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Experiments with an anisotropic chemical excitable medium—a catalytic chemical reaction on a single
crystal surface—reveal a kind of stable wave pattern representing single traveling-wave fragments. Their
existence is attributed to the presence of a strong state-dependent diffusion anisotropy in the medium. A simple
theory of traveling fragments setting general conditions for their observation is proposed. Its conclusions are
confirmed by numerical simulations of a reaction-diffusion model. Our analysis suggests that traveling-wave
fragments are a general property of excitable media with strong state-dependent anisotropy.

PACS number(s): 05.40.+j, 82.20.Mj, 82.65.}v

Phenomena of spatiotemporal self-organization in excit-
able media have attracted considerable interest in various
fields from physics to biology. In chemical systems, wave
formation has been extensively studied with various reaction
systems of the Belousov-Zhabotinskii (BZ) type and the
properties of target patterns, spiral waves, and stationary
spots have been investigated [1-3]. These reactions occur in
the fluid phase where diffusion is isotropic, and hence a
question arises whether different kinds of patterns can be
expected if the medium is anisotropic. When the diffusion
constants of all species are made anisotropic by the same
factor, the result would be an elliptical distortion of the pat-
terns. The situation is different when the anisotropic varies
depending on the state of the system. This is the situation
realized in catalytic surface reactions. Such an anisotropy
cannot in general be removed by rescaling the coordinates
and the effects which are not found in isotropic media may
therefore be observed [4-7]. In this paper we present experi-
mental examples of different types of structures along with a
theoretical analysis.

The standard method for initiating spiral waves in the BZ
reaction consists of breaking a propagating excitation wave
[8]. The appearing wave fragment grows, curls at its open
ends, and eventually forms a pair of spiral waves. This evo-
lution of a wave fragment is observed when the excitability
of the medium is not too small. If the excitability is low, the

wave fragment contracts and finally disappears [9]. Hence

wave fragments in usual excitable media, such as the BZ
reaction, are unstable: they either transform into a rotating
spiral wave or vanish.

Here we report on the observation of single wave frag-
ments in a surface reaction that are steadily traveling along a
certain crystallographic direction. The reaction studied is the
catalytic reduction of NO with hydrogen on a Rh(110) sur-
face. The Rh(110} surface easily dissociates NO into atomic
oxygen, O(ad), and atomic nitrogen, N{ad}, and the dissocia-

"Present address: Department of Chemical Engineering, Prmcelon
University, Princeton, NJ 08544.
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tion products then recombine and react with dissociatively
adsorbed hydrogen, H(ad), to the product molecules N, and
H,0. At low pressure in the 10~ ° mbar range the process is
truly isothermal. Under these conditions the reaction system
represents an excitable medium, i.e., we observe target pat-
terns and spiral waves. For imaging these patterns we em-
ploy photoemission electron microscopy (PEEM) [10]. This
method, which yields a resolution of 0.1-1 um, is sensitive
to local work function variations. A strongly electronegative
adsorbate such as oxygen is therefore imaged as a dark area
while the nitrogen-covered and bare surface appear bright in
PEEM.

In previous investigations, we have demonstrated that
rectangularly shaped chemical wave patterns whose sides are
oriented along two main crystallographic directions of
Rh(110), i.e., along { 110} and [001], can be observed in this
system [4]. If we first generate such target patterns and then
decrease the partial pressure py, of hydrogen, we observe
that those parts of the pattern which are oriented along the
[001] direction dissolve and only the parts oriented along the
[110] direction remain. A further decrease of Pu, leads to

shrinking of fragments. If we wait until the fragments reach
the size of a small nucleus and then increase back the hydro-
gen partial pressure, steadily traveling wave fragments are
produced which are shown in Fig. 1.

Motion and evolution of individual wave fragments for
different reaction conditions are demonstrated in Fig. 2.
When the partial pressure py, is high, the fragment evolves

into a pair of counterrotating spirals [Fig. 2(a)]. For slightly
lower partial pressure, steadily traveling and expanding wave
fragments are observed [Fig. 2(b)]. When the pressure is fur-
ther decreased, the fragments shrink [Fig. 2{c}].

The fragments shown in Fig. 2(b) travel at a constant
velocity of 1.28 pm/s in the [001] direction while simulta-
necusly expanding in the orthogonal direction, i.e., along
[110]. The bright area (low work function) forming the head
of a traveling-wave fragment can be attributed to adsorbed
nitrogen, while the black areas (high work function) are in-
dicative of adsorbed oxygen. The triangular-shaped gray

R5193
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FIG. 1. Traveling-wave fragments in the catalytic NO-H, reac-
tion on Rh(110) (pu,=4.6X10"° mbar, pyo=18X 107% mbar,
T=620 K). The fragments are moving in the [001] direction. The
excited bright zone in the front is foilowed by the light gray refrac-
tory tail.

zones (intermediate work function) following the bright
white stripes correspond to refractory tails of the wave frag-
ments. The leading edges of the fragments exhibit a slight
curvature. The trajectories of the fragment ends represent
straight lines forming a cone symmetric to the [001] direc-
tion. For given parameters, the angular width of the cone is
the same for any wave fragment in a medium; it is somewhat
less than that of the cone formed by the refractory tail of a
fragment. If two wave fragments traveling in the opposite
direction collide, they annihilate each other, Note that
traveling-wave fragments have previously been seen in ex-
periments with a different catalytic surface reaction {11,12];
however, they were present in large numbers and interacted
in a complicated way so that a study of the properties of an
individua! fragment was not possible.

In the foliowing we construct a phenomenological model
explaining the appearance of traveling-wave fragments and
demonstrate by numerical simulations that these phenomena
are reproduced when the state-dependent anisotropy is in-
cluded in a typical reaction-diffusion model to refiect the
microscopic picture of surface diffusion. ‘

The observed wave patterns can be explained qualita-
tively, if the excitability of the medium is effectively angle
dependent [6]. Suppose that along a certain direction the ex-
citability is sufficient to induce growth and curling of the
wave fragment while in the orthogonal direction it is so
fow that a fragment with this direction of motion should
shrink. A flat wave fragment propagating in the high excit-
ability direction would then first grow and curl. But, as curl-
ing proceeds and the propagation direction of the wave near
its tip is changed, the speed of the growth would diminish
because the medium’s excitability experienced by the mov-
ing tip is decreased. Since at larger angles the growth is
replaced by contraction, the tip would not complete in this
case a full rotation and produce a spiral wave. Instead, a
curved wave fragment traveling through the medium would
be produced.

FI1G. 2. Evolution of a single wave fragment for different ex-
perimental conditions in the catalytic surface reaction: (a)
p,,z=5.5><10‘ﬁ mbar, pno=1.8%107% mbar, T=580 K, the time
interval At between the frames is 3 s; (b) py,=4.6% 10~% mbar,
Pro=1.8X 107 mbar, T=620 K, At=30 s; (¢} pu,=44X107°
mbat, pyo=18%107°% mbar, T=620 K, Ar=30 s. Subsequent
frames are shifted to accommodate the entire traveling object. The
size of the frames is 75X100 pm.

In the kinematic theory of wave propagation in excitable
media [13,14] the narrow excitation zone is modeled by a
single curve. If a wave is broken, its tip corresponds to an
open end of this curve. Any element of the curve moves in its
normal direction with velocity V= V,— Dk depending on the
local curvature k of this element. Moreover, the curve can
grow or shrink at its open end with velocity G=Go— vkg
that depends on the curvature k at the end point; note that
G, reflects the effective excitability of the medium [6). if a
medium is anisotropic, both V and G also depend on the
angle a between the local propagation direction and the an-
isotropy axis. Suppose that the velocity G changes its sign at
a certain angle a,. Then, for higher angles, sprouting of the
tip is replaced by its contraction, When this occurs, sprouting
and curling of the wave fragment continues only until this
angle is reached and steadily traveling wave fragments with
a constant angular width of 2a, are thus produced. Figure 3
shows the evolution of wave fragments obtained by the nu-
merical integration of the kinematic equations for anisotropic
excitable media [5,6].

Since simple anisotropy could be scaled out by stretching
the coordinates—a transformation which does not change the

A TR PG A LTI F At apr et e
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FIG. 3. Kinematics of wave fragments. Time evolution of an
initially flat fragment with small perturbations near its open ends is
shown. The angular dependence of the tangential tip velocity is
Gu=A — B(sina)’, the normal propagation velocity is constant. The
vertical direction represents &«=0. The kinematical parameters are
Vo=15 D=10, y=15, B=1.0, and (a) A=15, (b) A=05, (c)
A=-05.

sign of the tip velocity—such behavior of the wave frag-
ments is possible only in reaction-diffusion systems with the
state-dependent anisotropy. In the catalytic surface reaction
considered here a state-dependent anisotropy is realized by
two different types of surfaces reconstructions induced by
atomic oxygen and nitrogen, respectively. While atomic oxy-
gen generates so-called missing-row type reconstructions
consisting of atomic troughs along the [110] direction,
atomic nitrogen gives rise to the Rh-N chains which are ori-
ented perpendicular to the direction of oxygen-induced
troughs [15-17]. Assuming that diffusional anisotropy is
merely determined by the substrate geometry, the change
from oxygen to nitrogen which occurs in the reaction front
causes a rotation of the anisotropy axis by 90°.

Pattern formation on catalytic surfaces can be described
by a two-component mode] with a fast activator variable (1)
representing an adsorbate coverage (changing rapidly due to
adsorption and reaction processes) and a slow inhibitor vari-
able (v) representing the degree of surface reconstruction
and acting as a negative feedback on the coverage [18]. In
order to demonstrate that a state-dependent diffusion anisot-
ropy explains the appearance of steadily traveling wave frag-
ments, we have numerically integrated a modification of the
well-known FitzHugh-Nagumo model for an excitable me-
dium given by equations

du={(u—u'3—v)ie+a[D(v)du}+a[D, (v)dul,
du=utb—av. (1)

Because surface reconstructions are nondiffusive, we as-
sume that spatial coupling is only due to diffusion of the
adsorbate represented here by the activator species u. As
noted above, under our experimental conditions the dif-
fusional anisotropy of the adsorbate (activator) species is
controlled by the surface structure. This state-dependent an-
isotropy of diffusion due to adsorbate-induced reconstruc-
tions is modeled in (1} by introducing a steplike dependence
of diffusion coefficients on the surface reconstruction vari-
able v,

Dla U‘<‘Ucril

D.=Dy, Div)={D. >y, (2)

Diffusion in the x direction is kept constant, but in the ¥

F1G. 4. Evolution of fragments in 2 numerical simulation of the
surface reaction. The model parameters are a=0.5, £=0.25,
Dy=025, D, =10, D;=3.0, vgy= —0.4415 and (2) b=0.97, (b)
b=1.12, {c} b=1.18. The y direction (which exhibits state-
dependent diffusion) is parallel to the vertical axis. The time step is
(0,000 18, the coordinate step is (.04, and the grid length is
345 512. Subsequent frames are separated by time intervals At
=2.0.

direction we switch the diffusion constant between two val-
ues, depending on the degree of reconstruction (v).

The results of numerical simulations are shown in Fig. 4.
When the excitability of the medium (controlled by param-
eter b in this model) is sufficiently high, a pair of counterro-
tating spiral waves develops from the initial flat wave seg-
ment [Fig. 4{a)]. Upon decreasing excitability, traveling-
wave fragments are found [Fig. 4(b)] which transform, at
still lower excitabilities, into the shrinking fragments [Fig.
4(c)]. The angular width of the traveling fragments shown in
Fig. 4(b) depends on the parameter b, and the parameter
window within which these patterns exist increases with the
degree of the state-dependent anisotropy in the system char-
acterized by the difference between D, and [)5.

As shown above, traveling-wave fragments represent an-
other type of persistent pattern in excitable media with state-
dependent anisotropy. Though the reported experiments have
been performed for a particular system with a catalytic sur-
face reaction, the theory is general and applies for excitable
systemns with state-dependent diffusion anisotropy of various
origins.

Financial support from the Alexander-von-Humboldt Stf-
tung and from the Volkswagen Stiftung is gratefully ac-
knowiedged.
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A bifurcation leading to the onset of translational motion of localized particlelike structures (spois)
in two-dimensional excitable media with long-range inhibition and global coupling is analytically and
numerically investigated. Properties of slowly traveling spots and effects of collisions between these

objects are studied.

PACS numbers: 82.20.Wt, 47.54.+1, 82.20.Mj

Recent experiments and numerical simulations [1-4]
brought attention to the phenomena of pattern formation
in two-dimensional reaction-diffusion systems which in-
volve localized particlelike structures (spots). A spot re-
presents a region filled with activator and surrounded by
a larger inhibitor cloud. Localized one-dimensional pat-
terns (standing and moving pulses or filaments) have been
also observed in semiconductor materials [5,6], in gas dis-
charge phenomena [7], and in chemical systems {8]. Ex-
plicit analytical solutions for stationary and moving pulses
(9-11] and for stationary two-dimensional spots [12] have
been constructed, and instabilities of one-dimensional lo-
calized patterns [10,13] and the onset of breathing and
static deformations of two-dimensional spots [12] have
been analyzed.

The aim of the present Letter is to investigate the
spontaneous onset of translational motion of stationary
two-dimensional spots. This instability may be viewed
as an analog of the meandering transition for spiral waves
(see, e.g., [14]) or mobility onset for defects in coupled
chaotic map lattices [15], which play an important role in
the transition to developed reaction-diffusion turbulence.
We find that the bifurcation is supercritical only in the
presence of sufficiently strong global coupling. Near such
a bifurcation an excitable two-dimensional medium with
long-range inhibition exhibits a special kind of pattern—
localized steadily moving spots filled with activator and
surrounded by a large cloud of the inhibitor. As the
bifurcation point is approached, their velocity gradually
decreases and they transform into stable static spots.

We consider a reaction-diffusion system described by
the equations:

b= —u+ Hu—a) — v+ Vu,

Tv = pu— v + L'V, (1)

where H (z) is the step function, H(z) = 0 for z <
0 and H(z) =1 for z > 0. This system represents a
variant of the Rinzel-Keller model [16] with additional
diffusion of the inhibitor v. We study the case when
the diffusion length L of the inhibitor is much larger
than the diffusion length of the activator u, which is
equal to unity in our notation. Therefore, we choose L =

0031-9007/94/73(23)/3165(4)$06.00

e ' and 7 = (eg)”), where ¢ < 1 and ¢ = L/7 is an

independent parameter. The system has a stable uniform
stationary state (u = v = 0) with the excitation threshold
a. Global coupling is introduced similar to Refs. [8] and
[17] by assuming that the threshold o depends on the total
activator and inhibitor concentrations in the medium, i.e.,
that a = ag + a (s — sp) where

S—f(u+v (2)

and a is a positive coefficient.

We look first at the one-dimensional case where sta-
tionary and propagating pulse solutions could be explicitly
constructed using the singular perturbation approximation
[10.11). We generalized this construction in order to in-
clude the effects of global coupling. Figure 1 shows the
obtained bifurcation diagram for localized stationary and
traveling solutions of Eq. (1) in the limit ¢ — 0. As long
as parameter o = L /7 is large, a stationary pulse (with ve-
locity ¢ = 0) is the only nontrivial stable solution. When
o is decreased, the stationary solution loses its stability and
at ¢ = 0.179 it gives rise o two traveling pulses with op-
posite velocities. In the absence of global coupling the bi-
furcation is subcritical so that moving and standing pulses
can coexist in a certain parameter interval (cf. [11]). Suffi-
ciently strong global coupling makes it supercritical (it also
suppresses the breathing instability of pulses not shown in
Fig. 1). When the bifurcation is supercritical, the velocity
of pulses is vanishingly small at the critical point and their
profile is close to that of a stationary pulse.

Standing one-dimensional pulses correspond (o station-
ary spots in two-dimensional media. However, not every
moving pulse gives rise to a traveling spot in two dimen-
sions. To suppress spots from blowing up into spatially
extended patterns (i.e., into propagating excitation waves),
sufficiently strong global inhibitory coupling is required.

A mathematical method for the stability analysis of
two-dimensional localized patterns in excitable media
with long-range inhibition has been proposed by Ohta
et al. [12]. Since the boundary of the excited domain,
forming the core of the spot pattern, is narrow when
the parameter & in Eq. (1) is small, its width can be
neglected and it can be represented approximately by a
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FIG. I. Velocity of traveling pulse solutions of Eq. (1) as a
function of o in the limit of £ — 0 for the one-dimensicnal
case. Curves |, 2, and 3 correspond to different coupling
strengths (@ = 0, 0.1, and 0.2, respectively). Dashed lines
indicate unstable solutions. A stationary pulse (¢ = 0} is stable
for o > 0.179.

single closed curve I. Since the boundary of the core
is essentially an activator front, its motion is controlled
by the local inhibitor concentration. The activator is
produced inside the region bounded by curve I' but can
diffuse out of this region. Because the second equation
in model (1) is linear, a closed dynamical equation for the
motion and time-dependent deformations of the curve T’
could be constructed. Because of inhibitor diffusion, it
contains retarded interactions between distant elements of
the boundary curve. The stability analysis is thus reduced
to the investigation of small perturbations of the steady
solution of this equation describing a stationary spot. This
method was used to investigate the stability of stationary
spots with respect to their radia} breathing and asymmetric
static deformations {12). We have applied it to analyze
the instability leading to translational motion of spots in
the presence of global coupling.

Omitting the dertvation, which is performed following
the steps outlined above in close analogy to Ref. [12],
we find that the increment z of growth of perturbations
representing a small shift of the activator core is given by
the root of the equation F (z) = 0 where

F{Z) =0z — fPUl (P) K (P)
—[1(,0\.'1 + Z)Kl(p\!'l + Z)] (3)

Here /, (x) and K, (x) are the modified Bessel functions,
p = (1 + u)'"* R is the rescaled radius R of the stationary
spot, and the coefficient £ is approximately given by
£ =4u(l + x)** The radius is determined by the
same set of matching equations as in Ref. [12] with the
only change that in the presence of global coupling the
threshold a in these equations becomes a function of
the radius, i.e., a = ag + a (s — sp), where s is the total
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excited area [when only one spot is found in the medium,
s = mp?(1 + u#)”']. Note that the radius of the spots
does not depend on the parameter o,

Equation F (z) = 0 always has a root z = 0 due to the
invariance with respect to translations of the whole local-
ized solution. A nontrivial perturbation mode consists of
a shift of the activator core against a fixed background
of the inhibitor distribution. At the onset of translational
motion, the real root z associated with this mode changes
its sign and becomes positive. Thus, the function F{z}
must have a doubly degenerate root z = 0 at the critical
point. Requiring that dF /dz = 0, we find that stationary
spots become absolutely unstable with respect 1o the onset
of translational motion for ¢ < o, where

. = a—é;{n () [Ko (p) + K2(o)]

—Ki(p) lo(p) + L(p)]}. (4)
For the system without global coupling, Fig. 2 shows the
boundary for the onset of translational motion given by
Eq. (4) and the boundaries of instabilities with respect to
breating and static deformations of the spot derived in
Ref. [12]). We see that upon decreasing the control pa-
rameter o the bifurcation leading to the onset of transla-
tional motion is preceded by the breathing instability of
stationary spots. When the excitation threshold a is de-
creased at fixed o, the radius of stationary spots grows,
and they undergo static deformations (which may lead to
the development of labyrinthine patterns, cf. [18]).

Note that the excitation threshold @ = ag + a (s — s0)
is not changed by any transformation that conserves the
total excited area s given by (2). If 5o is chosen equal
to the value of s for a stationary spot without global
coupling, stationary spots under strong global coupling
have the same shape and radius as in its absence (e,
for @ = 0). At the bifurcation leading to the onset
of translational motion, the spots are moving slowly
(with ¢ — 0) and have practically the same shape and
total excited area as the stationary ones. Therefore, the
boundary of this bifurcation (given by curve ¢ in Fig. 2) is
not sensitive to global coupling when this choice is made.
However, it slabilizes slowly moving (and stationary)
spots by preventing their blowup.

We performed numerical simulations of spots in the
vicinity of the boundary ¢ of the bifurcation to trans-
lational motion for different values of the global cou-
pling coefficient . The numerical simulations of spots
in model (1) meet certain difficulties. They are caused
by a large difference in the diffusion lengths of activa-
tor and inhibitor species (in our simulations the ratio of
two diffusion lengths was & = 0.125). When a standard
forward Euler scheme is chosen, this would lead to enor-
mous computation times. The computational speed can
be much enhanced if the grid size of the inhibitor is ad-
justed, so that the resolutions of activator and inhibitor are
equal with respect to their characteristic lengths. More-
over, we speed up the simulations by using different time
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FIG. 2. Bifurcation diagram in the plane (a,c) for the
two-dimensional case without global coupling, & = 0.125.
Stationary spots exist to the left of the vertical boundary s¢.
A stationary spot is unstable with respect to the breathing
instability below boundary b; it is unstable with respect to static
deformations of angular symmetry n = 2,3,4,5,... to the left of
the vertical boundaries 5,. Curve  gives the boundary of the
instability resulting in translational motion.

steps for the integration of « and v, each time step given
by the stability boundary of the numerical scheme. In
this way not only do we reduce the number of grid points
for the inhibitor field by nearly 2 orders of magnitude,
it also allows us to use 10?-10° times larger time steps.
To obtain the values of v at grid points and time steps
at which they are not calculated explicitly, linear inter-
polation is applied. A further increase in the speed of
calculations is achieved by altering the original variable
i« to the new variable @ = u + v in Eq. (1). It could be
shown that this combination (exponentially) vanishes out-
side the spot. This means that we can use in this region
an “active” procedure for the calculation of the Lapla-
cian proposed by Barkley [19]; i.e., we do not compute it
whenever the value of & falls below a preset value (which
was 107% in our calculations).

Our simulations demonstrate that breathing instability
is suppressed by strong global coupling and that the sys-
tem exhibits a supercritical bifurcation leading to the onset
of translational motion of spots. Figure 3 shows (i) a sta-
tionary spot and (ii) a slowly moving spot slightly below
the critical point o, = 0.108 for & = 5.0. We see that
the transformation to moving spots is accompanied by a
shift of the activator domain (white contour in Fig. 3} with
respect to the inhibitor cloud, which makes the pattern
asymmetric. The presence of strong global coupling is
essential for the existence of traveling spots: If we grad-
ually decrease the coupling coefficient o while keeping
other parameters fixed, the moving spot expands, elon-
gates in the transverse direction, and finally transforms
into an extended propagating wave pattern (Fig. 4).

Steadily moving spots obtained as a result of the
bifurcation represent a special type of spatiotemporal
patterm in two-dimensional excitable media. We have

U v
06
04 v
0.2F -
ob—
15 ¥ 15 15 0 15

FIG. 3. Gray-level representation and profiles of a stationary
spot (left, & = 1.0) and a traveling spot close to the onset of
translational motion (right, ¢ = 0.0975); other parameters are
u =30 L =280 a =0275 =350, and 5, = 0.03. The
gray-scale representations show the distribution of the inhibitor;
the white contours show the activator interface.

numerically investigated collisions between such spots.
Close to the bifurcation point, elastic scattering of slowly
moving spots has been found [Fig. 5(a)l. The spots
approach one another, slow down, change the direction
of their motion, and move away. Characteristically, the
regions filled with the activator do not come into contact
in such a collision. Bouncing results from an increase
of the inhibitor concentration in the region between two
colliding activator cores. Under the same conditions,
slowly moving spots were found in our simulations to
scatter from no-flux boundaries of the medium.

Frontal collisions between faster moving spots found
farther away from the bifurcation point {Fig. 5(b)] lead
to the formation of a single bound state where the cores
of two spots are fused together. After a while this
bound state breaks apart and gives rise to spots which
move away in a direction perpendicular to the originai
direction of motion of the particles. In contrast to this,
an oblique collision (Fig. 5(c}] ends with the formation of
one larger stable moving spot; i.e., the collision between
the particles is in this case inelastic. The effect of inelastic
collisions demonstrates also the multiplicity of traveling
spot solutions: instead of a few smaller spots the medium

FIG. 4. Transition from a localized moving spot to an ex-
tended propagating wave pattern as the coupling strength is de-
creased: (@) @ = 5.0, (b) @ = 1.0, (c) a = &, o = 0.05; other
parameters are the same as in Fig. 3. For the activator (in-
hibitor) field, 400 x 400 (50 X 50) grid points were used.
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FIG. 5. Collisions between moving spots. (a) Close to the
onset of translational motion (o = 0.0975), colliding spots are
elastically scattered. (b) Frontal collision of fast-moving spots
(o = 0.05) leads to a 90° change of the direction of motion.
(c) Oblique collision of fast-moving spots (& = 0.03) results
in a single-moving spot of a larger size. The parameters were
chosen as in Fig. 3, but sp = 0.06 {activator field: 800 % 400,
inhibitor field: 100 X 50).

may form a larger spot, providing that the total excited
area s remains approximately constant. When inelastic
scattering is possible, a moving spot can stick 10 a no-flux
boundary and continue motion along it.

Though our study has been confined to a particular
model, we believe that its results illustrate generic prop-
erties of excitable media with long-range slow inhibition
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and global coupling. Traveling spots may represent funda-
mental elementary patterns in such distributed dynamical
systems, as typical as spiral waves in more usual excitable
media with short-range slow inhibition. Remarkably, a
population of traveling spots would behave as a reactive
gas of self-moving particles. A challenge is to construct
the statistical mechanics and “chemistry™ of these objects.

The authors are grateful to M. Liibke for preparation of
some of the drawings. The financial support from Alexan-
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drift of local oscillation phases [6]. *‘Amplitude
turbulence’ displays rapid local variations of both
the real amplitude and the phase, which can be
attributed to the presence of defects [6,7]. The
oscillation amplitude is greatly reduced in the
center of a defect and the oscillation phases on
the left and right sides of it are considerably
different; the defects are closely related to the
family of exact solutions obtained by Bekki and
Nozaki [8]. Extensive statistical investigations of
such chaotic regimes have been performed in
Refs. [9.10]; they show that these regimes are
characterized by the presence of only short-range
spatial correlations and by a great number of
unstable modes.

Recently, the action of external periodic forces
on the system described by CGLE has been
studied [11,12]. By applying a sufficiently strong
force, the stabilization of uniform osciilations
could be achieved. However, the efficiency of
such external control is toc sensitive to the
choice of the modulation frequency: large forces
are needed out of the complete resonance.

It is known that the behaviour of large osciilat-
ory populations can be modified by introduction
of global coupling between the oscillators. Such
coupling 1s equivalent to application of a periodic
force which is collectively produced by all ele-
ments in the population. Strong global coupling
can synchronize oscillations in heterogeneous
systems with a random distribution of oscillation
frequencies [6]. In uniform populations, global
coupling can lead to formation of clusters and
emergence of chaotic collective dynamics
(13,14].

In some experimental situations, a distributed
oscillatory system may have both local and
global couplings between its elements. In surface
chemical reactions, the local coupling between
the surface elements is due to diffusion in the
surface plane while the global coupling is pro-
duced by interactions through the gas phase,
where rapid mixing is realized [15]}. The effect of
global coupling in such oscillatory chemical reac-
tions have been considered in [16-21]. A simple

model of global coupling is oscillatory chemical
reactions [17,18] represents the complex Ginz-
burg-Landau equation with an additional linear
term that is proportional to the spatial average of
the complex oscillation amplitude. Under certain
conditions, global coupling can suppress turbu-
lence, leading to standing waves and uniform
oscillations {19}].

Global coupling can be viewed as a form of
the feedback. Though in some experimental
situations such global interaction is a natural
property of the system, it can also be artificially
mmplemented to control the behaviour of systems
of various origins. In practice, however, the
control methods based on artificial global cou-
pling would meet serious difficulties. Indeed, the
global feedback can be introduced in many
different ways and, generally, it would be char-
acterized by a large number of free parameters.
How to choose these parameters and which of
them should be varied in order to produce
synchronization is far from clear. Alternatively,
one can try first to derive the complex Ginzburg-
Landau equation for a considered system near
the Hopf bifurcation and then use the computed
CGLE coefficients to fix the control parameters.
But calculation of these coefficients is a cumber-
some procedure. Moreover, analytical knowl-
edge of full dynamical equations describing the
experimental system would then be required.

In this paper we suggest to use the delayed
global feedback. We show that in this case there
are two simple parameters whose variation is
sufficient to impose the synchronization. They
are the intensity of the control signal and the
delay time. By varying them, turbulence can be
suppressed, irrelevant to the values of the CGLE
coefficients and the coupling parameters.

In the next section we formulate the method
and perform preliminary anatysis of the dynam-
ical equations. The stability investigation of
uniform oscillations in the presence of the con-
trol signal is carried out in Section 3. The
numerical simulations of the control problem are
the subject of Section 4. The paper ends with
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PHYSICA D

Nonfinear Phenomena

Instructions to Authors

Submission of papers .
Manuscripts should be sent in triplicate to one of the editors or
coordinating editors with preference given to those whose
interests appear lo be close to the subject of the paper (addres-
ses given on the inside front cover page).

Submission of a paper will be taken to imply that it represents
original work not previously published, that it is not being
considered clsewhere for publication, and that if accepted for
publication it will not be published elsewhere in the same form,
in any language without the consent of the pubiisher.

The master copy and original drawings will be returned to the
authors in case their paper is not accepted for publication.
Proposals for review articles (approximately 500-1000 words)
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Cellular Structures in Catalytic Reactions with Global Coupling
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By employing mirror electron microscopy (MEM) to image the Pu 110) surface during the catalytic
oxidation of CO we observe that a fine cellular structure (typical dimension [ -5 pm) develops under
conditions at which rate oscillations occur. Based on an analysis using the complex Ginzburg-Landau
equation, it is demonstrated that such a structure forms generally in an oscillatory medium in the
presence of global coupling. {S0031-9007(96)00111-1]

PACS numbers: 61.16.—d. 82.20.Mj, 82.65.Jv

Global coupling plays an important role in a large num-
ber of dynamical systems ranging from the biological
{1.2] and chemical {3] to phenomena more familiar to
physicists such as gas discharges and transport processes
in semiconductors [4-6]. ks effect can also be studied
in oscillatory catalytic surface reactions where different
reacting parts of a surface are coupled via partial pres-
sure variations in the gas phase. In these reactions a large
variety of spatiolemporal patterns have been observed in
low pressure (p < 10~? mbar) single crustal experiments
(7.8] using photoelectron emission microscopy (PEEM),
a technique which allows paralle! imaging of the surface
with, typically, a field of view of 200 um and a resolu-
tion of 1-10 um [9]. Global coupling results in a type
of pattern that is not seen in simple reaction-diffusion sys-
tems and has the form of a standing wave. An example
is provided by the oxidation of CO on a P(110) surface
[10-13]. Using mirror electron microscopy (MEM) at
a resolution better than 0.1 um we report in this Letter
the observation of a fine cellular structure which devel-
ops during the latter reaction. We atiribute the forma-
tion of such a structure to global coupling since it only
exists under conditions at which rate oscillations are ob-
served. Using simulations based on the modified complex
Ginzburg-Landau (CGL) equation, which describes an 0s-
cillatory medium, we demonstrate that a cellular structure
similar to the one seen in the experiment can indeed be
observed if global coupling is taken into account.

During catalytic CO oxidation molecular oxygen read-
ily dissociates on the P(110) surface into adsorbed atomic
oxygen (0,s) which reacts with adsorbed CO (CO ) 1o
form the product CO, which in turn rapidly desorbs from
the surface. Rate oscillations arise in this system through
the coupling of the reaction with the 1 X 1 — 1 X 2
phase transition which is controlled by a critical cover-
age of CO {8].

As in previous investigations we study the re-
action under isothermal conditions at low pressure
(p < 1073 mbar) such that the UHV system is operated
as a pradient-free flow reaction. Global coupling is
present under these conditions as a consequence of mass
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balance in the reaction system requiring that oscillations
in the reaction rate are accompanied by variations in the
partial pressures of the reactants (typically ca. 1% of
pco) (7.8.14]. The MEM measurements were performed
in a low energy electron reflection microscope essentially
similar to the instrument described by Telieps and Bauer
[15]. MEM is extremely sensitive to both surface to-
pography and differences in work function; it provides
sufficient intensity for high temporal (0.04 s) and spatial
(=0.1 wm) resolution. The method is thus ideally suited
for investigations of dynamic phenomena at surfaces
[16,17]. The electron energy in the present experiments
was chosen such that depending on the tocal work func-
tion some electrons actually penetrate the surface and are
not reflected. Areas with low work function then appear
black, i.c., the contrast relative to PEEM is reversed. The
Pt(110) sample used was freshly prepared and cleaned by
a combination of Ar ion sputtering, heating in oxygen at
700 K (po, = | % 107° mbar) and annealing to 950 K.
For partial pressures of the reactants in the 1073 mbar
range at T = 430 K, the reaction rate was initially station-
ary and target patterns as well as rotating spiral waves were
observed [10,17]. For a certain set of parameters, how-
ever. the rate did not remain stationary but oscillations de-
veloped within a few minutes. These were accompanied
by the formation of the spatiotemporal patterns shown in
Fig. 1. The first frame shows an oxygen-covered Pi(110)
surface with a large structural defect imaged as a dark
circular area. The step bunch structure of the surface 1s
clearly visible [16,18]. Smalil CO islands, which are im-
aged as dark areas, now begin to nucleate (frame 2) and, as
they grow, a cellular structure develops (frame 3). This is
more clearly seen in frame 4. (Note that in PEEM the re-
verse contrast pertains: oxygen-covered areas are dark and
CO-covered areas light [10].) A network of thin bright
lines (“membranes”), which do not necessarily coincide
with the step bunch structure, divides the CO-covered sur-
face into an array of individual cells. The cells then merge
(frame 5) and a relatively uniform state of the CO-covered
surface is established. After that the surface gradually
returns to the state where it is covered with oxygen {(an

© 1996 The American Physical Society
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F1IG. 1. MEM images showing the development of a cellu-
lar structure during rate oscillations in catalytic CO oxida-
tion on P(110). Depicted is a cycle of 10 s duration which
is smaller than the period of the rate oscillations (24 5). Ex-
perimental conditions: T = 430 K, pco = 0.54 X 107> mbar,
po, = 1.3 X 107° mbar.

intermediate stage is shown in frame 6). In this parucular
experiment the cycle just described took 12 s and, subse-
quently, the surface remained oxygen covered for another
11 s. Then, in a very rapid cycle of only about 1 s dura-
tion, the surface again goes through the sequence of pat-
terns displayed in Fig. 1 but in the reverse order. The total
time of 24 s is also the period observed for the measured
rate oscillations corresponding to some kind of integral be-
havior over the whole surface.

The process through which global coupling gains con-
trol over the reacting surface is illustrated in Fig. 2. The
first frame shows the situation where the reaction rate is
still stationary and target patterns are present on the sur-
face. With the onset of oscillatory behavior, the target
pattern breaks up and a complex pattern of propagating
waves is formed (frame 2). Subsequently, small CO is-
lands begin to nucleate in the region directly in front of
the propagating CO wave (frame 3). This further results
in the complete disintegration of the CO waves and leads
to the formation of the cellular structure shown above in
Fig. 1. The whole process can be regarded as an induc-
tion period since the development of the rate oscillations
lakes place without any further change of the parameters.

For understanding the nature of the cellular structure. it
is important to note that the network only forms when
rate oscillations develop. i.e.. when global coupling Is
effective. In this respect, the situation resembles the
occurrence of standing waves that were found earlier in
the same system at higher temperature (540-550 K) [10].
However, in contrast to the standing waves which form
a rapidly oscillating stripe pattern with a wavelength of
ca. 20-50 um and a period of a few seconds, the cellular

FIG. 2. Transformation of a target patiem intc a cellular
structure occurring as rate oscillations develop, time in minutes.
Experimental conditions essentially identical with those of
Fig. 1.

structure exhibits a characteristic size of about 1 xm and
a period of the order of 1 min.

In the experiment shown in Fig. 1 the cellular structure
was observed 1o stay at exactly the same position for
over 80 oscillatory cycles (ca. 30 min), showing that the
structure is probably pinned by the structural defects of
the substrate. On the other hand, the propagation of
the chemical waves is not significantly influenced by
structural defects, as shown by the smooth boundaries of
the fronts in frame 1 of Fig. 2. Further, the structure of
the “membranes™ does not necessarily correspond to that
of the surface microtopography, as we have noted above.
We thus conclude that although the cellular structure may
be pinned by the defects, their influence alone is not a
sufficient explanation of the origin and properties of the
structure and that the effects of global coupling have to be
taken into consideration. .

In order 1o demonstrate that global coupling can indeed
lead to cellular structures we have performed simulations
with the CGL equation which we have modified to take
global coupling into account. Our previous investigations
of this model have shown that it describes qualitatively the
various effects of global coupling in oscillatory systems,
such as the breakdown of synchronization caused by
defects [19,20]. spontaneous formation of phase domains
[20], and development of standing waves [13].

The modified CGL equation is given by

hoe= (1 - iw)n — (1 +iB) Iy
+ {1 + ie})Vin + pe'¥7, (nH

where

7= éf nix,1)dx (2)

is the spatial (surface} average of the jocal complex
oscillation amplitude n(x.f) and S is the total surface
area. This equation describes a population of small-
amplitude limit-cycle oscillators which are coupled both
locally (due to diffusion) and globally. The nonlineanty
in a single oscillator is specified by the parameter B.
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while the ocal coupling is characterized by the parameter
£. The last integral term in Eq. (1) can be interpreted
as a driving force that is produced collectively by all
oscillators in the population and applied back on each of
them. The intensity of global coupling is characterized by
the coefficient w: the factor x in the last term takes into
account a phase shift between the driving force and the
average amplitude 7.

If the condition |1 + ¢8 < 0 is satisfied. uniform
oscillations in this system are stable at sufficiently strong
intensities & of global coupling inside a window of the
parameter y. When u is decreased, they first become
unstable with respect to the growth of a mode with a
certain wave number kg and the same frequency as that
of uniform oscillations [12]. The growth of this mode is
limited due to further nonlinear interactions. In a two-
dimensional system, a simple extension of such a mode
yields a periodic stripe pattern. Although such patterns
are occasionally seen in our numerical simulations, the
typical pattern is a hexagonal array of cells, as in the
case of external periodic forcing {21]. The origin of a
cetlular structure lies in the fact that, in two dimensions,
the whole family of modes with the wave numbers k
satisfying the condition |k| = ko becomes simultaneously
unstable, The nonlinear interactions may then enhance
the growth of triplets of such modes with wave vectors
satisfying the condition k| + k; + k3 = 0. These give
rise to a hexagonal cellular structure (Fig. 3).

In contrast to cellular structures formed by a Turing in-
stability in chemical reaction-diffusion systems [22,23], a
cellular structure in the oscillatory system considered does
not correspond to a stationary distribution of reactants. In
such a pattern, both the modulus of the local oscillation
amplitude and its phase are spatially modulated.

o0 0
FAYEEE R R
» . - 8 8

FIG. 3. Time-dependent cellular structure obtained by nu-
merical integration of Eq. (1) with 8 = —14, g =20, u =
0.245, x = 18w, and w = 0.1 for the system of linear size
L = 100 with no-flux boundary conditions. Spatial distn-
butions of the local oscillation phase ¢(x.r) = arg[n(x.1)]
al subsequent time moments within one oscillation cycle are
shown (from top left Lo right bottom). The phase varies from 0
to 27 and the darker regions correspond to its smaller values.
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We have found that oscillations in different cells are syn-
chronized in time. Starting from random initial conditions,
irregular patterns representing strongly distorted hexagonal
arrays are produced (the relatively regular pattern shown
in Fig. 3 is obtained after a long transient process). The
characteristic time scale for motion of cell boundaries in
the process of relaxation towards a more ordered state are.
however. much larger than the oscillation period.

Comparing the typical evolution of a cellular structure
in Fig. 3 with the behavior of cellular structures in the
experiment, a number of similarities can be noted. As
a new cycle of oscillations begins, small “islands™ are
formed in the centers of the cells (frame 2 in Fig. 3).
They grow (frame 3) and form a hexagonal network
(frame 4). After that, the islands merge (frame 5) and
a relatively uniform state (frame 6) is established. This
state then gradually transforms into the initiai state shown
in the first frame. However, there is also a difference.
Each cycle in the experiment consists of two subcycles
of significantly different durations. The model (1) is
constructed assuming oscillations are almost harmonic; it
therefore cannot reproduce such more complex situations.
Only the main part of the experimental cycle thus agrees
with the simulation.

The exact nature of the cellular pattern in terms
of surface structure and adsorbate coverages in the
system Pt(110)/CO + O, is not yet quite clear. Al-
though the pressure range of our experiment was below
ca. 107% mbar beyond which a faceting of the Pt(110)
surface is known to occur, it cannot be ruled out that
a certain amount of reaction-induced roughening (on a
microscopic length scale) might play a role [24,25]. This
would not, however, invalidate our theoretical analysis
as long as the structure still originates from the effect of
global coupling on an oscillatory medium and not from
specific properties of the system investigated.

[n summary, by employing MEM we have demon-
strated that a cellular structure develops under oscillatory
conditions in the system Pi(110)/CO + O. Since a the-
oretical analysis with a rather general model yields similar
cellular structure, we conclude that the experimentally ob-
served structure represents a new type of pattern existing
in oscillatory media in the presence of global coupling.
Analogous patterns can be expected in other systems.
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Using an enzymic reaction with allosteric product activation as example, we show that allostericaily regulated
reactions in small volumes may develop strong microscapic correlations between individual molecular reaction
events. Such correlations lead to coherent synchronous activity of the enzymic molecular population which
is revealed in frequent periodic spiking of the reaction.

1. Introduction

The best known examples of self-organization in chemical
reactions are provided by the waves in the Belousov—Zhabot-
insky reaction,'? the glycolytic oscillations,? and the spatiotem-
poral patterns formed in the processes of heterogeneous
catalysis.* Their theoretical description is based on the rate
equations for concentrations of reacting species and the reac-
tion—diffusion models. But such phenomena do not represent
the only possible kind of self-organization. As shown in this
paper, strong deviations from equilibrium can under certain
conditions develop already at the kinetic molecular level, leading
to the microscopic coherence in a reacting system.

The difference between macroscopic and microscopic self-
organization can be illustrated by using an example of optical
oscillations. Coherence of light, generated by lasers, results
from synchronous transitions between energy levels in a large
number of optically active atoms. The characteristic property
of this process is the presence of strong microscopic correlations
between individual photon emission events in the atoms.

An optical system can also be constructed where the intensity
of the generated light would periodically vary with time, but
the light would not be coherent. In this system the individual
atomic emission events would not be correlated, and only their
mean rate, i.e., the intensity of the generated light, would be
modulated with time. Simple oscillations in the light intensity
represent an example of macroscopic self-organization, whereas
the coherence of individual atomic transitions, typical for the
lasers, indicates the existence of microscopic self-organization
in the considered system.

Analogous phenomena can be found in systems of chemical
reactions. Let us suppose that a reaction results in the release
of product P by molecules X. When oscillations in the reaction
rate are observed, the mean number of the released product
molecules varies with time. However, if we look at the
individual molecular reaction events (i.e., the release of
molecules P by molecules X) within a short time interval, we
would find that they are statistically independent and follow
the Poisson disuibution. Such local equilibrium is characteristic
for all macroscopic chemical setf-organization phenomena.

The microscopic self-organization of a chemical reaction
means that individual molecular reaction events should be
strongly correlated at microscopic scales, about the duration of
& single reaction event. In the considered example, it means
that a large part of molecules X in the entire molecular
population would synchronously release the product molecules
P, and thus a spike in their concentration would be created.

# Abstract published in Advance ACS Abstracts, November 1, 1996,

This coherent reactivity would be an analog of coberent light
generation by lasers.

To reach microscopic self-organization, certain conditions
should be satisfied. In laser generation, the fundamental role
is played by the phenomenon of stimulated quantum emission,
in which a photon released by an atom can increase the
probability of photon emission by a different atom, provided
the latter is found in the excited state. It is also essential that
the photons have long free path lengths, and therefore distant
correlations can be established in the system.

In this paper we consider a hypothetical enzymic reaction

S+E—ES—P, [P]—0 (1)

where binding of substrate S by enzyme E is allosterically
activated by product P. If the substrate concentration is constant,
this reaction does not exhibit macroscopic rate osciilations.’
However, in small spatial volumes for sufficiently high intensi-
ties of the allosteric regulation periodic coherent spiking of the
catalytic activity of the enzymic population in such reaction
can develop. The onset of spiking represents an effect of
microscopic self-organization in the-considered chemical system.

In the next section we formulate the conditions under which
spiking can appear. The regulatory part of the reaction should
be fast. Such a reaction in large volumes would have been
diffusion-controlied. When, however, the size of the volume
is less than the correlation length of the reaction, correlations
extend over the whole volume. It is also important that the
duration of individual molecular catalytic cycles in such small
volumes 1s much larger than the characteristic diffusion-
controlled time scales, such as the mixing or the transit time
for the regulatory molecules.

When these conditions are satisfied, the population of
enzymes together with their regulatory molecules represents a
“molecular network”. A simple stochastic model of the reaction
1 in the regime of a molecular network is constructed in the
third section. Investigations of this model allow us to analyze
the onset of spiking and its basic properties, The paper ends
with the discussion of the obtained results and their possible
importance for the biochemistry of a living cell.

2. Molecular Networks

The microscopic molecular mechanism of the reaction 1
includes several stages. An enzyme molecule E binds a
molecule S of the substrate, and the substrate —enzyme complex
ES begins a sequence of conformational changes that ends, after
some time T, in the release of the product molecule P. When
the product molecule has left, the conformation of the enzyme
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molecule returns to the initial state. This recovery stage takes
some time T; during which binding of a substrate molecule
cannot cccur. Hence, only after the time Tq = 7, + T3, which
represents the duration of a molecular catalytic cycle, the
enzyme molecule can begin a new cycle. Note that thus the
molecular cycle has much in common with the sequence of
transitions in an excitable neuron.®

The initial binding of a substrate molecule is allosterically
regulated. We assume that the probability of binding of a
substrate by an enzyme in its resting conformation is small, It
becomes, however, greatly increased if an additional regulatory
molecule is bound to a different site on the surface of the
enzyme, and this, by means of cooperative interactions within
the enzyme macromolecule, facilitates the binding of the
substrate. It is assumed that the enzyme has only one binding
site for a regulatory molecule, and its binding can only take
place when an enzyme is in its resting state, i.e., when the
previous catalytic cycle is finished.

In the considered hypothetical reaction 1, the regulatory role
is played by the product molecules, and thus the reaction is
effectively autocatalytic. The product molecules decay, and
therefore their lifetimes are finite. To exclude immediate
triggering of a new molecular catalytic cycle by the product
molecule that has just been released by the enzyme, we assume
that the lifetime of a product molecule is shorter than the
molecular recovery time 7. Under this condition, the product
molecules can execute their regulatory roles only by traveling
through the volume and initiating the catalytic cycles of other
enzymes in the population,

Since traveling of regulatory product molecules is realized
by means of a random diffusion walk through the reaction
volume, characieristic diffusion times are important in determin-
ing the actual kinetics of this reaction.

The mixing time ty;, is defined as the time after which a
regulatory molecule, released at some point in the volame, can
be found with equal probability anywhere inside it. If the
volume has the linear size L and the diffusion constant of the
regulatory molecules is D, the mixing time can be estimated,
on the order of magnitude, as

tox = LD (2)

Another important characteristic time of the process is the
traffic time fmsmc, Which is defined as follows: Suppose that
we have released a regulatory particle somewhere inside the
volume that contains only one target enzyme molecule. Then
tmafiic TEprEsents the characteristic time after which the regulatory
particle will find this enzyme molecule and bind itself to the
atomic target group on its surface.

It should be noted that the last stage of this process could
actually be quite complicated and involve docking by electro-
static interactions and two-dimensional diffusion of the regula-
tory molecule over the surface of the enzyme until the target
site is reached.”® In our simple treatment we neglect all these
possible complications and assume that the regulatory molecule
performs free Brownian motion in the volume until it touches
a small target of radius R attached to the surface of the enzyme
molecule. Once touching has occurred, the regulatory molecule
becomes bound to the target site.

Because the molecular weight of enzymes is larger than that
of the regulatory molecules, the targets can be viewed as
immobile. Under these conditions, the characteristic traffic time
can be estimated using the concepts of the theory of diffusion-
controlled reactions.®!® In the order of magnitude, it is given
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by (cf. refs i1—-13)
toate = L/DR (3)

where R is the radius of a target. (If the size of the atomic
target group in the enzyme is comparable to the size of a
regulatory molecule, it should be replaced by the sum of the
two respective radii.)

Since the volume contains a population of N enzymes of the
same kind, we can also introduce the transit time fuang: that is
the time after which, on the average, the regulatory molecule
will find the first target (and bind to it). Assuming that targets
are independently and uniformly distributed through the reaction
volume, we have

Bransie = (UN)ru-afﬁc “)
or, explicitly,
toms = L'INDR (5

Note that Leoq = (Dtansie)? Yields the mean distance passed
by the regulatory molecule before it finds a target, and this
characteristic length can be considered as the correlation radius
of the reaction. This distance can be compared with the linear
size L of the reaction volume.

When L = L, the target will be found in a close proximity
of the point where the regulatory product molecule has been
released. Since the regulatory molecules, conveying information
about the reaction events, are trapped in this case not far from
the points where they have been produced, they cannot maintain
long-range correlations in the reacting system.

A completely different situation is found if the condition L
<« L., is satisfied, Now, the first target is found by the
regulatory molecule only after it has traveled extensively through
the reaction volume and has crossed it many times. It means
that the regulatory molecule would be able, with equal prob-
ability, to bind any of N enzymes in the population, no matter
where they are located inside the volume.

The latter condition can also be- expressed in terms of the
characteristic times of the diffusion problem, i.e., can be written
as

tmix = 'rnrnnsi( (6)
When the transit time is much larger than the mixing time, the
first target is found with equal probability anywhere in the
volume.

According to eq 3, the transit time is inversely proportional
to the total number N of enzyme molecules. Therefore, the
condition (6) can be satisfied only for sufficiently small numbers
of the enzymes. By putting i, = fangie, We derived the estimate
for the critical number of the enzyme molecules,

N,=LR ™

Thus, it is controlled in the order of magnitude only by two
parameters: the linear size L of the reaction volume and the
radius R of the atomic target group on the surface of the enzyme
molecule. When the number N of enzyme molecules is less
than N, the product-mediated allosteric interactions between
the enzymes extend over the entire reaction volume. Note that
eq 7 yields the critical enzyme concentration

¢, = VLR (8)

which decreases with the linear size L of the volume.
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Taking R = 1 nm as the characteristic size of the atomic
larget group, we see that the critical number of enzyme
molecules in the volume of size L = 0.1 um is N = 100, and
the respective enzyme concentration is ¢ = 107* M. If the
diffusion constant of the product molecules is D = 106 cm?¥/s,
we find from eqs 3-5 that the mixing time is fpi; = 0.1 ms,
the traffic ime is frzmc = 10 ms, and the wransit time for N =
Ne 18 Iansie = 0.1 ms.

The above characteristic diffusion times can be compared with
the duration Ty of a single catalytic molecular cycle. This time
has not been directly measured, but some estimates of its
magnitude could be obtained by measuring the maximal turnover
rate of an enzymic reaction. It is believed that this rate, reached
under the condition of the substrate saturation, is controlled only
by the molecular turnover.! Hence, Ty can be roughly estirnated
as the inverse of the maximal turnover rate. Thus derived, the
estimates for To may range, depending on a particular enzyme,
from as small as fractions of a microsecond to several seconds.
However, the fairly typical value would be about Ty = 10 ms.

Hence, for the reactions in submicrometer volumes involving
hundreds of enzyme molecules, this time is much larger than
both the mixing and the transit times in the reaction volume,

TO > rtrmsit’ tmix (9)
This is a remarkable result. In a macroscopic system, all
characteristic kinetic times of a chemical reaction are usually
much longer than the duration of a single molecular reaction
event, and therefore these events can be treated as instantaneous.
This forms the basis of the traditional kinetic theory formulated
in terms of the Markov random processes. We see, however,
that in very small spatial volumes for enzymic chemical
reactions the opposite Hmit may be realized, so that the
characteristic times of internal molecular dynamics of the
enzymes become larger than the kinetic times of the reaction.
When this occurs, the theoretical description of a chemical
reaction should be essentially modified,

The considered system can be viewed as a population of
active macromolecules that operate like molecular machines.
Each internal molecular cycle of an enzyme results in the
conversion of a substrate molecule into a molecule of the
product. The cycle represent a sequence of conformation
changes that can be understood as continuous motion along an
internal reaction coordinate, For allosteric enzymes, the mo-
lecular cycles can be externally controlled by binding of
regulatory molecules. Generally, arrival of a regulatory mol-
ecule can lead either to acceleration or slowing down at some
stages of a molecular cycle.

When regulatory molecules are produced by enzymes in the
satne population, this leads to interactions {or communication)
between the cycles of different enzyme molecules. If condition
(9) holds, the characteristic transport times of regulatory
molecules between the enzymes are short as compared with the
molecular cycle duration. Furthermore, if the transit time is
larger than the mixing time in the volume, a regulatory molecule
released by a given enzyme can influence, with equal prob-
ability, the catalytic cycle of any other enzyme in the population.
We have earlier suggested!>!* that such interacting populations
of active macromolecules should be called molecuiar nerworks.

In the presence of strong allosteric interactions, the internal
dynamics of individual enzyme molecules in such a network
can be so significantly influenced by the dynamics of other
enzymes that the whole system would perform coherent
collective evolution in the multidimensional phase space of
internal reaction coordinates, i.e., behave as a single dynamical
object.
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This coherence would be manifested in rigid correlations
between the individual catalytic cycles and the moments when
the product molecules are released by different enzymes. It
means that the catalytic activity of the network would represent
a sequence of sharp spikes, each corresponding to synchronous
firing of the product by a large fraction of enzyme molecules.

3. Stochastic Automata

To illustrate the general analysis of molecular networks, we
consider a simple stochastic model.’ In this model each
enzyme molecule is treated as an automaton that performs a
sequence of transitions between its internal states. The states
of this automaton are described by an integer phase variable ¢
which takes values between O and K,. The value ¢ = 0
corresponds to the rest state of the enzyme, where it is ready to
bind a substrate molecule; ¢ = 1 is the first state of the
substrate—enzyme complex. Firing of the preduct molecule
occurs at the state ¢ = Kj; the next K states until ¢ = X
correspond 1o the enzyme’s recovery (Ky = K, + K3). From
the state ¢ = Kj the enzyme goes to the rest state ¢ = 0.

Transitions can occur only at discrete time moments ¢, =
nAt, = 1,23, ... The transition from¢ =0togp =1, ie.,
binding of a substrate molecule by an enzyme, is stochastic and
characterized by a certain probability w. The subsequent motion
inside the cycle is deterministic: at each next time moment n
+ 1 the phase ¢ is increased by one until the state ¢ = K is
reached.

The population consists of N enzymes; the phase variables
of different enzyme molecules are denoted as ¢;, with i = [, 2,
..» N. The phase dynamics is described by the algorithm

$m) + 1, if0 < ¢fn) <K,
0, if ¢g(m)=K,
1) =11, with probability w, if ¢(m) =0
0, with probability 1 —w, if¢(n) =0
Whenever an enzyme passes through the state ¢(n) = K1, a
new product molecule is created. On the other hand, if the decay
rate of the product molecules per unit time step is g, any product
molecule can die with the probability g at each step. If m(r} is

the number of product molecules in the system at moment 7,
their number at the next moment n +1 is therefore given by

(10)

m{nt1)y=m'(n) — k (1)

where
N
m'tn) = m(n) + 3 Alpn)—K,) (12
=1

takes into account new product molecules that has been released
by the enzymes and k is the number of the product molecules
that have died. Since each product molecule can die per unit
time step with the probability g, the probability s(k|m”) that &
out of m’(n) molecules would die is given by the binomial
distribution

~ m'!
ki) = o =Bt

g —gm a3
Equations 11—-13 give the stochastic algorithm for the product
molecules in the system.

We must also include into the model the effects of allosteric
activation by the product molecules. Assuming that the
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Figure 1. Molecular chaos. The histogram of the distribution of the
enzymes over the cycle phases at a fixed time (a, top) and the evolution
of the states of all 100 enzymes during 200 subsequent time steps (b,
bottom); Ko = 20, K1 = 11, wg = 0.01, w; = 0.01, and g = 0.3.

conditions

Ty ™ toancis ™ i (14)
are satisfied for the considered reaction, each of the product
molecules in the volume can activate with equal probability the
catalytic cycle of any given enzyme.

Let wo be the probability of the spontaneous cycle initiation,
i.e., the probability that, per one time step, the enzyme in the
rest state ¢ = O binds a substrate molecule and hence a transition
to ¢ = | occurs. Suppose that if only one product molecule is
present inside the volume, there is a probability wy per one time
step that this product molecule would activate the cycle, i.e.,
produce a transition from ¢ = 0 to ¢ = 1. Thus, the parameter
wy characterizes in this model the intensity of the allosteric
activation. )

If the volume contains m product molecules, the total
probability w of cycle initiation in a given enzyme per one time
step can be found by first calculating the probability ¢ that the
initiation does not occur, and the enzyme remains in the rest
state. Since this can take place only if the spontaneous initiation
has not occurred and any of m product molecules has not
activated the cycle, we can write

g=(1—wo)(1 —wy)" (15)

Because the probability of the cycle initiation is w = 1 — 4,
we have at moment n

w=1-(1—w(i = w)" (16)

This completes the definition of the stochastic automaton model
of the reaction 1 in the regime of a molecular network.
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Figure 2. Enhanced fluctuations (w1 = 0.03 and K, = 11, other
parameters are the same as in Figure 1).

In the simulations of the stochastic reaction model, we take
Tp = 20 ms and choose At = 1 ms, so that the total number of
phase steps in the cycle is Ko = 20. The system consists of N
= 100 enzyme molecules, and the probability of spontaneous
cycle initiation is wp = 0.01 ms™!. The decay rate of the product
molecules is chosen to be g = 0.3 ms™!, so that their mean
lifetime is significantly shorter than the duration 7o of the cycle.
The parameters wy, characterizing the intensity of allosteric
regulation, and K = Ti/Af, specifying the phase inside the cycle
where the product molecule is relcased, are varied.

4. From Molecular Chaos to Coherent Spiking

By repeatedly applying the stochastic algorithm described in
the previous section, the evolution of the reaction system is
reproduced and can be investigated. In the first series of
simulations we fix X, = 11 {note that thus the product is released
in the middle of the cycle of the total duration Kg = 20) and
study how the reaction properties are changed as the intensity
of allosteric regulation, characterized by the parameter w; in
the model, is gradually increased.

As the initial condition in our simulations, we have always
chosen a state with random distribution over the cycle phases
and a small number of the product molecules. To eliminate
the transient effects, the iterations have typically been continued
for several thousands of time steps before the kinetic properties
of the reaction have been analyzed.

Figure 1a shows the histogram of the distribution of enzymes
over cycle phases at a fixed moment for the situation with weak
allosteric regulation (w; = 0.01). We see that about half of the
enzyme population is found in the rest state (¢ = 0), waiting to
bind a substrate. The remaining enzymes are uniformly, though
with some fluctuations, distributed over the cycle phases. The
cycles of individual enzymes are not correlated. This is clearly
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seen in Figure 1b that shows the cycles of all enzymes in the
population.

Each horizontal stripe in Figure 1b presents subsequent phases
¢, of a certain enzyme { as a function of time. The gray scale
representation is used to dispiay the phase values, with the black
pixels corresponding to ¢ = O and the bright pixels indicating
the maximal possible phase ¢ = 20. The vertical coordinate
gives the number / assigned to an enzyme in the population,
Note that, under the conditions of a molecular network, each
enzyme may interact with equal probability with any other
enzyme in the population, and hence the enumeration order is
arbitrary and irrelevant.

The reaction regime in Figure b has no significant correlation
between the cycles of individual enzymes, so that their phases
are random. It can therefore be classified as the state of
moiecular chaos.

We increase now the intensity of allosteric regulation to w;
= 0.03. This has a strong effect on the reaction conditions. As
seen in Figure 2a, the occupation number of the state with ¢ =
0 is not much larger than the occupations numbers of others
phase states. Therefore, the enzymes do not long wait now
before they bind a substrate molecule, and the cycle is initiated.
Since the probability wy of the nonactivated, spontaneous cycle
initiation is the same here as in Figure 1a, this implies that the
cycles are already to a large extent allosterically activated. The
fluctuations in the phase distribution in Figure 2a are enhanced
(and bursts of spiking occasionally occur). However, no
permanent temporal order can yet be discerned in the system’s
behavior (Figure 2b).

When the intensity of allosteric regulation is further increased
to w; = 0.05, a qualitative change in the system’s behavior
occurs (Figure 3a). The enzymic population breaks now into
two approximately equal groups. All enzymes belonging to the
same group have close cycle phases, and the shift of half the
cycle period is found between the mean phases of these two
groups.

Though the histogram in Figure 3a is given only for one
moment, it is fairly typical. As time goes on, two enzyme
groups oscillating with the phase shift of a half a period persist
in the system (Figure 3b). Occasionally, an enzyme may change
its allocation and move to the other group. Moreover, the phases
of enzymes inside a given group display some statistical
fluctuations.

Apparently, this kinetic regime is different from the state with
random, uncorrelated reaction events as shown in Figure 1. It
is characterized by the presence of strong correlations between
microscopic cycles of individual molecules in the enzymic
population. Since the product molecules are released when
enzymes pass through a fixed phase state, the product generation
rate would show in this case sharp narrow spikes (see also the
discussion below). The width of each spike is determined by
the phase variation within an enzymic group, and the time
period, separating two subsequent spikes, is half of the duration
of a single molecular cycle Tg. Thus, coherent microscopic
spiking in the enzymic activity is the characteristic property of
such microscopically organized reaction regime.

To understand why two enzyme groups become formed in
the system, we should recall that, in the above series of
simulations, the product molecule is released at about the middle
of the reaction cycle (i.e., Tg = 27T7). Because the lifetimes of
the product molecules are much shorter than the cycle duration,
synchronous osciilations of the entire population (formation of
single phase group) are not here possible (indeed, the product
molecules released in a spike would then have died before the
enzymes return to their rest states and can be again activated).
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Figure 3. Spiking with two enzymic groups (wy = 0.05 and K; =
11).

However, the enzymes may still break into phase groups with
the shift of half the oscillation period between them. In this
case, which is realized for the simulation in Figure 3, the product
molecules released by enzymes of the first group activate the
cycles of the enzymes belonging to the second group, and vice
versa.

These arguments indicate that the pattern of microscopic self-
organization in the considered reaction may depend on the
relationship between Ty and Tg (1.e., between K| = Ti/Ar and
Ky = Ty/Af). Therefore, in the second simulation series the
parameter K| has been varied.

The simulations have revealed the existence of spiking
regimes with a larger number of the enzymic groups. Figure 4
shows an example of spiking with three groups of enzymes that
has been observed at X; = 15. Because the phases of these
three groups are shifted by a third of the cycie period, they form
a loop where each group activates the cycle of the next one.
Since the number of the enzymes belonging to a group is now
smaller, they release less product moelecules in each spike, and
therefore, higher intensity of allosteric regulation is needed for
the onset of spiking.

The synchronous activity of the entire population (i.e., spiking
with only one group) has been observed for K; = 19. In this
case the recovery time is shorter than the lifeime of the product
molecules, and therefore the products released by the same group
can again activate it.

It is interesting that the synchronous activity has also been
found (Figure 5) in the situation when the product molecules
are released at an early stage of the cycle, i.e., for K;, = 3. This
effect has a different explanation. As seen in Figure 5a, the
phases of the enzymes inside the group now significantly vary.
When the “precursor” part of the group passes through the phase
stage ¢ = K|, it releases the product molecules that activate
the cycles in the central part of the enzymic group. Note that
the synchronization threshold (w; = 0.15) is then larger than
for the transition to spiking with two groups (cf. Figure 1).

N )
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Figure 4. Spiking with three enzymic groups (w, = 0.15 and K; =
15).
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Figure 5. Synchronous spiking of the entire enzymic population (w:
=0.15and K, = 3).

During the transient leading from the initial distribution with
random phases to the stable spiking regime with a certain
number of groups, a larger number of enzyme groups is first
formed. However, such additional groups later disappear by a
process which looks like competition between the groups. For
some parameter values, the intermittent behavior has been
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Figure 6. Time-dependent generation rate of the product molecules
(a) in the regime of molecular chaos (w; =0.01 and X, = 11} and (b)
for the spiking with two enzymic groups (w; = 0.07 and K, = i1}

observed: the bursts of coherent spiking alternated with the
periods of apparently chaotic activity.

An important property characterizing the kinetics of an
enzymatic reaction is the time-dependent product generation rate,
i.c., the number of new product molecules appearing at each
time step. When the molecular cycles of individual enzymes
in the population are not correlated, this rate randomly fluctuates
around a certain mean level (Figure 6a). The intensity of such
fluctuations agrees with that predicted by the Poissonian
statistics.

In contrast to this, when strong correlations between indi-
vidual molecular cycles are present, the product is released only
in short narrow spikes separated by time intervals where the
entire enzymic population is practically silent (Figure 6b). Each
spike is produced by action of the enzymes in a certain group.
The interval between two subsequent spikes is therefore equal
to the duration of a single molecular cycle divided by the number
of the synchronous enzymic groups in the system. Note that
random phase variations within an enzymic group lead to the
fluctuations in the amplitudes of the spikes that are seen in
Figure 6b.

5. Discussion and Conclusions

A living biclogical cell is a tiny chemical reactor where tens
of thousands of chemical reactions can simultaneously go on.
The very fact that these reactions proceed in a regular and
predictable manner, and properly respond to variations in
environmental conditions, already indicates a high degree of
organization in this system. .

The biochemical activity of a cell can be compared with the
operation of a large industrial factory or an assembly line where
certain parts are produced by a system of machines. The
products of one machine are then used by other machines for
manufacturing of their products.

Two possible general modes of operation of such a factory
can be imagined. In the asynchronous mode, the parts produced
by a given machine are first deposited in a common store and
then taken from the store by other machines, when these parts
are needed for further production. This kind of the organization
is not however optimal, since it requires large storage facilities
and many transactions. It becomes deficient when the inter-
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mediate products are unstable and can easily be damaged or

destroyed during the storage process.

When the synchronous operation mode is employed, the
intermediate products, required for a certain operation step in a
given machine, are released by other machines and become
available exactly at the moment when they are needed. Hence,
large storage facilities can be eliminated, and the entire
production process may run much faster. Apparently, such
synchronous manufacturing process tmplies much more com-
plicated management than the asynchronous operation mode.
In a real factory, this is achieved by careful planning and
external control of the production.

For a living cell, the role of the “machines” is played by
individual enzyme molecules. The asynchronous mode of
operation corresponds here to the usual kinetic regime of a
chemical reaction, where intermediate products or regulatory
molecules are stored in the solution. The synchronous mode
would represent a kinetic regime with strong temporal correla-
tions between the individual molecular cycles of different
enzymes. An example of such behavior is provided by the
phenomenon of coherent spiking, which has been considered
in this paper.

Remarkably, we have found that as the strength of the
allosteric regulation is increased, the synchronous kinetic regime
can spontaneously emerge in the reacting system, and despite
the stochastic nature of the process, no external control is
necessary to maintain this mode. This is a clear effect of self-
organization, which is however different from the macroscopic
phenomena of pattern formation in systems with chemical
reactions.

Our simple estimates have been performed for very small
volumes, which are characteristic of the intracellular compart-
ments. For the larger volumes, the mixing and traffic times
rapidly increase and become larger than the duration of a
molecular catalytic cycle. Therefore, similar synchronous
activity of the reaction in the volume of the micrometer size
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would be possible only for the enzymes with the slower turnover
rates, of about 1 Hz. The critical number of the enzymes in

such a volume 1s then about 1000, which corresponds to the
concentration of 1079 M.

The analysis given in this paper is only a first step toward
the detailed examination of microscopic self-organization in
biochemical reactions. This must be followed by the detailed
analysis of concrete reactions and particular mechanisms of the

allosteric regulation.
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Abstract

Turbulence in oscillatory distributed systems can be controlled by
introducing delayed global feedback and adjusting the feedback intensity
and the delay time. We investigate, numerically and analytically,
suppression of turbulence in two-dimensional systems described by the
complex Ginzburg-Landau equation. Different scenarios leading to the
onset of uniform oscillations are outlined. They involve destruction of
phase flips and spiral waves, appearance of breathing and stationary
cellular structures, and development of localized turbulent bubbles on

the background of uniform oscillations.
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1. Introduction

The complex Ginzburg-Landau equation (CGLE) represents 3 normal form
of a distributed dynamical system in the vicinity of a supercritical Hopf
bifurcation [1,2]. Though individual elements of a medium have in this
case simple regular dynamics, i.e. perform harmonical limit-cycle
oscillations, local diffusional coupling between them can produce
turbulence [3]. Because of its generality, CGLE has been extensively
studied both in its regular and turbulent parameter domains [4-14].
Using this model, such concepts as phase, amplitude, and defect
turbulence have been introduced [3,8].

In the previous publication [15], hereafter referred as Part |, we
have shown that turbulence in one-dimensional systems, described by
CGLE, can be controlled by introducing delayed global feedback and
adjusting the feedback intensity and the delay time. The aim of the
present paper is to formulate principal scenarios leading to suppression
of turbulence by global feedback in two-dimensional systems.

The dimensionality of a system is known 10 play an essential role
in the phenomena related to fluctuations and spatiotemporal chaos near
bifurcation points. For example, statistical fluctuations destroy long-
range order in one-dimensional equilibrium systems [16]. On the other
hand, resonant interactions between triplets of plane wave modes,
leading to the appearance of hexagonal structures under the Turing
instability [17,18], are first possibie only in two dimensions. Indeed, our
numerical and analytical studies of two-dimensional systems show new
patterns - stationary and breathing cellular structures, turbulent
bubbles on the background of uniform oscillations, and strings

representing extended amplitude defects.
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Under delayed global feedback, elements of a distributed
oscillatory system collectively generate a control signal that is applied
back to each of them after adding a certain delay. Depending on the phase
shift of the control signal, the feedback can be either negative or
positive, and thus it may alternatively suppress spatiotemporal chaos or
destabilize uniform oscillations. The principal role of delays is that
they modify phase shifts between the control signal and the oscillating
pattern. By changing the delay, the phase shift can be directly varied.

Though global feedbacks can be artificially introduced to control
the system's behaviour, such feedbacks may also represent an intrinsic
feature of a system. Particularly, global coupling is typical for low-
pressure experiments with surface chemical reactions where it is due
to strong mixing of reactive components in the gas phase, while local
coupling is provided by surface diffusion [19]. Effects of global coupling
have been observed in oscillatory surface reactions and discussed in the
framework of CGLE with instantaneous global feedback [20-25]. Hence,
results of our investigations can be helpful in the analysis of pattern
formation by such surface chemical reactions.

Extensive numerical simulations, performed by monitoring
responses of the considered system to variations of its parameters and
feedback properties, represent the main part of this work. Our primary
task is to adequately describe these observations.

The framework for our analysis is provided by previous studies of
GCLE in absence of global feedback and, especially, by the recently
constructed phase diagram for turbulence in this equation [13]. We also
use results of earlier investigations of CGLE with global coupling and
perform a more detailed stability investigation of uniform oscillations,
to analytically determine boundaries of the synchronization window and

properties of first unstable modes.
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Caution is needed when theoretical notions are applied to describe
properties of reaction-diffusion turbulence. Such basic concepts as
spiral waves, shocks, phase flips and Bekki-Nozaki holes, can safely be
used only in the parameter regions where the respective structures are
stable. However, these terms are also frequently employed to
characterize elements of irregular and chaotic patterns in a turbulent
state. Of course, in this case it can only be said that an object,
resembling a respective elementary structure, appears and exists for
some time, but later fades away or is replaced by another pattern.

For example, an object representing a shock is normaily produced
in a collision of two traveling waves. Inside a narrow spatial region,
where annihilation of the waves takes place, the oscillation amplitude
is then increased and the oscillation phase has a local minimum. But
objects with similar properties are also observed in phase turbulence,
where they form boundaries of irregular cells, or in turbulent bubbles,
where they form membranes separating these bubbles from the area
with uniform oscillations. We still describe them as 'shocks', though
such objects are no longer associated with collisions of traveling
waves.

There is uncertainty concerning the question which objects in a
turbulent state should be classified as spiral waves. Except for the
state of frozen turbulence, where a medium is occupied by a few
steadily rotating spirals, spiral-shaped arms are not seen in turbulence
simulations. Spiral waves are sometimes attributed to the presence of
phase singularities, so that whenever phase singularities, 1.e.
topological defects, are found in a medium, it contains fragments of
spiral waves. Such a description can, however, be misleading. Though
phase singularities can indeed lie inside small cores with a decreased

oscillation amplitude, like in the center of a steadily rotating spiral,



such singularities may also be attached to an extended amplitude defect,
better classified as a 'string'.

Visualization of data is important to provide an adequate
description of complex turbulent patterns. When one-dimensional
systems were investigated in Part [, gray-scale representations with
time running along the horizontal axis and the spatial coordinate plotted
along the vertical axis were usually employed. In two dimensions, the
pattern evolution is best seen when a computer animation or a video are
generated. Hence, production and recording of such videos has been a
significant element of this work. In the paper we present selected
frames from these videos and also show, when appropriate, time
evolution of a pattern in one of its spatial cross-sections, using the
same representation as in Part |

Much insight into the behaviour of a distributed dynamical system
can be reached when transitions between different kinds of patterns or
different turbulent regimes are observed. Keeping this in mind, our
numerical experiments have usually been performed under ramping
conditions, when the intensity of global feedback has been slowly
increased with time. We tried to perform the experiments in an almost
adiabatic manner, so that properties of observed patterns did not
significantly differ from what would have been found under fixed
parameter values. The minimal ramping speed was, however, limited by
considerations of the computation time.

Below in this section we introduce the basic model of CGLE with
global feedback and present a short summary of elementary dynamical
structures and principal turbulent regimes in CGLE. Theoretical analysis
of CGLE with globai feedback is performed in Section 2. Results of
systematic numerical simulations are described in Section 3. The paper

ends with discussion of obtained results.
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1 1. Global feedback in the complex Ginzburg-Landau equation

Using dimensionless time, coordinate and amplitude variables, the
Ginzburg-Landau equation for local complex oscillation amplitudes

A(r,t) in the presence of an additive force F(t) is written in the form
A=(1-im)A—(1+iBAFA+ (1 +ie)V?A+F() . (1)

In this equation B characterizes the nonlinear frequency shift of
individual oscillators and e controls dispersion of traveling waves.

The linear oscillation frequency of individual oscillators in
equation (1) is ®. The derivation of CGLE as a normal form near 2a
supercritical Hopf bifurcation (see [3]) is based on the assumption that
the considered system is close to the bifurcation point and therefore the
oscillation frequency is large as compared to the characteristic
increment of growth of first unstable mode. Because the increment is
made equal to unity in equation (1) by rescaling of time, this assumption
is equivalent to the condition o >> 1.

When global feedback is present, force F(t) is constructed by

taking global average

_ 1 '
A(r):E jA(r,t)a'r (2)

(3)

of local complex oscillation amplitudes at a delayed time moment t - 1
(here S is the total area of the system) and multiplying this by a

complex proportionality coefficient, i.e. as

Ft)= e A -1) . (3)

56



Hence, i specifies the intensity of global feedback, xo characterizes the
phase shift between the delayed average oscillation amplitude and the
(complex) control signal, and t represents the delay time.

It is convenient to introduce slowly varying complex oscillation

amplitudes as
n(r,1) = A(r,t)expliax) . (4)

With this transformation, equation (1) takes the form

n=n-0G+if n+1+ie)V’n+ f() (5)
where

1) = pexpli(x, + @r)|f( - 1) (6)
and

() = é jn(r,z)dr . (7)

(5

Characteristic evolution times of thus defined slow complex oscillation
amplitudes n(r,t) are of order 'unity. Therefore, when only short delays (t
<< 1) are considered, as assumed throughout this paper, a delay between
the siowly varying complex control signal f(t) and the slowly varying
global oscillation amplitude 7 in equation (6) can already be neglected.
Once this approximation is made, the only (but very important)

remaining effect of delays is that they control the effective phase shift,

X=X twt, (8)



between the global oscillation amplitude and the control signal. Note

that since o >> 1 the renormalization of the phase shift can be
significant even for short delays, less than an oscillation period.

When such conditions are satisfied, the system is approximately

described by the equation
f;:n—(1+iﬁ)|rﬂln+(l+i£)V’n+ue"i7' (9)

where 7 is given by the spatial average (7) of the complex oscillation
amplitude. This equation has earlier been formulated to model effects of
global coupling in oscillatory surface reactions [21-25]. Below we use

equation (9) as a basic model for our analytical and numerical

investigations.
Since elementary structures of CGLE play an important role in the

subsequent analysis, brief summary of such structures and their

properties is next presented.

1.2. Elementary structures and turbulence in CGLE

Steady uniform oscillations have frequency wg = ® - g and amplitude p =

1. Traveling plane waves n(x,t) = pxexp(ikx - ioyt) with pg = 1 - k2 and
= wg + (e — B)kZ are unstable in respect to the modulational Eckhaus

instability {261 when their wavenumber k is greater than kg given by the

equation

2 _ 1+ ¢
£ 21+ B +1+€8 (10)




The critical wavenumber kg goes to zero at 1 + e = 0. When 1 + ¢ < 0,
uniform oscillations with k = 0 are unstable in respect to the Benjamin-
Feir (BF) instability.

Front coliisions of traveling plane waves lead to their annihilation.
The annihilation takes place within a narrow region with an increased
oscillation amplitude that represents a shock. If both colliding waves

have the same wavenumber k, the width of a shock is estimated [18] as

_ 1+gB
e (11)

In the center of a shock, the local moduius p of the complex oscillation

amplitude is increased by

_e(e- Pk’
%= 20+€8) (12)

Equations (11) and (12) are valid for 1 + ¢ >0 while 8p << 1 .

Bekki-Nozaki (BN) holes [7,27-29] are a family of exact one-
dimensional solutions of CGLE that represent standing or steadily
moving local depressions of the oscillation amplitude. Below we
formulate principal properties of such solutions.

This family is parameterized by the velocity of holes c. If a hole is
standing, the amplitude modulus p in its center vanishes. When the
amplitude is zero, the phase is not defined in the center which
represents therefore a point of the phase singularity. For a standing BN
hole the phase differs by 1 on both sides of this singularity point. Such
an object emits two waves with wavenumbers kn that propagate in

opposite directions.
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For a slowly moving hole the minimal modulus of the oscillation
amplitude does not reach zero (Fig. 1a). Since p does not vanish, the
phase singularity is then absent. Instead, the phase rapidly changes
within a narrow coordinate interval where the amplitudes are small
(Fig. 1b). The asymptotic wavenumbers k,{c) and k.(c) are different -
the forward wave has a shorter wavelength than the rear wave.

At a certain velocity c*, the wavenumber of the rear wave left
behind a moving hole reaches zero, k.(c*) = 0. This hole represents thus
a front of transition from uniform oscillations to a plane wave moving
in the direction of the plane wave.

Fig. 2 shows the profiles of the amplitude modulus and the phase
for a BN hole that moves at a velocity slightly larger than c*. The plane
waves behind and before of a moving hole are now propagating in the
same direction, but k, is larger than k.. The difference between k; and
k. diminishes as the velocity v grows and the magnitude of the
amplitude suppression in the central region separating two plane waves
becomes progressively smaller. When 2a maximal velocity Cmax iS
reached, k, = k. = kmax and the moving hole gradually transforms into a
plane wave with a certain wavevector kmax.

Though the general BN solution is complicated, simple estimates

for some of its characteristic properties are available:

2 -142 2 -1/2
k_:[1+3(1+8)] _. kmu={1+-3ﬁ;f-§lﬂ] , (13)
L re-B (1+r')e-B)
- _ 2o Bk, (14)

lel = Z(E—ﬁ)k—nn ’ c
K+ k?

mar

where

L
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b+~N2+b ife> 31+ gf8)
, = - L h= TP (15)
b-~N2+b ife<p Ae- B

Note that equations (13) - (15}, describing a BN hole, are valid on both
sides of the BF boundary given by the condition 1 + ¢ = 0.

In the limit when ¢ i= close to B, so that the difference § = e - is

small, we have

V28 | 6
B ——— R — . 1
3eehy T 2 (16)

k
in this limit kn is small and kmax coincides with the boundary kg of the
Eckhaus instability for plane waves.

Though BN holes are solutions for a one-dimensional system, they
can be used to generate patterns in two dimensions. BN stripes are
obtained by extending this one-dimensional solution along the second
coordinate. BN stripes may also be bent and closed into loops [30].

Spiral waves in two-dimensional systems are associated with
localized wave sources. Such a source represents a small core lying in
the center of the spiral pattern. The oscillation phase changes by 2n
after going around any surrounding it contour. Hence, the core includes a
point of a phase singularity where the oscillation ampiitude is zero. An
approximate analytical solution for spiral waves in CGLE s available in
the limit when §—0. In this case the asymptotic wavenumber ksy of

plane waves far from the center of a rotating spiral wave is given by

[6,18]

fied e
kw~5 I+¢&“exp 26(1+€) (17)
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where { = 1.018... . The rotation frequency of the spiral wave is

wm=w0+&fw. (18)

Thus, in the considered fimit the spiral wave is a much more long-wave
source than the standing BN stripe, i.e. kew << kn. Intriguingly, the
dependence on the small parameter 3 in equations (16) and (18) for ksw
and kn formally coincides with the dependence of the energy of a
localized state of a quantum particle in a potential well on the depth of

this potential well, as yielded by the perturbation theory for the

Schrédinger equation [31].
When the condition 1 + €f < O is realized, uniform oscillations,

traveling plane waves and, therefore, any pattern that emits such
waves, are unstable. Note, however, that special CGLE solutions
describing such patterns continue 1o exist even in this parameter region.
Indeed, traveling waves or BN holes, for which exact solutions are
constructed, do not undergc any significant change as this boundary is
crossed. The same may be true for spiral waves, though no analytical
description for such patterns in this parameter region is available.

Turbulence in CGLE is a subject of intensive research in the last
two decades, starting from the early numerical simulations [2,3] where
the basic concepts of amplitude and phase turbulence have already been
introduced. Various chaotic spatiotemporal regimes have been
investigated [8, 9, 11]. A detailed phase diagram for turbulence in the
two-dimensiona! CGLE is constructed [13].

When the BF boundary 1 + e = O is crossed, the uniform state
becomes unstable and phase turbulence develops. in this chaotic regime
the medium is filled with an irregular set of cells. Inside a cell, the

oscillation phase slightly decreases from the center o the periphery, so

~o
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that oscillations spread from the center to the cell's boundary. However,
the phaée difference between the center and the boundary of a cell is
always much less than 2n. The modulus p of the oscillation ampiitude is
slightly increased on the boundaries of the cells. Therefore, the cell
boundaries can roughly be characterized as formed by shocks.

Though the cells in the phase turbulence regime are not regular and
their sizes vary with time and in space, there is a certain typical size
of a cell determined by the wavelength of the most unstable
perturbation mode of the uniform state. The increment of growth of

perturbations in the form of plane waves with a wavevector k is given

by

Yy = —1—k% +1 - 26Bk* ~ %k* . (19)

It reaches a maximum at the wavenumber kgs that satisfies the equation

e
R (20)

1+€*

Near the BF boundary this yields

2
k2 = v _ v 21
K1+t 200+€Y) (21)

where v=—1 —¢fis a small parameter (v << 1). The typical size of cells in
phase turbulence is Aks = 2n/kgs; it goes to infinity when the BF boundary
is approached.

If, after crossing the BF-boundary, we pass the phase turbulence

state and move further into the BF-unstable region, amplitude

turbulence is found. This turbulence is characterized by strong
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variations of both the phase and the modulus of the complex oscillation
amplitude. Transition to amplitude turbulence proceeds through
formation of a small seed on the background of phase turbulence. This
seed grows until the new regime occupies the entire medium. The
transition is characterized by a hysteresis: starting from this state and
moving back towards the BF boundary, amplitude turbulence may be
found in the parameter regions where phase turbulence has been present
under motion in the opposite direction. Amplitude turbulence can éeven
extend into the region where uniform oscillations are stable in respect
to smail perturbations (however, in our simulations we never choose the
parameters in this part of the parameter plane).

For the amplitude turbulence, different states are distinguished.
Closer to the BF boundary, frozen states are observed [13]. In such
states the medium is filled with a few spiral waves. These waves are
steadily rotating and their centers retain positions they have reached at
the end of the initial transient process. The areas occupied by individual
spirals are separated by shock lines, along which emitted waves collide
and annihilate. These shocks are also approximately stationary. The
entire pattern resembles frozen structures observed by Kaneko [32] in
his simulations of coupled logistic maps. If the spatial distribution of
the modulus p is plotted for a frozen state, point-like defects, where
the modulus reaches zero, are.clearly seen. They correspond to centers
of spiral waves and are surrounded by flat regions where the modulus is

constant. The state of defect turbulence is generally found farther away

“from the BF boundary [13]. In this state, multiple topological defects

representing singularities of the phase field and therefore zeros of the
oscillation amplitude, are observed. These defects randomly move

through the medium.

(~f £
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2. Analytical investigations

QOur analysis is based on the equation (9) for siow oscillation
amplitudes. The delays are absent in this equation, though they
determine [see eq. (8)] the phase shift between the average oscillation
amplitude and the driving force. Global feedback modifies the frequency
and the amplitude of uniform oscillations. Substituting n(t) = pge-iQt
into equation (9), we find that in the presence of global feedback the
oscillation frequency is shifted from wg by

Q=-u(siny — Bcosy) , (22)

and the modulus of the complex amplitude for uniform oscillations is

P =(1+pcosy)’” . (23)

When intensity p of global feedback is iow, these corrections are small.
It is convenient to introduce the iocal modulus p of the complex

oscillation ampiitude and the local oscillation phase ¢ as

n(r,e) = p(r.0yexp(—iC —ig(r,1)) . (24)

The average (7) of the complex oscillation amplitude can aiso be written

a5

i) = R(ne ¥, (25)
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Here w(t) represents the global oscillation phase. The variable R(t) is

called below the synchronization parameter. Indeed, it is given by the

equation

1
R =< Jn(r,t)drl . (26)

(5)

Therefore, it vanishes when oscillations in different parts of the

medium are not correlated and approaches its maximal value po for the

uniform oscillations.

2 1. Stability of unif Lot

Assuming periodic boundary conditions, complex oscillation

amplitudes can be decomposed into a superposition of plane waves:

e, =) n(ne" . (27)

The equations determining evolution of amplitudes nk are obtained by
performing a Fourier transformation of equation (9), which yields

M= (1 +,u‘e"‘./_\(lrc)—1'<:2 —fsz)fh -(1+if) zn;z]hnhA(k+ k, -k, —Kky) .

k), Ky
(28)
The mode with k = 0 corresponds to uniform oscillations. As

follows from (28), its amplitude no obeys the equation

Ny =+ ey, — (i + ‘-ﬁ)‘nnrno - 201+ fﬁ)zmklzno

k=0

—A+iB S AL —(+iB) XM T Th, K, — K, k) (29)

k=0 Wy ko kyn0

Gla
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When the stability of uniform oscillations is investigated, the plane
wave modes with k = 0 represent small perturbations. Examining
equation (29), it can be seen that in the linear approximation the
dynamics of wuniform oscillations is not influenced by such
perturbations.

This means that in this approximation the plane-wave modes are
decoupled from uniform oscillations and, when their evolution is
investigated, we should put n,=pe™™ where po and Q are given,
respectively, by equations (23) and (22). By keeping only linear terms in

the evolution equations for plane waves, we obtain:

e =[1-A+iB)ps — (1 +ie)k’ Jn, - 20 +iB)pje ™1’ . (30)

Thus, so far as the linear stability analysis is performed, the problem is
identical to an investigation of CGLE with external periodic forcing and
corresponds to the case n = 1 of Refs. 33-34.

We see that, according to equation (30), pairs of modes with
opposite wave vectors k and -k are coupled in the linear approximation
and therefore all unstable modes should represent their symmetrical
superpositions, i.e. standing waves. To investigate properties of such
standing waves, it is more convenient to perform the linear stability
analysis not for complex oscillation amplitudes but for variables p(r,t)
and o(r,t). This immediately yields spatial distributions of the phase and
the oscillation amplitude modulus in such a pattern (of course, the same
results could be obtained after some algebraic transformations directly
from equations for the amplitudes ng).

When written for the variables p(r.t) and ¢(r,t), the model (9) gives

a set of two equations:
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p:(1wpz),oﬂ?’zp-p(Vq))2 +epVip+2eVpVo+ uRcos(o—¥ + 1} (31)

¢ = B’ -Q+%VpV¢+ V’qa)-%V{o+.€('\7c}>)2 —u—;-sin(¢-‘{‘+;() . (32)

Linearizing these equations near uniform oscillations with p = R = po and

o = ¥, evolution equations for perturbations sp(r,t) and so(r,t) are

obtained:
8 = ~2p,0p + V28p + £p, V8¢ — p,d9sin 1 (33)
&6:2Bpoép+V’5¢—-§—V25p—u6¢sinx+~;i5pcosx : (34)
0 0

Solutions of these equations are linear superpositions of standing

waves,

8p(x.1) = 8p, exp(y,t)cos(kx) , (35)

So(x,t) = 8¢, exp(y,¢)cos(kx), (36)

where the coordinate axis x is chosen to be oriented along the vector k.

The increments of growth y« satisfy the equation
(v, +2+3pcosy + k*)(¥, + Heos x +k%)
+(ek? + psin 2B+ peos x) + ek’ + psin x]=0 . (37)

Depending on the parameters and the wavenumber k, this equation may

have either two real or two complex conjugated roots vk [in the latter

29
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case the complex conjugate terms should be added to the right sides of

equations (35) and (36) to obtain real guantities]. Variations of the

phase and the modulus in a growing standing wave mode are related as

2 k*
8, = - Tu:' po+_ 5, . (38)
EPok” + Hp,sin X

We first consider the situation where both roots yk of the
characteristic equation (37) are real. Then the instability threshold of
uniform oscillations is reached when the largest of the roots for the
modes with all possible wavevectors k crosses zero and becomes
positive. It means that at the threshold the conditions

Mg, I (39)

ne=0, 25=0 57

should be satisfied for a mode with a certain wavevector k = kp.
Differentiating equation (37) in respect to variable q = k2 and
using conditions (39), the critical intensity of global coupling is

determined as

1+ e+ 1+ €Nk (40)
(2+¢f)cosy +esiny

H =

The wavevector ko of the first unstable mode is then found from
equation (37), taking into account that yk = O at k = ko and that the
intensity of global feedback at the threshold should be given by equation
(40).

Note that the first unstable mode is in this case a standing wave.
Indeed, it has the same frequency as that of the uniform oscillations

(since Imykx = 0) and represents a growing periodic spatial variation [see
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(35) and (36)] of the phase and the amplitude modulus of such
oscillations.

Although in general the solutions for kg and p¢ are complicated and
can be only numerically analyzed, simple expressions for these
properties are available near the BF boundary where the parameter v = -1

_ ¢B is small. By keeping only the terms up t0 the second order in v, we

find
2 .
K= VI_ WECSSZ”"ES’"%’) ’ (41)
1+€* 201+ &) (ecosy —sinx)
2
K, = (42)

T 20+ el)ecosy —siny)

in the limit of small v's variations of the phase and of the modulus in

the first unstable standing wave mode are related as

2
&p=—2(1+£)6p . (43)
EV

We see that in the linear order in the parameter v, specifying the
distance from the BF boundary, the wavelength ig = 2n/ko coincides with
the characteristic size axs of the celis in the phase turbulence regime
of CGLE [cf. equations (21) and (41)] and does not depend on the phase
shift parameter y. The difference between the two characteristic
lengths is revealed in the second-order corrections, already sensitive 1O
the phase shift. The critical intensity pc of global coupling 5
proportional in this limit to v2. According to the equation (43),
variations of p and ¢ in the standing wave are shifted by half of the

spatial period, i.e. the phase ¢ has its maxima where the modulus p is

minimal.
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Fig. 3 shows the dependence of kg as function of v, obtained by

numerical solution of equations (37) and (39), together with its
quadratic approximation (41). We see that though this approximation has
been derived assuming that v << 1, it remains satisfactory even at larger
values of this parameter.

The instability threshold p. rapidly increases as the phase shift x
= arctane is approached!. This is accompanied by a decrease of the
wavenumber kg of the first unstable standing wave. As seen from (41),
this wavenumber reaches zero at certain point x* shortly before pic
diverges. Above this point, equation (41) yields ko? < O which is
unphysical. Returning to equations (37) and (39), we find that for x > x”
they have a solution where the maximal increment of growth is achieved

at k = 0 and therefore the first unstable mode has ko = O. In this region

the instability threshoid is

_ 2(Bsinyx +cosy) (44)
1+ 2cos x(Bsiny +cosy)

H, =

This branch meets at y = x* the branch with ko = O, described by
equations (41) and (42) . When x > x", the increment of growth yg is
minimal at k = 0 for y given by equation {44).

A note of caution should now be made. As follows from equation
(29), the uniform mode with k = O is always stable in the linear
approximation. The characteristic equation (37) is derived by
considering small nonuniform perturbations of the uniform oscillations.
Therefore, any unstable mode determined by this equation must have a

nonvanishing wavenumber. If periodic boundary conditions are used, the

1 Here and below, unless specially noted, we consider the phase shifts inside the
interval -n < x < +n. We restrict our analysis to the case of positive values of the
parameter .
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minimal wavenumber is Kmin = 2x/L where L is the spatial size of the
medium.

For large systems L -—ee and therefore the limit ¥ —0 can be
considered. Thus, when modes with k = O are considered, we actually
mean the modes with the minimal possible wavenumber, specified by the
size of the medium and the boundary conditions. n our numerical
simulations, described below, we seé that, when such an instability
occurs, the medium breaks into large domains whose sizes are about the

dimension of the medium.
Finally, unstable modes with Imyc = O are aiso possible. As follows

from equation (37), for such modes we have

Rey, =—-1-k*-2ucosy - (45)

Therefore, the least stable mode is always the mode with k = 0 (i.e. it
has the maximal possible wavelength for a given medium). The
instability occurs only if cosy < 0. In contrast to the instabilities

related to growth of standing waves, this instability develops under an

increase of the feedback intensity u, i.e. when p > po where

L (46)
cos X

Ho =~

Therefore, for some phase shifts x uniform oscillations may be stable
inside an interval of the global feedback intensity p. They become
stabilized as a certain low boundary uc(1), given by equations (42) or
(44), is crossed but lose again their stability a higher value uct2), given
by equation (46), and are then replaced by turbulience.

Fig. 4 shows the stability diagram of uniform oscillations in the

plane (x, ¢) which has been obtained by direct numerical solution of the

+2
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characteristic equation (37). In this diagram the parameters ¢ = 2 and B
= -1.4 has been chosen, so that the parameter v = -1 - gff iIs no longer

small (v = 1.8). Uniform oscillations are stable above the boundary

consisting of curves AB, BC, CE and AD.

When the curve AB is crossed, standing waves with ko = O appear.
The dependence of their wavelength Ao = 2rn/kg on the phase shift y is
shown in Fig. 5 (the horizontal line in this figure shows the respective
typical size Axs of the cells in the phase turbulence regime in absence of
the global feedback). This wavelength diverges as the point B,
corresponding to x* =~ 0.275 m, is approached. The wavelength
monotonously decreases when the phase shift is decreased.

When the curve BC, determined by the equation (44), is crossed, a
large-scale domain structure develops in the medium, with the
characteristic size of domains about the size of the entire medium. This
domain structure has at the threshold the same frequency as that of the
uniform oscillations and is therefore 'standing', or static, in the
coordinate frame rotating with the frequency of the uniform
oscillations.

fn contrast to this, if curves DA or CE are crossed, long-
wavelength oscillatory perturbations start to grow. These two curves
asymptotically approach y = « at x = + w/2. For y- < x < -1/2 and for
x/2 < x < x+, where x. ~ -0.6235 w and x+ = 0.599 m, uniform
oscillations are stable only inside certain intervals of the feedback
intensity .

Of course, the linear stability analysis does not yet allow to
determine, whether a bifurcation is supercritical or subcritical. This
can only be found by investigating the role of nonlinear terms, giving
rise to interactions between the modes. When an instability of uniform

oscillations leads to growth of a mode with ko = 0, the characteristic



24

equation (37) fixes only the magnitude k| = kg of the wavevector, but
leaves its direction arbitrary. Therefore, all such modes grow in the
linear approximation. Nonlinear interactions may select a group of
modes that eventually dominates Over the medium. Due to mutual
enhancement, the modes in this group can grow even when single modes
already die out. This changes the nature of the bifurcation, making it
subcritical and characterized by a hysteresis.

The nonlinearly selected groups often represent, as known in the
theory of stationary Turing patterns [17,18], triplets of modes with the
wavevectors satisfying the conditions ky + k2 + k3 = 0, where kil = lk2!
= Ik3l = ko . A superposition of such three modes gives rise to a
hexagonal cellular structure. Similar cellular structures may appear
near the instability boundary AB in Fig. 4. They have indeed been
observed in our preliminary study [25] and will be discussed in detail in
Sect. 3.

It should be emphasized that, in contrast to the usual Turing
instability, the considered system is oscillatory and individual modes
forming a cellular structure are standing waves. When such a structure
is established in the medium, all its elements continue to perform
oscillations. However, the modulus and the phase of these oscillations
depend on the location of a given element inside a cell.

Though the celis result from nonlinear interactions, insight into
their properties (later confirmed by numerical simulations) can be
gained from the linear theory. As follows from equation (43), in a single
standing wave mode the oscillation phase ¢ reaches its maximum at 2
point where the amplitude modulus p is minimal. When a superposition
of three such modes, representing a ceilular structure, is constructed,
this point would correspond to the center of a cell. Since the phase is

maximal there, oscillations originate in the center and spread towards

Sl
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the cell's boundary. On the boundary, oscillation fronts coming from two
neigbouring cells meet and annihilate. Thus, the cells behave as if there
were a pacemaker sitting in each of their centers. Note, however, the
phase gradients inside a cell are small, i.e. the cell's size is shorter
than the wavelength of produced waves. As a result, only single fronts
spreading from the center and annihilating at the boundary are seen.
Since waves are colliding at the boundary, a shock-like object can be
expected there. Indeed, according to equation (43), the modulus is

increased where the phase has its minimum, i.e. on the boundary of a

cell.

2.2. Phase flips

Phase flips are new elementary structures that appear in CGLE under
negative global feedback. Inside a flip the oscillation phase makes full
2w rotation. Such objects travel at a constant velocity preserving their
spatial profile. Phase flip solutions are constructed below using a
reduced phase description for the system with global feedback. The BF-
stable case where the condition 1 + ¢B < O holds and local diffusional
coupling tends to stabilize uniform oscillations is here considered.
Suppose that the local oscillation phase ¢(r,t} slowly varies in
space and in time and that the modulus p(r,t) of the osciliation
amplitude only slightly deviates from its constant value po
characteristic for uniform oscillations. Then the modulus adiabatically

adjusts to the local spatial derivatives of the phase, i.e.

2 1 2
p=po+§V ¢—5(V¢) : (47)
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and the phase description is applicable [3,35]. In this approximation
evolution of the phase variable obeys the equation [22)

b=g@-P)+E-BAVY) +(1+EHVP (48)

that differs from the usual phase dynamics equation for CGLE (see [18])

by the presence of an additional term,

g(¢_\p)=p,h+ﬂ2[sinxl —§Sin(¢_‘y+xl)} ' (49)
0

taking into account action of global feedback and depending on the

difference between local oscillation phase ¢ and global phase Y.
Assuming that y << 1 we keep only the terms up to the first order in y;

the notation 1 = x - arctanfis employed.
Depending on the phase shift , the feedback can be either positive

or negative, i.e. it can destroy uniform oscillations or increase their
stability. To find the conditions for a negative global feedback,

behaviour of small local perturbations of the uniform state should be

considered.
Suppose that the local oscillation phase is slightly shifted (¢ =¥ +

80) in some region in respect to the global oscillation phase ¥, fixed by
uniform oscillations in the rest of the medium. This region is small in
comparison to the tota! size of the medium but larger than the diffusion
length, so that the terms with spatial derivatives in (438) can be

neglected. Evolution of such perturbations is described by the linearized

equation

déo _ ,
= 8 (0)5¢ (50)

3L
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where

’ g 2
(0= =~u\l+ fcosy, . (51)
g EL pyl+ 7 cosx

We see that the sign of the derivative g'(0) determines whether a
perturbation would grow or fade.

If cosy; < O (or, explicitly, cosy + Bsiny < 0), global feedback is
positive and the local phase tends to deviate from the global phase.
Numerical simulations show that in this case the medium breaks into a
few large domains with different oscillation phases [22]. This situation
is reminiscent of spontaneous breaking of ferromagnets into individual
magnetic domains, leading to disappearance of the total magnetization.
We find below that similar behaviour is also observed in the BF-unstable
region.

When negative global feedback is realized (i.e. cosy1 > 0), small
local phase variations are damped. in this case, however, traveling phase
flips are possible [21-22]. If a large medium contains a single phase
flip, its presence does not significantly influence the global osciliation
phase ¥ determined by uniform oscillations in the rest of the medium
and, moreover, R = pg. It can be said that the rest of the medium
generates in this case a periodic driving force. Hence, the situation is
similar to the problem with external forcing where phase flips have
earlier been considered [33,34] . An important difference is, however,
that the driving force produced by a global feedback is always resonant.

The phase dynamics equation (49) has an infinite number of phase-

locked states with phases ¢m = ¥ + 2mm, where m = 1, 2, 3,... . Though
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such states are physically indistinguishable, traveling waves of
transitions between them are possible. They represent phase flips

px. )=, E=x-Vt (52)
satisfying the conditions ® ¥ for {—ee and & > ¥+2r for §— —o .
Inside a flip the phase undergoes a full 2m rotation: V is the propagation
velocity of the flip.

To construct these solutions and analyze their properties, we

perform in equation (49) a nonlinear transformation to the new variable

u, defined by
¢—‘l—‘=1—+~££lnu , (53)
e-p
which yields for the variable u the evolution equation
= Q)+ (1+eB)Vu (54)
with the nonlinear source function given by
Q) = 1+ B2 :;; [sin(zl * 1:_85 lnuJ— sin xi : (55)

An equation of the same form describes propagation of trigger waves in
bistable one-component reaction-diffusion systems [18] and results of

the respective analysis are directly applicable here.
The equation (54) has traveling wave solfutions u = U(E) with & = X -

Vt that satisfy asymptotic conditions

1%
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U(E) = u, for & - —o and U(&) > 1 for § o, (56)
where
B 2n{e-p)
i _CXP{_—_(Heﬁ) J : (57)

This solution, including its propagation velocity V, is uniquely
determined by the conditions (56). Particularly, the velocity sign is

controlled by the integral (cf. [18])

I‘
J = [Quwadu . (58)
1
Calculating this integral, we find after some transformations that an
important role is played by the parameter combination

2(e - B)
(1+20) cos y, - (59)

A=siny, +

The velocity V is positive when A < O and negative if A > 0. Note that for
the solution (56) the positive propagation velocity means that phase ¢ is
increased by 2m after a phase flip has passed through a given point of
the medium: it is decreased by 2m if V is negative. In other words, the
phase inside a phase flip may rotate either the clockwise or the
counterclockwise direction, depending on the sign of A. The phase flips
are standing if A = 0.

Though the variable u changes from 1 to u1 inside 2 propagating
phase flip, these values correspond to a phase change of 2m and

therefore the states of the medium before and after the passage of the
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flip are physically identical. The pattern is therefore visible only in a

narrow region where the phase varies.
The width of a phase flip is estimated from equation (55) as

S = 1+¢f _ . (60)
p(e - B)1+5°)

it is inversely proportional to the square root of the feedback intensity
y. The phase gradient inside 3 phase flip can be approximately estimated
as Vo=2n/&.

According to equaticon (47), variation of the phase leads to
variation of the modulus p inside a phase flip. Taking as the center of
the flip the point x where 92¢/3x? = 0, we find that the amplitude

modulus is decreased there by & =—(Ve)'/2 or, explicitly, by

_2nu(e- Y1+ A) " (61)
1+ €8 '

5”_):

This can be taken as the characteristic magnitude of the modulus
variation in a phase flip. The amplitude depression in a flip becomes
stronger when the BF boundary 1 + e = 0 is approached. It also increases
for higher feedback intensities U.

Note that the reduced phase description, i.e. the equation (47), is
applicable while 8p << 1. To investigate the behaviour of phase flips at
higher feedback intensities, numerical simulations based on the
equation (9) have been performed. These simulations have been carried
out for the one-dimensional medium of length L = 102.4 with periodic
boundary conditions, using a small coordinate step dx = 0.1 and a short
time step dt = 10-5. To create a phase flip, we used periodic boundary

conditions and started with the initial condition where the modulus of
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the oscillation amplitude was constant over the medium but the phase
gradually decreased by 2m from the left to the right sides of the
interval (i.e. the winding number was equal to 1).

Fig. 6 displays phase and modulus profiles in a traveling phase flip
at a moderate intensity of global feedback. This object is stable and
travels at a constant velocity, though the modulus depression in it is
already considerable. Note also that the depression of the amplitude

modulus is actually preceded by its small increase.
Numerical simulations have shown that further increase of the

feedback intensity leads to destruction of phase flips which disappear
transforming to uniform oscillations. When the simulation is started
from the described above initial conditicn, the profile similar to that of
a steadily traveling phase flip (Fig. 6) first appears. Then the flip

slightly accelerates and the amplitude depression in its center
increases (T = 112.5 in Fig. 7a). At the same time, the phase profile gets

steeper (T = 112.5 in Fig. 7b). Within a very short time, the amplitude in
one point inside the flip region sharply falls down and a jump develops
in the phase profile. In the frame T = 113.07 of Fig. 7a the minimal value
of the amplitude modulus is p = 0.0012. The respective phase
distribution, shown at T = 113.07 in Fig. 7b, displays a large phase jump.
Since integration is performed with a small, but still finite time step,
we cannot see the exact moment when the amplitude vanishes (i.e. p = 0).
However, it seems that such a moment exists and lies very close to the
time T = 113.07.

If the oscillation amplitude vanishes in a certain point, the
oscillation phase is not defined there. The phase distributions in the
regions lying on the left and right sides of this point become then
disconnected and the phase can be changed by 2m while passing this

point. Thus, the part of the phase distribution on the left side of the
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singularity point may be shifted down by 2T, so that the phase levels at
both ends x = 0 and x = L of the medium become equal.

Note that this operation, i.e. cutting off the 2m jump at a certain
time moment, is needed only when the phase distribution is constructed
for visualization purposes. The computed variables are real and
imaginary parts of the complex oscillation amplitude. When a phase
singularity appears, both of them vanish in a certain point but remain
continuous there.

At a later moment, the amplitude modulus is again everywhere
positive, though it has a strong depression near the point where it has
reached zero (frame T = 113.22 in Fig. 7a). The phase slowly decreases
as this point is approached and then sharply grows, forming a local
maximum. Farther away from the former singularity point, the phase
slowly returns to its initial value (frame T = 113.22 in Fig. 7b).
Subsequently, this local pattern smears out (frame T = 114.5 in Fig. 7)
and uniform oscillations are established.

Thus, the winding number is not conserved in this one-dimensional
system in the presence of strong global feedback. Destruction of phase
flips proceeds through the formation of a phase singularity.

In two-dimensional media, curved traveling waves of phase flips
are possible. As intensity of global feedback is increased, destruction of
these waves, similar to the described above process in a one-
dimensional systern, may occur. A phase singularity would appear at 2
certain point on the front, where p would reach zero, and the phase-flip
wave would break at this point. The rupture would then spread to the
left and the right sides. Both ends of a ruptured phase-flip front would
represent phase singularities: when going around a contour that
surrounds such a point, the phase variation of 2m would be found. Hence,

destruction of a phase-flip wave in the two-dimensional oscillatory
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medium may be similar to break-up of waves in excitable systems [14].
The tip of the excitation wave corresponds now to the end-point
singularity of a broken phase-flip wave.

The above analysis of phase flips has been performed in the BF-
stable region, i.e. where the condition 1 + ¢§ > 0 holds. However, similar
objects are found below in numerical simulations in the parameter
region where the opposite condition is satisfied and uniform

oscillations are unstable in absence of global feedback.

3. Numerical investigations

To study nonlinear processes in the system, numerical simulations were
performed. We employed an explicit integration method with constant
time and coordinate steps dt < 0.01 and dx = 0.5 on a square grid of 200 x
200 elements. The integration process was numerically stable and the
results did not change when smaller integration steps have been chosen.
The medium of size L = 100 was sufficiently large to contain many
elementary structures. No-flux boundary conditions were used, though
some simulations were repeated with periodic boundary conditions. As
the initial condition, the unstable uniform state n = O with weak random
perturbations has usually been taken.

Since we wanted to examine how the system responds to global
feedback in different parameter regions, in a numerical experiment we
often started from the system in absence of global feedback (y = 0) and
then slowly increased its intensity y at a constant speed, until uniform
oscillations appeared (if we were inside the synchronization window of
phase shifts). To make the system's evclution approximately adiabatic,

sufficiently low speeds of ramping have been chosen, though the
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minimal speed has been obviously limited by the computation time
requirements. When a particularly interesting phenomenon had been
observed, we returned and repeated the simulation at a fixed intensity
of global feedback.

The data of each evolution case has been used to generate
computer animations consisting from 200 to 2000 single frames. In this
paper, only selected frames from such animations are presented. Short
videos, illustrating basic synchronization scenarios, are available via
Internet [36].

For visualization of computed patterns, we employed different
variables, i.e. the real part u = Re n of the complex oscillation amplitude
n, its modulus p and the phase o. The spatial distributions of these
variables at subsequent time moments have been plotted using different
color codes or gray-scale coding. The spatial distribution of the
amplitude modulus p is always slowly changing with time, whereas the
variables u and ¢ undergo large variation within a single oscillation
period. To eliminate as much as possible such obvious rapid variation,
we used coordinate frames which rotated at a frequency which was only
slightly less than the actual frequency of oscillations. Therefore, the
plotted distributions correspond rather to the variables i = Re(ne™) and
d=0+Q,u where Qg is the rotation frequency of the coordinate frame.
Note that the our basic equation (9) is already written in the coordinate
frame that rotates at the freduency Q of uniform oscillations. However,
when the oscillations in the medium are not uniform, their frequency
differs, due to the effects of global feedback, from that of the uniform
oscillations. In practice, we adjusted the rotation frequency Qo used in
the visualization for each sequence of frames after it has been
computed.

The phase was calculated as

wU
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Q:—arcmn(l—n]—H]+M{(Reﬂ)+£ , (62)
Ren 2

where the step function is defined as H(z) = 1 for z 2 0 and H(z) = O for z
< 0. Hence, the phase varies inside the interval from O to 2m. When it
reaches its maximal possible value 2m, the phase abruptly falls to the
minima! bound 0. As a result, visualizations employing continuous gray-
scale coding in the interval from zero to 2n for the phase variable show
sharp phase fronts that represent lines of the constant phase ¢ = O.

Note that the phase variable (62) is often better suited for
visualization of oscillations than real or imaginary parts of the compiex
oscillation amplitude. Since Imm = pcoso, the phases that differ by m
yield the same value of the imaginary part Imm. Therefore, if only the
imaginary part of the oscillation amplitude is plotted, it is impossible
to see whether a full phase rotation or only a variation of the phase
inside the interval from O to m takes place along a certain direction.
This can be determined if, in parallel, the respective variation of the
real part of the oscillation amplitude is traced. This is automatically
done when the definition (62) is employed.

To monitor the degree of synchronicity of oscillations, we
followed the time dependence of the synchronization parameter R(t),
defined by equation (26) and representing the modulus of the averaged
oscillation ampiitude.

In a recent publication [13], a detailed phase diagram for
turbulence in the two-dimensional CGLE has been given and examples of
the typical turbulent regimes have been discussed. As a test, we have
checked that our simulations correctly reproduced all turbulent states

reported in Ref. 13. The simulations described in the next section thus
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show what happens with these turbulent states as the global feedback is
introduced and its intensity p is gradually increased. The phase diagram

of Ref. 13 with the points corresponding to our simulations is given in

Fig. 8.

3.1. Destruction_of spiral waves

On the right side of the line T in the phase diagram (Fig. 8) frozen states
are observed in the system without global feedback. In such states the
medium is filled by a number of steadily rotating spiral waves. These
spiral waves develop after a transient from the chaotic state, which
first appears when the initial condition n = 0 with small random
perturbation is used. In our simulations we have investigated eveolution
of such spiral waves as globali feedback described by equation (9) is
introduced and its intensity p is gradually increased. Fig. 9 shows
destruction of spiral waves by increasing global feedback. The solid
curve in the upper part of this figure displays the time evolution of the
synchronization parameter R defined by equation (26); the dash line
indicates the respective (linear) increase of the feedback intensity p
with time. In the lower part of the figure, characteristic spatial
distributions of the variable cos¢ at six subsequent moments are shown.
Parameters ¢ and p in this simulation correspond to the point 1 in the
phase diagram of Fig. 8. |

While p is smail, several spiral waves are present. Then one of
these waves begins to dominate and spreads its activity over the entire
medium. When the spiral wave covers the whole medium, the
synchronization parameter R is close to zero because different parts of
this pattern oscillate with different phases. Inside the synchronization

window, the growing global feedback tends to establish synchronous

g A
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osciliations and thus suppress the spiral wave. This occurs in the
following way: The waves, traveling from the core of the spiral wave,
become destroyed at a certain distance from its center and are replaced
there by relfatively uniform oscillations. As a result, the rotating spiral
iIs confined inside a roughly circular spatial region surrounded by the
area with synchronous oscillations. This region slowly shrinks and the
process is accompanied by growth of the parameter R, showing a higher
degree of synchronization in the medium.

We sometimes observed that, depending on the choice of the
system's parameters, spiral waves spread again its influence over
almost the entire medium and thus destroyed the synchronization. Then
the synchronization parameter R was decreased. This resembled the
intermittency found in numerical simulations [37] of CGLE without
global feedback - the difference was, however, that the area outside of
the spiral wave was occupied not by the defect turbulence, but by
almost uniform oscillations.

As the intensity of global feedback is further increased, the spiral
wave becomes localized inside a small circular region which quickly
shrinks and disappears. This stage is characterized by monotonous
growth of the synchronization parameter R until uniform oscillations
are established in the entire medium. If the global feedback intensity uy
is increased at a high rate, the intermittent stage is not found and the
spiral wave dies immediately out.

Similar evolution under increasing intensity of global feedback
was found in the numerical simulations for a different choice of the
parameters (point 2 in Fig. 8) where, in absence of global feedback, a
large number of rotating spiral waves was observed. As displayed in Fig.
10, a population of spirai waves responds to an increase of global

feedback by confining the activity of individual spiral waves inside
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islands bounded by certain 'membranes'. Outside of these islands, the
oscillations are approximately uniform. The islands populated by wave
fragments are not stationary - they change their shapes, move through
the medium and can merge. As the intensity of global coupling grows,
the islands get smaller and acquire more regular circular shapes. Spiral
fragments disappear from the interior of the islands and they collapse,
giving way to synchronous oscillations.

It should be noted that, though this phenomenon has not been
specifically investigated, spiral waves rotating inside islands
surrounded by uniform oscillations have earlier been described in an
experiment [38] with catalytic surface chemical reactions, where the
global feedback was intrinsically present because of the gtobal coupling
via the gas phase.

To analyze in more detail the processes that accompany
destruction of a spiral wave by increasing global feedback, we show in
Fig. 11 the spatial distributions of (a) the oscillation amplitude modulus
p and (b) the phase ¢ at subsequent time moments during the process. No-
flux boundary conditions have been used in this simulation. The speed of
increase of the feedback intensity is now higher than in Fig. 9 and the
intermittency does not develop. The contrast in the frames of Fig. 11(a-
b) is increased, so that variations of the modulus and the phase are
better discernible for small values of these variables.

The frame T = O in Fig. 11 displays a spiral wave in absence of
global feedback (u = 0). The modulus p is significantly decreased only
inside a small core region of the rotating wave and reaches zero in its
center. Outside of this region the variable p is practically constant, as
indeed should be expected for harmonical oscillations.

The black-white spiral interface in the spatial distribution of the

oscillation phase in the frame T = O indicates the line, along which the
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phase reaches the value 2w (white area) and switches to the value 0
(black area). This sharp interface is a consequence of the definition (62)
used for plotting of the phase variable. it does not correspond itself to
any physical singuiarity. This form of visualization is however
convenient: if a closed contour crosses such an interface, the phase
increment along this contour is equal to 2m. The interface ends in the
central point where the phase singularity is located.

When the global feedback is switched on but it remains relatively
low, the properties of a spiral wave are changed. As seen in the frame T
= 73, the spiral is visibie now not only in the phase distribution, but
also in the spatial distribution of the amplitude modulus. Inside a
narrow curled dark stripe, repeating the shape of the phase front, the

modulus p is somewhat decreased. Examination of the figure also

reveals that the dark front is preceded by a slightly brighter area with
an increased oscillation amplitude. This is similar to the profile of pin

the spatial cross-section of a traveling phase flip (Fig. 6). Therefore, we
approximately describe this object as a spiral wave formed by a phase-
flip wave. Though the amplitude modulus is diminished inside the phase
flip, forming the arm of a spiral wave, it vanishes only in one point near
the center of the spiral wave, where the phase singularity is located.
The other end of the phase flip reaches the boundary of the medium.

As p is further increased, the outer part of the phase flip, rotating
along the system boundary, becomes destroyed. This is preceded by the
development of a front instability, already visible at T = 73. We see in
this frame that the amplitude modulus p gets smaller in the front close
to the boundary. Moreover, its distribution along the front is here
nonuniform, i.e. at some points on the front the values of p are lower.

Later, the amplitude vanishes in these points, the phase singularity
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develops and the phase flip breaks, similar to what has been described
in Sect. 2.

At the moment T = 80, destruction of the phase front in the
periphery region is already visible. In the frame, showing the spatial
phase distribution at this moment, the sharp interface is absent in the
area adjacent to the right boundary of the medium. In this entire area
the phase does not reach the value 2.

At T = 86 we see a long black curled stripe that begins
approximately at the end of the sharp phase boundary and extends, along
the phase flip front, towards the center of the rotating spiral. Inside
this stripe, the local level of the oscillation amplitude modulus is
strongly reduced, though it does not yet reach zero. The point where the
sharp black-white boundary for the phase distribution ends should
correspond to a phase singularity and the oscillation amplitude must
vanish there. By comparing spatial distributions of the phase and the
modulus in this region, we notice that the modulus p indeed becomes
very small here, i.e. the local black level is the same as that
characteristic for the core of the spiral wave. However, in contrast to
the core, a strong depression of the amplitude modulus is not localized
near a certain point. It represents an extended amplitude defect which
contains a topological defect, i.e. the phase singularity point, near its
end.

When such black stripe has just appeared, it is relatively short and
does not come close to the center of the spiral, where the profile
characteristic for a phase flip with a smaller magnitude of the
amplitude reduction persists. However, the stripe moves closer to the
core of the spiral (T = 88) and, at the same time, its back retrieves,

leaving after it the region with approximately uniform oscillations

GA
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(note that the stripe is followed by a long curled bright tail with the

increased oscillation amplitude).

At a certain moment (T = 90) the black stripe enters the core of
the spiral wave. The phase distribution at this time moment shows that
the pattern characteristic for a rotating spiral wave is visible only near
the center of the medium, and it is surrounded by the area with the
approximately uniform oscillation phase. Later the stripe forms a
shortening black tail (T = 92).

At T = 94 a small elongated and slightly curved black drop is seen
in the spatial distribution of the amplitude modulus in the center of the
medium. The respective phase distribution shows a small dark area,
separated by a sharp boundary from the area with uniform oscillations.
This phase domain grows and the modulus of the oscillation amplitude
inside it does not reach zero now (T = 97).

At the last stage, not shown in Fig. 11, a ring-shaped amplitude
domain develops in the center of the medium. It is surrounded by a bright
membrane, where the oscillation amplitude modulus is increased. The
ring breaks into parts contained inside the membrane. These parts shrink
and disappear, so that uniform oscillations are established in the entire
medium.

Though the process, illustrated by Fig. 11, is recorded under a
gradual increase cof the global feedback intensity u, similar behaviour
leading to the destruction of a spiral wave has been found when this
intensity has been kept at a fixed high level. These simulations at a
fixed feedback intensity have shown, moreover, that merging of the
extended amplitude defect and the core of the spiral wave is a very
important event. If this has not occurred, the spiral wave can spread

again its activity over the medium, as found under the intermittent

conditions.
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Break-up of the phase flip front, forming the arm of the spiral
wave, is locally similar to the process which leads to the destruction of
the phase flip in one-dimensional systems (Sect. 2.2). To make the
comparison easy, we show in Fig. 12 (a,b) the space-time diagram for
the latter process, using the same gray-scale coding as in Fig. 11. We
see that the sharp black-white interface ends and the phase flip
disappears after the oscillation amplitude has dropped down in the

center of such an object.

3.2. Suppression_of phase turbulence

Phase turbulence is found near the BF boundary. Fig. 13 (point 3 in the
phase diagram in Fig.8) shows several subsequent spatial distributions
of the phase ¢ in the medium, when global feedback is absent. We see
that an irregular pattern is formed by a system of cells. Inside a cell,
the phase is slightly larger at its center. Therefore, new oscillation
cycles initiate in the middle of a cell and then the phase fronts quickly
propagate towards its periphery. The fronts coming from neigbouring
cells collide on the boundary separating these cells and annihilate.
Hence, this boundary can be viewed as formed by a shock. Indeed, if the
spatial distribution of the amplitude modulus p is plotted, one observes
that the modulus is slightly increased on the boundary, as it should be

for a shock.
When the global feedback is introduced and its intensity u s

gradually increased, the cells tend to form a more regular arrangement
(this is however a slow process and therefore the arrangement is not
completed if the speed of ramping is too high). At the same time, the
magnitude of variations of the phase and the modulus of the oscillation

amplitude inside the cells slowly diminishes. Eventually, the cells fade

a2
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away and uniform oscillations are established in the medium. This

process is very similar to suppression of standing waves in one-

dimensional systems, described in Part |.

3.3. Three synchrgnization scenarios

Farther away from the BF boundary in the unstable region, the state of
developed defect turbulence is reached. Our numerical simulations
indicate that suppression of such defect turbulence by increasing global
feedback is achieved by different scenarios, depending on the phase
shift y of the global feedback: Synchronous oscillations emerge through
appearance of a spatial cellular structure, through the regime of
localized turbulence, or through formation of large phase domains. In the
simulations described below we always start from the same initial
state of defect turbuience (point 3 in Fig. 8) but choose different vaiues
of the phase shift for the ramped global feedback.

An example of evolution following the first scenario is given in
Fig. 14 (point 5 in the phase diagram in Fig. 8). The dash line in the top
part of this figure shows growth of the feedback intensity u, the solid
curve presents the respective evolution of the synchronization
parameter R. The middle part shows time development for the spatial
distribution of the modulus p of the local osciliation amplitude along
the vertical spatial cross-section drawn through the center of the
medium. At the bottom, characteristic spatial distributions of the
modulus in the entire medium at three different subsequent time
moments are shown. The gray scale coding is chosen, so that darker
regions correspond to smaller values of p. Almost black small regions

indicate amplitude defects where p is close to zero. Boundaries of the
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cells are formed by shocks with an increased modulus of the oscillation
amplitude, which look therefore like thin light membranes.

As the intensity of global feedback increases, shocks surrounding
amplitude defects become less mobile and arrange into more regular
cellular structures. Inside some cells, amplitude defects disappear and
thus empty cells are produced. The cells populated by defects have
larger sizes. Occasionally, the defects destroy a cell boundary formed by
a shock and penetrate into neighbouring cells. The competing influences
of the global feedback, tending to impose synchronization, and of the
defects, tending to spread turbulence, balance for some time each
another, despite a steady increase of the feedback intensity. Inside this
time interval, as seen from Fig. 14, the synchronization parameter R
remains near to 0.3.

Under an increase of u, the number of defects gets smaller and
they gradually lose their ability to destroy the cell boundaries. Finally,
the growing global feedback completely eliminates the defects and the
medium becomes filled only with the hexagonal cells seen in the second
frame in the bottom of Fig. 14. In the spatial cross-section, such
celiular structures correspond to standing waves in the one-dimensional
system.

As p is further increased, the cell boundaries are gradually washed
out and the amplitude variation between the center and the boundaries
of a cell gets less pronounced. This process leads to an almost
monotonous increase of the synchronization parameter R, until uniform
oscillations are established and a constant value of R is reached.

The second scenario of the synchronization onset is illustrated by
Fig. 15 where a different value of the phase shift is taken. The growth of

the synchronization parameter R is accompanied now by large

A11
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fluctuations. They are related to bursts in the number of defects, as
seen in the time evolution in the central cross-section.

in comparison to the previously described case, a higher intensity
of global feedback is needed here to establish uniform oscillations.
Empty cellular structures, forming the background, dissolve now before
the disappearance of the cells populated by defects has taken place. As a
result, active cells containing defects form clusters, or islands, on the
background of uniform oscillations. Sizes and shapes of such turbulent
islands vary in time, and they can move through the medium.

When the intensity of global coupling is further increased, these
turbulent islands get smaller and the fraction of the medium covered by
them decreases. Finally, all turbulent islands die out and uniform
oscillations are established in the medium.

The third scenario is observed when we take the phase shift x
inside the interval between x* and x+ in Fig. 4. in this case, the linear
stability analysis predicts that, when the global feedback intensity is
decreased, the uniform oscillations should first give rise to large phase
domains. Note that this occurs at much larger values of the feedback
intensity u.

In the simulation shown in Fig. 16 we slowly increase the feedback
intensity. The initial stage of the pattern evolution is similar to that
found in the second scenario. A cellular structure first appears that
later transforms into clusters of cells surrounded by the area with
uniform oscillations. Later, however, the shock boundaries between the
cells in a cluster dissolve and a large single domain is formed. Initially,
this domain has a complex shape and nonuniform amplitude activity is
observed inside it. As the intensity of global feedback is further

increased, the domain acquires an almost elliptical shape and its
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interior becomes approximately uniform. At still higher intensities, the
domain shrinks and finally disappears.

Note that if we stop increasing the giobal feedback and fix its
intensity, the phase domains are stable and this pattern is persistent.
The modulus is slightly decreased inside such a steady domain. The
phase slightly decreases from the center towards the boundary and then
abruptly drops on the boundary reaching its level for uniform
oscillations in the outside region.

Numerical simulations performed under gradual increase of the
global feedback intensity, which have been mainly described above, yield
a general view of the processes leading to the synchronization onset in
the medium. Below we investigate in more detail the typical properties
of appearing patterns under the conditions when the global feedback

intensity and other parameters of the system are kept constant.

3.4, Cellular structures

Cellular structures are formed by triplets of standing wave modes,
whose wave vectors satisfy the condition ky + kz + k3 = 0 and lk1l = tk2|
= Ik3l . Nonlinear effects saturate growth of these modes and thus a
steady hexagonal cellular structure becomes formed. Note that the
pattern, that develops from random initial conditions or when going
from the turbulent state in a ramping experiment, is very irregular. Long
time should pass until a slow relaxation process leading to ordering of
the cellular pattern is finished.

In contrast to the Benard or Turing instabilities, cellular
structures in the considered oscillatory system are not stationary. Fig.
17 shows the pattern evolution during a single oscillation period. Here

the spatial distribution of the local oscillation phase ¢ at subsequent

96
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time moments under fixed global feedback intensity is displayed. A
cycle begins with appearance of a relatively regular array of islands.
They slowly grow and, shortly before they merge, a hexagonal network is
clearly seen. This network is further discernible on the dark background
until it fades out and the oscillation cycle is repeated. Cellular
structures with such properties have recently been experimentally
observed in oscillatory catalytic surface reactions {25].

Note that the dynamical pattern formed by a cellular structure is
therefore similar to that of the phase turbulence (cf. Fig. 12). The
differences are that the cells forming this structure have equal sizes
and are ordered into a hexagonal array.

We performed systematic numerical studies of cellular structures.
Because the system may possess several global attractors in the
considered parameter region, only one of which corresponds to a cellular
structure, the following simulation procedure was adopted: By going
from the region of developed defect turbulence, the feedback intensity v
was gradually increased until a cellular structure first appeared. Then
we fixed the respective value of uy and continued integration to check
whether the observed structure was persistent. If a stable structure
was found, it was used as the initial condition for the next simulation
where the parameters y and y were siightly changed. If this again
yielded a stable structure, it was used as the initial condition for the
next step, etc. in this manner, boundaries for the existence of stable
cellular patterns and other steady spatiotemporal regimes have been
determined.

The results of a large series of numerical simulations are
summarized in Fig. 18. The solid curve in this figure indicates the
stability boundary of uniform oscillations, yielded by the perturbation

analysis (cf. Sect. 2.1). Nonlinear effects, i.e. interactions between the
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modes, lead however to the hysteresis phenomena. Therefore the uniform
oscillations first appear, when going from the region with a weak
feedback, only when the border of the region UO, shown by the dot line in
Fig. 18, is crossed.

Stable hexagonal cells are observed in the interval between the
curves connecting symbols + and * in Fig. 18. The cells appearing at x =
-0.6 T are shown at three subsequent time moments in Fig. 19a where
the spatial distribution of the oscillation amplitude modulus p is
displayed in gray scale. We see that in the membranes forming
boundaries between the cells the oscillation amplitude is increased, 3as
it can be expected for the shocks. Note also that the structure formed by
the spatial distribution of p is almost stationary. The linear size of the
celis approximately corresponds to the wavelength Ao of the first
unstable mode, as yielded by the linear stability analysis (cf. Fig. 5).
When the phase shift is increased to x = -0.2 m, the cells get larger (Fig.
19b).

inside the narrow region BH in Fig. 18, breathing cellular
structures are observed. In such a structure, sizes of the cells change
periodically with time, as shown in Fig. 19c. These structures are
stable. Note that the width of this region becomes very small for larger
phase shifts.

On the left side of the synchronization window, the hysteresis
becomes weaker and approximately at the point x. = -0.6 m in Fig. 5 the
existence boundary of hexagcnal cells merges, within the simulation
accuracy, with the stability boundary of uniform oscillations. Further 10
the left from this point, the cells are replaced by stripes (Fig. 19d). One
of the three modes, needed to produce 3 cellular structure, begins to

dominate and eliminates here the two other modes. This process has

4%
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analogs in the investigations of stationary Turing structures in
reaction-diffusion systems [17].

On the right side of the synchronization window, the cell sizes
increase as the point x* = 0.275 m is approached and become comparable
with the total size of the medium. Large phase domains are observed
near the stability boundary of uniform osciliations inside the interval
Y+ <3 < x* where x, = 0.599 m. Note that the boundaries separating
different regions in the phase diagram of Fig. 18 get closer one to
another when the phase shift is increased.

The above simulations of cellular structures have been performed
using no-flux boundary conditions. When some of them were repeated
using periodic boundary conditions, no significant influence on the cell
dynamics has been found.

Inside the region HT in Fig. 18, amplitude turbulence on the

background formed by a cellular structure has been found.

Fig. 20 (a-d) shows examples of intermittent and localized amplitude
turbulence in CGLE with fixed global feedback. Each horizontal row in
this figure represents a time sequence of frames taken for a different
value of the phase shift x. The spatial distribution of the modulus p of
the local oscillation amplitude is displayed in gray scale, with darker
regions cerresponding to smaller values of the modulus.

Cells in Fig. 20a are small and form an almost regular hexagonal
array, similar to a steady cellular structure. However, some of the cells
have now a dark interior, i.e. the modulus of the oscillation amplitude is
decreased there. However, the modulus p is only reduced but does not

vanish. When the spatial phase distribution is plotted for such a pattern,
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we see that the phase is flipped inside active cells in respect to the
rest of the medium. Thin bright membranes, that separate the celis and
are formed by shocks, are very rigid. They keep their shape even when a
cell becomes active. The entire process can be described as random
sporadic activity on a regular array. Individual cells suddenly ‘flip' and
become dark. They remain in this dark state for some time and then
return to the normal lightly gray state.

Sometimes the activation destroys 2 membrane and penetrates
into a neighbouring cell, infecting it. This process may lead to formation
of turbulent aggregates (such an object is present in the third frame of
Fig. 20a). However, as seen in our simulations, these aggregates later
die out and the regime with randomily distributed individual active cells
is recovered.

Since we did not run our simulations for very long times, it is
impossible to say whether the regime with single active cells is fully
persistent or it is not eventually replaced by developed defect
turbulence when a large turbulent aggregate appears. However, if such a
transition occurs, its waiting time should be large.

When the phase shift x is increased, cells are getting larger but
their arrangement is still fairly regular (Fig. 20b). The fraction of
active dark cells is now greater and they form clusters or chains. This
state is, however, only a transient which is obtained if we start from
the initial conditions that represent a hexagonal array. After some time,
the pattern loses its regularity and becomes similar to the patterns
shown in Fig. 20c, where a larger value of the phase shift is taken.

In this turbulent state, no regular array of cells is observed. The
majority of cells are passive and form a background for the active cells
that contain amplitude defects. Such active cells have larger sizes. If

two neighbouring active cells appear, the membrane between them can
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sometimes break. Inside an active cell, the modulus distribution is far
from uniform and undergoes irregular variation with time.

Passive cells, though irregular, are relatively rigid in the presence
of global feedback. Light membranes, forming their boundaries and
representing shocks, do not easily break and the seeds of amplitude
turbulence do not grow to large sizes. Often, the amplitude defects die
out in a seed region and it disappears. New active cells can appear as
amplitude defects spontaneously develop inside some of the passive
cells. The entire regime can be described as intermittent amplitude
turbulence.

At still larger values of the phase shift, not shown in Fig. 18,
localized turbuience, which represents individual turbulent islands
surrounded by the area with uniform oscillations, is found. An example
showing the appearance of such turbulence is given in Fig. 20d.

Localized turbulence develops through the intermittent amplitude
turbulence as the intensity of global feedback is increased. At
sufficiently high intensities, lying above the stability boundary of
uniform osciltations, passive cells in the background of the intermittent
turbulence begin to fade away and then disappear. Active cells,
populated by amplitude defects, are however more persistent and
continue to exist even when they are surrounded by uniform oscillations.
As the neighbouring passive cells disappear, the shock membrane
separating an active cell acquires an approximately circular shape, sc
that this object looks more like a2 'bubble'. Apparently, this membrane
tends to minimize its total length, thus possessing something similar to

the elasticity. These bubbles can form clusters, but individual bubbles

are also observed.
Fig. 21 displays the spatial distribution of cos¢ at subsequent time

moments within one oscillation cycle when a single turbulent island is
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present in the medium. To indicate the presence of amplitude defects,
we have additionally shown as bright light areas the regions where
oscillation amplitude modulus is very low (p < 0.05). Periodic boundary
conditions have been used in this simulation.

inside a turbulent island, individual cells are seen which merge or
split as time goes on. A cell is surrounded by a shock membrane that
separates it from the region with uniform oscillations or from other
cells in the island. in the center of a cell, the oscillation amplitude
sometimes suddenly drops down almost to zero and an approximately
concentric wave - an extended amplitude defect - is produced. This wave
propagates towards the boundary of the cell and dies there out. However,
it can also destroy the boundary and penetrate into a neighbouring cell.

When the phase variation in an active cell is followed, we see that
the phase undergoes rapid variation across the spreading wave, inside
the interval characterized by the greatly decreased modulus of the
oscillation amplitude. Qualitatively, the pattern looks as if a source
emitting ring-shaped phase flips were located in the center of the cell.

These ring-shaped amplitude defects show a transverse
instability. As they spread out and come closer to the cell's membrane,
some parts of them get very thin. Breakup of such extended defects also
often occurs. Closer to the BF-boundary, where the cells are largef,
broken extended amplitude defects form structures that look like
fragments of spiral waves, similér to the patterns seen in Fig. 10.

If a breakup has not occurred in a given cell, it usually dies out
after a few concentric waves have been generated (this is similar to the
last stage of destruction of a spiral wave). Apparently, only the broken
amplitude defects, which are associated with phase singularities, can
produce internal 'pressure' that would allow a cell to counteract the

suppressing influence of uniform oscillations .
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Another representation of localized turbulence is chosen in Fig. 22.
As the vertical coordinate, we plot here the inverse 1/p of the
oscillation amplitude modulus (with a cut-off above a certain high level
of 1/p). The local gray scale shading is used to display the local variable
cosé. The horizontal plane in this figure corresponds to uniform
oscillations where p = 1.12. Subsequent time frames within a single
oscillation cycle (from the top left to the bottom right) are shown.

The spatial distribution of the oscillation amplitude inside the
island is highly irregular. The amplitude reaches very small values in
the points that are not fixed and move inside the cells. Oscillations
inside a cell are shifted by about half of the period from uniform
oscillations in the rest of the medium. However, the phase distribution
inside a cell is far from uniform. Great phase variations are seen in the
areas where the oscillation amplitude is smaller. Though we have not
performed any special gquantitative investigation of this complex
process, it is, most probably, chaotic.

If no-flux boundary conditions were applied, a turbulent island
tended to move into one of the corners of the systems, as in Fig. 22.
Once this position was reached, the island could maintain its operation
for a long time. Under periodic boundary conditions the life-time of a

turbulent island was significantly shorter.

To investigate the influence of small medium inhomogeneities, special
numerical simulations was performed. A local inhomogeneity was
introduced by assuming that inside a small region in the center of the

medium the oscillation frequency ® in CGLE was slightly increased by
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amount do in comparison to the rest of the medium. Periodic boundary
conditions were used in these simulations.

We found that even such small medium imperfections, which were
not noticeable on the background of uniform oscillations, could serve as
nucleation centers and pin the turbulent islands. Fig. 23 shows
formation of a small active bubble on the background of a cellular
structure. Turbulent islands could also be pinned on the background of
uniform oscillations.

Fig. 24 shows time evolution of the synchronization parameter R
when we started from the turbulent state without global feedback and
then abruptly switched it on in absence (thick line) and in the presence
(thin line) of a small inhomogeneity. We see that, although in the
homogeneous medium such strong global feedback soon leads to the
emergence of synchronous oscillations, even a weak inhomogeneity is

sufficient to break the synchronization down and produce localized

turbulence in the medium.

4. Discussion

Our study has shown that global feedback essentially influences
properties of turbulence in the two-dimensional compiex Ginzburg-
Landau equation and leads to appearance of new kinds of patterns. Inside
a synchronization window, strong feedbacks suppress turbulence and
establish uniform oscillations. The action of giobal feedback depends on
its intensity and the phase shift, controlled by the delay time.

By adjusting the delay, the synchronization window can always be
reached at sufficiently high feedback intensities. The synchronization
develops according to different scenarios, i.e. via formation of

hexagonal cellular structures or stripes, via localized turbulence on the
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background of uniform oscillations, and via formation of large phase
domains. Strong global feedback destroy individual spiral waves. Two
kinds of elementary structures play an significant role in these
processes - shocks and phase flips.

When uniform oscillations are stable in respect to the Benjamin-
Feir instability, shocks result from collisions of two propagating waves.
Similar patterns, characterized by a local increase of the oscillation
amplitude and a minimum of the oscillation phase, are found when
turbulence in CGLE is suppressed by global feedback. Such shocks form
boundaries between cells and membranes separating turbulent bubbles
from the area with uniform oscillations. Shock boundaries and
membranes become increasingly rigid with growing global feedback. The
membranes are also apparently 'elastic', since they tend to minimize
their length.

In the parameter region where uniform oscillations are stable in
respect to the Benjamin-Feir instability, phase flips develop when
external periodic forcing or global feedback is applied [33,34]. We have
found that these phase flips are destroyed by a strong global feedback.
Destruction of a phase flip in a one-dimensional system proceeds
through the appearance of a singularity point, where the oscillation
amplitude vanishes. At the moment when such a singularity is present,
the phase can shift by 2m on both sides of this point, thus eliminating
the phase difference of 2w in a phase flip. We thus conclude that the
winding number is not generally conserved in the presence of global
feedbacks.

Though the profile of the modulus distribution in the phase flip
shortly before its disappearance is qualitatively similar to that of the
slowly moving BN hole, the phase distribution is different (cf. Fig. 1 and

7). The phase shift in a BN hole is close to m, whereas the phase shift in
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a phase flip is 2m. Furthermore, a BN hole is a source of plane waves,
whereas behind and after of a phase flip uniform oscillations are found.
It means that the destruction of a phase flip does not proceed through
the formation of a BN hole and represents another dynamical process.

In two-dimensional systems, destruction of phase-flip waves is
possible, as revealed by our simulations of spiral waves under strong
global feedback. Based on these observations, the following scenario for
breakup of a phase-flip wave in such systems can be proposed:

The modulation of this wave first develops, so that in some part of
the wave the phase variation becomes condensed inside a very narrow
stripe which we call a string. Since the oscillation amplitude is greatly
decreased inside the string, it can be classified as an extended
amplitude defect. The thickness of the string varies with time. At one of
its points, the string becomes infinitely thin, the oscillation amplitude
vanishes at this point and the string breaks up, so that two open ends
are formed. The remaining parts of the string then shrink and the rupture
grows, so that the open ends move further away one from another.

At an open end of the broken string, a phase singularity is located
and the oscillation amplitude vanishes. The phase changes by 2m after
going around any contour, surrounding the open end, and therefore a
topological defect should be located in this region. However, its
properties are significantly different from that of a topological defect
lying in the center of a rotating spiral wave. Now the topological defect
is attached to an end of an extended amplitude defect, i.e. to the string.

We have observed that at some stage in the process of destruction
of a spiral wave by global feedback, the pattern may include both a
localized amplitude defect, that forms the core of a spiral wave and is
located in its center, and a string, that forms the retreating tail of the

decaying spiral wave. Attached at the end of this string, a second phase
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singularity is found. The spiral wave ultimately dies only when the
string reaches its core.

We believe that such strings also play an important role in the
processes of localized turbulence. In the BF-stable region, phase flips do
not spontaneously appear. However, they can be generated by
heterogeneities, i.e. by small regions with an increased oscillation
frequency. Such a region behaves then as a pacemaker, periodically
sending concentric phase-flip waves {21]. In the BF-unstable region,
where uniform oscillations are unstable in respect to phase modulation,
phase flips may, however, occur even in absence of any material
inhomogeneity, inside the cells formed by shock membranes.

When the cells are small (Fig. 19a), the phase is flipping almost
uniformly inside a cell. As the phase shift in increased and the cells get
larger, we see in our simulations that flipping of the phase occurs
locally inside the cell. Then a ring-shaped phase flip is formed that
spreads concentrically towards the cell beundaries. The phase gradient
inside the ring grows and the amplitude modulus drops down (Fig. 21), so
that the ring can be described as an extended amplitude defect, or a
string loop.

As the loop grows, its modulation develops. It gets locally thinner
and may break up. However, this process needs time. If the cell is not
sufficiently large, string loops do not typically break - they die by
colliding with the cell membrane formed by a shock. When breakup
occurs inside a larger cell, short string fragments are formec.
Sometimes, one of the open ends of a string started to curl and a spiral
pattern developed. However, this spiral pattern had no regular shape and

did not exist for a long time. String fragments can aiso locally destroy

the membrane and penetrate into a neighbouring cell.
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Note that strings observed in our simulations of two-dimensional
CGLE with global feedback can be viewed as analogs of strings in the
quantum field theory (see [39]). Ends of these strings are occupied by
topological charges which, however, possess no own dynamics. The real
dynamical objects are the strings which can move and change their
shapes, interact and break. In contrast to this, the topological defects
are simply attached to the string ends and move together with them or
are produced in pairs of opposite signs when a string breaks.

We see that two-dimensional oscillatory systems with global
feedback show a rich variety of pattern formation processes. In this
context, it should be emphasized that 'controlling’ turbulence means not
merely its depression by strong feedbacks. Application of a global
feedback is also a method for modifying turbulent behaviour and
generating new kinds of spatiotemporal patterns. Particularly, the delay
time determines the phase shift of the driving force. By varying this
time, it is possible not only to rich the synchronization window, but
also to influence properties of spatiotemporal patterns observed at
intermediate feedback intensities, before the onset of wuniform
oscillations.

Our theoretical investigations have been carried out for a concrete
model of CGLE with global feedback. However, this model is generic
since it describes the typical behaviour of a reaction-diffusion system
near a supercritical Hopf bifurcation. Its predictions often remain
qualitatively valid even farther away from the bifurcation point, where
oscillations are not perfectly harmonical and their amplitudes are not
small. An important result of our study is that variation of only two
parameters, i.e. of the feedback intensity and the delay time, is

sufficient to modify properties of observed patterns, induce transitions

ner
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to different principal spatiotemporal regimes and, eventually, establish
uniform oscillations.
We acknowledge the financial support of the Volkswagen-Stiftung
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Figure captions

Fig. 1. Spatial distributions (a) of the oscillation amplitude
modulus p and (b) of the phase ¢/n in a slowly moving Bekki-Nozaki
hole (e =2,B8=-1.4,¢c=0.354).

Fig. 2. Spatial distributions (a) of the oscillation amplitude
modulus p and (b) of the phase ¢/x in a moving Bekki-Nozaki hole (e
=2,B=-1.4,¢c=3.24)

Fig. 3. The square of the wavenumber kg of the first unstable mode
as function of the parameter v=—-1-¢p fore = 2 and x = -0.2n
{curve 1). Curve 2 shows the quadratic approximation (41) of this
dependence. Curve 3 displays the respective dependence of the
wavenumber kgs of the most unstable mode in CGLE without a
global feedback, as given by equation (20).

Fig. 4. Stability diagram of uniform oscillations (e =2, = -1.4).
The osciltations are stable in the region above the boundary formed
by the curve DABCE. Characteristic points of this curve correspond
to the values of the phase shift y.= -0.6235 1 (point A), " =
0.275 m (B), and x+ = 0.599 7 (C).

Fig. 5. The wavelength i of the first unstable mode as function of
the phase shift y fore=2,8 = -1.4. The horizontal line shows the
wavelength Aigs of the most unstable in CGLE without global
feedback for the same values of the parameters £ and p.

Fig. 6. Prcfiles of the oscillation amplitude modulus (a) and of the
phase (b) in steadily traveling phase flips in the BF-stable region
of CGLE with global feedback (¢ =5.0, = 0.5, x = 0, y = 0.13).

Fig. 7. Destruction of a phase flip by strong global feedback (e = 5.0,
B =05 ¢ =0, p=0.175). Spatial profiles (a) of the amplitude
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modulus and (b) of the phase ¢/n at subsequent time moments T are
shown.

Fig. 8. Phase diagram for turbulence in CGLE without global
feedback (from [15]). Phase turbulence is observed between lines L
and BF, defect turbulence to the left of line T, and frozen states
exist (approximately) to the right of line S». The points 1, 2, 3, 4,
and S indicate the parameter values taken in our simulations.

Fig. 9. Destruction of a spiral wave by increasing global feedback.
Spatial distributions of cos¢ are shown in gray scale at six
subsequent time moments (from the top left to the bottom right)
fore =2,p = -0.55, and x = 0. The intensity of global feedback
grows with time as y = 104 x t (dash line in the upper part of the
figure). The solid line in the upper part shows the time dependence
of the synhchronization parameter R.

Fig. 10. Suppression of spiral-wave turbuience by the growing
global feedback. Six subsequent time frames for the real part Ren
of the complex oscillation amplitude are shown from the top left
to the bottom right; e =1.3,p=-0.8,x=0,p = 103 xt.

Fig. 11. A detailed view of the process leading to the destruction of
a spiral wave by increasing global feedback. Subsequent frames,
corresponding to moments T, show in gray scale the spatial
distributions of (a) the oscillation amplitude modulus and (b) the
oscillation phase.

Fig. 12. Evolution of (a) modulus and (b) phase distributions during
the process leading to destruction of a phase flip in the one-
dimensional system. Time is running from T =110t0 T = 115 in the
horizontal direction, the coordinate is plotted along the vertical

axis. The same parameters as in Fig. 7.
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Fig. 13. Phase turbulence in CGLE without global coupling (¢ = 2.0,
= -0.75, p = Q). Spatial distributions of the oscillation phase ¢ are
shown at six subsequent time moments. The phase increases
between 0 and 2m and then jumps back to 0, the black fronts in this
figure display the lines of constant phase ¢ = 2m.

Fig. 14. Suppression of defect turbulence via formation of a
cellular structure (e = 2, B = -1.4, x = -0.2 n). The upper part shows
the growth of the global feedback intensity y (dash line) and the
dependence of the synchronization parameter R on time. The middie
part displays the respective evolution of the spatial distribution of
the amplitude modufus p in the central vertical cross-section of
the medium, dark areas correspond to smaller values of p. Three
frames in the bottom row show spatial distributions of the
variable p in the entire medium at selected time moments T = 200,
600, and 700.

Fig. 15. Suppression of defect turbulence via development of
localized turbulence (e = 2, p = -1.4, y = Q). The same notations as
in Fig. 13. Three frames in the bottom row are taken at T = 200,
652, and 800.

Fig. 16. Suppression of defect turbulence via development of large
phase domains (e = 2, B = -1.4, x = 0.3 m).The same notations as in
Fig. 13. Time evolution in the middle part is displayed for the
times between T = 264 and 1500. Three frames in the bottom row
are taken at T = 500, 738, and 1490.

Fig. 17. A cellular structure (e = 2,8 =-1.4, x = -0.2 m, and uy =
0.245). The same notations as in Fig. 12.

Fig. 18. Phase diagram for cellular structures (e = 2, B = -1.4). The
solid curve shows the theoretical stability boundary of uniform

oscillations (see Fig. 4). When moving from the region DMT with
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fully developed defect turbulence, turbulence on the background of
a cellular structure is found in the region HT. Breathing hexagonal
cells appear inside the region BH and steady hexagonal cells are
observed in the region H. The cells disappear and are replaced by
uniform oscillations inside the region UO, whose boundary lies
higher then the solid curve (a hysteresis).

Fig. 19. Cellular and stripe structures at ¢ = 2, p = -1.4 for (a) x =
O6mandy =08 (b)x=-02mandy=03;(C)x= 0.5 and y =
0.35: (d) y = -0.63 w and p = 1.0. The gray scale representation is
used to display the spatial distributions of the variables p (a - c)
and cos¢ (d) at subsequent time moments at a fixed intensity of
global feedback.

Fig. 20. Intermittent and localized turbulence at e = 2,3 =-1.4 for
(a)y=-06mandpy=04,(b)y=-04nmandy= 0.25,(c)xy=-02m
andpy =0.18, (b) x =0 andpy = 0.3.

Fig. 21. Localized turbulence (e = 2, B = -1.2, x = 0 and y = 0.33).
Spatial distribution of cos¢ is shown in gray scale at subsequent
time moments within a single oscillation period (from the top left
to the bottom right); small bright regions additionally indicate the
areas where p < 0.05.

Fig. 22. Three-dimensional representation (see the text) of the
localized turbulence (¢ = 2, $ =-1.2, x = 0 and p = 0.392).

Fig. 23. Development of an active pinned bubble on the background
of the cellular structure (¢ = 2.0, B = -1.4, x =-0.2m, u =0.32); the
modulus p of the local oscillation amplitude is plotted. inside the
defect of size 5 x 5, located in the center of the medium, the local

oscillation frequency is increased by 8w = 0.35.

1 (n
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Fig. 24. Turbulence induced by a small defect of size 2 x 2, inside
which the local oscillation frequency is increased by éw = 0.05 (¢ =

2,p=-1.2,x=0).
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