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Figure 2.1. Potential tandscape through a quantum dot. The states i the 2D reservoirs are filled Fm

up to the electrochemical potentials fhey a0d Uy en which are related via the external voltage V4 =

(Mg - fmemVe. The discrete OD-states in the dot are tilled with N electrons up 10 iadN). The  [KOU WEN R
addition of one electron to the dot would raise grg,{N} (i.e. the highest solid line} 0 e dN+1} "t 2 To

(i.e. the lowest dashed line). In (a) this addition is blocked at low temperature. In (b} and (c) the i

addition is allowed since here gy, {N+/) is aligned with the reservoir potentials fhgn Hrign DY sg pDBL] SM)
means of the gate voltage. (b} and (c} show two parts of the sequential tunneling process at the

same gate voltage. (b) shows the situation with N and (¢} with N+ / ¢clectrons on the dot.
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o OUR GOAL IS To MEDICT
CoUlLoMB  OSCILLATIONS
o NAME(Y , WE TRY TO CALCWILATE

/UDOT(N) = E(N)—-—E[l\)—l)
E(N) IS THe N-ELecRoN  RouND

STATE ENERGY v ThHe )

o WE  ALSo N Tropu = AN  CEXTeERNMAL

MAGNETIC #1210 § = BZ (IT bo&s nNoT
ALTER  ClRcurar SYrneTey )

* A0DITNoN ENERGY SteCTRomn s
clyav (ONSI ) ERNG

Q}}w(lv) = Jar (V) - Par(N)

l.E. THE UMIATIoY IV THe PoTenTIAL

cvercy o QD Requirey T A0
AMOTHaR  ElecTRav To @0

e SIMPLE TREsMES To  CoHPUTE
/Uoor ARE  NoTT  SATISFACTORY
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(From Tarucha et af [L31])
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FIG. 1. (a) Coulomb oscillations in the current vs gate volage
at B =0T observed for a D = 0.5 um dot. (b) Addition
energy vs electron number for two different dots with D = 0.5
and 044 um. The nset shows a schematic diagram of the
device. The dot 1s located between the two heterostructure
barriers.
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HOW  CAN  WE QANTITAIIVELY
€ XPLAIN

e PEAKS AT  HALF -FiLimnG v ADITION
SPE CTRUM

e NON EquIDISTANT CoUlonB QOSCHLATIONS
—
o COMPL&X BE HAVIOLR, wiTH R c?

NO SUcH CEFFORT UNTIL Now.

[N SCIENTIFIC (LITERATURE WE HAVE
7) EXACT  CALCULATIONS
—SeverRe  LmiTATIons  ov N (Mmunge,
OF ELECTRONS)
2) SELF CONSISTENT 2D
HARTAEE -FoCk  LIKE  CALCULATIONS

— PRORLEMS v  DESCRIPTION oF

CORRELATED STATES
(wITH  Low ToTAL Spuv)
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Comparison of a Hartree, a Hartree-Fock, and an exact treatment
of quantum-dot helium

Daniela Pfannkuche
Maz-Planck-Institu? fiir Festkorperforschung, Hetsenbergstrasse [, D-7000 Stuttgart 80, Germany

Vidar Gudmundsson
Scrence Institute, University of Iceland, Dunhaga 3, IS-107 Reykjavik, [celand

Peter A, Maksym

Department of Physics and Astronomy, Unwersity of Leicester LEL TRH, United Kingdom
(Received 28 May 1992; revised manuscript received 29 September 1992)

We compare energies, pair correlation functions, and particle densities of the ground state of '
quantum-dot helium in a magnetic field obtained by a Hartree, a Hartree-Fock (HF), and an exact -
treatment. The exact and HF results for the tripiet state agree well, which illustrates the importance
of the exchange interaction for systems of few electrons. The results for the singlet state differ
significantly and we show that this is caused by a lack of correlation between the angular momenta

of the electrons in the HF approximation.

Figure 3 shows the energies Eg for the states |9) =
[000) and |8) = |011) as a function of the magnetic
field achieved by exact diagonalization, Hartree, and HF
calculations. While for the M = 1 ground state the en-
ergies of the HF and exact calculations nearly coincide
within the numerical accuracy [HF: (13.36 + 0.05) meV,
exact: (13.26 £ 0.02) meV], they differ for the M = 0
ground state. The difference is usually denoted as corre-
lation energy.

The correlations, neglected in the HF calculation, be-
come transparent in a comparison of the ground-state
wave functions calculated by the different methods. Ta-
ble I lists the most important coefficients dg.45 [Eq. (7)]

Tewim=="

Energy (meV})

+
“n

0 | 1

FIG. 3. Ground-state energies from Hartree, HF, and ex-
act calculations s & function of the magnetic field. (Confining
energy Al = 3.37 meV, material constants for GaAs.)
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(17)
In contrast, the expansion of the exact wave function
allows for all combinations of M; and M, with fixed sum
M.

For the M = 0 state the importance of combinations
M; =M, Mz = -M (M > 0) increases with increasing
strength of the Coulomb interaction relative to the effec-
tive confining energy Ai{l.s . Because of their larger spa-
tial extent, wave functions with larger angular momenta
tend to decrease the interaction energy. To demonstrate
this, we estimate the interaction contribution to the to-
tal energy for the different [000) states, only taking into
account the states listed in Table I. Including the ef-
fect of the symmetry of the singlet state under particle
permutation the interaction energy is given by

Jme?

{ d30.0000 + (doo;1000 — dooo-101)°

+3(doo;1000 + dogj0—-101)?

+do0;00 00 (doo;1000 + dooo—101)}
(18)

where the factor 2 accounts for the two spin functions
| 71} and | [1) which are not coupled by the Coulomb in-
teraction. {Throughout the following paragraph the spin
quanturn number is omitted; the matrix element was cal-
culated by transforming to CM and relative coordinates.)
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Numerical simulation of shell-filling effects in circular quantum dots

M. Macuca

Dipartimento di Ingegneria deli Informazione, Unversiad di Posa, Via Distsalve, 2156126 Pusa, Daly

Karl Hesy
Beckman Institute, University of [thmots. 405 North Marhews Avenue, Urbana, o 61801

G . lafrate
/5 Armv Rescarch Office. Research Triangle Fark, North Carolinag 27704-221i
(Received 15 November 1990}

We have computed the capacitive energy associated with the addition of each clectron 1o & cireslar quantum
dot, reproducing the shell-Alling behavior as reported in previous simulations and recently found expenimen-
tally. We denived quantitative estimates for the shape of the confining potential and for the dot radius in the
experiments. Qur resullts show that the succession of shell-filling events differs for the case of a realistic
self-comsistent potential from that predicted by a single-electron approximation and with an idealized parabolic
potcatial. [SOL63-1829(57)51808-X]
Recent measurements by Tarucha et al.,t using verticad
antum dots, have provided experimental evidence of the
>l structure of addition energies as predicted in Refs. 24,
is has been possible through a sophisticated technology®®

it has allowed the fabrication of smaller and geometrically
re controllable quantum dots. The vertical confinement

where 4 is the reduced Planck constant, m* the effective
mass of the electron, p the radial coordinate, ard ¢ the
angular coordinate.  The material  parameters  for
IngqsGaggsAs have been computed with a linear interpola-
tion between the parameters of InAs and GaAs, which gives
m*=0.0648m, and €,=12.98 The total potential V(p)
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FIG. |. Electron density as a function of dot radius, for ditTerent
clectron numbers: the geometric dot radius 15 90 nm and the con-
finement potential is parabolic, with iw =3 meV.

tion. This is the consequence of the fact that the interaciion
energy scales with I/R,, R, being the effective radius over
which the electron wave function is spread, while the con-
finement energy scales with l/Rf,.q Thus, for mcreasing dot
size, the Coulomb energy becomes more and more impot-
tant leadino 10 a verv sUff self-consistent problem.

FIG. 2. Self-consistens capacitive energy of a quantum dot with
a radius of 90 nm as a Tunction of the number of electrons, includ-
ing a parabolic confinement potential defined by Aw=4 (sold
dots}, 3 meV {solid squures). and 2.5 meV (empty squares).

2 are for dots with the same geometrical radius, but with a
confinement potential with hw=4 (solid dots) 2.5 meV
(empty squaces).

Examining the detailed features of these results, we notice
that peaks occur in more positions than those predicted on



. s As B - A A&

wWE INTROOUCE THE MANY  RobO Y
PROTOTYPE HAMILTONIAN FoR

CORRELATED ELECTRONIC STATES ( FR A
(ATTicE OF @Ds )

£, = CREATION OPERATOR FR AV
GLECTRON WITH BVERGY Ex amSPIN &

ov THE 4 TH QD‘ (m'«' C"-(G 14{()

E*’ﬂv 8 = " HoPPING " CoEFFICIENT  §€ T weeN
i-TA AND J-Th  QDs

Usp , Jop = Coutomg am excrmwvee
INTEGrALs BeTween  x AND f  Levels.
X = SET o QUANTUM  NMUMIeRS  Fou THe

20 Halnom(  OSCILATOR, X = (’n,M)
THIS 1§ THe |

GENERALIZED  HUBBMD MoDEL

1 a~a\



[V THE" CASE ofF A SiNee @D, H is:

A\

N
fﬂ - 52 Ce Mats +
=%
O S L R
~ . TR iy
<, 8
Z (Ua(ﬂ "J;ﬁ) Mo Mpe <=
wp -
NS T
. WALLE Spins

o 4.1 4‘({”}!
U,qg - j j kK/T-T7/

Jup = e‘jdvz j &t i-.LC;f;) /ép (t') éféc(c') f(z)
T-T’

$,(t) = REAL SMCE  EI6ENFUNCTION .

THe everey E(N)oF A smTe wiTh N Crer o

S = L &clhe> + 2] 0l

Xf&

~+ (Uaag —Lﬁ)(/ﬁ'ﬁ‘>j </ﬁ"“’>
O



NOTE “THAT -t 1S ‘A MANY  BoDY

RAMILTONIAN , BUT |T IS =xAcTLY
SOLVARLE,  BE CAUSE

C_ l:] y fﬁxr] = QO
So  Mavy  BobY EICENFUNC TIONS  ARE
SIMPLE  SLATER  DETERMINANTS oF

SINGLE PARTICLE EIGENFUNCTIONS AND,
FIkeo N AN) ToTAL  sov S , VWE
DERIVE  E(N) FRoM (%)  JUST
[LOOKING FOR  THE MINIMUM
CONFIGURATION ENERGY. CoNTRARY T&
USUAL  HUBBARD  AbfRoacke's, U AND T ARe

CALCOLATED  ((NoT  PARAME TERS).

WITRIN  TRAE  MONEL /
THRS 1S o AP IMATION



o THE nMETHD IS  ConCeEPTUALLY SMPLE,

AND TRE  CALCUATIN  STRAIGHT FoRwARD
e AT THE  SAMe TIME, [T PERMITS  GHEAT
ACCURACY TO MIMIC  EXPERIMENTAL  SYSTEM

@ |T HAS GReAT POTENTIALITIES
— EXACT EXCITED STATES
— EXTENSIV  TO  SYSTEMS of coulie @5

‘\._/’\ o .”—“\\/

o CRUATION (%) R E(N) IS FoRHMALLY
EQUIVALENT TO HMTREE - Fock ENER GY

@ WE Foun() THAT  THE MeTHO(
DOESN' T ACCoUNT FoR  EXPERIMENTAL
RESULTS v TRHE LT  oF VeRy
Low  SNERGY  SPLITTINGS o

be TwEEN OIFFERENT SHELLS



CALCULATION INGREDIENTS

WE  MIMICKED  EXPeriMgnT of Tarucr ef ol (it

Vinmy) = Lm*aze (s B=0)

1
2

Vo IF 2>l
3
V(E> = © |F L >g> -L
L 2y
L, IF Z2e-L
T
® Q.65 IV THe QoT
m .
Mo 0. 80 v THe BARRIGR §

W

i = 12.98 (Imoos G"-o.ssA/“') L 7Zo/f
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WE Use) 4 DIFFERENT VALUES oF T
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. THE oo'r)

bove = 25 , 5, 5, o meV
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FIG. 1. (a) Coulomb osctllations in the current vs gate votage
at B=0T observed for a D = 0.5 um dot. (b) Addition
energy vs electron number for two different dots with D = 0.5
and 0.44 um. The inset shows a schematic diagram of the
device. The dot is located between the (wo heterostructure
barriers.



WE  FoUND , IN THE ADITION SPECTRA , PEAKS

AT THE  FILLING (N=Z,56, 11) AND  HALF-

FILLNG (N=4,9) ofF sHewLs, at B=0O.

TRESE SHEWS Ae THoSeE  oF

2D HAR Mo
OSCIILATOR (EVELS

[ see F}G{/KE),
ELECTRON - €L c TRON N TERACTION

FUNDAMENVTAL ROLE IV EXPLAINING
FILLINGS ¢ /T

PLAYS A

SUCH
IS RESPoNSIBLE  For

RUND'S  RULE IV Freiive LeveLs.

M FRcT, wé Fowbd A FILLING RulLE
(AS In AToric  PHYSICS ) TO FiLL (EVers

e I LAY ——RAFOR T ) ’
. L

O CLECTRONS CONFIGURE  To CoMPLETELY
FlL. THe OUTER SHELL Thenserves

2) WITHN A SHELL , THEY ARE PLACED WV Ster
A WAY To MAXimEE ToTAL SN S (e,

w I TH mRALLEL SPINS  AS  MUCA AS PormLé)
3) ComeaTIBLY wiTH S, THEY  MAXIMIZE

i‘;— \Lz‘ii\ (L_e_; = —-ﬁ/)’)’l)

(NoTE THAT | DESPITE REL ATons Lz. AN
NoT l? IS ConNServeD M:O,:tij_tz/...)
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THIS ERXPLANS  PEAKS AT HALF  FILLING -

cLe CTRONS CONFIGUAE iV SUCH A waYy
To MAXIMIZE  SPIN (excmwse /NTE'KAC‘I'IQN)/

AND we HAVE  THE MAXMMUM a1 e OF
ToTAL  SPIV AT HALF FILLING ( V=4, 9)

LK. N= &

(0,-) —— =20
% (0,0)

ADDING AN ELEC TRoN COST 5, v

A0D) TIoN SPEcTRon/ THE COUL oMy REPUL StoN

(J BT ween Twe ELECTRONS on  THe
SAME LevEL
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IS THEe ORlGIN ©OF THESE }eULe;
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TO M\

vVIiMIZE GROUND STATE ENERGY.

RULE 1) ASsures THAT  THE Sun  of

ONE
VALUE .
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TERM Y
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IN THE  SAME WARY , HUND'S RULE

EXLANS  “wissLes 1 Iv THE /u--6 PLST.

B ENERGeE TICALLY  FAVOURS  ConElelrATIONS
WITH  MAXIUM Moy = 2 mi |

However , HUMY'S RULE  FAVOWULY COM F16UR ATl aNy
wITH S MAXIHVM ;SO TURNMING  OpN %/

Fokk A CERTAIN CRITICAL VALLE THekc
WwitL ge A ‘wigee v THE p-B el

CORRE SPONDING To THE KonoTloN oF

Ve
AN CELEC TRoN FRom A Mh—%&é} w T
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aeneR M ( PossLY  wiTH PN Fe)

( See  FIsWe).
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WE  SEIRATELY  CompLTED

ADDITION  sPEctRA  DESCRIBING ot s
ThE 0ST As A 2D Disk  awp As

A 3D STRUCTURE | wITH A SPATIAL
EXTENSIOVN  AleNe Z  AXIS.

IV BOTH CASES Wwe Founyp  THAT THE
METRoD DoBsN'T AccounT FoR

EXPe RIMENTAL RESULTS N THe
LM'T oF Low ConvFINEMENT  PoTENTIAL

eveRGY Mus 1 HoweveR , THIS (imiT
s Much  mener IV 2D case THEM

v 3D
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ONLY A 3D comeutation of U and J

GUARANTEE S THe SHelL FILLING AS we
STATe T ( see Flsure )

Tne 2D TrReaTHEnT
OVERESTINATES (J TeRrHS ( THAT

REPEL  ELECTRONS WITH  ANTIPARALLEL SN
whiLE (U -T) Terns (THA Refe

Clec Tov wiTH  PARALLEL spw) DoN' T

REALLY CHANVGE  MUCH:

THIS MPeDES THE COMPLETE

FlL(tIne OF A SHELL (SEE F/dU&E)‘



U and J integrails (meV)

Confinement energy = 5 meV
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CONCLUSIONS
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POWER FUI METHD)
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