
regular lattice of linear cell size Az = 1. The field Y(Z,t)
then becomes a discrete set of variables v, (t) and simi-
lar notation is used for the random fields ni(t) and &(t).
Under these considerations, the lattice version of model
(1) with the Ginzburg-Landau free energy (4} is:

Vi = —Lo(ri + i + 97 — KVIg) + &,  (6)

where £, =1 for model A and £, = —V3 for model B.
V2 is the lattice Laplacian operator. Finally, in this ver-
gion, the external noise has a correlation function Fhi—j|
which is the discrete inverse Fourier transform of dk, the
corresponding lattice version of the Fourier transform of
(5), namely (in two dimensions):

v = oxp (= (in(he/2) +snih2)) (1)

There is no closed analytical form for 9)i—;| and the de-
sired values go and ¢; (see later) must be obtained nu-
merically,

The transition towards an ordered state can be ana-
lyzed by studying the stability of the homogeneous phase
¥; = 0. The early time evolution of the statistical mo-
ments of ¢; in Fourier space can be obtained in a linear
approximation. For example, the second moment (struc-
ture function) is defined as Si(t) = & (Yuy_x), where
N is the number of points of the system. Making use
of the Stratonovich calculus and Novikov’s theorem, its
evolution equation is [11];

dSk(t)
dt

= —2w(k)Se(t) + % FUR) 3T akSe(t) + 26 (8)
k

Hence the second moment equation contains a term
which globally couples Fourier modes and a constant
term due to thermal noise. The particular values of the
dispersion relation w(k) and of the mode-coupling coeffi-
cient f(k) differ for models A and B. For model A, the
result is well known [4]

whik) =rdy + KK, fA(R) =1 (9)
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with an eflective control parameter rA y =r—0o%g. For
model B the situation is drastically different:

Ik =5 R v KB K By=k (10)
with effective control parameter r%,, = r 4 ¢?V24; and
effective diffusion coefficient Kf” = K—0a%g;,. Two main
differences are observed with respect to model A: the dif-
fusion coefficient K is also renormalized by the correlated
external noise, and the noise-induced shift of the control
parameter r depends now, through the Laplace operator
V%, on the spatial structure of the noise correlation, i.e.
not only on the same-site correlation go, but also on the
nearest-neighbor correlation g,. These differences will
reveal itself in the position of the transition point where
the homogeneous state loses stability and phase separa-
tion appears,

When neglecting the mode-coupling terms in Eq.(8), it
is readily seen that perturbations grow when w(k)*F <
for some interval of £ values. We have checked, by
means of a numerical integration of Eq. (8), that mode-
coupling terms hardly influence the position of the tran-
sition curves. Hence the transition point is characterised
by r.y; = 0 for both model A and model B. The critical
value of the control parameter r and its dependence on
the spatial structure of the noise is, however, different in
the two cases:

mode] A :
model 8 :

Fe = 0290

re = —o?Vigo = 0%2d(g, - 1) (11)
Figure 1 shows the transition curves between homoge-
nous and inhomogeneous states in the (A, ¢?) plane for
models 4 and B for a fixed value, r = 0.2, of the con-
trol parameter and spatial dimension d = 2. All points
located above the curves shown in this phase diagram
are in an inhomogeneous state, which corresponds to an
ordered phase in model A {solid curve) and to phase sep-
aration in model B (dashed curve). The A—dependence
of the model-A4 curve is merely due to the natural ”soft-
ening” effect of noise correlation (3, 11]. In the case of
model B, on the other hand, additional, non-trivial de-
pendence on the correlation length is introduced via the
Laplace operator. As a consequence, for small A, the
transition in model B occurs sooner in model B than in
model A, whereas the situation is the opposite for large
values of A. A crossing of the two transition curves oc-
curs for an interinediate value of X s 1.8, We stress again
that the presence of ordered regions in the phase diagram
of figure 1 is due to the presence of a multiplicative noise
on the model, since we are taking r = 0.2 which is larger
than the mean-field critical value r, = 0.

The lines drawn in the phase diagram of Fig. 1 have
been obtained in a linear approximation (11}. It is pre-
sumable that this linear stability analysis will provide
the position of the transition points up to leading order

of approximation {4]. In order to corroborate the results
obtained by means of the linear stability analysis, equa-
tions (6) have been integrated numerically for models 4
and B in dimension d = 2. A standard stochastic algo-
rithm is used in order to handie both the additive and
multiplicative noise terms (16]. Gaussianly-distributed
random vectors are generated by means of a numerical
inversion method, optimised to efficiently produce large
quantities of Gaussian random numbers [17). According
to the previous discussion, the spatially correlated exter-
nal noise is generated in Fourier space with the desired
correlation function (7), and transformed back to real
space at each integration time step [11].

FIG. 1. Phase diagram in the (A, ¢%) plane for model A
(solid line) and model B (dashed line), obtained from a linear
stability analysis (8). Points correspond to numerical simu-
lations of the full model (6), (diamonds: model A, squares:
model B) (r =0.2, K =1, and ¢ = 107,

A unified criterion for the existence of an ordered phase
in model A and of phase separation in model B is the
growth of the averaged second moment of ¢ in real space
(the averaged first moment is not useful for model B be-
cause this model conserves the order parameter). We
define this quantity as J{t) = & (3, $2(1)) or, alterna-
tively, as J{t) = ¥, Si(¢). The instability point is thus
defined so that, below it, J(¢) decays to a thermal-noise
background at large times and, above it, it grows to a
non-zero steady-state value J,,. In this way, one can de-
termine numerically the phase diagram of the system.
The numerical results are represented in Fig. 1 as dia-
monds (model A) and squares (model B). It can be ols-
served that the simulations of the full nonlinear models
reasonably adjust to the predictions of the linear analy-
sis. The agreement starts to fail at high values of A and
o?. In fact, according to previous observations in model
A [15] and other models [5, 6], the transition curves might
be expected to exhibit, for higher values of the noise in-
tensity, a reentrant branch towards the A = 0 axis. These
reentrant transitions are hard to observe numerically be-



cause of the large noise intensities involved.

Fig. 2 shows two patterns of a system evolving ac-
cording to model B, for point 1 in the phase diagram
of Fig. 1. Depending on the initial conditions we get
spinodal decomposition (Fig. 2a, with {¢(&,0)) = 0), or
nucleation (Fig. 2b, with {¥(Z,0)) = 0.1}. For the same
values of the noise parameters a homogeneous phase is
obtained for model A.

FIG. 2. Spatial patterns of model B: a) Spinodal decom-
position and b) Nucleation. {¢ = 2500, A = 0, ¢ = 0.1 and
e=10"Y)

For larger values of the noise parameters a reverse sit-
uation is found. Fig. 3 shows a spatial pattern of model
A for point 2 in the phase diagram of Fig. 1. Now the
homogeneous phase corresponds to model B,

FIG. 3. Spatial pattern of model A. { £ = 100, A = 2,
a’=6and e =107")

In conclusion, we have demonstrated for the first time
the ordering role of external noise in processes of phase
separation. The study has concentrated on the conserved
time-dependent Ginzburg-Landau model, although our
results are not restricted to this particular model. Exter-
nal noise is found to enhance the phase separation pro-
cess, and this effect is observed to be modified by spatial
correlation of the noise, which increases the efficiency of
fluctuations for small correlation lengths and decreases it
for large correlation lengths. Future work on this issue
should analyse the important effect of external noise on
the dynamtcal scaling of the phase separation process.
Additional theoretical analysis such as a mean-field ap-
proach {2, 5, 6] could be useful in determining whether a
reentrant transition should be expected in this model.
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We review a mean-field analysis and give the details of a correlation function approach for spatially
distributed systems subject to muitiplicative noise, white in space and time. We confinn the existence of a pure
noise-induced reentrant nonequilibrium phase transition in the model introduced in [C. Van den Broeck et al.,
Phys. Rev. Lett. 73, 3395 (1994)], give an intuitive explanation of its origin, and present extensive simulations
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L INTRODUCTION

Noise is usually thought of as a phenomenon which per-
turbs the observation and creates disorder. This idea is based
mainly on our day to day experience and, in the context of
physical theories, on the study of equilibrium systems. The
effect of noise can, however, be quite different in nonlinear
nonequilibrium systems. Several situations have been docu-
mented in the literature, in which the noise actvally partici-
pates in the creation of ordered states or is responsible for
surprising phenomena through its interaction with the non-
linearities of the system [1-10]. Recently [11], a quite spec-
tacular phenomenon was discovered in a specific model of a
spatially distributed system with multiplicative noise, white
in space and time. It was found that the noise generates an
ordered symmetry-breaking state through a genuine second-
order phase transition, whereas no such transition is observed
in the absence of noise. The purpose of this paper is (o
present a more detailed investigation of this phenomenon.
First, we will give an intuitive explanation of why the tran-
sition occurs in this particular model and not in others. This
explanation also sheds light on why phase transitions were
not discovered in the related context of noise-induced tran-
sitions [1]. Second, after reviewing the mean-field analysis
which was introduced in [12], we present the details of a
more sophisticated approach, which involves the approxi-
mate calculation of the spatial correlation function. Third, we
include extensive simulations of the model in spatial dimen-
sion d =12, and present a finite-size scaling analysis showing
that the critical properties of the phase transition are compat-
ible with those of the dynamical Landau-Ginzburg model or
the Ising model.

1063-651X/97/55(4)/4084(11)/$10.00 55

1I. ZERO-DIMENSIONAL MODELS:
SHORT-TIME VS LONG-TIME BEHAVIOR

Consider the stochastic differential equation

x=f(x)+g(x)¢E, (n

where £ stands for Gaussian white noise with first two mo-
ments

(E(6))=0,
(E(E( )y =0 8(1~1"). (2)

Equation (1) is interpreted according to the Stratonovitch
interpretation [13]. Hence the probability density P(x,s) for
the variable x(1) obeys the Fokker-Planck equation [1,14]

2

8,P(x.0) = — L PN 1+ T 3dg (8, (x) P}
(3)
and the steady-state solution is given by
0.2
S = 58008 ()
PY(x)=Nexp f T dyt. )
0 T o,
5 &)

where N is a normalization constant and g'(x) stands for the
derivative of g{x) with respect to its argument. The extrema
X of the steady-state density obey the following equation:

2

119 - S-(g (D=0, (5)
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One notes that this equation is not identical to the equation
F(X) =10 for the steady states in the absence of multiplicative
noise. As a result, the most probable states need not coincide
with the deterministic stationary states. More importantly,
solutions can appear or existing solutions can be *‘destabi-
lized"" by the noise. These changes in the asymptotic behav-
ior of the system have been generally named noise-induced
transitions [t].

To illustrate this phenomenon, consider the case of a de-
terministically  stable steady state at x=0, eg.,
f(x)=—x+o(x), perturbed by a muitiplicative noise. As is
clear from Egs. (4) and (5), a noise term of the form
g(x}=1+x2+0(x?) will have a stabilizing effect, since
— (o) g()g' (X) = — a*r+ 0(X), and it makes the coeffi-
cient of x more necgative. On the other hand, noise of the
form g(x)=1—-x2+0(x?), i.e., with maximal amplitude at
the reference state x =0, has the tendency to *‘destabilize’
the reference state. In fact, above a critical intensity
o?>g?=1, the stationary probability density will no longer
have a maximum at ¥=0, and *‘noise-induced’’ maxima can
appear. This phenomenon remains possible even if the deter-
ministic steady-state equation, obtained by fixing the random
value of the noise to a constant value A, namely,
f(x)+Ag(x)=0, has a unique solution for all A. Hongler's
model [17], with f(x)=—tanhx=—x+o(x) and
g(x)=sechx=1-x%/2+0(x?), is a concrete exampie of this
situation: for o?>02=2, two noise-induced maxima arise
on both sides of the deterministic reference state x=0. One
has coined the term *“pure noise-induced transition’” for this
type of transitions.

Following the formalism for equilibrium states, it is
tempting to introduce the notion of a *stochastic potential’’

Uy(x) by writing: P™(x)~exp[—Uy(x)]. One concludes -

that for a system undergoing a noise-induced transition, ¢.g.,
for g(x)=1~x*+0(x?%), and for o?>g? , the stochastic po-
tential has two minima. Conside: now a spatially extended
system obtained by coupling such units. The coupling is such
that it favors the nearest-neighbor units, to stay at the same
maximum of the probability density (minimum of the sto-
chastic potential). In analogy to what happens for equilib-
rium models, such as the Landau-Ginzburg model [18,19],
one expects that this system will undergo a phase transition
for some critical value of the “‘temperature’’ (noise intensity)
2. However, it tumns out that this is not the case. In fact, we
will show in the next sections that one needs a noise of
precisely the other type, namely g(x)=1 +xt+00x%), to
generate a genuine phase transition. The reason for this coun-
terintuitive result can be clarified by focusing on the short-
time behavior.

From Eqg. (3), we obtain the following exact equation for
the time evolution of the first moment of the probability
density:

2
(8 =(f0)+ - (g(x)g (). ©

When f andfor g are nonlinear, the evolution of the first
moment is coupled to higher-order moments. Suppose, how-
ever, that we siart with an initial Dirac & probability density,
and follow it for a short time, such that fluctuations are small
and the probability density is well approximated by a Gauss-
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FIG. 1. Time-dependent evolution of the first moment {x(f)).
starung from an initial state P(x,1=0)=8x—0.1), of a stochastic
variable satisfying Eq. (1), for Hongler's model (dashed line),
f(x) = — tanhx and g(x)x =sechx=~1—2x%/2, and for the model in-
troduced in [11] (full line), f(x)=—x(1+x%)? and g(x)=1+x"
Notice that, for Hongler's model, the decay is monotonic, whereas
for the other model there is a tendency to initiaHly destabilize smal
values of x.

ian. The equation for the maximum of the probability, which
is also the average value in this approximation X=(x}, takes
on the following form {valid if f({x})®(8x?)f"((x)), and a
similar condition for the term involving g(x)}:

. o?
r=f()}+ 5 g(Dg' (). ™

The important observation to make is that the sign of the
multiplicative noise term is opposite to that appearing in the
long-time result, cf. Eq. (5). Hence it predicts an opposite
effect of the multiplicative noise at early times. In particular,
if we were to probe the *‘stability” of the reference state
#=0, we would conclude from Eq. (7) that a noise of the
form g(x)= 1 +x2+o(x?) now has the tendency to destabi-
lize the reference state x=0, favoring initially non-null val-
ues of the variable x.

To illustrate this point further, in Fig. 1 we have repre-
sented the time-dependent evolution of the first moment
(x(1)}, starting from an initial state Pix,t=0)=8(x—0.1),
for Hongler's model, f(x}= —tanhx and g(x)=sechx, and
for the model introduced in Ref. [11], f(x)=—x(1+x)?
and g(x)=1 +x2. For Hongler's model, the analytic result is
available. For the other model, {x(1)) was obtained through
a numerical integration of the corresponding Langevin equa-
tion. If one wouid like to interpret thesc results again in
terms of an equilibrium picture with a Brownian particle in
an effective potential U (x), one finds that the short-time
behavior corresponds to an effective potential with a single
minimum at x=0 for Hongler’s model, while it it bistable
for the other model. In other words, the picture is just the
reverse of the one suggested by the consideration of the
steady-state probability and the stochastic potential U g(x).
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t=7.5

FIG. 2. Time evolution of domains starting in a completely ran-
dom initial configuration toward an ordered phase for the spatially
extended model given by Egs. (8} and (29) on a square latice,
(L=128, 0> =400, and D= 20). Dark areas correspond to positive
values of the field x,, and light areas to negative values. Notice the
initial development of small ordered regions which subsequently
grow.

We can now understand a possible mechanism for the
presence of a phase (ransition when coupling such scalar
vanables. Imagine that the short-time behavior can be de-
scribed by a bistable potential U 4(x} according to the dis-
cusston in the previous paragraph and. hence, non-null sym-
metric states develop mitially. Then, if the spatial coupling is
sufficiently strong, it 15 possible that these non-nuil states
coupie to form local ordered regions which might subse-
quently coarsen and grow (see Fig. 2). This mechanism is the
physical explanation of the existence of a phase transition in
the spatially extended version of the system.

III. MEAN-FIELD THEQRY
FOR SPATIALLY EXTENDED SYSTEMS

We now consider spatially extended systems with mulu-
plicative noise [11.12,20-23]. For simplicity. and in order to
keep a clear connection with the zero-dimensional models
discussed 1n Sec. 11, we consider a lattice mode! with one
spatially distributed scalar variable x,, with r determining

the location of the lattice point under consideration. The time
evolution of x, is described by the following set of stochastic
differential equations (we consider a hypercubic lattice in
dimension & with lattice spacing a,=1):

Y (xpe—x,),  (8)

v enin

- b
xr—f(xr)+g(xr)§r+ 2d

where n{r) denotes the set of 24 sites neighbor to r, and
{&,(t)} are Gaussian noises, white in time and space, with
zero mean and an autocorrelation function given by

(£ (& (1)) =028, . 8(1—1"). 9

(8, stands for a Kronecker & function.) The last sum of Eq.
{8) is, in the continuum limit, nothing but the usual diffusive
Laplacian term VZx_. Equations of this kind are very gen-
eral, and cover a multitude of different physical phenomena
both in equilibrium and nonequilibrium problems. We focus
in this paper on the steady-state properties of this system.
However, the presence of multiplicative noise terms compli-
cates matters significantly and, in fact, the multivariate
steady-state probability P¥({x.}} is only known in general
for the case of additive noise, i.e., when g(x} is a constant
function.

The set of Egs. (8) and (9) are equivalent to the following
Fokker-Planck equation:

d,P({xr},l)
d D
=Z [a—rH—ﬂer 34 r’g(r) (Xr—xy) P({xr},r)]
al a d
5 a‘r[8(%)3;[3(%)”({%}-!)]}]- (10)

By integrating Eq. (10) over all variables with the exception
of x, (and assuming that the steady-state properties are uni-
form), one obtains the following exact steady-state equation
for the one-site probability:

i
= e—— + - F
0 o, Flx )+ Dlx,—Elx,)]
a?l J a
+?g("')?x,g”f) Px,), (n

where

E(.v)=(xr'|xr=y>=fdxr’xr'P“(xr’ x=y), ren(r)

(12)

represents the steady-state conditional average of x,» at a
neighboring site r’ e n{r), given that x_ at site r takes the
value x,=y. The solution to Eq. (11) is readily found {we
drop the subscript r for simplicity of notation},

~99-
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P™(x)

0’2
fo) —"z"g(y)g’(y% D[y~ E(y)]

=z j‘d \
7 &y
(13)

where Z is a normalization constant. This result is exact, but
we still have to determine the unknown function E(y).

We start by considering in this section the simplest ap-
proximation [12], which is analogous to the traditional Weiss
mean-ficld approach from the theory of equilibrium critical
phenomena and which has also been applied successfully in
several other stochastic problems [24-35). In this approxi-
mation, one neglects the correlation between neighboring
sites so that E(y)={(x), independent of y. Note that, the
steady-state probability is now a function of {x}, cf. Eq. (13).
The value of (x) follows from a self-consistent relation aris-
ing from its very definition,

(x)= J'j:dxxP"(x)EF((x)). (14)

Since this is a complicated nonlinear equation in (x), the
appearance of multiple solutions cannot be excluded, thus
suggesting the possibility of breaking the ergodicity associ-
ated with the presence of a phase transition in the model.

Even though an exact analysis of Eq. (14) is difficult
without specifying the explicit form of the functions f and
g, one can extract precious information by considering the
strong-coupling limit D—. Using the saddle-point approxi-
mation, one finds that Eq. {14} reduces to the following
simple equation for {x):

2

£y + g (a8 (X)) =0. 1s)

It is instructive to derive this result in a different way. One
easily verifies that the evolution equation for the first mo-
ment {x(1))={(x(¢)) is identical in form to that for the zero-
dimensional system, i.e., it is given by Eq. (6). At the steady-
state and considering the limit D—, one can neglect the
fluctuations of the variable x around its average value, and
concludes that the steady-state equation for the first moment
reduces to Eq. (15), which is thus exact in this limit.
Referring to the discussion in Sec. II, we conclude that in
the limit D—o the system will undergo a second-order
phase transition if the corresponding zero-dimensional model
displays a linear instability in its short-time dynamics. The
physical content of this conclusion is clear: when the system
is strongly coupled, the short-time instability of the trajectory
is the driving force behind the nonequilibrium phase transi-
tion. The criterion of short-time linear instability has been
mentioned in other theoretical [22} and numerical [34] find-
ings. However, we stress that it only holds as an approxima-
tion for finite values of [, and that it can completely break
down for small values of D, cf. the example in Sec. V. As an
interesting corollary, we retumn to the discussion of Sec. Il to
conclude that we expect pure noise-induced phase transitions
in models for which the noise intensity has a minimum at the

reference state and precisely nor in models whose zero-
dimensional version displays a noise-induced transition (e.g.,
not in Hongler's model). This probably explains why the
existence of noise-induced phase transitions was not discov-
ered earlier (see also Ref. [36]).

IV. CORRELATION FUNCTION APPROACH

We now present a more sophisticated approach, which
involves the approximate calculation of the spatial correla-
tion function. The method is an adaptation to multivariate
Fokker-Planck equations of a technique developed in the
context of multivariate Master equations {37,38]. The start-
ing point is the following ansatz for the conditional average:

(x,:!x,=)’)= J d‘xr'xr'P“(xr'!xr=.V)=(x)+crr'(y_(x))'
(16)

where ¢ o= {8x,0x M (5x?) (Sx=x—(x)) is the spatial
correlation coefficient between sites r and r’. The system is
assumed to be statistically homogeneous, so that single-site
averages are independent of the specific location (and hence
the subscript denoting the location will be dropped). In par-
ticular, the ansatz (16) implies that

E(y)=(x)+c(y—{x)) an

where ¢ is the nearest-neighbor correlation coefficient
c=Cyq With r’ €n(r). Note that the mean-field approxima-
tion corresponds to the choice ¢=0. The variable ¢ appears
as a second unknowr: in the explicit form of the steady-state
probability, cf. Egs. (13} and {(17), and its value can be found
self-consistently as follows. The ansatz (16) implies the fol-
lowing property for any function ¢:

(e (x)) = (XN B(2)) + Crer{ Bx (),

which, in combination with the Fokker-Planck equation (10),
Jeads to the following closed equation for the correlation
function ¢, for a cubic lattice in dimension d:

D

o3l 2 (cwmepe)t X (e em)
' enlr) en(r')

=B8 = 2YCrs (18)
with 3 and y given by

_aH{g*(x)
B

(19)

o2
< Jxlf(x) +78(x)8'(1)]>
[ (&%)

In deriving Eq. (18), we have used the fact that
() +(a%/2){g(x)g (x))=0 at the steady-state, cf. Eq.
(6). Obviously, 8>0, and it can be also proved that v=>0 if
c<1.
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Since the system is space-transiational invariant at the
steady-state, the correlation function can be written in terms
of relative coordinates, 1.¢., ¢y = c(r—r')=c(r' —r). Using
this property, Eq. (18) can be rewrntten as

D
d.,

renlr)

[clr')—c(r}]=2yc(r})~ By,  (20)

A closed expression for the correlation function ¢(r) can be
obtained in the case of a square lattice, d= 2. By taking the
Fourier transform of Eq. (20) one finds

D[cos(k,) +costk,) - 2]cik)=2yclk)- B, (21)
from which the Fourier transform c(k) of the correlation

function is readily obtained. In order to perform the inverse
Fourier transform, the following identity is helpful:

o 1 m
j dze‘z'l,(z)lm(z)=-—§f dk,
a LI NI

"W
0

where [;(z) is the modified Bessel function. One concludes
that

cos(lk,)cos(mk,)
"t —cos(k,) —cos(k,)’

c{r)= gjo dze IO ()M (2) for r=le,+me,,
(22)

where (e, ,e,) is the unit cell of the square lattice.

A nearest neighbor in the square lattice has coordinates
i=1 and m=0 (or, equivalently, /=0 and m=1), and one
can perform the Laplace transform appearing in Eq. (22)
explicitly (formula 12.9 in Ref. [39]) obtaining the following

result for the guantity ¢:
D 2
K ( 7+D)

B B
=735 7D
where K is the complete eltiptic integral of the first kind.
This expression can be further simplified by noting that
c¢=1— /2D + ¥/ D which follows directly from Eq. (18) for
the choice r=r'. By elimination of 8, one obtains the fol-
lowing final result for ¢:

. (23)

© D \? T
v+ D Yyt D 2 _
c= D 5 2 (24)
(y+D ]

The averages appearing in the definition of v, cf. Eq. (19),
have to be calculated with respect to the steady-state prob-
ability given by Eq. (13}, which itself depends on {(x) and
. As a result, Egs. (14) and (24) form a set of two nonlinear
self-consistent relations determining the values of (x} and
¢. When multiple solutions to these equations are found, one
again expects that the system undergoes a phase transition.
We also mention the following result for the spatial cor-
relation function along the axis of the square lattice:
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cos(lk,)

201+ y/DY—cos(k )P -1
(25)

™
ci=cl{le )= %J'o dk

Using the relation 1+ 22 cos(lk,}=w&k,), one obtains the
following simple result for the spatial correlation length X:

£

Bly ¥
= = e [ e ] ] A e
A r:zo‘” I )

-2

1
+ 7 (26)

At this point, a comment about the limitations of the present
approach is in place. As it is clear from the previous result,
the divergence of the correlation length requires that y—0.
On the other hand, it is also clear from Eq. (24) that in this
limit ¢ =1, and in fact c(r)=1, ¥r. The reason of this be-
havior is that the decay of the spatial correlations is de-
scribed by a single constant parameter y, cf. Eq. (18). In a
more sophisticated approximation, this would no longer be
true and a less trivial appearance of long-range correlations
would become possible. In the example that we will treat in
Sec. V, we find that the parameter vy never converges to 0,
even at a phase transition point. The present method is thus
of no use in describing long-range spatial correlations. Its
main virtue is to give improved resuits, when compared to
the mean-field theory, for quantities such as the location of
the critical point and the local probability density.

Finaily, we note that the ansatz in Eq. (16) is exact if r
and r' are correlated Gaussian variables. This condition is
verified for a linear Fokker-Planck equation [ f(x)=—x and
g(x)=1]. The above-derived expressions are therefore exact
for the linear model. One has in this case that {x}=0,
y=1, and 8=2[1+(1—c)D], with the following final re-

sults for ¢ and A:
D VY =
i+p 2

s @1
K(1+D l

1 1+(1—¢)D

A ————— .
2 pJa+upyI-i

1+p K
““™D

(28)

V. PURE NOISE-INDUCED PHASE TRANSITION

The results obtained in Sec. IV are general; they can be
applied for any choice of the functions f(x) and g{(x)}. In this
paper, however, we want to discuss in detail the case of pure
noise-induced phase transitions. We will focus here on the
prototype model that was introduced in Ref. [11], namely,
the set of Eqgs. (8) with the choice

fy==x(1+x)% glx)=1+x% (29)

We are inclined to believe that it is the simplest possible
model that exhibits such a transition, and possibly corre-
sponds to a kind of *‘normal form unfolding.”

As a first approach to understanding this model, in Fig. 3,
we show the phase diagrams as predicted by the mean-field
theory and the correlation function approach (CFA) de-
scribed in Secs. 1II and TV, respectively. These have been
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FIG. 3. Phase diagram for the noise-induced phase transition as
predicted by the mean-field theory (dashed line), cf. Eq. {14), and
the CFA (full line), based on Eqs. (14) and (24) for dimension
d=2.

obtained by numerical solution of the self-consistency rela-
tions Egs. (14) and (24). The most important feature shown
in Fig. 3 is the prediction of the existence of a symmetry-
breaking phase corresponding to a solution of the self-
consistent equations with {x})+ 0. Both the mean-field theory
and the CFA predict the appearance of such a phase, al-
though they vary slightly in the region of parameters for
which one expects the ordered phase to exist. According to
these approximate theories, the ordered phase appears
through a second-order phase transition for a sufficiently
strong spatial coupling D, and at a finite critical value of the
noise intensity cri . There is no phase transition if the spatial
coupling D is less than some critical value. This agrees well
with our intuitive explanation of the transition given in Sec.
IE: if the coupling is not strong enough, and local ordering
cannot be induced in the early evolution, the late-time distri-
bution will be governed instead by the maxima x of the
steady-state probability density, Eq. (5), which in this case is
x=0. If we turm now to the limit of very strong spatial
coupling, when D — oo, the location of the critical point at
o*=1 is in agreement with the linear instability critedion
mentioned in Sec. [I. Another interesting, although certainly
not surprising, feature of the transition, is that as one in-
creases further the noise intensity, the ordered phase disap-
pears through another second-order phase transition. This
second, reentrant, transition shows that the more '‘tradi-
tional”’ effect of the noise, namely, the ability to destroy
ordered states, is also present in our model.

If we take, for instance, D =20, the order parameter {x)
takes nonzero values only for noise intensity values in the
interval (o2 o7 ). The mean-field theory predicts the phase
transition points at of'% 1.11 and 052% 19.1, while the CFA
yields a somewhat narrower region for the ordered phase,

namely 1.50<g?<18.7. It is expected that the mean-field

approach and, to a lesser extent, the CFA, overestimate the
size of the ordered region.

In order to check the validity of these mean-field type

0.8

0.7}
0.6

0.5}

FIG. 4. Order parameter {x) vs intensity of the noise for
D =20, according to the mean-field theory (dashed line), the CFA
for 4=2 (full line), and 24 simulations for system sizes 32x32
{circles), 64X 64 (diamonds), and 128X 128 (squares). Notice that
although the general features of mean-field approximations agree
with the simulation result, they tend to overestimate the ordered
region.

approximations and also to gain an understanding of this
phenomenon of a noise-induced phase transition, we have
performed numerical simulations of the model defined by
Egs. (8) and (29) on a square lattice (sce the Appendix for
details of the simulations). The simulations confirm qualita-
tively all the predictions of the mean-field approaches, and
give us more accurate data about the transition points. In Fig.
4 we plot the order parameter {(x) as a function of o? for
=120 according to the two mean-field-type theories devel-
oped earlier together with the simulation results for various
system sizes. The simulation data indeed confirm the exis-
tence of both phase transitions, but the ordered phase appears
in a smaller interval 1.71<<0?<5.8. The latter values have
been obtained on the basis of finite-size scaling analysis, cf.
Sec. VI

VL. CRITICAL PHENOMENA

The pure noise-induced phase transition discussed in Sec.
V appears to be an interesting phenomenon. The guestion
therefore arises as to whether this transition shares the usual
features of equilibrivm phase transitions and, additionally,
whether it belongs to any of the existing universality classes.
In this sense, a theoretical argument has recently been put
forward indicating that the critical properties are those of the
Ising universality class [40]. To investigate these points, we
have performed extensive computer simulations in the vicin-
ity of both the entrant and reentrant critical points for
D =20 for two-dimensional systems of size L X L for values
of L ranging in size between L= 10 and 128. Apart from the
order parameter m=|L 2 x|, and the correlation coeffi-
cient, ¢, we also measure higher-order moments, as well as
time and spatial correlations. The results are collected in
Figs. 4-11. One clearly recognizes all the trademarks of
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FIG. 5. Suscepiibility, x =(L¥a?)[{m*}—{m)?]. as a function
of a? for system sizes 3232 {circles), 64X 64 (diamonds}, and
128 128 (squares). The peaks clearly show the enhancement of
fluctuations around the two critical points,

second-order phase iransitions: divergence of fluctuations
(Fig. 5), scaling properties (Figs. 7 and 8), long-range spatial
correlations (Fig. 9), and critical slowing down (Fig. 10). We
now discuss each of these topics in some detail.

In an equilibium second-order phase transition, the rela-
tive fluctuations of the order parameter (susceptibility) and

c
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|
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60 80 100

FIG. 6. Second-order cumulant «,=(m?)/{m)? as a function of
a? for system sizes 32X32 (circles), 64X 64 (diamonds), and
128X 128 (squares). The curves cross at o2=171 and o?~358,
which, according to the finite-size scaling theory, are identified as
the location of the critical points (see the text).
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FIG. 7. Plot of {m}L* vs {1 — o o?)LY in order to check the
prediction of finite-size scaling of the order parameter {m} for the
entrant [plots (a)] and the reentrant [plots (b}] transitions. We use in
this figure the Ising (u == 1, v = }) and mean-field (u= 1, v = 7) criti-
cal exponents. The quality of the scaling is certainly superior for the
Ising exponents than for the mean-field ones.

energy {specific heat) diverge with characteristic critical ex-
ponents. In our model, we define a “‘susceptibility’’ x as a
suitable measure of the fluctuations of the order parameter

L2
X= ?[(mz)—(mz]; (30)

this definition, and more specifically, the presence of the
o2 term in the denominator is the equivalent of the usual
definition x =L [{m%)—(m)*}/ksT for thermal systems. In
Fig. 5 we plot x as a function of noise intensity o for
different system sizes. The enhancement of fluctuations near
the two critical points is clear. In the case of equilibrium
phase transitions, the susceptibility at the critical point x.
only diverges in the thermodynamic limit L—e. For finite
systems, the theory of finite-size scaling [41] tells us that the
critical value y,. increases as a suitable power of the system
size, namely, x.~L”, with the value of y related to the val-
ues of the critical exponents. Since in Fig. 5 it is obvious that
fluctuations also grow with system size, it is very tempting to
try to analyze our data using the standard techniques that
have been so successful for equilibrium phase transitions.
We now briefly review the main predictions of finite-size
scaling theory that are relevant to our study. For a thermal
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FIG. 8. Plot of xL? 2 vs (1 —¢/a2)L* in order to check the
prediction of finite-size scaling of the ‘'susceptibility™” x for the
entrant [plots (a)} and the reentrant [plots (b)] transitions, We use in
this figure the Ising (u= 1, v = {) and mean-field (=1, v=1) criti-
cal exponents. As in the case of the order parameter, Fig. 7, 2 better
scaling is obtained when using the Ising exponents.

phase transition the order parameter m is a function of tem-
perature T and system size L. Finite-size scaling theory pre-
dicts that near a critical point the average of the kth-order
moment of m is a homogeneous function of its arguments,
namely [42,43],

(my=L"*"m(eL"), {31)

where e=1 - T/T_ is a measure of the distance to the critical
point, /1, is a scating function, and u and v are cntical ex-
ponents which take different values according to whether we
are below the critical dimension where hyperscaling relations
hold {«= /v and v= B/v) or above the critical dimension
where mean-tield exponents hold (u=d/2, v=d/4). In the
following, we will assume that finite-size scaling also holds
for our system such that equivalent relations are valid with
€=1— 0'2./0'3 measuring the distance to the transition point.
We will use the above expressions in order to locate the
critical points arg and also to compute the critical exponents
u and v, which in tumn, will allow us to obtain the exponents
vand 8.

A precise determination of the critical values of the noise
intensity is obtained by focusing on the behavior of the
second-order cumulant x,={m?)/(m)*. According to the
previous finite-size scaling relation one finds

k(0% L) = k(L) (32)
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FIG. 9. Plot of the normalized spatial correlation function
e(iy=(bx, ;6x;}/{6x?) in the vicinity of the critical points
a-ﬁl =171, ¢;,=58 and inan intermediate value of o comespond-
ing to the ordered phase region (we have used in this figure
D=20, system size L= 128). Notice the slow decay of the spatial
correlation function near the two critical points.

For o=0%, one has ¢=0 and the prediction is that
xz(tﬁ ,L)= i,(0), i.e., a constant independent of the system
size L. As a consequence, by plotting the second-order cu-
mulants for different system sizes, we can determine the
critical points as the ones in which the curves for different
values of L cross each other. By analyzing the curnulant data
in this way (Fig. 6), we are able to locate the entrant critical
point quite precisely at o2=1.71=0.01, while the reentrant
transition is at o2 =5.8+0.1.

For the order parameter scaling, the prediction is
(m)=L"'m(eL"), such that a plot of (m)L" versus eL"
should yield a curve independent of the system size. This is
checked in Fig. 7. Although it is true that the statistical errors
of the data do not allow a very precise determination of the
critical exponents  and v, it is shown in the figure that, both
for entrant and reentrant transitions, scaling holds better if
we use the 2d Ising critical exponents 8= and v=1
(k=1 and v=4) than the mean-field ones u=d/2=1 and
v =d/4=}. The same conclusions are reached when analyz-
ing the finite-size scaling behavior of the susceptibility.
which, according to its definition Eq. (30}, should behave as
x=L4"2F(eL¥). In Fig. 8 we show that properly scaled
susceptibility curves fall on top of each other rather well,
when using the Ising critical exponents d—2v =71 and
u=1, whereas the quality of scaling is worse when using
mean-field exponents d—2v=1 and u=1. Note that, in a
previous paper [11], we found a good fit at the entrant tan-
sition using mean-field exponents for smaller system sizes
{up to 48 48). This discrepancy may be due to the fact that
the regime of nonclassical behavior is located in a narrow
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FIG. 10. Similar to Fig. 9 but for the temporal correlation func-
tion in the vicinity of the critical points and in the ordered phase
region (D =20, system size L=128).

neighborhood of the critical point that could not be investi-
gated with these system sizes. Further studies will be neces-
sary to determine unambiguously if both transitions (entrant
and reentrant) belong to the same universality class of the
Ising model.

Finalty, the spatial and temporal correlation functions are
represented in Figs. 9 and 10 for several values of . One
clearly observes the appearance of long-range correlations in
the vicinity of the two critical points, another signature of a
phase transition for equilibium systems. In Fig. 11, we plot
the nearest-neighbor correlation coefficient ¢ as a function of
o?, and compare it with the results obtained through the
CFA, cf. Eqgs. (24) and (27). As expected, the agreement is
only good for small values of the noise intensity.

VI1. PERSPECTIVES

We have confirmed the existence of a pure noise-induced
phase transition in the model introduced in Ref. [11], ex-
piained the role of the short-time instability of the single-site
stochastic dynamics in generating the transition, and given
evidence that its critical properties are compatible with those
of Ising universality class {in d=2). These results open a
number of perspectives for future research. First, the model
that we introduced has been chosen for its mathematical sim-
plicity, but it does not have a direct physical meaning. The
intuitive arguments given in Sec. II, however, suggest that
the pure noise-induced transitions will arise generically in
systems with a multiplicative noise termn, whose arnplitude
has a minimum in the reference state. It remains to be seen
whether our medel corresponds to a kind of ‘‘normal form
unfolding’* of such phase transitions. Second, we expect
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FIG. 11. Nearest-neighbor correlation coefficient ¢ [see Eq.
(16)] vs o? from simulations {L = 128) and theory, cf. Eq. (24). As
expected, the agreement is only good for small values of the noise
intensity o

that, even though our model seems to belong to the Ising
universality class as far as its critical properties are con-
cerned, the specific noise-induced mechanism by which or-
der appears will reflect itself in the ime-dependent properties
such as nucleation phenomena or the response to external
fields or symmetry-breaking boundary conditions. Third, it is
clear that phase transitions of another order (first or higher
order) can be generated [44]. In the case of a first-order
transition, this would imply that the macroscopic state of the
system would change dramatically when the intensity of the
noise is varied across a threshold value. Fourth, more com-
plicated pure noise-induced phase transitions, that break tem-
poral symmetry [45], spatial symmetry [46] or both, can be
constructed. Finally, we propose to make a search for or
reevaluation of experiments in physical systems for which
noise-induced shifts [11,20], and pure noise-induced phase
transitions may be relevant. Some cases have been docu-
mented in the literature of noise-induced shifts in the phase
transition or bifurcation point, for example in photosensitive
chemical reactions, subject to a fluctuating light intensity
[47,48], in liquid crystals {49,50], and in the Raleigh-Benard
instability with a fluctuating temperature at the plates [51].
Also, stochastic equations for spatially distributed systems
with muitiplicative noise have appeared recently in several
contexts, including lasers [52], directed percolation [53], and
other models for growth [54].
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APPENDIX: COMPUTER SIMULATIONS

A Monte Carlo simulation of the stochastic process (8)
was performed for two-dimensional square lattices of various
sizes up to L. =128 with periodic boundary conditions. The
stochastic differential equation for the variable at the ith site
x; is given by

dx;
— =FR+GEW), =1 N=L>  (AD)
where x=(x,,...,xy), and
D
Fix)y=f(x,) - E{ ), (A2)
JEJl i
G(x)=g(x,). (A3)

These equations were integrated using two different algo-
rithms, the Milshtein and the Heun methods [55.56].

The Milshtein method allows us to advance forward in
time by means of the recursion relations

dG(x(1)
x{t+81)= F(x(r))+ G(())—

+Gx(t))Na' by 1), (Ad)

where 7,(r) are independent Gaussian randomn variables of
zero mean and variance equal to 1, and the second term is
included because Eq. (A1) is interpreted in the Stratonovich
sense, The order of numerical error in the Milshtein method
is 8. Therefore, a smal} &t {e.g., S1=1%x10"* for ¢*=1)
must be used, while its computational effort per time step is
relatively small. For large o, where fluctuations are rapid and
large, a longer integration period and a smaller 8¢ is neces-
sary. The Milshtein method quickly becomes impractical.

The Heun method is based on the second-order Runge-
Kutta method, and integrates the stochastic equation by a
recursive equation

ot ot
x,(r+6r)=x,(r)+—Z—[F;(x(r))+Ff(y(r))}+ 5 7{1)

X[Gx(1))+ G (y(1)], (AS)

where

yi(t)=x,(1) +F(Xi(f))af+G(1f(f))ﬂi(f)\fl; &t. (A6)

This method allows larger & than the Milshtein method,
without a significant increase m computational effort per
step. We used this method for o >

The time step 8¢ has been chosen by a stability condition,
and also such that averaged magnitudes do not depend on
&t within statistical errors. For D =20, for example, the nec-
essary values for &/ vary between 8t=5X 107* for o?=1
and 8r=1x10"% for ¢*=15. The Gaussian random num-
bers necessary for the simulations were generated either by
using the Box-Muller-Wiener algorithm or a very fast nu-
merical inversion method [57]. The time evolution of the
average vaiue is carefully monitored until the stationary state
is reached.

The order parameter is computed by

m={ (| zx,>m> S

i=l
ensernble
where { Yyme and { Yeqeemule indicate time average and en-
semble average, respectively. The averaging time T was cho-
sen to be sufficiently longer than the correlation time, for
example, T=2X 10* (10® steps) near the critical points. The
ensemble average was taken over at least ten independent
systems. Similarly, the susceptibility is evaluated as

L2 i N 2
CE{ T o))

ensemble

Simuiation of large systems (128X 128) was too long for
Cray C90 despite the code is mostly vectorized. Therefore,
we used a massively parallel computer, the connection ma-
chine model 5E with 256 processors which appeared to be
about ten times faster than Cray C90 for this particular ap-
plication with the same programs.
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