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INTRODUCTEON

The liquid state of matter is of extreme lmportance in all
aspects of the Universe. In the preseant context we are concerned with
liquids within the epecial context of planets and particularly of
planetary interiors. This means particularly under extreme conditions
of pressure and temperature,

The theory of the behaviour of liquids under forces of wvarious
kinds is now a very extensive subject. The liquid can be regarded
elther as an entirely macroscopic entity without an atomic sub-
structure {this is the point of view of classical hydrodymamics) or it
can be treated as a collection of atoms in continial interaction. We
shall consider both aspects in these lectures. There is no possibility
of covering more than a small fraction of the work in four lectures
and only some parts of the total work can be touched on. In being
selective 1 have chosen those parts of the subject that I have been
directly involved with over the years and which bave some direct
relevance to the description of planetary behaviour. In particular, I
have stressed the background to the formulae often used in the
description of planetary conditions to make clear the limitations that
are there although not always realised. Planetary material is more
complicated than the simple material usually involved in the theory.

Planetary material 1s a most complicated thing to describe but
we wust start somewhere. It 1is obvious that we should start where the
laboratory work is reliable even though this is not immediately
relevant to the material of interest. The important thing is an
understanding of liquids in these cases; only with understanding are
we likely to be able to progress to more complicated material. With
the laborarcry to guide us {n the first instance we can then use the
planets themselves as giant laboratories for the investigation of the
properties of matter under conditions more extreme than we can achieve
in the laboratory at the present time. It is in this spirir that I
present these lectures.

The background literature to the theoretical study of the liquid
state 1s vast and, to provide some common ground for the lectures and



for discussion later, I-have prepared the accompanying general
comments and commentary, This is in no way intended to be complete and
is not to be regarded as a text book coverage of the material of the
lectures or to be a logically ordered and complete account of the
field. Rather the notes are of the nature of an "aid memoir" to
provide some bagic ideas to stop the lectures becoming too formal.
The lectures will extend the work and-will not be a simple re-run of
this material. There are a list of refences and students are advised
to spend some time before the lectures studying the notes and the
books. The accompanying notes will inevitably contain errors of
various kinds and I would be grateful if students will draw these to
my attention as they are found.

A FEW SELECTED REFERENCES

LECTURE 1

Books of Physical Tables.

LECTURE 2

There is an enormous literature here, but of particular general
usefulness are
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Course of Theoretical Physics, Pergamon Presg Ltd.
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Pergomon Press Inc.

HN.V. Temperley and D.H. Trevena, 1978, Liquids and thelr Properties,
Ellis Horwood (Johm Wiley).
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¥oundations, Oxfrod University Press.
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D.J. Tritton, 1977, Physical Fluid Dynamics, Van Nostrand Reinhold.

LECTURES 3 and &
The earlier books are still relevant because many of the original
problems still remain o be solved. The following books provide a

general review of various aspects of the subject.

P.A. Egelstaff, 1967, An Introduction to the Liquid State, Acadenic
Press.

G.H.A, Cole, 1967, The Statistical Theory of Classical Dense Simple
Flulds, Pergamon Press.

Editor: C. Croxton, 1978, Progress in Liquid Phyeies, John Wiley.
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1. Prigogine, 1962, Nom-equilibrium Statistical MHechanics,
Intersclience, New York.

I. Z. Fisher, 1962, Statistic Theory of Liquidse, (translation with
commentary) Chicago Univ. Press.



I. Gyarmati, 1970, Non-equilibrium Theramodynanics, Springer-verlag,
Berlin.

D.N. Zubarev, 1974, Non—equilibrium Statistical Mechanics, Consultants
Bureauw, New York.

5.A. Rice and P. Gray, 1965, The Statistical Mechanics of Simple
Liquids, Interscience.

G.H. Wannier, 1966, Statistical Physics, John Wiley.

LECTURE }
PHYSICAL DESCRIPTION OF LIQUED BEHAVIOUR

AND THE RELATION TO A PLANETARY BODY

We are familiar, in everyday life on Earth under gravity, with
material forming liquide, solids and gases. So strong 1s this
experience that we accept that these are indeed the three s8tates of
matter. The distinction between the states 1s sharp in gross terms but
becomes blurred if the observed properties are assessed critically,
and over an extended period of time. Nevertheless, the concept of the
three idealised states of matter is useful as a clear backcloth
against which we can assess the properties of real matter,

l.1. The Three States of Matter

There are two general conditiens of real matter which allow the
th?ee idealised states to be specified:

i. Whether or not the material is condensed, with a free surface;
1i. Whether or not the material can withstand shear stresses,
These conditions allow for further ramifications,

1.1.1, Condensed and Uncondensed Matter.

Condensed matter has a characteristic velume for glven physical
conditions and 89 shows 8 particular density (mass per unit volume).
For & solid the volume can be in contact with a vacuum but a liquidg
must always be in contact with its vapour. This‘means a4 s0lid can
exlst without a closed container but this is not so for a liquid
{although the volume may be very large and the containment way not

invelve a simple "14§4d" ~ for iunstance, gravity may contain an



THE THREE STATES OF MATTER

atwosphere). The vapour associated with a 1iquid is an example of
uncondensed (gaseous) matter. A ges will fill the entire volume
available to {t and its density will depend on the magnitude of the
volume it occupies. There i5 no characteristic density for a gas,
although the density is (usually) low by comparison with condensed
matter (which lies within the general range 103 - Iohkg m_3L

The range of densities {s mirrored in a range of
compressibilities. The compressibility of condensed matter is low, and
that for a solid is rather lower thanm for the liquid. The
compressibility of a gas is high, Compressibility is important in
the science of planetary interiors because the compression within a
planet 1s a controlling factor for conditions inside. The inverse of
compreasibility is the bulk modulus of the material and this quantity
plays & prominent.role in the description of planetary interiors.
l.l.2. Effect of Shear Stresses.

Condensed matter can 1itself have one of two forms depending on
its response to a shear force. If the matter has Btrength to
withstand shear forces it is a solid; othegiise it is a liquid. A
liquid, in consequence, flows under the action of forces whereas a
solid doeg not.

1.1.3. Fluidity.

The two conditions listed above ag éharacterlsing the three
states of matter can be re-interpreted in another way. All matter can
be split into two groupings depending upon whether 1t can withstand
shear forces or not. That material which can is satd to be solid, That
which cannot shows flow under the action of ghear stresses and is said
to be fluid. Thé fluid which shows & free surface and has a fixed

density (for given physical conditions) and is condensed is called a
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THE PHASE DIAGRAM

liquid; otherwise the fluid is called a gas.

It is seen that, in a sense, & liquid viewed this way falls mid—
way between a solid and a gas in having fluidiry with no resistance
to shear stresses (like a gas}, while having a free surface and a
particular substantial density for given physical conditions (like a
solid). This mid-way position makes liquid properties of extreme
importance in a wide range of physical circumstances; it has also been
used as a method of achleving a theoretical understanding of this
state of matrer.

Of course the real world is not as simple as this as we shall
see. A familiar intermediate case 1s piltch; if this 1s struck
impulsively it will break like a brittle solid while if is is left for
a period of days. under the a;:tion of a shear force it will flow like a
viscous fluid. There are many other examples.

1.2. The Phase Diagram
A liquid volume can exlst generally only if the surf'ace is in

contact with vapour (gas) of the same ‘material at sufficient pressure,

zzzfor a given temperature. There 1s a eritical pressure below which the

liquid will evaporate. At very low pressures, therefore, matter is
either solid or gaseous. At high temperatures the 1iquid phage will
exiast only if the externmal pressure is sufficiently high. It follows
that the liquid phase exists only within a specific range of pressure
and temperature, the preclise range in a particular case being 2
characteristic of the material. This general behaviour is conveniently
represented by m construct called a phase diagram. The two phase
diagrams summarise the relations between pressure P, temperature T
and v.olume Vv specifying the equation of state of the system.

One of the phase diagrams is a plot of pressure against

TYPES OF LIQUID: I

temperature (at constant volume) and has the form shown in Figure 1l.1.
The lines represent the dividing conditions between associated two
phases and there 1s one point {called the triple point) where the
three phases of matter can coexlst In equilibrium. There is a second
point, called the critical point, where liquid properties are lost _
the material becoming a very dense gas. There is, beyond the critical
point, no distinction between the liquid and gaseous phases.

The second phase diagram is a plot of pressure againgt volume
{at comnstant temperature) and is shown in Figure 1.2. Again the
critical and triple points are indictated. The liquid reglon 1s shown,
occupying the restricted regions above the triple point. There 13 not
a sharp region of demarcation for the tiquid at the upperends.
1.3. Types of Liquid: I

It has become conventional to recognise six general categories
of liquid. We shall find later that the arrangement is based primarily
on the type of interaction between the constituent atoms and
molecules; thie will influence the chemical behaviour of the material
and it is the physical characterietice that will allow the divisions
to be recognised in the present context. The categorles are as follow:
i. Simple liquids. These have spherical molecules {and in molecular
terms interact with the van der Waals force). Ex'anples are Argon and
Methane .
ii. Diatomic liquids. These have diatomic molecules. They are
similar to the simple liquids but the effects of the electrical
quadrupoles must be accounted for. Eﬁmples are molecular hydrogen and
molecular nitrogen. l
iil. Metals. The‘se form a separate group (being characterised at the
atomic level by long ranged Coulomb 'interaction forces). Examples are

a
q



DISSIPATIVE PROCESSES

Sodium, Mercury, Iron and so on,
iv. Polar liquids. These show the effects of electric dipele moments
and are composed of asymmetric molecules. Examples are Hydrogen
Bromide, Hydrogen Chloride, and so on.
v. Assoclated liquids form a separate category with unusual
properties. Water fits into this division and is very difficult to
describe from the theoretical point of view.
vi, Complicated liquids composed of large molecules. Internal modes
of molecular motion are crucial in the description of these liquids.
This is only a rough division but we will find it useful in the
arguments to follow. Generally speaking the macroscoplc description of
the liquids has made progress in describing the behaviour of members
in all six classes, ‘but the microscoplic description has made
significant progress only for liquids falling within the first three
categories.
l.4. Dissipative Processes
The presence of an external action (a force) on a material
element of matter causes a corresponding reaction and the effect
norually leads to the dissipation of energy into heat (ordered in to
disordered molecularmotion), Thus, the presence of an electromotive
force V acrces an electrically conducting waterial at rest leads to
the flow of electric current Jj+ For simple materifals (in which
conditione are homogeneous and isotropic) containing small potential
gradients the electric current produced is proportional to the
electromotive force and this is expressed by Ohm’s law. The constant
of propertionalicy (being the electric current per unit potential
dift"erence) 1 the electrical resistance R =j/Vv of the material., As a

second exawple, the non-uniform distribution of a solute concentracion

SLSSTPATIVE PROCESSES

1 in a solvent leads locally to a current ] of solute proportional to
the local concentraticn gradient {grad n)} and directed in such a way
as to lead to a uniform distribution of solute throughout the velume.
This is a diffusion process and for low concentration gradients the
current is proportional to the concentration gradient {(Fich's law).
The current flow per unit concentration gra:'iient ig the (constant)
diffusion coefficient D of the solutiom and D = - J_Igradn, the
negative sign showing the current to flow down the concentration
gradient.

For a fluid in incompressible flow there is a force FilA per

unit area in the direction 1 perpendicular to the flow and

proportional to the velocity gradient d\rr/dxi in that direction

(Stokes’ law of fluid friction). The constant of proportionality is
the shear viscosity \) of the fluid; theun Fi./A = p dv/dx,. The effect
is to eliminate differences of velocity in the fluid and so reduce the
differential motion to one of uniformity.

These various and different processes all describe irreversible
processes in the material in which an initial eondition is lost as
time proceeds and which can only be maintained by the expenditure of
energy of some particular type, different in each case. Dissipative
processes are a universal feature of the real world. In particular,
fluid viscosity is an integral part of the flow of a fluid and this is
particularly the case for planetary conditions. The peculiar
conditions inside a planetary body usually make the viscosities
extremely high.

1.5. The Macro— amd Micro—- Worlds
The world‘ of our lmmediate perception can be described in one of

two complimentary ways. First, there is the immediate impression of

LS
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MACRO- AND MACRO- WORLDS

the macroscopic world in which the description is based on an
empirical statement (for instance, Fich’s law of diffusion, or Stokes’
law of fluid frietion) together with laws of motion for the material.
The description is complete within itself and the various coefficients
of the processes (diffusion coefficient or shear viscosity) are

treated as empirical parameters describing the behaviour of the

material. This forms the macroscoplc description of the system. This

approach bhas provided the great theoretical descriptions of physics of

which fluid mechanfics is an example,

The macroscopic appearance of matter ig superficial because the

observed properties of matter are, in fact, an average of the

collective poperties of the constituent atoms and wolecules of which

the material is composed, The macroscopic properties of matter can be

related to the atomic properties through some statistical averaging

process and this forms the microscopic description. More especial LIy

the empirical constants {such as diffusion or shear viscosity) are

related directly to atomic effects. In particular, these parameters

(which must be assigned empirically in the macroscopic theories) are

now accessible to calculation using the microscopic description. Once

the atomic properties are assigned the macroscopic behaviour is, at
H]

least in principle, defined.

Wh
gther 1t ig appropriate to use the macroscopic or wmicroscopic

description in any particular case is a matter of choice. Generally

speaking, the Bacroscopic approach is the most direct for calculations

1f the empirical constants are known; this may not be so for

comllwlicated materials. We shall be concerred with both approaches in

what follows.

THREE STATES OF MATTER: MICROSGOPIC DESCRIPTIORN

1.6. The Three States of Matter in Microscople Terms

The constituent atoms in a gas are in free motion, moving
independently between collisions with other atoms. The time for a
collision is infinitesimal in comparison with that between collisions.
Most of the volumme of the gas 1s empty space éccounting for the very
high compressibiblity and very low density. The total energy E of each
atom (or molecule) is part kinetic Ek (of motion) and part potential
Ey (of interaction). The collective mean kinetle energy of random
atomlic motion is recognised macroscopically as temperature, the speed
being greater the higher the temperature. The gas can, then, be
specified by the conditien B 3> Ev. As the temperature is reduced the
energy of interaction during collisions becomes more significant and
at a sufficiently low temperature (the condensationfboiling
temperature) the atoms become bound and held together. The material
has now coundensed. Because the atoms are in close contact the
compressibilty is small. Each atom is able to execute considerable
(periodic or bound) motion about a fixed position and vibrates. In
terms of the emergy E, A/ EV’ the two mean energies being of comparable
magnitude. This 1s the liquid state, the kinetic emergy providing the
fluidity and the potential energy ensuring low compressibility and
high density. As the temperature 1s reduced further the kinetic energy
falls and we achieve the condition Ey > Bpye The kinetic energy now
has 1little effect and we have reached the solid state of matter. The
temperature at which this condition applies is the melting/freezing
temperature. The three idealised states of watter cam, in this way, be
represented in.a simple way in atomic terms.. It is realised that &

controlling influence on these conditions is the strength of the



TYPES OF LIQUID: II

interaction force between the atoms and molecules., In what follows we
are concerned particularly with the condition that the mean kinetic
energy of each atom is of comparable magnitude to the mean potenetial
energy of interaction between any representive pair of atoms.

1.7. Types of Liquid: II

The dualicty of description of the different types of liquid
recognised in Section ].5 is well 1llustrated by the specification of
liquid types in terms of the properties of the constituent atoms.

The matter is condensed because the individual atoms attract
each other sufficiently strongly to hold the accumulation together.
There is a limit to thé degree of condensation, however, because the
atoms thewselves resist compression beyond a given amount. In atomic
terms, the atoms will repel each other at small separation distances
(when their electron clouds are forced close together) but attract
each other at larger separation distances. The nature of this
attraction/repulsion depends on the structure of the atoms involved.
The forces between the atoms are ultimately electrical, and involve a
lack of geomentrical symmetry of the atom resulting #in the formation
of an electric multipole.

1.7.1. Interatomic Binding.

The interaction between atoms is described by taking account of
the coulomb interactions between the complete set of nuclel and
electrons present. The priecise detalls then depend on the number of
atoms in the aggregate although saturation effects make the result-: of
the calculation depend almost entirely on the interaction between a
6mall nusber of atoms, for instance as few as two. The approach
involves the solution of the Schridinger equation for the system and

Presents many mathematical difficuleties. Indeed, definitive

»
Y
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interaction expressions are still only available for the simpler
atomic aggregations. It is sufficient for our present purposes to
appeal to semi-empirical expressions for the interactions.

The Periodic Table of the elements, in which chemically similar
elements are collected together in ordered groupings, reflects at the
macroscopic level the arrangement, at the atomlc level, of the
extranuclear electrons. The inert elements (Helium, Argon, Neon, ete)
are associated with closed electron shells which represent truly
stable electronic configurations. The attractive forces associated
with a closed electron shell are weak and the interaction with
neighbouri!'tg atoms is correspondingly small., The other elemeunts, which
are chemically active, are characteriged by partially filled shells
and the chemical interactions arise primarily from the tendency of
partially filled shells to become closed. An 1solated atom cannot
achieve this and remain isolated because it would cease to be
electrically neutral, A collection of atoms cam, however, effectively
contain closed shells by "sharing" electrons with neighbours in a
particular way depending on the nu.m'her of electrons necessary to close
the shell. The different types of interatomic forces is a reflection
of the variants of this sharing procedure.

We can recognise three types of interaction as the ideal
although it must be stressed that each is really a speclal form of the
general interaction. The first involves closed shells themselves and
is summarised as the van der Haais force; the second is the ionic
force between atoms differing by one electron from the closed shell
structure; and the third is the valence force where two or more
electrons must .'be galned or lost to ach‘ieve the closed shell
structure. Metals are a particular form wherg electrons are shared by

=
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all the atoms of the aggregate sigultaneously.
1.7.2. Electronegative and Electropositive Elements.

Elements in group 1 of the Periodic Table have one s-electron
{for instance lithium, sodium or potassium) and would achieve a closed
shell if this electron were lost. This would leave the aton
electrically positive overall; elements which would achieve closed
shell structures in this wey are said to be electropositive. Elements
in group 7, on the other hand, would achieve 2z closed shell
configuration 1f an electron were gained; since they would then become
negatively charged they are said to be electronegative. Flourine,
chlorine and bromine are examples of these elements. The affinity of
two materials to interact and form a molecule can be expressed as an
example of the appropriate electronegativity of the atom. The
electronegativity of the elements has been set onto a scale by Pauling
with the range ¢ to 4. On his scale fluorine is given the'value 4,

oxygen 3.5, nitrogen 3.0, chlorine 3.0, carbon 2.5 and sulphur 2.5.

All other elemente have lower values. The cosmic abundance of the .

¢lementes makes the high values for oxygen, carbon and nitregen
particularly significant. The electronegativities of several of the

wore important planetary elements are collected in Table l.l.

Element E Element E
oxygen 35 iron 1.8
carbon 2.5 gold 2.4
nitrogen 3.0 sulphur 2.5
iodine 2.5
bromine 2.8
chlorine 3.0
fluorine 4.0

Table 1.1, The electronegativities of several elements of planetary

interest.
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1.7.3. Tlonic Bonding.

An electronegative and electropositive element placed together
can each achieve a closed shell structure by transference of an
electron, the interaction between them then being due to the force
between a positive and a negative ion. The resulting molecule is said
to be ionic and sodium chloride is the typical ionic materiml, That
the binding is very strong is showm by the melting and boiling points
of sodium chloride which are 1074K and 1686K respectively.

From the geophysical point of view oxygen (group 6) is strongly
electronegative and forms ionic compounds with elements of
substentially lower electronegativity ( < 1l.). This includes sodium
(0.9), caleium (1.0), magnesium (1.2), aluminium (1.5) and zine¢ (1.7)
together with the rare earth and alkaline earth materials. This is ;:he
basis for the silicates common in the terrestrial planets.

1.7.4. valence Bonding.

This arises when two electronegative or two electropositive
atoms are in close proximity. The binding is strouger the smaller the
electron deviation from the closed shell arrangement. The outer shell
electrons of each atom becomeé assoclated with the other in such a way
that the effective arrangement around each is a closed shell slthough
the overall number must be different. The binding exists only 1f the
electron shells of each atom overlap with the other and it is this
continued close proximity which constitutes the ‘binding force. The
binding energy is the excess of the sum of the separate energies over
that for the combired system. The sharing of the valence electroms in
this way leads to the binding being callen_i. valence binding. The range
of such binding can be wide and the stre;\gth covers a wide range and
depends on the number of electrons that must be lost to achieve the

n ) \
13+
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closed shell configuration. For sodivm, where only one electren need
be lost, the binding is quite weak and this is reflected in the low
melting point for sodium of 370R (roughly room temperature)., This is
typical of electropositive elements. Electronegative elenents involve
more energy and as an example the temperature for molecular
disgociation for fluorine is 1300K, Diatomic molecules also form for
chlorine, oXxygen and nitrogen in the same way,

The cevalent bond is particular effective between dtoms with
closely similar values of the electronegativity, For the terrestrial
planets sulphur (E « 2.5) 18 a central element from an abundance point
of view and thie affiniey Provides a wide range of sulphides,
particularly with the third transdition metals,

It will be realised that the distinction between pure ionic and
pure valence bonding is not Necessarily strong.

1.7.5. The Metal Bond.

The covalent bond takes on & special form in metals, Here the
atoms fit together particularly closely and the sharing of valence
electrons ig particularly complete, Indeed, the ions form a latt.lc;
Structure with long range ordering and the electrons are shared by
effectively all the atoms 1n the sample., The extreme mobility of the

electrons provides the electric and therwal Properties characteristic

of metaly, By their nature metals tend to remain pure but here again

r.herg is & gradual variation of features between the pure covalent and

pure metal bond.
At ordinary Pressures the lightesr elements do not form metal
Structures because the thermal motions of the atoma are too great

Since a metallic fora is deternined primarily by the ordering of the

atoms, strong compression can be expected to counteract the thermal

12
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motion. In particular, at pressures of the order 2x109N w2 graphite
converts to the diamond structure and at about 2x10“N m'2 hydrogen
atoms becomes sufficlently compressed to form a metallic solid. This
is only slightly lower than the pressure at the n‘:entre of the Earth
{abour 4x10liy m—Z) and at the centre of Saturn (about 6110“!{ m_z).
Correspondingly, dismond becomes metallic at a pressure of about
leﬂuﬂ o2 and helium becomes metallic at a pressure of about 1)(10M
N m-z. This 15 closely similar to the pressure at the centre of
Jupiter. The metallic state is important ip planetary problems because
of the high pressures met within the larger planetary bodies.

1.7.6. Semiconductor structure.

We will do no more here than recognise the existence of
semiconductor structures which involve the ionic or covalent bondings
but have special. circumstances assoclated with then. Semiconduction
could well have important implications in planetary science.

l.;.7. van der Waals forces.

In this simplest case of a closed electronic shell the atom is
completely spherical and examples are Argon or._Heliun. The interaction
force between any two atoms can be regarded c-s arising from the
formation of transient dipoles but other multipoles are aleo involved
and the analogy must not be taken too far. The attractive force at
large distances is found from gquantum wechanical arguments to vamish

like r~7 with the separation distance r and there is no angular

dependence. The repulsive force at small separation distances is open

to some doubt but many atoms are well represented by a dependnence of
the form r~13 o some such power. The force can be represented by an

interaction potential ‘P of the form

q)(r) = alr'lz - azr_s ‘ (1

-
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firat empirically proposed by lLennard-Jones and Devonshire. This (12-
6) potential has played an important part in the development of the
microscopic theory.

It might be expected that more complicated atoms can be
represented in a similar way and it 1is often convenient to use the
more general form

!.P(r) - alr"" - azr-n (2)
proposed by Mie. It becomes the {12-6) form by setting m = 12 and n =
6; it is often convenient to leave m as a selectable paramenter and
takes the form

qJ(r) - nlr-" - azr'az (3
setting n = & has some theoretical support. The atomic size T, is that
value of r for which the force vanishes; this glves

r, - [nazlmallll(“ -m), 4)

The energy E, correasponding to this size is found by inserting (4)

into {(3). Alternatively, the parameters 2,, 4, can be deduced 1f r ,

E, are known frpm experiment.
1.7.8. More complicated expressions.

The van der Waals potential applies to spherical atoms and
molecules but wost atoms and molecules are not spherically symmentric.
The asymmetry can be accounted for in one of two general ways. One is
to put the appropriate angular dependence into the formulae and
average the resulting expression over the angles to produce a mean
symmetrical field. The other is to assume a mean field as a general
background on which specific angular dependences are added. For
instance, many molecules have a dipole form of interaction and ‘this
speci:flc angular dependence can be added with an appropriate dipole

moment deduced empirically.
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1.7.9. Pair and triplet forces.

The simpler atoms interact with pair interaction forces 6o the
total potential energy of interaction for a collection of N atoms I1s
written as the sum of the interaction between the constituent pairs of

atoms according to

N
1}’(1,2,3,...14) -Z lf'(i.j) (5)

iepri
where (14) is the interaction potential between the representative

pair of atoms i and j. This superposition of pair forces is most
convenlent for calculations but it is sometimes necessary to suppose a
more complicated form. Thus triplet forces may also be appropriate so

that

N N
P1,2,3,..8) -Zl:P(ij) +Z (150 (6)
Capst it}'.tl.u
where (,?(:ij) is the potential energy between the representative
triplet of atoms 1, j and k. The problem of specifying (13) and
(1jk) has many difficulties and the triplet contribution is not
often included.
1.8. The State of Planetary Material
The conditions within & planetary body are dictated
particularly by the pressure. The equilibrium of the body does not
involve thermal energy so the material density is a function of the
pressure alone. This means that the conditions are controlled by the
bulk modulus of the material; which is the dependence of the density
on the pressure.
1.8.}. Energy of atoms.
The equilibrium form of an atom results from the balance between
the electrostatic pressure of attractiph between the -constituent

=
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charges and the electron degeneracy pressure. For a hydrogen atom this
invelves the precise balance between two equal and opposite pressures
of magnitude about 3x1012N m-z while the pressures are highar for
heavier atome (because the electric forces are stronéer).

The energy associated with an atom 15 measured in terms of the
Rydberg Ry = 13.6 e.v. = 2.178 x 10'18.1 and this 1s the ionisation
energy for a hydrogen atom. The energy for more complicated atoms is
cerrespondingly larger, but the Rydberg remains the appropriate unit
for measurement, The interactlon emergy is smaller than this by about
two orders of magnitude although the details vary from one element to
another. This means, #s a very broad rule, that the interaction energy
15 of order 107203 or about 107 le.v, We shall use this magnitude in
many of the argm;ents to folirm.

The interaction emergy c¢an be linked to an equivalent
temperature T, according to

E = kT, )
where k! (= 1.38110'233 K'l) is the Boltzaann constant. As to orders
of magnitude the interaction energy E = 10~20; corresponds to a
temperature Te~103l as the temperature where the interaction energy
becomes small in comparison with the kinetic energy, This is a very
imprecise estimate in any particular case but will be of interest

later as aa indication of the melting tewperature of a typical

material.,

1.8.2, Effect of the presaure.

The spplication of pressure on a collection of atoms has a very
profound effect 1f the pressure, and so the associated energy, is
h:lgli.‘ There are two magnitudes of importance., One is an energy
comparable to that of interatomic attraction; the other is that

. »
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comparable to the energy of the atom itself. The first external energy
will make the interparticle forces inoperative; the second will cause
the atoms to become disrupted and so ionised. The pressure associated
with ionisation will be about 3210128 n~? (incidentally corresponding
to an equivalent temperature of about 1051() while the pressure
associated with the interatomic forces is about lOmN m_2-

In the planetary context pressure will increase with depth from
the surface and the pressure P(R)} at the distance R from the centre
{the planet being assumed spherical) will be given, as to orders of
magnitude, by P(R) N?(R)g(R)R where ?(R) is the mean density of the
material within the sphere of radius R and g(R} 1s the acceleration of

gravity at the radius R. For F(R) - 3x103kg n'3 and g(R)rwl0 m s™2

2. A pressure

the pressure is then calculated from P(R) ~ 3x10%R nn”
appropriate to ionisation 18 obtained at a depth of about mam while
for overcoming the interparticle forces the depth will need to be
about 10%m. These estimates are very tough but portrey two Ilmportant
features for planetary interiors:

i, There will be a maximum size for a planetary body if this is

defined as a body where pressure fonisation does mot occur. Detailed
calcul ations show this maximum mass for a hydrogen body ie only
slightly higher than the mass of Jupiter. Apparently, Jupiter iu. close
to the maximum mass and size for a planetary body of that composition;
ii. There 1s a level where interatomic forces are inoperative, the
atoms being uncoupled in the direction of the gravitational field. For
equilibrium conditions the pressure i{s homogeneous and so the atoms
are uncoupled in all directions. Thie will mean that the atoms are
free to chang.e their relative arrangements and so behave
macroscoplcally as a fluid., The condition of flui..dity is surprising

=
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and will apply for lesser pressures if the material is regarded as a
fluid with high viscosity. Then the necessary pressure can be reduced
by perhaps an order of magnitude so the depth becomes about 100km. The
material will then show flow and the figure will be that of symmetry
overall {spherical for a mon-rotating body, ellipsoidal for a rotating
body). The precise depth will also depend on the temperature of the
material because the viscosity is strongly dependent on the
temperature, For a body like the Earth the temperature increases
rapidly with the depth and 33km is ususally taken as the depth where
the Adams-Wi{lliamson method cen begin, that is where the material 1is
behaving as a fluid.

This can_be ysed to give a rather imprecise lower limit for the
size of a planetary body if 1s regarded as a body showing a figure of
symnetry. This will be of the order of 100km.

1.8.3, Hydrostatic equilibrium.

The equilibrium form of a liquid under plametary circumstances
will be a condition of hydrostatgc equilibrium. This surprising
conclusion is in fact well known; the well established method of Adams
and Williamson {proposed some 50 years ago now) for exploring the
interior of the Earth by seismic waves is based on the condition of
hydrostatic equilibrium for the material.

The equilibrium of the planetary body is expressed as the
balance between the force of gravity at the depth R holding the
material together and the gradient of the hydrostatic pressure
dP(R)}/dR resisting compression., This gives the expression

. dP(R)/dR = - -e(R)g(R) (8)
the negative sign showing the pressure to increase with depth.

This expression 1s rearranged to involve the bulk modulus X(R)

»
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by using the defintition

K(R) = f(n)&p(n)/éf(k) <))
appropriate to the depth R, Consequently (8) 18 converted into the
equation for the density gradient

4 P(RI/aR = - PA(RIB(R/K. (10)
By relating g to the mass and radius of the body and K to seismic wave
speeds (10) reduces to the usual Adams-Williamson iterative
expression for calculating the internal distribution of density and
Pressure.
1.8.4. Empirical Equation of State.

The conditions of equilibrium within the body are determined by

the bulk modulus K and not the temperature. The magnitudes for the
bulk modulus cover a very wide range with K(solid) > K(liquid) >>

K(gas). This is seen from Table 1.2.

Material Bulk Modulus Compressibility
(§ w2y tmi ;l'f)
silicate-type 10!t 11}
water-ice 1010 10710
liquid 10? 1079
gas /e P

TABLE 1.2. The bulk modulus and compressibility for silicate-type
(amorphous) materfals, water—ice, liquids and gases as to general

orders of magnitude. P 1s the gas pressure.

An approximate equation of state 1is obtained by expanding K in
a power series in the pressure P
R(P) = K, + BP + CP2 + ..., (11)

-l
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and it i{s often an acceptable approximation to terminate the series at
the first term, In (11}, B, C and so on, are parameters characteristic
of the material,

For the linear relatfon K= K, + BP and using (9) we integrate

the resulting expression to obtain P as function of the density f .

This 18

P =K /BICE/ P8 - 1, (12)
n equation of state first proposed by Mannaghan, Thig it equivalent
to the condition
x/.e’ " /o (13)
The inclusion of further terms in the expansion (11) will lead to more
refined formulae byt the accuracy of the calculation ig hardly
increased in most cases. One reason for this is that we have not got
accurate information about either the material forming the Planet or
the physical nature of the material,
For sflicate wmaterfals 1t is found empirically that B = 3518 a
useful approximation; for iren B = 3.3; for ice B = 3; and for
condensed hydrogen/heliunm mixtures B = 1.9 - 2,) hag been used 1p

various inves tigations,

1.8.5. Planetary shape,

The behaviour of Planetary material 45 a liquid, albeir a
Sslrange one and of high viscosity, is compatible with the
obu.et"ved figures of the pl.lanets. It is a remarkable fact that al]l the
planets, together with the larger satellites, have ®hapes reminiscent
of a rotating liquid. The major planets (Jupiter, Saturn, Uranus and
Neppune) are fluid Anyway but their satellites are not and the
terredtrial planets are definitely splid on the short time 8cale. Qur

Previous arguments a1 1ow this apparent paradox to be resolved, We take

=
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the Earth as a typical member of the terrestrial planets.

The pressure below about 30km, accounting also for the

temperature, is such that conditions are those of hydrostatic
- Th
equilibrium. The figure is then that of a fluid body in rotatiom. The

is
time to achieve such a figure, starting from some arbitrary shape, is

something we shall have to consider in a later lecture., There are,
then, twoe layers; one (called the crust) accounting for the upper
reglons which is effectively solid frow the present point of view, and
the other {involving the largest volume of the material} which is
fluid. There could be a surface distribution of liquid such as the
oceans of the Earth but this 1s not important for the overall
structure, The symmetry figure of the planet arises from the flow
properties of the interior. This is masked from the outside by the
crustal region which will mirror the 1nr.erl_1a1 shape td some extent but
not precisely. The overall figure viewed from outside 1s then
generally one of liquid symmetry but not exactly so. The degree to
which it shows this symmetry from a distance will depend on the

rheclogical structure of the crust and particularly its temperature.

The creep of solid material will be crucial in thia connection,



LECTURE 2
THE DESCRIPTION OF A MACROSCOPIC LIQUID

The description of the behaviour of a liquid under the action of
forces of various kinds i{s one of the earliest and most successful of
the theoretical constructs of classical physics. The theory makes no
reference to the atomic Gtructure but specifies the liquid by a set of
empirical macroscopic parametere such as viacosity, thermal
conductivity, and s8¢ on. The liquid is supposed to obey the laws of
Newtonlan mechanics modified to apply to a fluid continuum. This means
that the conservation laws of nass, momentunm (including linear and
angular) and energy are used as an expression of the behaviour of a
liquid. The particular application depends upon the precise properties
of the 1iquid. The graatest development of the ‘theory has involved
simple 1iquids-of which water is the-example. Extensions of the theory
to include more complicated liquides have been slow to develop, We
begin our analysis with the case of a simple liquid. We shall use
classical physics throughout,

2.1+ Fluid Point

The fluid is a continuum (except for special regions such as
oceur {n shock waves) and special iaterpretation is needed to apply
Newton’s laws of motion in this case. The special interpretation
centres on the definition of the fluid point,

Suppose & hypothetical surface is drawn in the liquid enclosing
& chosen point. The mass of liquid dM fsolated in this way in
this ﬁypotheticnl small volume dV has a mean density f— dM/dV. The
liquid w1l have all the properties of the bulk liquid and will be

)
g
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indistingiishable from it., We now cause the volume dV to decrease down
to a po¥nt (say a pin’s head) which 1s literally a point in

1 large
mactoscodic terms ev:eln l:i'mv:gh microscopic?}\lﬂ:i_‘t‘\ ;is stil a‘ g

(i tuoo ol

volume. The polnt volume will still contain liquid of the same density
as befor=2 and having s8ll the properties of the bulk liquid. The
hypothetiral point constructed in this way is called a fluid point and
plays the same role for a fluid that the point mass plays in particle
mechanics. The continuum ligquid is, in this way, regarded as a
collect®on of an indefinitiely large number of interacting fluid
polnts.

Each fluid point is not isclated from the remainder but
interacts with forces that are recognised by way of the pressure and
the various dissipative coefficients describing the liquid.

2.2. Local Thermodynamie Equilibrium

The recogniction of the elastic and thermal properties of the

liquid pequire, for their definition, a state of thermodynsmic

equilibrium. The liqilid may be fd-motioh andsdch &quflibifun’ 1s
obviously not applicable. Nevertheless quantities such as the pressure
and tempexrature still have meaning for a flowing liquid and can still

be defired in the usual way provided the definitien 18 made

-approprixely. The crucial thing is to recognise that equilibrium is

known to exist only if it can be demonstrated experimentally and
experimencs always involve errors.

Chaoose some point in the liquid and Fnclose it with a volume
selected so that each 1liquid property of interest has the same
equilibrium value within the errecrs of exp'eri_.nent of the apparatus
ueed. All the liq.uid properties within this small volume will satisfy

the requ:rements of thermodynamic equilibrivm within a prescribed

2%
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accuracy. The same process can be applied to a neighbouring point and
the volunme established where thermodynamic equilibrium applies. Of
course, the equilibrium of the second point will not be the same as
that of the firse point although the difference will be small if the
assoclated volumes are small. The process can be repeated to other
points untfil the whole liquid volume is included. The result is a
description of the liquid using thermodynawic parameters which are
Properly defined everywhere but which vary from one region to another
within the liquid. By choosing the points Indefinitely close together
the variation of the Parameters are virtually continuous throughout
the liquid.

The concept of local thermodynamic equilibrium is central to the
full development of the subject. It 1s well satisfied Iin practical
cafes. As an extreme case congider the Sun. Its central :ameprature is
about 106K while the surface tempertaure is about 5x103K. The radius
1s about 7x10%a. There iz then a temperature gradient across the Sun’s
radius which, were it linear, would be abour 19~ per metre. This is
an extremely small gradient.Surprising as 1t may seem, it is a good
approximation to this accuracy of measurement to suppose the Sun to be
in thermodynamic equilibrium locally in the neighbourhood of every
point within its volupe,

2.3. Expressions of Balance
- Raving establighed the fluid point end the condition of local
thermodynamic equilibrium we cap begin the_atudy of the conservation
of liquid properties, This 1is achieved by considering the balance of
quantities within a liquid voluge.
. Consider & volume dV within the 11quid about a fixed point in

space (relative to some coordinate axes fixed outside - this is

30
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sometimes called the Euler description). Let us be concerned with the
way some physical scalar quantity Q {(which may be mass, energy, or a
component of momentum, or any other liquid property) varies within the
liquid.

The quantity of @ within dV can change during the time interval
dt for one of twoe reasons and no more! Either d can pass across the
boundary (increasing @ if inwards or decreasing Q i1f outwards) or Q
can be produced {positive - E;'hnnihilated} negative) within the
volume. The passage of Q across the boundary will result from a
current C of Q over the whole closed surface (positive inwards,
negative outwards) while the positive production (negative
aﬁnihilation) within dV is written P. Then we have the expression for
the balance

dtdo/dt = [C + P). - -
There 1s mo other possibility.

The statement (1) is a truism and can be reatranged by
introducing the volume element dV and surface element dS explicitly,
2.3.1. The density of Q.

The volume element dV 1s introduced explicitly by writing Q in

terms of the quantity q per unit volume according to

Q‘Jqdv- e @
v IR IR 4 EEER TR IR
Then
do/de « (ddr) quv
v .
-Idv dq/dt %))
v

.because the volume element dV 1s assumed fixed in magnitude and

position.
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2.3.2., The current through the boundary.
There is a flux of current d4J of Q (per unit time per unit

surface area) and for the entire surface we write, foor the time

Cw - di_\l.d_s_.

the negative sign accounting for the situation that an ocutward

intervel dt

(positive) flow of Q is associated with a dectease of Q in the volume,
According to the divergence theorem this is written in terms of the

volume integral

C= - dtfdivi av. (4)
2.3.3. The production term. v
Finally we introduce the production § (or annihilatien) per
unit volume per unit time so that
P -ffdv. (5
2.3.4. Equation of balance. v
The expression for the balance is obtained by inserting (3); (4)
and (5) into (1) to give
drdv(de/dt + divJ - £ ] = 0. (6)
This relation is to apply to any arbitrary volume and can be true only
if the integrand is zerc
/At + divy - @ = 0. 7
This is the equation of balance. It is applied to particular
situations by assigning the three quantities q, J and ; .
There is often convenlence in using component notation for the

various components and operators so that we write

div = z d/dx 3

JII
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2.4, Mass Balance and Conservation: Continuity Equation
The balance equation (7) is applied to continuum mass flow by
setting Q = \e , the local density of the liquid. If further mass is
conserved § = {). The current flow is the flow of mass so for the i-th
component J, = f vy where vivis the i-th component of the velocity of =
the fluid point. Then {7) takes the form, in component notation
af/at + a(fv})la:xj = 0. (8)
This expression can be rewritten by making the expansion
a(fvi)lxj - favélaxj + v}af /ij-
Then (8) becomes
B{ fde + v‘3flaxj + {a‘rilaxj = 0.
We introduce the concept of the derivative moving with the fluid by
defining the operator
D/t = d/dt + vil/,axj. (9
Then (8) takes the final fomm
Dg/Dt + fav}/axj - 0. (10)
This is the equation of continuity.
For an incompressible li_q_uid Df/Dt'- 0.: Consequently
&v“/hxj =0 - : an
that is, the divergence 18 zero. This condition can apply to a real
fluid flow even though the fluid be compressible provided conditions
are such that the effects of compression are negligibly small. In
practice for ordinary fliuds this ususlly amounts to the restriction
that the fluid speed does not exceed about 1/3 the local speed of
sound.
The general expression (10) must be modified if there is a
source of .liqui.cl by including the term § neglected so far. Such an

extension would be necessary if one.compounent of a multicomponent

iz =
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8ystem were tnvolved (for lostance ions and electrons that may combine
or dissociate during some process, or a series of chemical reactions),

In general, if there are n components labelled c with densities

+

)fa/)t + dj.\r(fa la) -Z "afll

Fi)
must be satisfied, Here wa'J! is the rate ‘of preduction of component a

fa the set of equations

with the l-th of r chemical reactions, Jl is the reaction rate for the
reaction representing the total pass transformation per unit volume
Per unit time, and "a! 18 proportional to the stochiometrie
coefficient with which Component a appears in the chemical equations
for the reaction a,
The total density i{s definad by
.2 !
€Lt

and the centre of mﬁf"ﬁeidéiti vihy © 0

e

f-‘-’- -z fa Xat

The diffusion current is then hei

Ly -

and the continuity equation s c

D@/t + ¢, div v + dtv Jauee -Z v.r'e

with ax

Df/bt +{div ¥ =0,
These are complicated equations to deal with Particularly for the
chewical resctions likely -to be of Planetary interest.
2.5.  Velocity Potential
it is & general result of the vector calculus that divgrad A = ¢
1f A _.i.l any scalar quantity, It follows from (11) thae the velocity
vector v for incompresatble f1ow" csn be written a8 the gradient of a

scalar quantity f, called the velocity potential, Then

34 =
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JER [ 20 S ‘ (12)
The introduction of the velcoity potential for incompressible flows
provides an important simplification because the Flow can be described
by an equation involving a scalar rather than the vector velocity
itself. The problem of specifying boundary conbditions will be
considered later, .
2.6. MHomentum Balance
The linear momentum of a fluid point is f.‘i and each component
{vi (with i =~ x, y, z in Cartesian coordinates) i8 a scalar quantity,
We make the identification § = .Cvi. The momentum current is a vector
flow f_o_r_eaLh comoponent and we denote the i-th component by Jij‘ The
current iz therefore tepresented by a second rank tensor and is
associasted with six component parts.

The current 1s itself the sum of twe separate contributions of
very different character. One, written Jigon, describes the flow of
momentum convected with the liquid as it flows. Then

Jig"“ = fvivj (13)
for the j-th component of the i-th component of momentum.

The second component, ‘!i;' describes a conduction of momentum
due to the intefatcion between contiguous liquid points. Its form
depends both on the physical nature of the liquid and on the details
of the motion. The origin of this contribution 1s in the interaction
between the atoms and, because the "interatom.ic forces are short
ranged, 1s essentially a local transfer of momentum at each point in
the liquid. The explicit form of the conducl'tiv.e transfer will be
considered further later.

The total mometgum flux is then written as -the sum
. .
Cedig T vy g - (14)

' 3F s
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J.% {s the stress tensor.

The production contribution will not now be zero because
contributions will arise from the action of external forces of varioys
kinds. Because the time rate of change of mouentum is to be equated
to the force acting the function Q is t"o be equated directly to the
sum of . the {suppose) n forces {Fi =Z"fk?k acting on the liquid
volume where fk is the density appropr‘i'ate to the action of the k-th
force. The linear momentum 15 not then generally conserved within a
volume and the behaviour of the liquid is linked to outside
influences. Linear momentum is, of course, conserved for the total
lliquid-forces system {reated as a gingle entity.

Inserting (13) and (14) into (11) gives the equation for local

mometum balance in the form

‘9 (rg) fd’d'. + ?) Zf“ ‘ (15)

A=

This expression applied to a fixed stationary volume but 1s rearranged
into a form moving with the 1iqﬁid by inroducing the total derivative

(9), Then (15) becomes Instead

IV& f F 5 P (16)
e ‘70-1 Y -l i -

The stress tensor Jig takes a simple form when the liquiid is at
rest; then it involves only the hydrostatic pressure P. The flux is
more complicated when the liquid is in motion and, provided the motion
is not too strong, the stress tensor is written as the sum of the two
contributions, one applying to the liquid at rest and the other, Ji‘;,

to the liquid io motion and is assoclated with viscous dissipation:

3L a
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Ty =P gyt Ji‘:". (17}

Here is the Kronicker delta.

iy

Then (16) becomes successively
ng_ L 1 ax. 5“ “Z 9:
J"l l

or

"
% _ '?J-- (18)
-*Z;‘ 4| E‘-f- fbl Z

This 1s the general form of the momentum equation. Application of this
equation to the description of a particular physical liquid flow is
nade by giving explicit expresslons for‘Ji? and Fy,. This will be
considered later. ot
2.7. The Euler Equatiom: Iuviscid Flows

There are cases of liquid flow where the viscous stress makes a
negligible contribution to the momentum balance so that Ji; can be
disregarded. This means the effects of dissipative processes (and
particuarly of the viscosity) are irrelevant, the liquid behaving as
if no dissipation were involved. Such a 11quid is said to be ideal
because it is not met in real liquids except approximately.

In such cases (18) is simplified: in vector form the equation is

f’ﬁ—gz _5'_4’”7_"?1:" (19)

This equation is called the Euler equation of motion.
B | coat 1 B A .
2.8, The Viscous Stress
' E I S

The form to be assigned to the stress tensor Ji} depends on the

physical nature of the 1iquid and on the definition of stress and
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strain in the material,
The action of an external stress is to cause a strain in the
haterial; the strain ig defined as the displacement 5‘.' of the
equilibrium position of an arbitrary pofnt in the material from what
it would have been without cthe gtress. Conditions are never
homogeneous and 1t 1s the gradient of the strain o fi,axj at any
point thate determined the conditions of strain, This is the quanticty
which characteriges the stress in an eleatic golid but in a liquid,
which cannot withsatand stress, it 1s the time rate of change of strain
‘/)t(afilaxj - }vilixj that is the aignificant quant{ty. Because the
- liquid cannot withstand shear it will not maintsin a gradient of ghear
within itself so we can write the atatement of Proportionality
Jij ol dvi/dxj ' (20)

where there is a constant of proportionality to be added. It is
convenient to rewite the éxpression for the strain in a form which
8eparates explicitly the change of volupe (dilatational effect), the
change of shape (non—deviatorial effects) and any effects of rotation,
For thisg Purpose we write the identity

U, ' V; 0 o 3 7%

—— = ol Boant '—Z yl 5')

32:.9%, ¢

faxf- 2 Oxf- o)

(21)
¢ v, 2 '30--)
LY Tl wu (0 )
+3£axx 4 2 vx;  ax.

The first tern describes the change of Bhape and includes all non-

involves the antf-symmetric teras important in the

cases of rotation ag we shall gee in a moment,

I a8
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lse
the simpler liquids the three contributiony ar
For e

dilatational
arately from the corresponding stresses, Thus a pure
sep

. It is natural
tress will produce only a change of volume and so0 on
str

sum of the
me for such a liguid that the total stress is the

to assu

hree compone dilatatio h on re tively
t conp nts tion, shear and rotation spec

(3) (22}
% = a4 at2) 4 a3)

arate
ose further that the sep
0, in conjunction with (20}, we supp

20), (21)
ins arise only from the corresponding stresses. From (20),
strain

and (22) we make the association for such a liquid

W 23 We s )

S - s
J(1%j -~ (a,/0) ra;,j Px; 5(;:"'1

3
’?Vj‘ ; (23)
J(Zij - (3213).(%: ,B-{‘ 7_

3) ?_"6_9—'-?)-15/}-
J 1j - - (83/2) ox*. ox..:
f momentum
The negative sign in each expression accounts for the loss of mo
« The
the liquid volume due to the action of the dissipative effects
to the d
f the
three positive constants a,; (i = 1,2,3) are characteristic o

for given
liquid and determine the degree of dissipation in the liquid giv

bf bulk
flow conditions. They are related to the coefficients

i 1
(dilatational) viscosity r , shear viscosity , and rotationa
viscosity p‘bt according to .
| po -—" (24)
2 2 = 5 Jvee®
I ® 3-1 > D 2 ) 2

liquid in

These wvarious formulae express the rheolegy of the q

‘ - ctrue,
croscopic terms without reference to the atomic sub-stru

ma

‘ th
If the 1iquid is in rotation with mean an:gulat velocity w the

3q =
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atomic eub-structure can be relevant if the molecules are non-
symmetric becﬁuse the rotation can ¢ause a torque-.on them which
dissipates energy. It is this effect which is decribed by the
rotational viscosity y"t. Concern then is with the difference
between the rotational characteristics of the liquid and the mean
angular rotation, that 1s with [curl y -l

The strese tensor can then be written in the final form

-T-?{= ) 70 90;' gf x‘ c.l,)

‘+ 9"; ‘W‘ 372, (25)
Y% 5 20 90' - }
AL X [ (B-30)

The solid body rotational contribution ¥ is included for
cowpletenesss. This is the expression for the stress that is to be
inserted into (18) to provide the final equation of wotion of the
1iquid.

This approach to viscous behavioiur was first realised by George
Stokes. It has the important feature that J:j is related directly to
the velocity of the liquid (together with three empirical constants)
and its use converts (18) into an equation for the liquid velocity as
the only unknown. More complicated expressions for the viscous
dissipation could be a more accurate expression of the precise
conditions in a given liduid under particular conditions but the
resulting expression would probably be virtually ususable from the
theoretical point of view.

2.9. The Navier-Stokes Equatiom

Inserting {25) into (18) provigel the equation of motion

4 4o 8

BOUNDARY CONDITIONS

b

fﬁ‘: =£lf4 . x. +9x-

3 4 (26)
M
@ 5 = 5._}
+¢xi 11&! £ ¢

in the absence of rotation. The expression simplifies greatly if the
coefficients of viscosity are constant throughout the liquid. In that

case (26) becomes, in vector notatlon
. 2 i
.r _'D._!_? = f - 3wul P+) YO« (.32 -or)gﬂldrv_hn
e 1° 7

There is a further important simplification for incompressible flows

for then div ¥ = 0. Then {27) takes the final form
f fF -smdf*pv (28)

This 1s what is usually meant by the Navier-Stokes equation.

The coordinates used for (28) in a particular case will depend
on the geometry of the system involved. Transformation of coordinates
must be made with care and it is safest t.:o t;eplace the nabla operator
in (28) according to the formula

curlcurl v = grad div v - vzl‘
The quantityg = curl v is called the vorticity, It is introduced
into the theory by the term involving the viscosity in the Navier-
Stokes equation,

It iz tremarkable that the motion of the liquid including
dissipation 18 dlescribed by the velocity'a'lo;\e and that the particular

liquid is characterised by the single parameterp « When this
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IMPORTANT FORCES

parameter is zero (no dissipation) the Navier-Stkes equation (28)
reduces to the Euler equation (19).
2.10. Bowndary Conditions

The various equations are to be solved subject to boundary
conditions. The universal condition for a real liquid (and macroscopic
Ea& a3 well for that matter) is that of no alip at an inpenetrable
boundary. This &g expressed by requiring the vector velocity v to
vanish at the boundary. There are two component statements,

The fact that the boundary is impenetrable means that the normal
component of the velocity Vap Must vanish at the boundary. This
condition will alse apply to the Euler equation (19). The second
condition applies in the presence of viscous forces., It i8 an
empirical fact, for any liquid and for any surface waterial, that the
liqu.id 18 at redt on the surface.so there is no liquid flow parallel
to the surface. Ifuv-t..ic the component of the liquid velocity
transverse to the surface the full conditions are

v =0 Vt-O

n (at the surface) (29)

The first condition alone applies for an ideal 1liquid flow,

These conditions again are remsrkable in their generality and
ioply spectal flows near the boundary, These were recognised by
Prandtl ag forming a boundary layer for the liquid,

2-.11. Important Forces

There are two forces acting bodily on a liquid ir motion which
are paftlcularly important from the peint of view of planetary
science, One is the effect of gravity, !;8 while the other s the
Lorentz force, .EL'

. If g 1s the local acceleratfon of gravity

! -ft_l"s'tg_.
4q, n

DROMAGNETICS

though we have assunmed implicitly so far that conditiens are
othermal any temeprature variatioms within the liquid will affect
e density and this force contribution ig of great importance
rthermal flows as we shall see later.

The Lorentz force i1s operative {f the liquid is a conductor of
ectricity and is permeated by an externally maintained magnetic
eld as it flow:s. We will consider this case in the naxt Section; for
e present we need notice only that the force contributfon in (19),
7) or (28) will general ly have the form

f[ - fg_ +oF, . (30)
12. Hydromagmetics

Suppoge the liquid to conduct electricity and te have an
ectrical conductivity &, If is permeated by a magnetic field B
en the motion of the liquid relative to the fielrd constitutes the
tion of a conductor through the field. Suppose J to be the electric
rrent formed by the moving liquid., The force acting on an:element of
e liquid is the Lorentz force

Fo= {J x B]. (31)

T a linear conduction process the electric current 1is related to the

ectric and magnetic fields, respectively E and B, according to Ohm's
w

4 =0"{E+ [J x B} (32)

¢c E, B and J asre related through Mazwell‘s electromagnetic

uvations

73
curl E = -/‘"7—3-

div B = 0.

curl B = J
(33)

div E = 0

e displacement.current has been neglected since there are supposed

be no free charges. Inserting (32) 1in (33) and eliwinating E we
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EQUATLON FOR VORTICITY

obtain the equation for the magnetic field

78 L v 34)
= viBl+ L ¢
" =url[-t -S .7.

This equation can be solved once v 1is specified; inserting (31) into
(30) and the resulr into {27) gives the equation of motion for a
simple liquid, This equation now involves B as well as v so the new
(27) is coupled with (34) to give both v and B. The mutual nature of
the flow field and the magnetic field 1s clear for this case.

The expression (34) 15 the basis of the theory of the dynamo
action for the production of planetary magnetic fields. The first term
on the right hand side describes the convection of field by the fluid
while the second term describes the diffusion of the field. 1f the
convection concentrates magnetic field faster than the diffusion
allows it to disperse the field will be amplified, otherwise it will
decay. The problem then is the production of suitable fluid f£low
patterns to cause the field to be maintained or amplified. .
2.13. Equation for the Vorticity

The Navier-Stokes ;aquation {28) can be rearranged to show the
vorticity Q = curl v explicitly. Using the vector relation

vegrady = grad(v2/2) ~ [v % curlv]

and taking the curl operation of each term in (28) gives

(35)

ow 2
5% =l srw]+oV

where we have assumed the body forces to be conservative (and so

derivable from a potential energy function).

l Comparing {(34)and (35) it 1s seen that the equations for the

vorticity and the magnetic field are of the same form.

o -

EFFECTS OF ROTATION

2.14. The Effects of Rotation

New forces are introduced by rotation for the observer rotaring
with the body. For a 1iquid rotating with constant angular peed_-g.
the total inertia acceleration of a liquid element woving with
velocity v distance r from the rotation axis 1s modified to become

(Dv/DE)Y® = Dv/Dt + 2[fx v] ~ grad(Ifx r]?)

where the superscript s refers to an inertia frame of reference taken
to be stationary. Then (28) is modified to become inthe rotasting

frame of reference

.D‘U' i
f_ﬁ? =f’f ~gred P +2P[2‘x£-]-+97!!

(36)

where the modified pressure !’1 is

P, =P- f’(._f.zx 2.
The modified pressure beh#ves in allways as & normal pressure and we
need not distiﬁguish between P and P1 Provided we realise that the
effects of rotation would need to be accounted for in any l;ractical
application of the formula,
2.15. Two Theorems

There are two results, closely analogous, that foIlow from (36)
without body forces and with the Lorentz force included.,
2.15.1. Taylor= Proudman Theorem.

Consider steady (a_\'r_lat = 0}, slo; (v.grad v = 0) inviscid (y-o)
flow of a 11quid in the absence of forces (_E = ‘0). Then (36) reduces
to the form

[llllﬁ]r -l(rJ" h Ii.e. .Q.Pvilaxj - 0.

The velocity vector is therefore perpenéiculdr to the dlifection of the
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TWO THEOREMS

rotation axis and this condition does not change. The flow is steady
and two-dimensionsl with symmetxy about the rotation axis. This result
is called the Taylor-Proudman theorem. It has been well demomstrated
in laboratory experiments.
2.15.2. The Magnetic Analogue.

Suppose a uiform magnetic field B, permeates the liguid at rest.
I1f the sttem is mow perturbed into a steady state the liquid will
have the small velocity vl and the magnetic field will be augnented by

the small field h}. Then (28) with (31) and (34) becomes

Bj)vilaxj

This shows that motions cannot vary in the direction of the field B.
All slow motions in the presence of a uniform magnetic fleld are
necessarlly two-dimensional., Magnetic effects and rotation effects
often have s-imllar effects on ligquid flow.
2.16. Conservation of Energy

The energy e per unit mase associated with a liquigd region has
two components. One is the kinetic energy €, of motion and the other
{s the thermodynamic internal energy u per unit mass so that e = ep +
u. We make the identification ¢ = f e = f vifa + fu. For an ideal
liquid (with no dissipation) the conservation of energy is expressed

ag

e Z A (I B

vhere.h = u + Plf is the enthalpy or total heat. For a real liquid,

with dissipation,thermll conductivicy } and the heating effects of

e =»

TWO THEOGREMS

viscosity must also be taken into account. It follows from (18) that

Y
- Z ps.. oV

7
“4 %J (38)

DQO Z;
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where a contribution to the heating arises from the action of work
done by the external forces (first termon the right hand side), the
pressure (second term), the viscous forces (the third term) and
dilatation {the last term).

There is an additional term now, however, in that heat can be
conducted across the boundary to the local volume. If q 18 the heat

flux (heat passing per unit area per unit time) we use Fourler's iaw

q=- Py grad- T {39)
the negative sign accounting for the heat flow from hotter to colder
reglons.

We remember that we assume conditions of local thermodynamic
equili{brium within the liquid sc the expression the the internal
energy can also be rearranged, From thermodynamics we can write

du = Tas + (b/¢ 2)d dn = Tds + dB/¢
where T is the temperature and s is the entropy per unit mass {entropy
density). Collecting these various contributions together there
results the equation for the entropy B
T vs/oe - J‘i’_ijilaxj F daiv( )\ gradm). T )
In the absence of dissipative effects this reduces to the statement of
entropy counservation Ds/Dt = {,

The equation (40) for the entropy 1is transformed into an

equation for the temperature by using the thermodynamic relation

W =



BOUSSINESQ APPROXIMATION

Ds/Dt = chT/Dt,
where cp 1s the specific heat’ capacity at constant pressure per unit
wags of the liquid. Then (40) is transformed to the form
£cp0T/0t = div(}gradT) + Jf @v dx, (41)
This is the equation for the temperature distribution within the
liquid, It is associated'with the dimensionless parameter
« = Alge, (42)
called the thermometric conductivity.
2.17. A Bouyamcy Approxinatiocn of Boussineaq
The eqautions (27) and (28) involve the density only through the
inertia and force terms. The gravitational force is an impertant
special case becasue it will introduce convection into a liquid which
contains a temperature gradient along the gravitational fleld
direction. The effect of temperature variation in the liquid are
important in coanection with gravity but offer a small perturbation
effect to the inertia force. It is a useful and obvious approximation,
therefore, to account for temeperature variations only in connection
with the force term. The density assigned to the calculation of
inertia is chosen as the meéan for the region of intérest. This
approximation of accounting for temperature change only in connection
with the gravity force was first introduced by Boussinesq and the
approximation is usually named after him.
Accordiné to thie approximation we write for the gravity force
EG the expansion
Ig = @ol1 - PAT]
where fo is the mean density which will appear also in the

expression for the inertia force, 1s the thermal expansioen

coefficient o(}h{liquid and ﬂ'l' is the difference in temperature

-d
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DIMENSIONLESS NUMBERS

across the region of interest in the direction of g It 1s this term
in the equation of motion that introduced the possibility of thermal
convection into the discussion.

2.18. Dimensionless Mumbers

The equations derived so far have two essential deficlences
for planetary studies. First they have an extremely complicated
mathematical form and analytic solutiome are very hard to find. This
can, of course, be alleviated to some extent by the use of numerical
methods. Second they describe simple material which is hardly relevant
in detail to planetary material. None the less the theory we have
outlined does allow us to understand some simple 1iquid situations but
more than this it allows us to recognlse certain relationshps betweeen
dimensionless groupings of variables (that 1s numbers) for simple
cases. These relationships can be expected to be relevant to more
complicated waterials as well and in this. way tt.le simple theory will
have provided an invaluable tool for the description of complicated
systems.

There is also a very good mathematical reason for introducing
dimensionless numbers inte the arguments even 1f analytic solutions
are sought. Interest is always with the most.general solutions of
equations and these are best obtained .by solving the equations in non-
dimensional form. Boundary conditions must alsoc be expressed this way.
2.18.1. The Comparison of the Strengths of Forces.

The variocus forces and energies appearing in the equations
derived so far can be expressed in order of magnitude terms for &
1iquid with characteristic speed U in a region of characteristic size
L. From {36) for steady conditions we i1solate the following forces

and orders of magnitude.

W -



DIMENSIONLESS NUMBERS

inertia force Fy e (v.grad}y ~ P vl
bouyaney force Py flfJT ~ .fsf‘ T
gravity force FG 95_ "~ ?g
viscous force Fy v 21 ~ ) w/L?
roration force  Fp ’ _r [y, x b} a f'n' L\
magnetic force - Fy ~ leurlB x B] av Bz/L
2.18.2. Energles.
convection E, f(v.gnd T) Py fUT/L
conduction Econ 1 V ~ 2 /1.2
viscous E, ,9 7"; ’7;7;) ~ )(U/L)Z
and finally for the mass 01} xi
inertia nass L q%ﬁt ~ f it
dilatation b div v ~ u/u

2.18.3. Wumbers.
Compering the effects of one influence with another (or taking

the ratio of two terme of the same dimensions) provides a number

expressing the relative effectiveness of the two contributioens in

influencing the equation involved. These numbers characterise the
effects of the various forces and influences on the liquid. It is
natural to choose the inertia characteristics as the standard since
these represent the condition of the liquid in the absence of other
forces. We therefore form the following ratios, each tradicionally
nil:neni as indicted:

Reynolds number Re = FIIFV = -ew/)

Froude number Fr = FI/FG - Ul(gl.)”2

Grashof number G = (Re)?r,/F,

- pspn v ? Vs p/r

Roseby number Ro = F,/F, = V0L

f0 M

NUMBERS

Alfven number Al = F /F, = { u2/82,
From the energy contributions we have
Peclét number Pe = E.;/I:‘.mn - UL/t
Prandtl number Pr = ¥/ g
Rayleigh number Ra = g’ATL’/)I“
while from the mass expression we find
Strovhal number St = L/U¥.
Further relationships can be deduced; for instance Pe = Re x Pr. The
dimensional approach to liquid flow problems is often invaluable,
particularly in complicated situations and it useful?ness in planetary
sclence cannot be overstressed. v
There is also a boundary condition to yield a further number.
Heat will be conducted to the surface from (or to) the inside. This
will have entered through the surface and the heat flux q can be
represented by q -#AT where, 1s a heat transfer coefficfent and AT
the temperature difference between the surface and outside, Then we
can write
a = (#HLAdn
which has the form of the Fourier law but with Nu -# L/% 85 a number
determining the extent of the heat flow over that of pure conduction
in the liquid. Nu is called the Nusselt number. These various numbers
can be supplemented by others applying to particular circumstances.
2.19. Some Applications to l’lanetary'Sdcnc‘-
As an application of some of the 1deas developed so far we
consider some cases of lmportance in planetary problems.
2.19.1. Viscosity limited convecticn.
The effe.f:t of a temperature difference. AT across a reglon of

thickness L is to cause convection in the materfal,. The motion will
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need to overcome viscous di.ssipation forces, Consider the motion in
which the bouyancy force FB is balanced by an opposing visct')us force
FV' From the previous formulae the condition for motion is
ATes > w2,
This laplies the conditi.gn )
. f3r4“2’)“ >1
or that
Ra > Pe.
Since Pe > 0 we see that there is a specific value of Ra > 0 for which
wotion is possible. ]
The characteristic speed U of the motion is
Un -fSLz.fAT’) .

but this cannot be calculated directly because essentially none of the
physical parameters ar:'e known. Some indication of the order of
magnitude of the speed for the terrestrial interior folliows from
geophysical obgervation. The Atlantic Ocean has opened up to the
extent of 3000miles ( & 5000ke) in some 200x106 years. This implies a
mean speed of material of U oy 10~ %3 o~ !, If this reflects a motion
underneath the crust the lower motion may have this speed ormore -
say 107 % &=L, For a lower layer of thickness say 106m, AT A~ 1031(,

~10”% and B ~ 10 we find for the mean kinematic viscosity
¥vl lqzom 3'2. This is comparable to other independent estimates.
For the lhi.gh epeed the estimate is lower by a factor 10.

This example is typical of wany; there is no precise numerical

magnitude as a result but an 1nd1cta.|.o_n of an order of magnitude of a

varisble whose magnitude is probably the least well known of the group

invovled,

SOME APPLICATIORS

2.19.2. Relaxation Time.

Suppose the material of the last section takes time t to

traverse the distance L. Then

tw ) /gL‘f ATf"
For the magnitudes used there we find ta 10" years. This is enormously
long in comparison with the typical periods of seismic waves for
terrestrial type méterial { w seconds) or body oscillations {( a hours
or days) that the material 1s certainly solid from the seismic polint
of view even though it shows flow characteristics over a longer time
period. In this way the simultaneous liquid and soclid behaviours of
the material can be understood within the compass of different time
scales.
2.19.3. Pressure -~ viscosity balance.

Towards the centre of a large planet the pressure is high and
the balance can then be considered of the motion due to pressure
countered by the dissipative action of viscdaity. As to ordetres of
magnitude

1)/1.«-911/1.2
which provides a relaxation time t of order

to 9 /l’.‘
For the values of the variables used above this gives t 102 ¥ears.
Such conditions may be associated with the core of the Earth and it
might be significant that this time 1§ of the same order as that for
the secular variation of the Earth’s magnetic fileld.
2.19.4, 1Inertia and bouyancy.

The action of bouyancy 1s to change the static condition of
the material andl cause convection. As the motion starts the speed s

low and viscous forces will not be of sufficient magnitude to be
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important, In that case there is a balance between the inertia and
bouyancy forces.
The condition of balance is

_fngT > pu¥/L.

This leads to the condition
' ¢ > (re)?
or in terms of the Rayleigh number
Ra > (Re)2(Pr).

The Rayleigh number must exceed a certain value for this motion to be
stable. The precise value of the eritical Rayleigh number for wmotion
has been calculated by several workers as an example of the
variational a;proach to fluid flow problems. The present elementary
approach shows, however, that there 1s a critical Rayleigh number and
this is consistent with the concept of the adlabatic temperature
gradient within the material due to compression, No motion is possible

unless the temperature gradient exceeds the adiabatic value.
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