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The Equation of State in Solid Planet Interiors

I. Iantroduction.

In deacribing properties of planet interiors, one
often needs to know the formal relationship between
pressure, volume and temperature. Such an equation is
called an Equation of State (EOS).

The EOS we seek is
! P = P(V,1) (L)
In general, pressure ls related to the free energy
P=- @FAT)y (2)

The contributions of deformation of all kinds to the
free energy F, comes through internal energy U, where

U=F~-15, (3)

and 5 is the entropy.

How in specifying (1) as the E0S and (2) as icts .
relationghip to F, we are ignoring the contribution of
shear deformations to U. This is justified in deep
planetary interiors because the pressure P is large
compared to the shear stresses. Similarly the time
variation of deformation is not significant in our EOS,
although 1t may be important in tectoni¢ processes near
the Earth's surface where the stress deviactorial stresses

are no longer small compared to pressure.

In this course we are interested in planet interiors
where shear stresses are small compared to P.

Now in applying (2) to fundamental formulaticos of F,
we arrive at the following general equation for pressure

P(V,T) = Prra0){V) + Pry(V,T} (4)

The first term on the right is the so called
isethermal E0S, being the relationship between P and V at
The second term on the right is the

absolute zero.
We shall be concerned with

thermal pressure of the solid.
che magnitude of thermal pressure of the minerals
compressing the Earth, but first a desecription of the

thermal pressure may be useful.
A useful analogy exists between the thermal pressure

of a solid and the kinetic energy of a gas. The perfect
gas law is an EOS for an ensemble of ideal gas particles
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PV = 3Nt (5)

whe i
andrg :Li:u:frUEadrogs nuwber, k iIs the Boltzman constant
: 3 for three degrees of freedom of '
] of an
;ndiv1dual particle., Thig equation, one of the
entroductory concepts of kinetie theory, is found by
quatiog the wean kinetiec energy of a parricle to
ﬁjﬁ:tizmetransrir ;n 4 unit time over a unit area The
nergy is Ey = 3NkT, and the ki :
density is identical co " oore ey
Can bty e the kinetic pressure, Thus (5)

Py = Eg/V (6)

o EAn an:log exists to (6) in solids which relates Py
1ntr§g gtie thermal energy), but it requires the "
Crunei:en :n of a very important parameter, called the
arameter. We shall call thig ara
] meter
Lﬁ; ;heds;Pscripc being necessary becausepgamma canhere
$ delined in a variety of wa i
not always equal. We have yS uhich are close bur

Pry = & m/V)Epy (7)
mOtiIn s?lids. the kinecic energy ETH arises from the -
Convin ? the atoms as they vibrace back and forth, each

015 rained to oscillate around a particular lattice
??)nt-Fiigirew;{i s?gnificant differences between (6) and
. » While Py = P for g4 gas is
. oul
EE:pgnﬁn:iand often a small gne of P EEE a soliz : Second
ruunelsen parameter, so importa ids, '
i : at for solids, is
: sent in the EOS of a gas. No Such parameter a;ises
ecause in ideal gases F = Fg = Ex - TS d
[¢] EK/d V)T = 0. ren

ener;; :::per:;ures high enough that the equipartition of
umption is appropriate but suffici

anhareonic terms & ol sorgay thet

i are unlmportant (a classical solid}, we

Epy = 3pRT
While Yy i i 3
4 1§ sometimes independent of T
; o nearl
$0, it is quite crude to take YM Lo be indépendﬂntruf

V. We know that gamma diminishes with V.

I1. The Grineisen Parameter.

oo Thﬁ valug gf the Orineisen parameter often depends
fp n the definitiens involved and thus, there are several
orms, each having a definite physical meaning .
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1. From (7), we have the Mie-Grineisen definition for
gamma; simply the ratic of the thermal pressure to the
thermal energy density (Grineisen, 1924).

Yy = Pry/(Epy/V} (8)

2. A more general definition of Y is as a
dimensionless parameter with the value near unity, much
like the dimensionless constants of hydrodynamics
(Reynolds mo, Nusselt ne, etc.) {(Gruneisen, 1924).

Cy B T (9)
a7,

This ratio of parameters is called the Griunelsen ratic-
Although each of these gquantities varies with T, this
ratio is often independent of T or nearly so. K is the
isothermal bulk modulus, Cy is the specific heat at
constant volumé, and o 13 the volume coefficient of
thermal expansion. ’

3. The gamma of (9) is also the adiabatic lapse rate
in a sclid (similar to that in a gas) (Gréfneisen, 1924).

Y= Kyam
':rs“(ans (19

A change in P results in a given change in T according to
the above if no heat flows in or out of the solid, ang y

is a measure of the effect.
4. Another form of the (10) is

Y = @inT/dm)g (11)

Equation (9) is useful for measuring vy at high

* ‘ecmperature, but at zero pressure. It involves three
segarate experiments. Equacion (10) is useful for
measuring Y as a function of pressure and temperature,
using adiabatic decompression (Boehler, et al., 1977;
Ramakrishnan, et al., 1978}. Equation (l1) is useful for
escimacing the adiabatic temperature change arising from a
density change, provided Y{T,p) are known.

Values of Y have been measured using (%) ana {10},
as shown in Table 1.
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Table 1

Valuas of the measured Grineisen ratio. Data for
parameters taken from tables assembled by Suwmino and
Anderson (1980)2, Chung {19763 Boehler and
Kamakrishnan, (1980)€, Guinan and Beshers (1968)9
and Anderson (1979)¢,

Measurad Gamma

Y by (10} Y by (9)
Compound KS/T (aT/BP)S aKTV/CV
Corrundum® - -
1.32
Periclase? 1.35¢ 1.54
kel? 1.47° 1.37
Lirl? -—-
a
KBx 1.43°% . 1,66
a
NaCl 1.62% 1.58
a
Spinel -— 1.13
carpet®
A -— 1.21
Hematite - 1.92 ,
Forsterjta® 1.15° 1.18
E}
levln: - 1.21
Ruzile 1.28
a
d-quartez a.57¢ 0.a7
fA‘Ll’Ond N —— 1.81
Eclogice -— -
PErlthltEb -——- ——
Orthopyrogenea -—= l.55
Treverite- . -—= 1.24
Earth's lower
mantle (150)
LunCamnpressed) .- ---

Boehler and his coworkers (Boehler and Ramakrishnan,
1980; Boehler, 1981, Boehler, 1982) were able to estimate
v a5 a function of V/V,, by using Eq. (10). They
measured @ TA P)g, as a funcrion of P, and chen used
other data for Kg as a function of p to complete the
date for {1U). The data allowed v to be reinterpreted
45 a function of V along an isotherm. In general they
found that
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YhHe= (0hg)e : (12)

where q is a number near 1, for the oxit_‘.les and silicates.
The value of q is higher than 1 for the 4lkali metals
(Boehler, 1983). The results are shown in Table 1.

Careful measurements of Boehler on the alkali metals
taken out to very large compressions Indicate that q does
not remain independent of density at the largest
compressions (Boebhler, 1983). But for compressions out
to, say, V/V,=r 0.75, Ravr /dk w is reasconably
independent of p. Thus, Eq. {12} would appear to be
reliable for pressures in the terrestrial planets, even
though it may not be reliable for the deep interiors of
the outer planets.

Table 2

The varlation of v with V according to V/V§ (af:gr
Boehler and Ramakrishnan (1980) and Beehler (1982)

Alkali .

Mecals ‘o _a Mslides Jo v _q

Al 2.14 1.0 HaCl L.62 1.2

Cu 2.01 1.3 Kbr L.as s

In 2,42 1.5 KC1 l.47 1.7

Fe 1.66 0.6 Mipnerais

Pb 2.83 1.2 Mgl L3 ~LLD
Yla 1.2 0.%1 Mg, 510, .13 ~ 2.0
K 1.1% 1.7 Luarcz G.37 1.4

51 i.0 l.4 Fluorcite 1.55 *.6

The varilaticn of ¥ vs T has been measured by O. L.
Anderson and his colleagues, using Eq. (9} (for example,
Anderson and Suzuki, 1983). Their measurements are in the
high T region, which is of prime concern to geophysical
problems.

Eq. {(9) refers to measurements made at constant P
(iscbars). Using the following equation @y AT)y
can be determined, (iscchores), from {3y /4T)p.

—

(ﬂ\ ,(-"’” + (i‘_"f fé-l,‘,f

Vo
8T iu T T oV jr o7
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) The following graph, Figure 1, shows that y is net
independent of T at high T far che three minerals
examined, either at constant V or constant P,

1,51 T T AL B =TT .8
L :::-:_-__“-“H“"""-‘-,h o j
- Ms O \"""-s_ -‘-“-.._
14~ e T 14
Tl seweL v=v
12 Tdle
'2[ Fep 510, ama -
_ S0 ]
4T ' teeano
' . -
Y - SPINEL R
L T~ AR 1
ok 0, 1.2
0.3 . L .
¢ 3 0 /8 3 2.0

Figure 1. Measured values of Y vs T at
constant P and constant volume for four minerals

at high temperature (modified from Anderson and
Sumino (1983},

Now it is clear from Figure 1 that @y AT)y 1s
probably not zere at planetary temperatures (TH » 2
for the Earth's manile), This has important consequences.

The value of YM used in (8) is not weasured, but
Y 10 (9} is measured. The condition that vy can be
used for Tp has been derived by Mulargia (1977). Oqe
form of his equation is

£ by
[ L B .
\\{" ETV\ - E_V— -37)1\]‘ (13)

Since high temperature measurements on minerals
indicate that ¢y A T)y {s not zero, it follows that
Yy, Biven by (7), wust pe largely empirical for the
Earth's mantle calculations. That is, the measurements

such as shown in Table 2, cannot be applied to (7) withoutr
Corrections.

The abscissa of Figure 1 is the dimensionless TH ,
whered is the Debye temperature. ¢ helps define the
limit where a solid enzers che high temperature regime.
At T> o, the solid is said to he at high temperature,
but the value of 8 varies from solid to solid.



0. L. Anderson . ICTP: “Physics of Condeused Matter”
: Trieste, Italy

August 21-24, 1984 : Lecture L, Page 7
. (July 18, 1984)

II1I. The Debye Temperature.

In the classical theotry of a thermal solid, Debye
approximated the phonom spectrum by assuming all the
phonons are acoustic and that the frequency of the phonoms
was controlled by the scund velocities of an isotropic
body, vp and vg. The result of this theory lead to
good approximatioas of specific heat and entropy vs T, by
using the so called Debye function. In the course of this
derivation Debye defined the relatjonship between the
Debye frequency (maximum frequency) and the mean velocity
of sound, vy

i
w _-(Eﬂ"YUM (14)

where the mean velocicty is given by

Vo vy [ 2 0

- Y {_J r(v./u,,)'J (135)

and where p 1s the number of atoms per molecule, N is

Avrogado's number and V is the molecular volume. Now

since the average atomic mass is equal to M/p = Nm/p
p

N/V=W

Further, wy can be converted to a temperature (the
Debye temperature) by wp = (k/h)p .

Thue the Debye temperature is

an n 1/3
iy Mol ) .
@~ 2(3) (5 «mazsa,z(m) iy 7K (16)
where m/p is the mean atomic mass, ¢ is in gm/c.c and

Vp is in km/sec.

Using (l6), the Debye temperature can be estimated for
any solid {(including zones of the Earth) from data on
sound velocities.

Since the sound velocity varies very little between
absolute zero and recom temperature, the room temperature
values nf vp, vg ana ¢ are ysed in (16). Estimated
values of 8 are given in the follocwing cable.

&
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Table 3

Heasured M/p ;
Compouna :’Emse:? . :\::;' Denﬂ? L
~OMmEoy! ‘ { deignt  (qrem”) e}
g0 T 8.5 599 20018 3.3¢3 53]
Alody 109 6.3 .35 339 1042
H9,519, §.65 5.07  20.10  3.722 " 767
Topaz 9.59 5,75 20.45  3.52 889
8ed 123 7.3 12.5 1.0 1265
A1 6.4 311 2598 2.70 407
Fa ‘5.9 1,25 s55.85 7.37 473
W 5.2 2.86 183.%  19.92 383
farch's . ~ 980

lower mantle
(uncoapressad)

IV. Thermal Energy and Vibrational Energy at High

Temperature.

In the following, we shall be concerned about the
thermal pressure, especially at high T, but a distincrion
needs to be made between the thermal eneryy and the
vibratiocnal enezgy.

The internal energy of an insulating solid arises from
two major sources. One term is due Co the petential of
Fhe static lacttice at absolute zero, Exz, ana che other
is due to the dymamical motion of the atoms as chey
vibrate around the lattice polnts, E.yyp-

Thus, in an insulator where the energy of electrons
can be neglected

U= By + By (17)
New, Eyiy Is 2 function of temperature, but it also

contains a term whieh is independent of T, called the
zero~point vibrational energy, or

Eyip = Egy + Ery (18)

Thg thermal energy, being dependent cnly on T, is the
vibrational energy less the zero point energy, and

Y= E;, +Epy (19)

where Ep 15 the sum of the statiec lacrice energy at
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absolute zero, plug the zero point vibrational energy.
They are both functions of V only.

Now in simple systems where anharmonicity is small,
the vibrational energy can be approximated by 3IpN
independent harmonic oscilations. In such a system, the
free energy (F = U - T8} is the following (Girifalco,
1%73).

F=E7 + Ezp + Fry (20)
Jpn.
i hwv
J\
=t (21)

3pN -hv,/kT
Fpg = kT in(l -e
TH
. {22)
j=1 :
Huang (1951) described the ambiguity associated with
Eyip and Epy. They approach the same high-temperature
limiz, but the rate of convergence tc this limit is quite
different. Fumi-and Tosi (1%62) showed that Eyig
converges to Es at T+ 2/{3 )%, while Eqy
converges to En g, where 8 is the Debye temperature.

V. The Thermal Préssure in the h.T. Approximation.

The description of the quantum harmonic crysctal
reduces to simple terms at high temperatures, which are
very useful to guide experiments. AL high temperatures
(22) becomes an integral part of F, and cannot be
ignored. At sufficiently high T, (22) can be simplified
due to the convergence of certain series expansiona. The
argument in (22) becomes amall since hmj < < kT.

Thus,

-xj ( X"a \
infl - & V= ‘anxw‘_T"""s
\ - /

X . .
(23)
= In xw +o8n (l - §l>

Expanding the last logarithmic term above,
—-X. X

in(l - e 0y o= e - )

5 /

49
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hv.

1
+ kTZ &n D R EZh\)j

F=f,*E o

P
{25}

From (11) we see that the last term above just cancels
Ezp. Thus,

F=g.. + {’T‘Z in hv -~ in kT) (26)

An equivalent derivation is found in Zharkev and Kalinin
£1971), but they deal with a Debye function in the high
temperature limit.

Equation (26) is the important result. lcs validicy
depends upon the conditiew that the anharmonicity 1s
small., If anharmeoaicity iLs significant, then this
simplified derivation is not valid as a description of the
free energy of an insulator. The theory including
anharmonicity effects has been presented by Mulargia and
Boschi, (1978). The test of anharmonicity rests with
experiments. In the next lecture, we shall review the
experimental evidence in support of the cenclusion that
anharmonicity is unot significant in minerals at high
pressure, at Earth temperatures, and thus (¢6) stands as a
useful approximation for our purposes.

The high-temperature pressure is found from (2):

i IpN/3 tav (2n
P L O i
B o= P V) 5&3—) (—_‘a T U\}}phl kP

\ 1=1
Now, since 3pNkT is the harmonic high temperature
value of the energy, we have

¥ YY)

Do D(y) - 3pnaT L (28)
] : —_— -
Y (3pN)

The average mode gamma at high temperature is given by

Yo o2 ;1?2«_14‘ {29}

+

¥
s

called the high cemperature v m¥Y,

The numerous derivatives of frequencies, v j, with
respect to V¥, are called mode gammas
324

Loz

Yo © FN - {30)



g ’ 0. L. Anderson ICTP: “Physics of Condensed Matter"
0. L. Anderson . ICTP: "Physics of Condensed Matter” Trieste, Italy
Trieste, Italy August 21-24, 1984 Lecture 1, Page 2

August 21-24, 1984 X Lecture 1, Page 11
(July 16, 1984)

Eq. (30) ia the arithmetic average of all normal modes
in a solid. Now there are many differeant kinds of modes
in a solid, but they can be lumped into two classes:
acoustical and optical. There is little possibilicy of
measuring the optical modes of vibracion of che Earth's
interior. However, the low frequency acoustic modes can
be measured becauge the acoustic vibrations are measured
(the seismic velocities, vg and vp).

We have the same recourse that Debye did when he
derived his famous theory of specific heats. Debye
assumed that all vibrations of a solid could be
represented as either longitudinal acoustic vibrations or
transverse acoustic vibratioans, and that these vibrations
could be measured by velocities of sound. The Debye model
neglects all optical vibrations and all high frequency
acoustie vibrations. Even with chese drastic assumptions,
the Debye theory of specific heat has often been
successful, even at high temperature.

Following Debye's reasoning, then the sum of the 3pN
modes in {30) is replaced by only three modes, one
longitudinal and Z equal shear acoustic modes. That is to
say, the average gamma of all the modes is close ro
average of the three acoustic modes.

froed [0 Lo dan]
e B N PYSEV (31}

where Y, . (for acoustic) replaces Yw

Now the relationship between frequency and velocity of
acoustic modes involves the wave length, v =X /v

faaﬂv\ RS AT Y (32)
e 1T Vet ir tddl /

The first term pn the right 1s 1/3 because » 1s
proportional to V if the aqumber of modes remains
fixed as the volume changes.

Using Eq. (32), Eq. (31) is replaced by

f :J:'\l’gi*;'ag__f (33)

ac

(July 16, 1984)

Bénr
=Y +
where N % (a“;‘";)r (34)
' s
k.‘. = 1/3 + ( (3‘ k) (33)
S 7

VI. The Acoustic Griineisen Parameter.

We may gvaluate Yac for the Earth's mantle using
the appropriate seismic data. Using the data from the

PREM model (Dziewounski and Anderson, 1982), v,. can be
found vs depth.

From the PREM datay decre y
ac ases from 1.29 at 770
l.(m to G.9%8 at 2700 km. The plot of log v 40 vs lagp
is shown in Figure 2. A straight line confirms (11),
where q 1Is independent of p .,

It is found that the slope yields q = 1.3, and the
intercept yields Yo = 1.5, where p, = 4,00
gm/cm*.

LW
; v
LOT DENTY Y

Figure 2. The determinarion of q = - (oy g0/ ® ) for
the lower mantle using the PEM data (Dziewonski, et al.,
1975). These data indicate that q = 1,35 ove} the whole
of the lower mantle (Anderson, 1979),

The comparison of Tac with vy for minerals is
shown in Table 4., Sometimes the agreement belween v
and Y is good, but often it is not, as has been noteac
by Mulargia and Boschi {1980). For those minerals which
have a tightly packed structure [the corrundum, the
perovskite, hexagonal close packed in Table 4), the value
of Yac 1s close to that of Y. The error iny icself
can be estimated by comparing values of Y from Eg. {9)
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with those from Eq. (10). For the fcc structure, the
agreement 1s good when the gize of cation is close to

that of the anfon {NaCl, Ca0) and becomes worse as the Table &
catlon/anion size ratio departs from unity (KBr and BaQ).
For minerals with open structures such as TiUj, the Values of v, ssclaacsd froa sound velocicies (st coom

agreement is not good, but for the same agtoms in a close
packed structure, Ti303, the agreement is

satisfactory. The worst agreement between v, and v

ig for silica glass, but the coordination number of silica
glass is 2 and 4, which permits a very loose structure.

ceuperacure) compured with y found from Eq. (%) and {10).
Duace caken frum cabley by Sumino and Andevrsan (1‘184).,
Boehler and Remakrishaan U.‘J&O}b, Guinan and Beshers {l"bbja,
Anderson (19?8)d, and Soya and Anderson 19879,

Y

Muterial  fsc_ T lacecial HC X ..
Now these correlations are similar to those found for ' & 40y v8)
the low temperature expansivity in certain solids (Barronm,
et al., 1980). For open structures, especially those with Al 02 1.31 1.32 -- &Nnga 1.50 .50
tetrahedral coordination, the value of thermal expaunsivity ey (Pevovikice)
is negative at low temperature, and therefore v is g O 150 1. 54 1.39 cseld L2l 2,30
negative; while the thermal expansivity found at high Gacaect 1.69 1.20 -- T‘L,os“ 1.140 1,13
temperature on the same materials is normal. As an Farscecice’ 1.u7 1.135 1.13% a-irant L.st i.e1®
example, Y 5. 1s negative for Zn0 (Soga and Anderson, Olivine 1.33 1.21 -
1967) (see Tahle 4), and also the expansivity is negative spinel® 0.8 1.13 )
at low T for Zn0, see Yates, et al., (1971). srod 1.05 1.13
ca0d 1.57 1.7
On the other hand, for densely packed compounds, such NaCl? | 1.6 1.58 1.62 baQ @ 1.23 l.03
anomalies in ¥ 5. and thermal expansivity are absent. . Ko 150 1.54 1,39 200° -0.44  O.olb
Barron, et al., (1%80) concluded that open structures KB L7 Loe  1.4d aglit .15 235
allow the excitation of certain shear vibrations, which AgCla Ley T oxm
tend to contract the lattice as the temperature rises, but Fa o @ 0.94 191 .
in close packed structures, such vibrations cannot occur. 'né N L7 1.:8 - uo,? 1.71 1.55
z sng, ? .35 75
We may conclude, therefore, that since compounds in Geﬂza 1.13 1.17
planet interiors always have deuse packing——having been . 2
brought into such a state by pressure induced phase
transitions——that the approximaction y =y ia
reasonably good for the geophysical p:a‘:blems discussed in 5“32‘,l {yuacez) 0,48 O'“? 8.57
this course. We may conclude that (31) is satisfactory 510(g1ass)  -2.48 0.636 o
for thermal calculations of the Earth's and the Moon's Gatoy” -1.00¢ o5l -

interiors, where Vg and ¥, are measured.

Wore: Earch's lower mancle,

uncompress=d ¥ o= 1.30

farch's LnueT core,
Couwwressedd v oA L8
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VII. Evaluating the Thermal Pressure.
Eq. (31} now becomes

Do, FevAThe (36)

= 1 ”;

Replacing
. 37
T/— (FW/IP) (30
where M/p 18 the average mass, and recalling that R =
Jp¥k, we have .

7= v Jed g (38)

(v/p)

We note that according to (38) the thermal pressure is
proportional to T. For q = 1 (Table 2) the thermal
pressure would be independent of p. For some solids
where q is different from 1, Ppy would depend slightly
onp. Eq. (38) is valid only insofar as the
anharmonicicy effects in pressure are shown to be
negligible (as will be demonstrated in the next lecture}.

Thus, to the extent that (22) describes the free
energy of an insulator, the thermal pressure is linear
with T and slightly dependent upon density, (or volume),,
or perhaps not dependent upon volume at all.

Let us evaluate the thermal energy, Pry, in the
lower mantle of the Earth accordiag to the formula found

in (38)

2 2 2T 5
PTn: {Eéiﬁ 27 (35}
(M) '

Take the average atomic mass M/p as 21 gm/mole (Warc,
et al., 1975) throughout the lower mantle, and the
dimensions of p as ﬁm/cm3. Recalling thar R = 8.314 x
10 erg/deg'l mole™, and noting the dimensions of
P, one GPa = 10710 dyne/cm2 aud gune erg equals ane
dyne cm, then for the lower mantle, (39) is found to he

Ppy = 11.88 x 107% py 4.1 GPa (40)

Computing Pry using the Brown aod Shankland thermal
model for Ta.c. and T, (Brown and Shankland, 1981} and
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¢ and P from the PREM model (Dziewonski and Anderson,
1982), we have:

Depth Densicy ¥ T

mo opmfes ae o PTH P Poyf?
71 4647 L.yt 1507 VT <. 3o Yoaru
g 4,555 1.451 lviz 13,34 At u. v
Le7L a8y L.22% 034 13.ve L w34
TR .77y l.ays FvCPY e 17 33y “.is
1371 4,389y i, lod 2147 L, 50 w5.3 L.Zz
i L.vYh 1,133 ilyy 14,7y 73,3 .U
197 5.1ul L.0Ys 2240 la.dy 85,4 u.Ly
2171 3.2U3 1,056 2245 ta.ul 93.7 vl
£37: 5,303 L.0e2 2141 1o.ub FINT Ul
571 3.aul U. 957 2384 15,09 1.7 L.yg
i 3.4%0 U,943 2462y FEIPTH ket .7 U.le

(PREM } (b & 5} B & 5} 4y (EREH}

When the chermal pressure is subtracced from the total
seismically determined pressure, we have the isothermal
pressure. The plot of the total pressure aad the
{sothermal pressure for the Earth's lower mantle is
plotted in Figure 3. The pressure curves look parallel to
the unaided eye, but they are not. The dirfference between
Curves A and B is nearly 4 GPa greater at 2771 km than it
is at 771 km.

160

100 -
& r
Ly
= |
s ! A
u ! |
z a ]
50!— |
S [
7 o Hum
a 1 L

1.0 45 5.0 55
DENSITY. yiead
Figure 3. The variation of pressure with density. Curve
A is the total pressure P, with density obtained from
seismoleogy; PREM (Dziewonski and Anderson, 1982). Curve B8
is the isothermal pressure P150s obtained by subtracting
the thermal pressure, Prg.

For iron, where m = 55.83 ga/mol, we find

P = 4.46 X 10™%y T GPa (41)
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VIII. Choosing the Isothermal Equation of State.

Great progress has been made in the last few years in
thecry where the P(p) (at T = 0) equatious have been
derived using fundamental methods. An example of this
approach Is shown by Bukowinski (1977), who started only
from Schroedinger's equation and found the EOS of iroen
(FCC). Remarkable progress has been made by Marvin Cohen
and his colleagues (for example, Yin and Cohken, 198%), who
have theoretically determined the 0% K EQS properties of
Be, 5i, Ge, and diamond, starting with Schroedinger's
equation. The derivation of the EOS and the meltiog of
aluminum {Moriarty, et al., 1984) is another example of
recent progress. The work of Young and Ross (1982) on the
EOS at high T, including melting, shows that theoretical
methods have great promise for elemencs and perhaps the
simplest compounds.

However, for the more cowplicated minerals, of which
the mantles of the cerrestrial planets are constructed, it
will be many yedrs before the fundamental approaches of
physics are worked out. We shall present a brief
discussion of the empirical equations appropriate for the
silicate mantle. For the near future, empirical EOS
equations have ro suffice for the rocky mantles of planet
interiors-

We now concentrate on the first term om the right of
Eq. (4), Pu(V). The subscript zero stands for che
isotherm at absolute zero.

There are a large number of equations in the
literature which are suitable for expressing the
isothermal pressure-volume relationship. It is now
becoming recognized that all such equations are
essentially empirical.

The empirical variety of EOS can be lumped into three
classes: (1) those based upon finite strain; (2) those
based upon interatomic potentials, and (3) those based
upon assumed relacionships hetween the vagiables KO,

and v. (K, is the bulk modulus and K,

* 1ts pressure derivative at zero pressure. }

To proceed with the derivation of (Pu(V), we use (1)
and (2}, and in addition, the following

ps-(28) . {ié:? A T ALY
v - 3
2 l"l':n LAY I('r “”X "“T
=Y .
K= ot {7 __ vaf2?
vievr -5, “

AP
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= =X [k (44)
T 5%

IX. The Third Order Isothermal EOS.

t
Because Ko Ky, and by can be precisely

measured in the laboratory, chese are available to defipe
the isothermal E0S. Thus, any isothermal EOS with onl
three arbitracy constants can be defined in terms of tze
parameters p ., Kq, Ko« Since the Pressure
function, P, vanishes &0 =p,, these three
parameters define four related functions of the EOS: E -
FQ’ P, FT, and ¥p at all pPressures. Higher grder
geri;atlves of K, beyond_Ko have not been measured

0 the laboratory to uniform satisfaction, so 4 fourch
order equation of state (four arbitrary constants) usuall
invelves some assumption about K;. ¢
o A thre?-parameter EOS arises from three parameters in

€ potential. The potential could include three terms 1
2 polynomial expansion ia strain, for example: ’

E=Egp -~ Eg=ae +ue2 4ye3 (45)
where g = f{) and x = Vivy =agk.

Now the isothermal equation of
the functions to absolute zero 12 :2;::ia:iizsszei;i:g =it
gtr?tnﬂenergy doyinates the incernal energy, or U(V,T) =
V?é s0)s  Changing to the reduced variable y =
Yo, our known quantities are P(1,0) = 9, &k

Eg;;;?; all athT = 0. Using (8}, the three °

dméter isothermal EOS 3
set of the four equatigﬁsfs POV completely detined as o

E- B = f(x, k, K"

0 1 0" "o
P{x,0) = fE(x, Ko' KO‘)
Kix,0) = Falx KK 1)

Efy,0) = f4(x,K0,KO')

O?r foFus will be upon Px,0). P has the same
dimensions as ¥, and K, is dimensionless, ag ig

"Physics of Condensed Matter"
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x+ Therefore, the pressure function will be given in it
general form by

1

P(,0) = Kyg90, Kj)- (46)

where go(x ,K;) 1s dimensionless. The function
8500 ,5-4) 1a fllustrated in Figure 5, with data from
four alkali halides. ’

X. Parawmeters in the Isorhermal EO0S,

The isothermal EOS, P(x,0), is striccly applicable
only at absolute zero. It is, however, often used to
describe the EOS of geophysical materials at room
temperature or to duplicate the experimental data of
materials taken at the room temperature isotherm. The
justification of this rests upon the similarity of the
values of the bulk modulus of geophysical materials at
room temperature and at absolute zero. That is, fory =
l)

K(1,2739) = K(1,0) (47}

Such a statement cannot be made for goft solids like Rb;
however, for the hard minerals of geophysics, room
temperature 1s well below the Debye temperature, and Kp
changes little between (K and 273°K. See Figure 4.
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Figure 4.(a) The temperature depeandence of rhe neasured
adiabatic bulk medulus, Kg, and 1, the rigidicy

The calculat

bglk modulus, Kt at P = 0 i5 shown as a losgriff;:frmal
%1ne. The caleulated isothermal
is shown as the upper line (Sumino and Andersaon, 1983).
The triangles are by Sumino et al. (1977), which is given

modulus for forsterite vs 7.

in mere detail at the right.
Ua is 7609,

(b}

Kp with coanstant volume

The Debye temperature
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There is little point in insisting that only the
zero-degree bulk modulus data be used for the EOS, because
the variacion of the measured wvalue of K(1,273) from
author to author 1s as large as the difference between
K(1,273) and K(1,0) reported by the same oune author.

¢ 'The)expermeﬂ:al dimensionless EOS plot ~- P )/K,
versus X —— doeg not change significantly from solid teo
solid. Here X* K, asX * 1, where K; is not an
adjustable parameter, but is measured. Dimensionless
plota of EOS data téend to overlap each other at low
pressure because they have a common slope, -1. At higher
compressions, they diverge, but':he divergence 1s not
marked whenever the values of Ky are close for solids.

The experimental data of four halides (LiF, NaF, NaCl,
and Nal) are shown in Figure 5, which shows the remarkable
overlap of the data on some reduced EOS curve F(x)/K,
versus x - The values of K, are 5.4% 0.15 for
the four compoungs. Solids of interest to geaphysics also
have values of K, reasonably close to each other,
although the spread is greater than shown for the four
alkali halides.

10; T T T T T T T
° Ulirasane Ko,
g a ,
'.D A Saurce, Meing trsutiunt]
| 'l)_, o LiF  Ondwomes, ray 805 Gra
30~ e v ONOF Jamieion x-roy  AES g
§N = oLy Friz, enoch 217
e a« tol  Orncromer, v-1ay 145‘
Ul
qm
Yy as )
0.9G— g i
-a
- a
L
. o~ .
070 e
PRI
a
e
3wl gy oy 1 3 P Kol =~
.
=1
o . ] , . .
283 52 R E 3 iz 3
) Piw

¥ ‘igure 5. The dimensionless experimental EUS

of Lif, NaF, NaCl, and Nal at room temperature {after
Smith & McLean, 1973).
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Table S

Hopresancative values of K; - k;o for ainerals
velated to geophysical problems (source: Sumino ang Angerson, 1984)
tieasured by ulcrasonics, <ompréssion, or shock Wives

Compound £ Compoung Ks
FaQ 1.qQ Fayalice, fey510, é.0
Alioj 1.9 Dicpside, Camqs;zoa 3.2
Fe203 4.3 Garpac, (?y”alléJ 3.3
Mgo 4.5 Spinel, .'JIr,hl'LJ.,fJ_I 4.3
Cag 5.2 joinel, Mq(E.GJAlzd, 4.2
4
Sro .1 Spingl, NzE‘ezﬂ* 1.4
el 5.5 Forsterice, #9,510, 5.0
n0 .8 Clyvine [ch]Fajl 3.1
. 510, taQ) 4.7
Je0, g.2
Trd, 5.7
Lower Manzle 1.1

Figure 5 shows that a simple theoretical EQS ought to
be attainable to match the data. A theoretical isothermal
ECS of the third order, Eq. (45), may be suitable to match
the experimental data of minerals at comparable
compressions. The question is, what theoretical
isothermal EOS is best? Unfortunately, an arbitrary
assumptlon about the interaromic potential, ¢, or
equivalently an arbitrary assumption about the strain
energy functione (), is behind rhe specificacion of
Esp+ Thus the theoretical isothermal EOS often rests
upon arbitrary grounds. We pnow discuss the strain energy
formulation of the EOS.

XI. Finite Strain Formulation of the E0S.

The finite strain representaricns of EQOS are based
upon the generalized elasticity theory going back to Love
(1927), but wost literature refers to the expressions
given for geaphysical problems due to Birch (1933, 1952).

The basic foundation of finite strain theory is the
inelusion of the square of the ratio of displacement with
regard to coordinace displacement (see Stacey, et al.,
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1981). One form taken for the relationship betwsen
compression and strain is

VN =x = (1 +x)3/2 (48)

The energy, E( ), will be some assumed functionm of
€, usually expressed as a polynomial in€ , and the
pressure 1a P = x (3E/ay ). Thus, there are a
large variety of paths in obtaining the desired EOS,
Pl ).

The relationship between X and strain is not
unlque. An equally plausible alternate to (48) is

x = (1l = k)_3/2 (49)

The difference berween (4%8) and (49) arises from differenc
reference states; the former is the Lagrangian formulation
while the latter 1s the Eularian formulation. Other
formulations are possible including a linear combination
of (4B) or (49). Thus, the possible counstructions of EO0S
are endless (Knopoff, 1963).

The basic foundation of the EOS based upon atomic
theories is the adoption of interatomic potential. Some
interatomic potentials are clearly identified with .
particular solids. For example, ionic bouding potentials
are appropriate for alkali-halide solids. Other
interatomic potentials are appropriate for metals. It Is
not yet clear what interatomic potential functions are
bast for representing the EOS of minerals.

We shall begin by writing out the so-called
Birch-Murnaghan isothermal E0S, because it is the EOS most
tfavored in the literature of geophysics.

3 )
Peix, ((pm.,)’” = eiray {17 21" - 4) (teieey” - 1)} (50

Note that P is proportional to Kg, and the remaining
factor is dimensionless, a form of (46). Note that there
are three parameters 0y, K;, and K,, which are
the measured boundary comnditions. They are ail weasurable
constants. This is a third ovder equation, because it is
derived from a strain energy pelymomial expansicn with
three terms; see Eq. (45).

Also note that in the case Ké = 4, the secqnd
terew io the braces drops ocut. However, when K«
5, we see that the second term in the braces is of the
crder of unity. Looking at darta in Table 5, we see that
often X, > 4, so that the second term ian the braces
should be retained. This point is emphasized, because in

in
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the older geophysical literature, we often see the
following equation referred to as the Burch~Murnaghan EOS.

3.
Fe2 K, ((me)m - (ﬂlpu)’”) . (51)

Thug, we see that Eq. ,(51) would not be sufficient for
the lower mantle, where Ky = 3.19, nor for many
materials when K, > 4.

We shall proceed with a general series expansion in
place of Eq. (45). Since the product KoV, has the
dimensions of energy, the strain energy will be

proporctional to KoVy times a dimensionless polynomial
series.

£ = - = .
st © Eo KOVDZH—?—.E”- : (52)

The n = 1 term is missing to satisfy the condition
that P(1) = 0 (whene = 0). The factor n denotes a
power, oot a dfrivative. The primes shall denotate
derivatives, ¢ = & /dV, ¢ = d2% /alv,

Inverting Egs. (42}, (43) and (44)

E' = -p (53)
E = KV (54)
E'm - (k/V2k' + 1) (55)

Now, eoperating to find E', BE", and E'" in terns of
» we find E and P in terms of ¢® and the
coefficients Cy- The boundary conditions specify chat
€1 =0, and Cp) = 1. From this we have

el

(56)
where

(57}

(38)

we now have our equation of state inm terms of the
Strain paramecere and its derivatives. We prefer to
have the primary variable as V¥, rather than€¢ . To do
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that, we must specify € =€(V). At this point varimt:ls

deri;ations diverge. As a first cas§, let zj)tak:tt e
48) fore .

Eulerian strain given by solving (

tzis point, the derivation is called the Birch-Murnaghan

To fourth order in the Eulerian strain, the
Birch-Murnaghan EOS is (Stacey, et al., 1981)

£ ;T'Cu ((P:‘ﬂ)m ‘()’.‘Fn)“l) {I Y%lkﬂl"'”({ﬂfﬂg)“: - l)
FOs. N 65)
" ( ,‘,0 2.{3} 59) T Kl v (8 - Ry -y 39_5)((3',‘“:.1 _'),J, ¢
et ey {9
£ #3372 {1 -y ) ! L ¥ J
We run out the various derivatives of e, e’, etc. K 2K (oo {1 ,{71 Kn“éle.'o..)"‘ -1
for (57) and find LA (66)
or a
2 1
2 4 L' ; ¥ ’2 Koko" » | PR YH A T
£ e ()L - 23 ¥ e e (51 Va1 - 273 £y ey ileg) " s(“‘ KoK =4 g)x(fﬂfﬂo)l' ,) J]
. 2 /2, 0 ..1)3 2 40/9. X = (l - 372 E) . 67
T - %ile cey e (67)
-8 et (40/3n (1 - 213 ) 0 o : rax{v%nKV Pmn“-i)*
) " "2 29), ) "
o dp‘éttins €oand (o) fnto (29), we We see the inclusion of the dimensionless term KoKy in P
nd ~3- and K.
€y v - (K] - 4] (60)

Now if (49) is Placed in (48) to find ¢ (V), then the
various derivatives €ar By etcs will be
different than above. When these are placed in (57, we
have the Lagrangian EOS.

Thus, to the fourth order, the Lagrangian EOS ig
3 [Kd - 4] . (61) (Stacey, et al., 1981),
E-F, 3 KW %2 O
0 0’0 3

thus, the energy and the pressure, in terms of e, from
(56) and (37} are:

P 1Ku(a/po)'” [V = {pieo) 241+ (304355 (1 = (ofps) "]
’ (68}
5/2 (e ;
P {1 - 273 €Il - & {xy - 4)¢c] (62) . , o -
o D +§-(Kaf~’a’+xo MR MIUE 7N R L
h-Murnaghan EOS )
Eqs. (61) and (62) represent the Birc
to thisthird degree. To obtain the ECS in the more common
form, (50), place (48) in (62).

. . [ .
K=Ky (plpg)t"? {l * 2 (3K0" = 1) {1 = (afpg) ¥ (69)
There is no analytical obstacle to finding for?ulae | 3
ires knowledge o ) N ‘

for €4, C5, etc. However, C4 r%qut;z ) + l(gxcﬁb YK = 1)1 = {afy) P fup} (70)
Ky in addition to K, and K. K, !
sgcond derivative of K with respect to P, is not well ¢ o -
known experimentally, 50 C4 1s mostly of incerest in ) K= K G Kok, L = (olpe S
terms of couvergent preoblems in the series expansion of E : l
-~ E However, information about K, is not . here are problems of conversence which will mot be

Oi iy L iing and we may use Cy4 to constrain an discussed here.  Foo comprosatorEnee uhich uill ot b
completely lac ’ 5 ‘ N The
: i fy certain limits.
EQS at very high pressure to satis

Convergence problems are not serioug.
be serious, if these equations were app
cores of the major planers.

They would probably
formula for ¢4 is

lied to the rocky

. " Fooae There are many other applications of finite strain
f ) g o St 3 " theory, which will not be discussed here.

Co= (v i v 240 Pex st + 15 [ (63)

< ! gt \0 -(El)g/ 2% ! |(id)zl Now as x approaches 1, all of these finite strain
: ] - [ =

formulations yield in the limit of lower pressure

SC IR I I U OF RIS (64} K=Ky +KP (71)
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ttle

Therefore, at low compressions there will binlinirgy

distinction between one formulation of the stra D enerd
EOS and another. They begin to diverge from eac

approaches 0.3,
whe“TiiKgntzgration of (71) gives the Murnaghan EOS

{Murnaghan, 1937, 1944).

I NTANEY ()
€ L 4

ions at
which is adequate for denslty-pressure calculatic
mpdest pressure along an isotherm.

o e
Equation (72) often adequately followshih; piizitie.
density changes along an adlabat at qui;; fof tﬁe
For example, Eq. (71) accouunts quite we o e - mantle
pressure-density data derived for the Ear:n 8 ouer nar
from seismic models {Bullen, 1968; An?jetf'ir Jnd S
1980). But, when (71) or (72) is use E e aeul E05,
e cre tomee adiaba;;otilisc:itnZi:iei be injected
cause the Cemperature
?:ti nor derived from the P-V calculation;in che
There are many equations based upon uh gnergy £, 1a
ir-pocential of atoms in a lattice as the 3 1:;
pi epof (45). A number of these have proYe qu &
; ag 1, (Morse, 1929; Zharkov, et al, 1972; Bren2a o
giic:y: 1979, Anderscm, 1970). .The read?r zsbres::zey’ o
the excellent review article on ;ziihzzzjzgs b§59d ce:
» We shall use some
::ié-;§3:23131s for calculations later described in

Lecture 3.

“Physics of Condensed Mactes”

2f
0. L. Anderson ICTE:
Trieste, ltaly
August 21-24, 1984 Lecture 1, Page 28
(July 20, 1984)

References

Anderson, 0.L., Elasric constants of the central force
model for three cubjc Structures: Presgute
derivatives and equations of state, J. Geoehys. Bes.,
2719-2740, 16, 1970.

Anderson, O.L., The high temperature acoustic Griuneisen
parameter of the Earth, Phys. Earth Plapet. Inter.,
18, 221-231, 1979,

Anderson, 0.L. and I, Suzuki, Anharmonicity of three
minerals at high temperatures: forsterite, fayalice,
and periclase, J. Geophys. Res., 88, 3549-3556, 1983,

Anderson, O0.L. and Y. Sumine, The thermodynamics of rhe
Earth's lower mantle, Phys. Earth Plapet. Sci., 23,
314-331, 1980.

Barron, T.H.K., J. G. Collins and G.K. White, Thermal
expansion of solids at low temperatures, Advances in
Phys., 29, No. 4, 609-730, 1980,

Birch, F., The effect of pressure in the elastic
properties of isotropic solids according to

Hurnaghan's theory of figite strain, J. App. Phys., 9,
773, 1938.

Bircek, F., Elasticity and constitution of the Earth's

iaterior, J. Geophys. Res., 57, 227, 1952. .

Beehler, R., I.TC, Getting and G.T, Kennedy, Grineisen
parameter of NaCl at high compressions, J. Phys. Chem.
Selids, 38, 233-236, 1977,

Boehler, R. and J. Ramakrishnan, Experimental results on
the pressure dependence of the Grlneisen parameter: a
review, J. Geophys. Res., 85, 6996=7002, 1980.

Boehler, R., Adiabars @TA P)g and Griineisen
parameter of NaCl up ta 50 kbars and 8009, Jo
Geoghzs. Res.,_§§, 7159-7162, 1981,

Boeller, R,, Adiabats of guartz, coesite, olivine and
magnesium oxide at 50 kbar and 1000 K, and the
adiabatic gradient in tphe Earth's mantie, J. Geophys .

Res., 87, 5501-5506, 1982,

Boehler, R., Melting temperatures, adiabats and Grineisen
parameter of lithiwn, sodium and potassium vs.

pressure, Phys. Rev. B, 27, 6754-6762, 1983.

Bremnan, B.J. and F.D. Stacey, A thermodynamlcally based
equation of state for the lower mancle, J. Geophys.
Res., 84, 5535-5539, 1479,

Brown, !.M. and T.J. Shankland, Thermodynamic parameters
in the Earth as determined from selsmic profiles,
Geophys. J. R. Astrom. soe., 66, 579-396, 198].

Bukowinski, M.5.T., A theoretical equation of state far
the inner core, Phys. Barth Planet. ln:erior,_li.

) 333-344, 1977. .

Bullen, K.E., Emprical equations of state for the Earth's

loewer mantle and core; Geophys. J. R. Astron. Soc.,
16, 235-238, 1968.

"Physics of Condensed Macter™



.28

0. L. Anderson ICTP: “Physics of Condensed Macter”

Trieste, ltaly
August 21-24, 1984 . Lecture 1, Page 29

(July 20, 1Y84)

Pziewonski, A.M., A.L., Hales, and E.R. Lapwood,
Parametrically simple Earth models consistent with
geophysical data, Phys. Earcth Plavet. Inter., 10,
12-48, 1975.

Dziewonski, A.M. and D.L. Anderson, Preliminary reference
Earth model, Phys. Earth Planet. Inter., 25, 297-1356,
1981. .

Fumi, F.G. and M.P. Tosl, On the Mie-Griineisen and the
Hildebrand approximations to the equation of state of
cubic solids, J. Phys. Chem. Solids, 23, 395-404, 1962.

Cirifalco, L.A., Staristical Physics of Materials, Fp-
343, John Wiley & Sons, New York, 1973.

Grineisen, E., The state of a solid body, Handbuch der
Physik, Vol. 10, J. Spencer, Berlin, 1924; English
trans. NASA RE 2-18-59W, February, 1939.

Guinan, M.W. and O.N. Beshers, O.N., Pressure derivatives
of the elastic constants of a-iron to LU kbar, J.
Phys. Chem. Solids, 29, 541-549, 1968.

Huang, K., A note on Hildebrand's approximation to the
equation of state of cubic solids, Philos. Mag., ﬁz,
202-206, 1951. )

Knepotf, L., Equations of state of solids at moderately
high pressures in High Pressure Physics and Chemistry,
edited by R.S. Bradely, Vol. 1, Academic Press, New
York, pp. 227-245, 1963. ,

Love, A.E.H., A Treatise on the Mathematical Theory of
Elasticity, fourth ed., Cambridge University Press,
Cambtidge, €43 pp., 1927.

Moriarty, J.A., D. Young, and M. Ross, Theoretical study
of melting of aluminum to very high pressure, Phys.
Rev. B, in .press, 19b84.

Morse, P.M., Diatomic molecules according to wave
mechanics, II: Vibrational levels, Phys. Rev.,_gi,
57-64, 1929.

Mulargia, F., Is the common definition of the
Mie=Grineisen equation of state incounsistent, Geophys.
Res. lerrrs, 4, 390-592, 1977,

Mulargia, F. and E. Boschi, A general equation of state of
matter, Geophys. J. Roy. Astron. Sec., 533, 263-275,
1978.

Mulargia, F. aud E. Boschi, The problem of the equatiocn of
state of the Earth's interior, Phys. of che Earth's
Interior, LXXVIII Corso, edited by E. Boschi and A.
Dziewonski, Soc. Italiana di Figica, Bologna, 1980.

Murnaghan, F.D., Finite deformation of an elastic selid,
Am. J. Math., 39, 235, 1937,

Muraagnhan, F.D., The compressibility of media under
extreme pressure, Proc. Nat. Assoc. Sci., 30, 244,
L1944,

Ramakrishnan, J., R. Boehler, Gary Higgins, and G.C.
Kennedy, Behavior of Grineisen's parameter of some
metals at high pressure, J. Gecphys. Res., 83,
3535-3538, 1578. -

30

0. L. Anderson ICTP: “Physics of Condensed Matter”
Trieste, ltaly
August 21-24, 1984 Lecture 1, Page 30

{July 20, 1984)

Smith, C.5. and K.C. McLean, A common equation of state?
-— LiF, NaF, NaCl, Nal, J. Phys. Chem. Solids, 34,
1143-1145, 1973, -

Soga, N. and 0.L. Anderson, Ancmalous behavior of the
shear—sound velocity uuder pressure for
polycrystalline Zn0, J. Appl. Phys. 38, 2985-2988,
1967b. -

Stacey, F.D., B.J. Brennan and R.D. Irvine, Finite strain
theories and comparisons with seismological data,
Geophys. Surveys, 4, 189-232, 1981.

Sumino, Y. and O.L. Anderson, Elastic constants, chaptet
in CRC Handbook on Physical Properties of Rocks, CRC
Press, Inc., 1984,

Wate, J.P., T.J. Shankland, and N. Mac, Uniformity of

‘mantle composition, Geology, 3, 92, 19735

Yates, B., R.F. Cooper, and M.M. Kreitman, Phys. Rev. B,
4, 1314, 1971,

Yin, M.T. and M.L. Cohen, Theory of static structural
properties, crystal stability, and phase
transformation, application to 5i and Ge, Phys. Rev.
B, 567-568, 1%82.

Young, D. and M. Ross, Theoretical high pressure eguations
of state and the phase diagrams of the alkali metals,
Phys. Rev. 8, 29, 682-691, 1984.

Zharkov, V.N. and V.A. Kalinin, Equations of State for .
Solids at High Pressures and Temperatures, Consulctants
Bureau, New York, 1971.

Zharkov, V¥.N., V.A. Kalinin, V.L. Pan'kov, Equations of
state and their gecphysical applicactions, Phys. Earth
Planet. Interior, 5, 332, 1972.




